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Abstract: In this paper, we consider the abc conjecture in the case ¢ = a + 1. Firstly, we give the

proof of the first conjecture that ¢ < rad”(ac) using the polynomial functions. It is the key of the

proof of the abc conjecture. Secondly, the proof of the abc conjecture is given for € > 1, then

for € €]0, 1] for the two cases: ¢ < rad(ac) and ¢ > rad(ac). We choose the constant K () as
:)

K(e)=e ( €?/ | A numerical example is presented.
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A Proof of The Conjecture: C < rad*(ac)

A Tentative of The Proof of The ABC Conjecture - Case
c=a+1

To the memory of my Father who taught me arithmetic

To the memory of Jean Bourgain (1954-2018) for his mathematical work notably in
the field of Number Theory

1. Introduction and notations

Let a a positive integer, a = []; af"’, a; prime integers and ; > 1 positive integers. We call radical
of a the integer []; a; noted by rad(a). Then a is written as:

a:Halq" :razd(a).l_lctf"_1 (1.1)

We note:
Mg = I]af"'*1 = a = Ug.rad(a) (1.2)
i

The abc conjecture was proposed independently in 1985 by David Masser of the University of Basel
and Joseph (Esterlé of Pierre et Marie Curie University (Paris 6) ([1]). It describes the distribution
of the prime factors of two integers with those of its sum. The definition of the abc conjecture is
given below:

Conjecture 1.3. ( abc Conjecture): Let a,b,c positive integers relatively prime with ¢ = a+ b,
then for each € > 0, there exists K(€) such that :

¢ < K(&).rad(abc)' ¢ (1.4)

Logc
Log(rad(abc))
¢ < rad*(abc) ([3]). Here we will give a proof of it.

We know that numerically, < 1.616751 ([2]). A conjecture was proposed that

Conjecture 1.5. Let a,b,c positive integers relatively prime with ¢ = a+ b, then:

Logc

d*(ab —_—
¢ < rad*(abc) = Log(rad(abc))

(1.6)
This result, I think is the key to obtain a proof of the veracity of the abc conjecture.
2. A Proof of the conjecture (1.5) Casec =a+ 1

Let a, ¢ positive integers, relatively prime, with ¢ = a+ 1. If ¢ < rad(ac) then we obtain:

¢ < rad(ac) < rad*(ac) (2.1)

and the condition (1.6) is verified.

In the following, we suppose that ¢ > rad(ac).
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2.1 Notations

We note:

a—Haa’:M’ad Ha,,ua—naa’ ,i=1,N, (2.2)

C—HCB’:M”ad ch,,uc Hcﬁ’ , j=1,N, 2.3)

with a;,c; prime integers and N, N, o, B > 1 positive integers. Let:

R =rad(a).rad(c) = rad(ac) (2.4)
R(x) = ﬁx—l—a 2ﬁx+cj ) = Z(x) >0,Yx >0 (2.5)
] F(x)=2%(x) — U (2.6)
From the last equations we obtain:
F(0) = 2(0) — . = rad*(a).rad(c) — . 2.7

Then, our main task is to prove that F(0) > 0 = R> > c.

2.1.1 The Proof of ¢ < rad”(ac)

From the definition of the polynomial F(x), its degree is 2N, + N,.. We have :

F(x)

2. limy__,——= = +oo, F is convex for x large,
X

3. if x; is the great real root of F(x) = 0, and from the points 1., 2. we deduce that F ”(xT) >0,
4.if x; < 0, then F(0) > 0.
Let us study F’(x) and F”(x). We obtain:
F'(x) =Z'(x)
y N, 21 A N, 2 [N !
R (3) = [0 (@] T () + TL (e ). [T ()| =
/ 1
[Hf-V“(X‘Fa,‘)Z} = 2H§V“(x+a,-)2. (Z )

— X+ a;

Mt ep] = FGee) (z 1 ) —

=1 Xt
Na 2 NL‘ 1
' (x) = R (x). 2x+a.+2x+c' >0,Vx >0 (2.8)
i i J
Na 2 Ne 1
F'(x) =% =% (x) Zx+a~+2x—|—c >0,Vx>0=
i i J
Na 2 Ne 1 ” Na 2 N 1
F'(0) =2(0). Za—+zc— = rad”-(a).rad(c). 254—2? >0 (2.9)
i 4G P4 G
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For F”(x), we obtain:

No o Ne Ng 2 Ne 1
F(x)=%" = %' (x) <Z +) ) — % (x) (Z Cra) +Z (ch)z) —2.10)

7 x+a; 7 X+Cj

Na 2 Ne 1 2 Na 2
F7(x) = (). Zx+ai+2x+cj a

i 7
F7(x)>0,¥x>0 (2.11)

We obtain also that F”’(0) > 0.

