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On Huygens’ Principle, Extinction Theorem, and
Equivalence Principle — Part I:

Inhomogeneous Anisotropic Material System
in Inhomogeneous Anisotropic Environment

Renzun Lian

Abstract—Huygens’ principle (HP), extinction theorem (ET),
and Franz’s / Franz-Harrington formulation (FHF, which is a
mathematical expression of surface equivalence principle) are the
important components of electromagnetic (EM) theory, and they
are generalized from the following aspects.

1) Traditional HP, ET, and FHF in homogeneous isotropic en-
vironment are generalized to inhomogeneous anisotropic lossy
environment. 2) Traditional FHF for homogeneous isotropic ma-
terial system is generalized to inhomogeneous anisotropic lossy
material system in this paper, and will be further generalized to
metal-material combined system in future works. 3) The Huygens’
surface in traditional HP and ET is a single closed surface. In this
paper, it is generalized to the “Huygens’ surface” which is con-
structed by multiple closed surfaces. In future works, it will be
further generalized to the “Huygens’ boundary” which includes
some lines and open surfaces. 4) For a material body, traditional
FHF has only ability to express the external scattering field and
the internal total field (the summation of scattering and incident
fields) in terms of the equivalent sources on material boundary,
and it is generalized to formulating the internal scattering and
incident fields in this paper.

In addition, the relationships among HP, ET, and FHF are
studied, and it is proved that HP and ET are equivalent to each
other.

Index Terms—Action at a distance, equivalence principle, ex-
tinction theorem (ET), Franz’s formulation, Franz-Harrington
formulation (FHF), Huygens’ principle (HP), inhomogeneous
anisotropic lossy material, material body, Green’s theorem, su-
perposition principle, the law of causality, topological additivity.

. INTRODUCTION

QUIVALENCE principle is an indispensable building block
for classical electromagnetic (EM) theory. The principle
provides the method to express the interesting EM fields in the
interesting region by using equivalent sources instead of real
sources, and there are some variations of the principle, such as
volume equivalence principle (VEP) and surface equivalence
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principle (SEP). The VEP expresses the interesting EM fields
in terms of equivalent volume sources, and a detailed discus-
sion for it can be found in [1] and [2]. Compared with the VEP,
the SEP is more philosophical, and has a longer history. To
clarify some important concepts closely related to this paper, a
brief review on the history of SEP is provided below.

The earliest researches on SEP can be dated back to C.
Huygens. In 1690, he published a seminal book on the propa-
gation of light, Traite de la Lumiere [3], and introduced a so-
phisticated principle, now known as Huygens’ principle (HP):

“Each point on a primary wavefront can be considered to be a
new source of a secondary spherical wave and that a secondary
wavefront can be constructed as the envelope of these secondary
spherical waves.” [4]

Based on the principle, Huygens provided a geometrography to
explain the propagation, reflection, and refraction phenomena
of light, and his principle and geometrography are usually
collectively referred to as Huygens’ construction. Huygens’
construction is a qualitative method instead of being quantita-
tive, and the earliest quantitative researches on HP started with
T. Young and A. Fresnel.

Around 1800, Young [5] did his famous double-slit inter-
ference experiment, and studied the diffraction phenomenon of
light. To mathematically explain these new phenomena, Young
introduced, in addition to the geometric-optical principle of
propagation of locally-plane waves in the direction of rays, the
notion of transverse transmission of the oscillation amplitudes
directly along the wave-fronts [6], but his method cannot gen-
erally explain the diffraction for all cases. Until 1819, A.
Fresnel [7] generally explained the diffraction by employing
wave equation and boundary values, so the HP is also called as
Huygens-Fresnel principle now. (In fact, it was shown by G.
Maggi in 1888 [8] and by A. Rubinowicz in 1917 [9] and 1924
[10] that the results obtained by Fresnel’s methods can be re-
duced by means of a mathematical transformation to the same
form as predicted by Young [6], and the related theory is
sometimes called as Young-Maggi-Rubinowicz theory [11].)
However, Fresnel’s original theory cannot properly describe
the propagation of light in free space, because it generates the
backward waves which propagate towards wave source, and
then it conflicts with the law of causality. To suppress the
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backward waves, Fresnel introduced the oblique factor into his
theory, so his theory is essentially a phenomenological theory.

