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Abstract

It has been stated in the literature that for finding uniformly minimum-variance unbiased estimator
through the theorems of Rao—Blackwell and Lehmann-Scheffé, the sufficient statistic should be com-
plete; otherwise the discussion and the way of finding uniformly minimum-variance unbiased estima-
tor should be changed, since the sufficiency assumption in the Rao-Blackwell and Lehmann-Schefté
theorems limits its applicability. So, it seems that the sufficiency assumptions should be expressed in
a way that the uniformly minimum-variance unbiased estimator be derivable via the Rao—Blackwell

and Lehmann-Scheffé theorems.
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1 Introduction

There are many books and papers about incomplete and complete minimal sufficient statistic, all of which
indicate how to derive minimum-variance unbiased estimator (UMVUE). However, there is no uniform
way for finding UMVUE and thus each researcher choose his own way to handle this problem. It is
interesting to note that some of the researchers focus on the examples given by Rao (1973, problem 5.11)
or Lehmann (1983, pp. 76-77), and try to solve these kinds of problems. It is noteworthy that the weak
point of Rao-Blackwell (Rao 1945; Blackwell 1947) and Lehmann-Scheffé (Lehmann and Scheffé 1950,
1955) theorems are the sufficiency assumption. Thus, it is shown in this short note that by changing the
way of impact of sufficiency, which seems to be new, the difficulty in using Rao—Blackwell and Lehmann-
Scheffé theorems for deriving UMVUE can be overcome. We refer the readers to some of the following

references,

« Mukhopadhyay (2000, p. 377, Subsection 7.6.1), “Does the Rao-Blackwell Theorem Lead

to UMVUE?”

« Pefia and Rohatgi (1994, p. 243), “Could we use T' to Rao—Blackwellize an unbiased estimator

h of 7(0) to obtain the UMVUE?”

« Galili and Meilison (2016, Abstract and Introduction ) “The Rao-Blackwell theorem
offers a procedure for converting a crud unbiased estimator of a parameter 0 into
a better one, in fact unique and optimal if the improvement is based on

minimal sufficient statistic that is complete”

« Roussas (1997, p. 293, Subsection 12.4) “The Case Where Complete Sufficient Statistics

Are Not Available or May Not Exist: Cramér-Rao Inequlity”
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« Yamada (1994, p. 59, Chapter 4) “.. Rao-Blackwellization of unbiased estimator does not

necessarily provide a UMVUE estimator”

« Lehmann and Casella (1998, p. 86, Example 1.8)

« Mood et al.(1974, pp. 330-331, Remark)

2 JF-Sufficient Statistic

Definition 2.1 Let X;, -, X, be a random sample from the density f(.;0) and T" = ¢(Xy,--- , X,,) be
the unbiased estimator a(f) in U . A statistic # = H(Xy,---,X,) is defined to be an .7#-Sufficient
Statistic for a(0) if and only if the conditional expectation of T given .7’ does not depend on 6 for any
statistic 7" in U.

®

Now, two theorems are stated as follows which cover the theorems of Rao-Blackwell and Lehmann-

Scheffé.

Theorem 2.2 Let W be any unbiased estimator of a(0) and let T' be an ¢ -sufficient statistic for a().
Define ®(T) = E(W|T). Then Eg®(T) = a(0) and vary(®(T)) < varg(W) for all 0; that is, (T) is a

uniformly better unbiased estimator of a(0).

Proof. This can be proved very similarly to the Rao-Blackwell theorem (see Casela and Beger (2002)). £

Theorem 2.3 Let T' be a complete and 7 -sufficient statistic for a parameter a(0), and let ®(T') be any

estimator based on T. Then ®(T') is the unique best unbiased estimator for its expected valued (UMVUE).

Proof. Similar to the Lehmann-Scheffé theorem ( see also Casela and Beger (2002)). B
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Example 2.4 (Rao 1973; Lehmann 1983; Lehman & Casela 1998) Let X take on the values —1,0, - - -
with probabilities P(X = —1) = p, P(X = k) = ¢*p*, k=0,1,---,where0 <p<landgq=1—p. We

note that I;(X) is a complete and .#-sufficient statistic for ¢?, since
E(I{O}(X) + OJX‘[{O}(X)> = [{0}<X),

for any o € R. Hence, from theorem 2.3, I;5y(X) is the UMVUE for ¢* and thus Al;p(X) + B is the

UMVUE for A¢® + B. ®

Also, some other examples, such as the ones in the books of Shao (2003, p. 167, Example 3.7) and

Rohatgi and Ehsanes (2015, p. 366, Example 10 ) satisfy our new condition.

References

[1] BLACKWELL, D. (1947), “Conditional Expectation And Unbiased Sequential Estimation,” The Annals

of Mathematical Statistics, 18, 105-110.
[2] CasELLA, G. AND BERGER, R. L. (2002), Statistical Inference (2nd Ed), Pacific Grove, CA: Duxbury Press.

[3] GaLiLy, T., AND MEILISON, L. (2016), “An Example of An Improvable Rao-Blackwell Improvement, In-
efficient Maximum Likelihood Estimator, And Unbiased Generalized Bayes Estimator,” The American

Statistician, 70:108—-113.
[4] LEamaNN, E. L. (1983), Theory of Point Estimation, New York. Wiley.
[5] LEEMANN, E. L., AND CASELLA, G. (1998), Theory of Point Estimation (2nd Ed), New York. Springer.

[6] LEHMANN, E. L., AND SCcHEFFE, H. (1950), “Completeness, Similar Regiones and Unbiassed Estimation

:Part I” Sankhya:The Indian Journal of Statistics, 10, 305-340.

© 2019 Hazuir HoMEI



Title of the Paper page 5 (of |§I)

(7] ———————- (1955), “Completeness, Similar Regiones and Unbiassed Estimation: Part II,” Sankhya:

The Indian Journal of Statistics (1933-1960), 10, 219-236.

[8] Moonb, A., GRAYBILL, F., AND BoEks, D. (1974), An Introduction to probability Theory of Stattistics, New

York. McGraw-Hill.

[9] MukHOPADHYAY, N. (2000), Probability and Statistical Infrence, New York. Marcel Dekker.

[10] PENA, E, A., AND RoHATGI, V. (1994), “Some comments about sufficiency and Unbiased Estimatiom,”

The American Statistician, 48, 242—243.

[11] Rao, C.R. (1973), Linear Statistical Infrence and Its Applications, New York. Wiley.

[12] Rao, C.R. (1947), “Information and Accuracy Attanable in the Estimation of Statistical Parameters,”

Buletin of the Calcutta Mathematical Society, 37, 81-91.

[13] RonATGl, V., AND EHSANES, S. A. K. MD. (2015), An Introduction to Probability and Statistics (third

Ed), New York. Wiley.

[14] Roussas, G. G. (1997), A Course in Mathematical Statistics (2nd Ed), New York. Springer-Verlag.

[15] SHAO, J. (2003), Mathematical Statistics (2nd Ed), New York. Springer-Verlag.

[16] YAMADA, S. (1994), Pivotal Measures in Statistical Experiments Sufficiency, New York. Springer-Verlag.

© 2019 Hazuir HoMEI



	Introduction
	H-Sufficient Statistic