Before we attack the proof, we take an example as: 1+8 =9=—¢c=9,a=28,b=1. We obtain
rad(a) =2,rad(c) =3, =3,R=rad(ac) =2 x3=6< (c=9) and ¢ = 9 verifies c < (R> = 6> =
36). We write the polynomial F(x) = (x+2)%(x+3) =3 = x> + 7x* + 16x+9 > 0,Vx > 0. Then
F’(x) = 3x* + 14x + 16, we verifies that F(x) = 0 has not real roots and F’(x) > 0,¥x € R. We
have also F”(x) = 6x + 14. F"(x) =0 => x = —7/3 ~ —2.33 = F(~7/3) = —79/27 ~ —2.92.
The point (—7/3,—79/27) is an inflexion point of the curve of y = F(x). We deduce that the curve
is convex for x > —7/3. Let us now find the roots of F(x) = 0. As the degree of F is three, the
number of the real roots are 1 or 3. As there is one inflexion point, we will find one real root.

2.2 The Resolution of F(x) =0

We want to resolve:
F(x)=x4+7x+16x+9=0 (2.12)
Let the change of variables x = r — 7 /3, the equation (2.12) becomes:

)
r3—§—ﬁ:0 (2.13)

For the resolution of (2.13), we introduce two unknowns:

t=utv = (ut+v)Guw— )+ +v - B =0=

79
I/t3 +V3 =33
37 (2.14)
uy — ?
Then u?,1? are solutions of the equation:
79 1
2 —
X —§X+¥—O (2.15)
and given below:
1 {794+9V77
m=5 <+33> ~0.97515
. 1L 794+9VT77 N
23
= juy, =5 =

) -
uz = j-up = Jj.ui
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V], =

. 1<79—9ﬁ

= > ~0.00016

N |

s 179977
V= 5373 —
V) = jz.vl = f.vl
V3 =j.V1

(2.16)
Finally, taking into account the second condition of (2.14), we obtain the real root of (2.13):
1 {7949v77 1 (79-9v77
_ _ 3 3 -
t=u +vy= 5 <33) + 5 <33> ~ 0.97531
x;=1t—17/3~ —1.35802 2.17)

Then the first root of F(x) = 0 is x; &~ —1.358 < 0, the correction to the first root of Z(x) =
(x+2)*(x+3) =0is dx =x; — (—2) = —1.358 — (—2) = +0.642. As in our example F’(x) > 0,
the function F(x) is an increasing function having a parabolic branch as x — oo, the curve
y = F(x) intersects the line x = 0 in the half-plane y > 0 = F(0) > 0 => ¢ < rad’(ac) which is
verified numerically.

2.3 The General Case

Let us return to the general case ¢ = a+ 1. We denote g = min(a;,c;). If we consider that
F(x) = Z(x), the equation F(x) =0 = %"( ) = 0 and the ﬁrst real root is x; = —g¢, the product

of all the roots is P = H X; Q.H(xj) )2NatNe H a;) H . But F(x) = Z(x) — U, the

constant coefficient of F W111 be H H — Ue. The new product of the roots is P’ =

x)2. x,) = (—1)NatNe a; 2. ¢). The first root x; = —q becomes x; = —g +
i Jj i Jj
dx. To estimate dx, we can write to the order two that:

F(—q+dx)=%(—q+dx)— pe = 0= Z(—q+dx) = o =

dx?
H(=q) +dx T (—q) + =-#"(~q) = He (2.18)
Supposing that a; = ¢ = min(a;,c;), from the equations (2.5-2.8-2.10), we have :
%(—6“) =0
H'(—a))=0
N, ) N, 0 ‘LL
B (—ar) =2][(ai—a1)*. [[(cj—a1) > 0= dx* = < (2.19)
iIJz =1 ! I, (@ —al)z-H]]yLl(Cj —ap)

We take the positive value of dx following the numerical example above, then we obtain:

dx vHe (2.20)




A Proof of The Conjecture: C < rad®(ac)

As ay = min(aj,cj)i=oN,:j=1 N.» We have ap —a; > l,a3 —ay >2,---,ay, —a1 > N, — 1,c1 —a; >
l,co—ay >2,---,cy, —ar > N, then we can write:
dx < ———— VH (2.21)
(Ng—1)1.A/N!

For the expression of N!, we can use the Stirling’s formula to two orders:

N!=+V2nN N ' 1+L (2.22)

o e 12N ‘
c 3a .

and we take c =a+1 < 3a/2,u, = ——— < —. We obtain :

rad(c) ~ 2a)*

1 1 1 3a

(2.23)

As a,c are large positive integers, and 1 < N,.N, |dx| < a;,c; and the sign of the first root x}

does not change. Then the curve of F(x) = %(x) — U, intersects the line x = 0 and the equation of

the tangent at the point x| is y = F'(x})(x —x}). Butif x; = —a+dx = & > 0, the equation of the

tangent at the point & is y = F/(§)(x — &), in this case F’'(§) < F’(x}), and for x > —a;,F”(x) >

0 = F' is an increasing function. As x| < § = F'(x}) < F'(§), then the contradiction and we

obtain that x| = —a; +dx < 0 = F(0) = rad*(a).rad(c) — g > 0 = rad*(a).rad*(c) — ¢ >
0= c<R.