To establish the formulation of HP on a rigorous mathe-
matical foundation started with H. Helmholtz for steady-state
(monochromatic) case in 1859 and G. Kirchhoff for
time-dependent case in 1882. Now, the Helmholtz’s result [12]
is also known as scalar Green’s second theorem, and the
Kirchhoff’s result [13], [14] is also called as Fresnel-Kirchhoff
diffraction integral formulation. Later on, by employing the
first and second kinds of half-space scalar Green’s functions,
Lord Rayleigh [15] and A. Sommerfeld [16] extended the
Fresnel-Kirchhoff formulation to instrumental optics, and the
extended formulations are now known as Rayleigh-Sommerfeld
diffraction integral formulations [17]. Just based on the above
famous works, the wave nature of light, which was hidden in
Newton’s corpuscular theory for a long period, was revealed
gradually, and a very comprehensive review for this history can
be found in [18] and [19].

In fact, all the above-mentioned formulations are the scalar
formulations of EM waves (EM waves are essentially vectorial),
so they are usually collectively referred to as scalar diffraction
formulations [17]. The attempt to formulate vectorial diffrac-
tion formulations directly based on the vectorial nature of EM
waves originates from the establishment of famous Maxwell’s
equations [20], and the earliest scholars focusing on this at-
tempt are A. Love (1901) [21] and H. MacDonald (1911) [22].
Love introduced the concept of equivalent surface current to act
as the Huygens’ secondary source for the first time, and his
work is now known as Love ’s equivalence principle. In 1936, S.
Schelkunoff [23] extended Love’s result to allow for an arbi-
trary EM field distribution on the both sides of a surface, and
his result is now called as Schelkunoff’s equivalence principle
(Schelkunoff pointed out that this particular formulation orig-
inated from J. Larmor [24]). In 1938, J. Stratton and L. Chu [25]
provided a formulation to express EM field in terms of both the
normal and tangential components of field on a closed surface
by employing so-called vector Green’s second theorem, and the
formulation is now called as Stratton-Chu formulation. In 1948,
W. Franz [26] established so-called Franz’s formulation (or
called as Kottler-Franz formulation due to [27]), which can
express EM field in terms of only tangential surface field. Later
on, C.-T. Tai [28] proved that the Stratton-Chu and Franz’s
formulations are equivalent to each other, and pointed out that
the Stratton-Chu formulation is essentially identical to the
Larmor-Tedone formulation as described in [29]. A relatively
comprehensive summarization for above vectorial diffraction
formulations can be found in [2], [30], and [31].

Based on his studies on the Cauchy problem for partial dif-
ferential equations, J. Hadamard [32], an outstanding mathe-
matician, gave HP a mathematically rigorous and somewhat
philosophical description, and revealed that the crucial building
blocks of HP are the following three: i) the concept of action at
a distance (this concept originates from M. Faraday and J.
Maxwell [20]), ii) the law of causality, and iii) the principle of
superposition. The first block implies that the formulation of
HP needs to employ the field propagator (Green’s function),
and the second block implies that the propagator should prop-

agate away from source rather than being towards source (i.e.,
the propagator should satisfy Sommerfeld ’s radiation condition
[33]), and the third block implies that the formulation of HP
will be expressed as integral. Hence, all formulations men-
tioned above are the integral formulations basing on outgoing
Green’s functions.

Obviously, the establishment for HP and its mathematical
formulation experienced an evolution from qualitative to
quantitative and from scalar to vectorial. In classical electro-
magnetics framework, the Franz’s formulation reaches the peak
of the evolution as stated by Prof. Tai that:

“It seems obvious that the Franz formula is conceptually simpler
since it requires only the tangential components of the field on
the closed surface, while the Stratton-Chu formula requires the
normal components as well. Most important of all, when the field
has an edge singularity on the surface of integration the Lar-
mor-Tedone formula or Stratton-Chu formula must be modified
as shown by Kaottler in order to make the resultant field Max-
wellian.” [28]

Because of this, the Franz’s formulation has been widely ap-
plied in EM engineering society. For example, the famous
PMCHWT-based scattering integral equation (A. Poggio and E.
Miller [34], Y. Chang and R. Harrington [35], W. Wu [36], and
Tsai) and the PMCHWT-based characteristic mode (CM)
formulation [35] for homogeneous isotropic material bodies
were established basing on the Franz’s formulation.

