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1. Introduction

In present paper, we derive some identities for limit of exponential for digamma
function, k-power and exponential function, involving gamma functions and
Pochhammer symbols, such as,
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,

and

ex = lim
n→∞

(n2)(x+1)n

(n2)xn(n2)n

.

2. The Limit Formula for Exponential of Digamma Function

Theorem 2.1. We have
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(2.1)
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where exp(x) denotes the expoential function, Γ(x) denotes the gamma function,

ψ(x) denotes the digamma function and γ denotes the Euler-Mascheroni constant.

Proof. We know [1] the infinite sum representation for digamma function, given by

ψ(x+1) + γ=
∑

k=1

∞
(

1

k
−

1

x+ k

)

=
∑

k=1

∞

log

[

exp

(

1

k
−

1

x+ k

)]

⇒exp[ψ(x+1)+ γ] =
∏

k=1

∞

exp

[

x

k(x+ k)

]

,

(2.2)

for Re(x)> 0.
On the other hand, we know [2, p. 5, Corollary 7] the limit formula for exponen-

tial function given by
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From (2.2) and (2.3), it follows that
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which is the desired result. �

Figure 2.1. For x= 10 in (2.1).
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3. The k−th Power

Theorem 3.1. We have

xk = lim
n→∞

Γ(k+xn)Γ(n)

Γ(k+n)Γ(xn)
, (3.1)

where Γ(x) denotes the gamma function.

Proof. In [3], we find the Stirling’s approximation formula given below
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which is the desired result. �

Figure 3.1. For x= 10 and k=2 in (3.1).

Corollary 3.2. We have

xk = lim
n→∞

(xn)k

(n)k

, (3.3)

where (x )k denotes the Pochhammer symbol.

Proof. First, let the following expansion
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The Pochhammer symbol may be defined by [4]

(x)n≡
Γ(x+n)

Γ(x)
(3.5)

for n≧ 0.
From (3.4) and (3.5), it follows that
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,

which is the desired result. �

4. Limit formula for exponential function

Theorem 4.1. We have

ex = lim
n→∞

((n+ x)n)n

(n2)n

, (4.1)

where ex denotes the exponential function and (x)n denotes the Pochhammer symbol.

Proof. The exponential function [5, p. 156] can be defined as the following limit:
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which is the desired result. �

Figure 4.1. For x= 10 in (5.1).

Corollary 4.2. We have

ex = lim
n→∞

(n2)(x+1)n

(n2)xn(n2)n

, (4.3)

where ex denotes the exponential function and (x)n denotes the Pochhammer symbol.

Proof. In [6, p. 239, (I.4) ], we find the formula in general
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From Theorem 4.1 and (4.5), it follows that
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,

which is the desired result. �

5. Some Exercises

Exercise 5.1. Prove that

exy = lim
n→∞
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.

Exercise 5.2. Prove that
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.

References

[1] https://en.wikipedia.org/wiki/Digamma_function, available in
July 10, 2018.

[2] Guedes, Edigles, Infinite Product Representations for Binomial

Coef- ficient, Pochhammer’s Symbol, Newton’s Binomial and

Exponential Function , http://vixra.org/pdf/1611.0049v1.pdf.

5



[3] https://en.wikipedia.org/wiki/Stirling%27s_approximation,
available in July 10, 2018.

[4] Weisstein, Eric W. “Pochhammer Symbol.” From
MathWorld–A Wolfram Web Resource. http://mathworld.wol-
fram.com/PochhammerSymbol.html.

[5] Eli Maor, e: the Story of a Number , Princenton University Press,
Princenton, New Jersey, 1994.

[6] Slater, Lucy Joan, Generalized Hypergeometric Series , Cambridge
University Press, Cambridge, 1966.

6 News Limit Formulas for Exponential of the Digamma Function, k-Power and

Exponential Function, Involving Gamma Function and Pochhammer Symbol

http://mathworld.wolfram.com/about/author.html
http://mathworld.wolfram.com/about/author.html
http://mathworld.wolfram.com/about/author.html
http://mathworld.wolfram.com/about/author.html
http://mathworld.wolfram.com/about/author.html
http://mathworld.wolfram.com/
http://mathworld.wolfram.com/
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
http://mathworld.wolfram.com/PochhammerSymbol.html
https://en.wikipedia.org/wiki/Eli_Maor
https://en.wikipedia.org/wiki/Eli_Maor

	1. Introduction
	2. The Limit Formula for Exponential of Digamma Function
	3. The k-th Power
	4. Limit formula for exponential function
	5. Some Exercises