2.3.1 Examples

In this section, we are going to verify the above remarks with a numerical example. The
example is given by:

14+5x127x (2x3x7)% =19°
rad(a) =2 x3x5x7x127=26670
rad(c) =19

c =19 =47045881, pu.=19°=2476099 (2.24)

Using the notations of the paper, we obtain:

R(x) = (x+2)*(x+3)?(x +5)* (x +7)* (x +127)*(x + 19)
F(x) = 2(x) — le

Let X = x+2, the expression of % (x) becomes:
R(X)=X*(X+1)2(X+3)*(X +5)*(X +125)*(X +17)
The calculations gives:

Z(X)=X"4+285X"124808.X° +-657728.X% +-7424722.X" +42772898.X°
+134002080.X° +223508940.X* 4 187753 125.X° +-597656251. X%  (2.25)
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We want to estimate the first root of F(x) = 0, we write:

R(X)— e =0=
X" 4285 X101 24808.X° +657728.X8 +7424722. X7 +42772898.X°
+134002080.X° +223508940.X* + 187753 125.X> + 597656 251.X> — 2476099 = (0 (2.26)

Ifx=-2=X=0= Z(X)— u <0. If we take x; = —1.936315 = X; = 0.03685, then we
obtain that:
R(x1) — Ue = B (X)) — Ue =~ 177.82 >0 (2.27)

Then, 3 & with —2 < & < x; so that X' = —2 + & verifies Z(X’) — p. = 0 and & is the first root of
F(x)=0and £ < 0= F(0) > 0 = rad*(a)rad(c) — t. > 0 = R*> > c that is true. We have
also § = —2+dx=a;+dxand 0 < dx < |a;|.

3. The Proof of The ABC Conjecture (1.3) Case: c=a+ 1
We denote R = rad(ac).

3.1 Case: € >1

Using the result of the theorem above, we have Ve > 1:

:)
¢ <R <R <K(e) R'*E, K(e) =e<82 e (3.1)

We verify easily that K(g) > 1 for € > 1 and it is a decreasing function from e the base of the
neperian logarithm to 1.

3.2 Case: e < 1
3.2.1 Case: c <R

In this case, we can write :

°)
c<R<R'"E <K(e)R'", K(e) —e<82 ,e<1 (3.2)
here also K(€) > 1 for € < 1 and the abc conjecture is true.

3.2.2 Case: ¢ >R

In this case, we confirm that :

1

¢ < K(€).R"¢, K(s):e(82>,0<8<1 (3.3)
If not, then 3¢y €]0, 1], so that the triplets (a, 1,¢) checking ¢ > R and:

c >R K(g) (3.4)
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are in finite number. We have:
¢ >R K(g) = R'""%.c >R "% R K(g) =
R ¢ > R*K(g) > c.K(&) = R'™® > K(&) (3.5)
As ¢ > R, we obtain:

70 > R0 S K(g)) =

1
'8 > K(g) = ¢ > K(&) <1 - 80) (3.6)

We deduce that it exists an infinity of triples (a, 1,c¢) verifying (3.4), hence the contradiction. Then
the proof of the abc conjecture in the case ¢ = a+ 1 is finished. We obtain that Ve > 0,c=a+ 1
with a, c relatively coprime, 2 < a < c:

1
c < K(€).rad(ac)'*¢  with K(g)= e<82) (3.7

QE.D

4. Examples

In this section, we are going to verify some cases of one numerical example. The example is
given by:
14+5%x127x (2x3x7)>=19% (4.1)

a=5x127x(2x3x7)>=47045880 = u, =2 x3x7=42and rad(a) =2 x3 x5 x7 x 127,
b=1= p,=1and rad(b) = 1,
c = 19% = 47045880 = rad(c) = 19. Then rad(abc) = rad(ac) =2 x3x5x7x 19 x 127 =
506730..

We have ¢ > rad(ac) but rad®(ac) = 506730% = 256775292900 > ¢ = 47045 880.

4.0.1 Case £ =0.01
?
c < K(€).rad(ac)' "¢ = 47045880 < ¢'%%.506730!°!. The expression of K(&) becomes:

1

K(g) = evonn = ¢!0000 — 8 7477777149120053120152473488653¢ + 4342 (4.2)

We deduce that ¢ < K(0.01).506730"%! and the equation (3.7) is verified.

4.0.2 Case € =0.1

K(0.1) = entn = ¢!%0 = 2,6879363309671754205917012128876¢ +43 = ¢ < K(0.1) x 50673001

And the equation (3.7) is verified.

4.0.3 Casee =1

K(1) =e = c=47045880 < e.radz(ac) = 0697987143184,212. and the equation (3.7) is
verified.
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4.0.4 Case € =100

?
K(100) = 200" — ¢ = 47045880 < *%! 5067300 =
1,5222350248607608781853142687284¢ + 576

and the equation (3.7) is verified.

5. Conclusion

This is an elementary proof of the abc conjecture in the case ¢ = a+ 1. We can announce the
important theorem:

Theorem 1. (David Masser, Joseph (Esterlé & Abdelmajid Ben Hadj Salem; 2019) Let a, c positive
integers relatively prime with c = a+ 1, a > 2 then for each € > 0, there exists K (&) such that :

¢ < K(&).rad(ac)' "¢ (5.1

1 )
o2
where K(€) is a constant depending of € equal to e <8 :
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