The formulation utilized by Chang and Harrington in [35] is
essentially the Franz’s formulation, but the former is more
advantageous than the latter in the following aspects. a) The
former is more concise than the latter in mathematical form. b)
The former expresses various fields in terms of an identical set
of equivalent currents, i.e., the external scattering field and the
internal total field of material body are simultaneously ex-
pressed as the functions of the equivalent surface currents de-
fined by using boundary tangential total fields. Based on these
features, the former is more popular than the latter in compu-
tational electromagnetics and EM engineering, though the
former is essentially the latter from the perspective of EM
theory. In addition, Chang and Harrington provided their for-
mulation in [35] by directly citing Harrington’s classical book
[31], so their formulation is particularly called as
Franz-Harrington formulation (FHF) in this paper.

Although FHF has had many successful applications as
mentioned above, it also has some limitations, and this paper
does some works to remove the limitations.

The limitations on EM media

The traditional HP and ET are only valid for homogeneous
isotropic environment, and the traditional FHF is only valid for
a homogeneous isotropic material body in homogeneous iso-
tropic environment. It is still an unsolved problem how to es-
tablish the HP, ET, and FHF of inhomogeneous anisotropic
lossy material body in inhomogeneous anisotropic lossy envi-
ronment, and it is done in this paper.

In the appendixes of this paper, the EM field in inhomoge-
neous anisotropic lossy environment is expressed in terms of its
tangential components on a closed surface, based on general-
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ized vector-dyadic Green’s second theorem. The reason to
utilize the vector-dyadic version of Green’s second theorem
instead of the vector version used in [25] is based on Prof. Tai’s
observation:

“... the most compact formulation appears to be the one based on
the dyadic Green’s function pertaining to the vector wave equa-
tionfor E and H ...” [28]

The reason to utilize the generalized version of vector-dyadic
Green’s second theorem instead of the traditional version used
in [37] is that the traditional one is suitable for neither inho-
mogeneous media nor anisotropic media. Based on the results
given in appendixes, the traditional HP, ET, and FHF are gen-
eralized in Secs. 1I-1V from the following aspects.

« Based on the integral formulations given in appendixes, the
traditional HP and ET are generalized to inhomogeneous ani-
sotropic lossy environment, and the traditional FHF is gener-
alized to an inhomogeneous anisotropic lossy body in inho-
mogeneous anisotropic lossy environment, in Secs. Il and I1I.

+ Based on the results obtained in Secs. Il and 111, the FHF is
further generalized to the piecewise inhomogeneous aniso-
tropic lossy body in inhomogeneous anisotropic lossy envi-
ronment, in Sec. IV. The adjective “piecewise” means that the
material parameters are discontinuous on two sides of the in-
terface between two different media, as shown in Fig. 1 (d).

The limitations on topological structure

The Huygens’ surface used in traditional HP and ET is a
single closed surface. The traditional FHF is only valid for the
EM system V™ constructed by a simply connected material

sys
body Vi, i.e., V™ =Vv™  In this paper, the traditional HP, ET,

and FHF are gene?alized from the following aspects.

« In Secs. Il and 1V, the Huygens’ surface is generalized to
multiple closed surfaces.

* In Sec. I, the EM system V™ constructed by a multiply

sys
connected material body V.5 is considered, i.e., V™ =V ™

mul sys mul ?

and the FHF for vi' is derived.

« The systems focused on by Secs. Il and Ill are connected,
and the results corresponding to these connected systems are
further generalized to the non-connected system in Sec. IV.

The above terminologies “connected, non-connected, simply
connected, and multiply connected” are commonly used terms
in point set topology, and their rigorous definitions can be
found in [38]. The “non-connected” can be vividly understood
as that there exist some different parts of system, such that the
parts don’t contact with each other, as shown in Fig. 1 (c); if the
system is not non-connected, it is connected, as shown in Fig. 1
(a); the “simply connected” can be vividly understood as that
there doesn’t exist any hole on material body, as shown in Fig.
1 (a); the “multiply connected” can be vividly understood as
that there exist some holes on material body, as shown in Fig. 1
(b).

The limitations on expressing EM field

When a simply connected material body Vi is considered,
the whole three-dimensional Euclidean space RR® is divided
into two parts (the interior of v and the exterior of V) by
the material boundary &V , as shown in Fig. 2. The traditional
FHF [35] has only ability to express the external scattering field
F*= and internal total field F* (the summation of internal

Hole
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Fig. 1. (a) A simply connected material body; (b) a multiply connected material
body; (c) a non-connected system constructed by two material bodies; (d)
piecewise inhomogeneous anisotropic lossy material body.
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Fig. 2. Whole space is divided into two parts by the boundary of a simply
connected material body.

incident field F™ and internal scattering field F**) in terms of
an identical set of equivalent surface currents on v . In this
paper, the traditional FHF is generalized from the following
aspects.

* In Sec. II-A, the FHF for F™ and F** are derived, and
they are valuable for material CM theory as discussed in Sec.

11-D and as exhibited in Sec. V.

In addition, this paper also does some works in the following
aspects.

On mathematically formulating HP

The traditional FHF of F** is usually viewed as the math-
ematical expression of scattering field HP, but it will generate
backward waves in the interior of material body, so it conflicts
with the law of causality. In fact, the backward wave problem
also exists in traditional scalar diffraction theory as pointed out
by D. Miller in [39]. In addition, the traditional FHF of F* is
sometimes classified into the extinction theorem (ET) family
(ET is also known as Ewald-Oseen extinction theorem [40],
[41], due to the works of C. Oseen [42] et al.). However, the
FHF of F™ cannot guarantee the null result in whole exterior
of material body, though it indeed generates null tangential
field on the external surface of material boundary.

To clarify the reasons leading to above problems, the rela-
tionships among HP, ET, FHF, and SEP are carefully studied in
Sec. Il, and it is found out that:

» The mathematical formulation of HP is equivalent to ET.

» The FHF of F* satisfies so-called weak extinction theo-
rem, and it should not be classified into ET family.

« HP is a special SEP, but SEP is not necessarily HP.

* FHF is not the mathematical expression of HP, and it is
only the mathematical expression of SEP.

On topological additivity

The EM systems V" considered in Secs. 11, 111, and 1V have

sys

different topological structures, i.e., V™ =v.™ in Sec. Il, and

sys sim
Vet =Vt in Sec. 111, and Vi =V UVt in Sec. IV. It is
pointed out in Sec. 1V-B that the mathematical formulation of
HP and ET satisfy so-called topological additivity, i.e., the

HP/ET of whole EM system equals to the summation of the
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HP/ET corresponding to all sub-systems, and this property is
consistent with the principle of superposition. Then, the FHF of
F™ and F* also satisfy topological additivity, because they
are essentially the summation of incident field HP and scat-
tering field HP as pointed out in Sec. I1-C. However, the FHF of
F* and F** don’t satisfy topological additivity.

» To guarantee the topological additivity for the FHF of F™
and F*, aso-called piecewise Green’s function is proposed in
Sec. IV-B.

For the convenience of the following discussions, the sym-
bolic system of this paper is summarized here. The e** con-
vention is used in this paper. The conductivity, permittivity,
and permeability of material system are denoted as &(r),
£(r), and j(r) respectively, and the conductivity, permittiv-
ity, and permeability of environment are denoted as &, (F),
& (), and g, (F) respectively, and all these parameters are
restricted to being symmetrical two-order tensors, because
many commonly used anisotropic materials (such as crystal)
have symmetrical material parameters [19], [43], [44]. Some
concepts related to point set topology (such as the open set Q,
boundary o, closure clQ, interior intQ, and exterior extQ)
need to be utilized, and the rigorous mathematical definitions
for the first four can be found in [38], and the last one is defined
as that extQ2R3\clQ . Obviously, both the intQ and extQ
are open sets [38]. When an external excitation F™ incidents
on EM system V& (Vg =V UV ), the scattering sources
will be excited on simply connected body V. and multiply
connected body V™, and then the scattering fields F:® and
Fa are generated by V.** and V' respectively. The sum-
mation of F* and F2 is just the total scattering field F*=
generated by ng‘j‘, i.e., F®=F21F% The summation of
F™ and F** is total field F® , ie, F™"=F™4+F®=
F™ + F5% + F, as shown in Fig. 3.

In addition, we sincerely wish that the appendixes are read
before reading the main body of this paper.

Il. A SINGLE SIMPLY CONNECTED INHOMOGENEOUS
ANISOTROPIC LOSSY MATERIAL BODY

The EM system Vg focused on by this section is a simply
connected inhomogeneous anisotropic lossy body Vi, i.e.,
Vot =@ and VJ* =V", as shown in Fig. 4. Hence, F3 =0,
and F** =F® and F™ =F™ +F* =F™ 4+ F3*, Based on the
results given in appendixes, the traditional HP, ET, and FHF of
a simply connected homogeneous isotropic material body in
homogeneous isotropic environment are generalized to inho-

mogeneous anisotropic lossy case, in this section.

A. Huygens’ principle and extinction theorem

The integral formulations (C-5) and (C-7) given in Appendix
C can be uniformly written as follows:

(reextv””a‘) , 0

(r elntvma‘) F™(F)

sim

: FST;;K »
F inc
. F;Ek

\V} mat -V mat UV mat

sys sim mul

lf sca _ lf sca F sca
sim

Fig. 3. An external excitation field incidents on the material system which is
constructed by a simply connected body and a multiply connected body.

/ A ntym extVe

)
tot inc sca = tot
V ma‘\_/\\l:, S F F 4 F o F |nc cha

sim S~ ____--

Fig. 4. Various domains and fields related to a simply connected material body.
where F=E,H, and fi_ is the inward normal vector of oV .
The Gy, (r.r") and GJ¥ (r,r) in (1) are the environment dy-
adic Green’s functions. Following the manner to express con-
volution integrals in [45], (1) is rewritten as the following (1") to
compact the integral formulation, and the other convolution

integrals appeared in this paper will be similarly expressed.

(Ei"c xA_ ):|av$ma‘

) fear ] o
- [GJF #(AxH™)+ G+ (E™ Xﬁ‘ﬂmm‘

mthat . Fe e

sim

1)

where F=E,H . The integral formulations (C-9) and (C-10)
given in Appendix C can be uniformly written as follows:

sim

intv.™ : 0

sim

Gor (1 x H* )+ Gl # (B x

i), @)

extv.m Ifsc"’} _[
where F=E,H . In (2), A, is the outward normal vector of
ovae Jand i, =—fA_ on whole oV,

(19 and (2) imply that the equivalent secondary sources
{A_xH™ E™xA_} and {A xH** E*xA,} will establish the
zero fields on whole extv, and whole intVi respectively,
i.e., they will not generate any backward wave, so they are
usually called as extinction theorem. In fact, (1') and (2) are just
the mathematical formulations of HP corresponding to incident

field F™ and scattering field F** respectively.
B. Generalized Franz-Harrington formulation and weak ex-
tinction theorem

Because of that F*
and (2) is as follows:

=F™ 4+ F* the difference between (1')

sim

inty™ . i

sim

GE+I= 4G aNS] (3

sim

extv.r —lf“a} [

where the J& and M are defined as follows:

I=(r) 2 A (r)x[HN(M] . (Feavp)  (4)
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(Fea ;:1)

M= (r) 2 [E*(r)],_, <A.(r) . (42)

in which " eintvie , and the superscript “ s ” is the acronyms
of term “equivalent surface”. Based on (4.1) and (4.2), (C-11)
can be rewritten as follows:

intym - 'ftot _|:GJF jES GMF

sim sim sim

M=l . ()

where the G (r,r") and G} (r,r) are the dyadic Green’s
functions corresponding to the inhomogeneous anisotropic
lossy material body Vv . Based on (3) and (5) and that
F<@ =F* _F"™  the following formulation for the F** on
intvi can be obtalned

sim

intve P = [AGK # TS +aC «MS] L (6)
where
AGHL(rT) 2 G (rr) = G (rr) (7.1)
AGYY (7,7) 2 GIF (7,1) — Gl (7.T) (7.2)
forany r,r eintVi: .

In (3), (5), and (6), the internal incident field F™, internal
scattering field F*=, internal total field F* , and external
scattering field F<* are simultaneously expressed in terms of
an identical set of equivalent surface currents {J=,M®} . (3),
(5), and (6) are collectively referred to as generallzed
Franz-Harrington formulation (GFHF) of a simply connected
inhomogeneous anisotropic lossy material body in inhomoge-
neous anisotropic lossy environment, and the reason to utilize
adjective “generalized” is that the traditional FHF has only
ability to express the F** and F* corresponding to a simply
connected homogeneous isotropic material body in homoge-
neous isotropic environment. In addition, the above GFHF for a
simply connected body will be further generalized to multiply
connected case in Sec. Il and to non-connected case in Sec. V.

Sometimes, (5) is also called as extinction theorem just like
calling (1) and (2). However, it should be emphasized that (5)
cannot establish null field in whole region extV{® , though it
indeed can establish null tangential field on the external surface
of avi . The reason leading to this will be carefully discussed
in the following Sec. 11-C. Based on this observation, (5) is
particularly called as weak extinction theorem to be distin-
guished from the extinction theorems (1') and (2).

C. Relationships among Huygens’ principle, extinction theo-
rem, Franz-Harrington formulation, and surface equivalence
principle

Based on Hadamard’s work [32], the HP can be divided in
the form of a syllogism as follows.

Major Premise: The action of phenomena produced at the instant
t=0 on the state of matter at the latter time t =t, takes
place by the mediation of every intermediary instant
t=t', ... (here, 0<t'<t,).

Minor Premise: If we produce a luminous disturbance localized

in a neighborhood of F =0, its effect after an elapsed time
t, will be localized in a neighborhood of the spherical
surface |r|=ct

Conclusion: In order to calculate the effect of our initial lumi-
nous phenomenon produced at F=0 at t=0, we may re-
place it by a proper system of disturbances taking place at
t=t’' and distributed over the spherical surface |r|=ct,.

In fact, Hadamard’s major premise is essentially the concept of
action at a distance, i.e., the EM interaction is implemented by
propagation; Hadamard’s minor premise is essentially the law
of causality, i.e., the propagation of EM field should be away
from real source instead of being towards real source; Hada-
mard’s conclusion is essentially the Huygens’ construction
based on two premises and the principle of superposition.

The relationships between HP and ET

Obviously, the law of causality implies that the mathematical
formulation of HP must establish null field in the backward
direction of Huygens’ surface, so the mathematical formulation
of HP must satisfy ET, such as the incident field HP (1') and the
scattering field HP (2).

It will be proved as below that: an extinction-type formula-
tion corresponds to the HP of a field. Let us consider the fol-
lowing extinction-type convolution integral:

e E}{és:v*(mg H)+ G s (Exi,)]  (®)

where F=E,H . In (8), &Q is the boundary surface of open
domain Q, if Q is a finite domain; 6QUS, is the boundary
surface of open domain Q, if Q is an infinite domain. S, isa
spherical surface at infinity. 6Q\S, means that the integral
domain of (8) is a limited closed surface, and then the field F
and Green’s functions G and G in (8) must satisfy Som-
merfeld’s radiation condition, or the surface S_ cannot be
excluded from integral domain [40]. f_,, is the normal vector
of integral surface, and points to domain Q. Due to the radia-
tion condition of field F , it can be concluded that the real
sources {J,M} of F distribute in a limited region denoted as
Vv, and then the F has the following integral formulation:

R® : F = [GJF*J+GMF

env env M :|V (9)
based on a similar method to deriving (C-4) from (C-1).

If the Green’s functions used in (8) and (9) satisfy the fol-
lowing Maxwell’s equations:

VxGo (r,F) = To(r- r Ay
x Aenv( ) ( )+]0)8envc( ) env( ) (101)
VG (FF) = —j@hi, (F)-Go (F,F)
and
VxGe“,fC' (F, F’) =

P-4 GME = ﬂ/
Jwgenv c ( ) env )a (10 2)
F

VG (F,F) = —16(F —1") - joil,, () -G ()

env

then (8) implies that the field F satisfies the following ho-
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mogeneous Maxwell’s equations in region Q :
11)

i.e., the region Q is source-free, where the derivation of (11)
from (8) is completely similar to the inverse process of deriving
(C-5) from (C-1). The (11) implies that the source {J,M |} must
distribute in region R*\Q, i.e.,

(F) = J()+ jode (7)-
( ) =

M( )_ Jw:uenV(

Ix

. (reR*\Q).(12)

I'I'Ix

The above (11) and (12) imply that the aQ encloses all sources
{J,M}. s, isalways excluded from the integral surface in (8),
even if S_ —oQ, so it can be viewed as that the integral surface
of (8) encloses all sources {J,M}

Just like deriving (1" from (C-1), the following ET can be
derived from (12):

V interesting . F
i . _ |BF A MF =
Vv excluded -0 - |:Genv * (n%v‘imeresung H ) + Genv (E X
i :

nﬁvy.meresung ):|S
i

(13)
forany i=12,---.In(13), S, isa closed surface which encloses
whole source region R*\Q, and S, encloses S, for any
i=12--, and V,"*" and Vf‘““"e" are respectively the inter-
esting and excluded regions restricted by surface S;, and the
case that the source region R*\Q is a limited region is shown
in Fig. 5. In fact, this (13) is just the mathematical expression of
Hadamard’s syllogism, i.e., the EM field generated by a system
is the superposition of the fields generated by all sub-sources
(the principle of superposition), and the field will propagate
(the concept of action at a distance) outward rather than being
inward (the law of causality). Then, the extinction-type for-
mulation (8) must correspond to the HP of a field.

Based on the above observations, it can be concluded that HP
and ET are essentially equivalent to each other, i.e., the
mathematical formulation of the HP for any field satisfies ET,
and any ET (8) corresponds to the HP of a field.

The necessary conditions to establish an extinction-type
formulation
Based on the process to derive (13) from (8), it is easy to find

Fig. 5. The diagram of formulation (13).

out that the necessary conditions (NCs) to establish an extinc-
tion-type formulation are as follows:

NC-1, On real source of field: The (9) implies that the real
source of interesting field must distribute in a limited re-
gion.

NC-2, On Huygens’ surface: The (11) and (12) imply that the
Huygens’ surface must enclose all real source of interesting
field. As exhibited in (13), the reasonable Huygens’ surface
is not unique, and the boundary of source region is a natural
and the smallest one.

NC-3.1, On interesting and excluded regions: Whole space is
divided into two parts by Huygens’ surface as illustrated in
(13). The interesting region must be the source-free one,
and the other one is the excluded region, as illustrated in
formulations (11)-(13) and Fig. 5.

NC-3.2, On interesting field: The interesting field must satisfy a
homogeneous Maxwell s equations in interesting region, as
illustrated in (11). At the same time, the interesting field
must satisfy an inhomogeneous Maxwell’s equations in ex-
cluded region, as illustrated in (12).

NC-4, On Huygens’ secondary source: The Huygens’ secondary
source on Huygens’ surface must correspond to the inter-
esting field, as illustrated in (8) and (13).

NC-5, On propagator / Green’s function: The Maxwell’s equa-
tions of propagators must have the same material parame-
ters as the ones which are satisfied by interesting field, as
illustrated in (10). The propagators must satisfy the Som-
merfeld’s radiation condition, as concluded below the
formulation (8).

In fact, these conditions are also the necessary conditions to
mathematically formulate HP, because the mathematical for-
mulation of HP must satisfy ET as concluded in the previous
part of this subsection. In the following parts of this subsection,
the relationships between HP and FHF will be clarified based
on above conditions.

The relationships between HP and FHF

Based on above discussions in this section, it can be con-
cluded that:

A) The FHF (3) is neither the mathematical formulation of
HP corresponding to F™ nor the mathematical formulation of
HP corresponding to F**, because it doesn’t satisfy the con-
dition NC-4, i.e., the equivalent currents used in (3) correspond
to neither F™ nor F*. In fact, the FHF (3) is solely the dif-
ference between the incident field HP (1") and the scattering
field HP (2), i.e.,

Formulation (3) = Formulation (1) — Formulation (2). (14)

This is just the reason why (3) will generate some backward
waves, i.e., why (3) conflicts with the law of causality.

B) The FHF (5) is not the mathematical formulation of HP
corresponding to internal total field F*, because it doesn’t
satisfy the condition NC-2. Specifically, the real source of F*
includes both the {J"™,M"™} generating F"™ and the
{J%,M*} generating F**, but the surface oV, doesn’t
enclose all these sources. To formulate the HP corresponding to
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F, the Huygens’ surface should enclose both {J",M"} and
{jsv : M SV} .

C) The FHF (6) is not the mathematical formulation of HP
corresponding to internal scattering field F** , because it
doesn’t satisfy the conditions NC-3 and NC-4. In fact, (6) is
solely the difference between (5) and (3), i.e.,

Formulation (6) = Formulation (5) — Formulation (3). (15)

Summary

Because of the above observations, the relationships among
HP, ET, FHF, and SEP are illustrated in Fig. 6. From Fig. 6, it
can be concluded that:

* HP and ET are equivalent to each other.

» HP is a special SEP, but SEP is not necessarily HP. HP can
be particularly called as physical equivalence principle, be-
cause it simultaneously satisfies the concept of action at a dis-
tance, the law of causality, and the principle of superposition.

» FHF is only the mathematical expression of SEP instead of
the mathematical expression of HP, so the surface currents (4)
used in FHF should be called as equivalent surface currents,
but should not be viewed as Huygens’ secondary sources.

» Compared with the incident field HP (1") and the scattering
field HP (2), the values of FHF are mainly manifested in that
various fields are uniformly expressed in terms of an identical
set of currents {J*,M®}, and this feature is very valuable for
many engineering applications as pointed out in the following
Sec. I1-D and as exhibited in Sec. V.

D. Applications of generalized Franz-Harrington formulation

In this subsection, some typical engineering applications
related to GFHF are simply mentioned.

Application on solving EM scattering problem

The well-known PMCHWT equation [34]-[36] is derived
from FHF, and it is widely applied to solving EM scattering
problem, but it is only suitable for a simply connected homo-
geneous isotropic body in homogeneous isotropic environment.
Obviously, the traditional PMCHWT equation and its related
applications can be easily generalized to the inhomogeneous
anisotropic lossy case, by employing GFHF. In computational
electromagnetics, the traditional FHF is usually written as the
operator forms based on the £ and K operators, if the envi-
ronment is homogeneous isotropic lossless. Taking the GFHF
(3) as an example, it can be equivalently rewritten as follows:

e ) |
T;(tvm:t : Eim} = —joul(J%)-K(M=)  (3.1)
U e _ ) i |
?:tvjiwlr:?n Hmc} = _JwEOKO(MES)+ICO(J ES) (32)

if the environment is vacuum. In (3.1") and (3.2"), the operators
£, and K, are defined as follows: [45]

L(X) 2 (1+klzvv-jjneo(r,r’)i(r')dn’ (16.1)

0

[Surface Equivalence Principle]

DA

HP of F**| sy |ETof F*® FHF of F

. L SN N derive N B
HPof F™ | *  |ETof F™ FHF of F™

Weak ET of F'* «—=Y_|__FHF of F*

} derive FHF of 'fjca

Fig. 6. The relationships among HP, ET, FHF, and surface equivalence prin-
ciple.

oV mat _ oV mat U oV mat

mul | muliin / mul;out
[
/”¥ T

mat A2\ ) S
" Al \
muliin__,

ext
extv ™

- & N\
L \
4 P mat
Ih*)lnt\/ J mul;out
J_ /

mul
\ 5 y
N n_ Y

R 1

Fig. 7. Various domains related to a 2-connected material body.

Ko(X) 2 Vx| Gy(F. )X (r)dIT (16.2)

where k, = o\ u,e, , and G,(F,r)=e %" /az|r —r|.

Application on constructing CM

Recently, it is clarified in [46] that: i) the physical essence of
CM theory [35], [47]-[49] is to orthogonalize the power done
by incident field on scattering current; ii) the arguments of the
power operator in CM theory must be independent of each
other; and iii) the equivalent currents J= and M= on av[®
depend on each other.

Formulation (5) expresses the F in terms of {J% M®},
and then the scattering currents {J*,M SV} can be expressed in
terms of {J¥,M®} , because J¥ =jeAZ-E™ and
M% = joaji-H'™ [1], [2], [45]. Based on this observation and
formulation (3), the power done by incident field on scattering
current can be efficiently expressed in terms of {J% M}
Because of the continuity of the tangential F*= on av.”™ , the
J= and M® can be expressed in terms of each other, based on
formulations (3) and (6) and the method given in [46]. Because
of these above, it can be concluded that the GFHF is valuable
for constructing the CM of inhomogeneous anisotropic lossy
material body.

1. A SINGLE MULTIPLY CONNECTED INHOMOGENEOUS
ANISOTROPIC LOSSY MATERIAL BODY

In this section, the results obtained in above Sec. 1l are gen-
eralized to the EM system V_* which is a multiply connected
inhomogeneous anisotropic lossy material body Vi, and the
Vet is restricted to being 2-connected as shown in Fig. 7. The
arbitrary | -connected case (1>2) can be similarly discussed,
and the corresponding formulations are identical to the

2-connected case in form. Then, Vi =&, and V& =V, and
F* =FX, and F™ =F"™ +F* =F"™ + F< | in this section.

mul ? mul ?

The whole boundary oV’ and whole extv,:' can be de-
composed as follows: [38]

_ mat
- aVmul ;in

av mat

mul

U a mat

mul ;out

17.1)
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extV™ = exty™

mul mul;in

U extv ™

mul;out

(17.2)

where oVt Voo, o extVont, and extvo . are shown in
Fig. 7. In this section, it is restricted that the {J"™,M"} dis-
tribute on extV,i, , and the case that {J"°,M"™} distribute on
extV, can be similarly discussed, and the final formulations
of two different cases are identical to each other in form. The
composite case corresponding to that {J™,M"™} simultane-
ously distribute on extv , and extVi. canbe viewed as the
superposition of two simple cases, based on superposition
principle [50], and the final formulations of composite case are

identical to the simple cases in form.

A. Generalized Huygens’ principle and extinction theorem

Similarly to deriving (1) and (2), for multiply connected
material system the following formulations can be derived:

extV,lon 0

intv™ .0 = [éj,fv #(Ax H™)+ Gyl *(E™ % ﬁ,)lvm

extv,mt —E" B
(18.1)

extVo 0

itV 0 g =[G (A xH= )+ Gl # (B xn )|

extV mat If sca muliin

mul;in

(19.1)

if the Huygens’ surface is selected as oV, ; the following
formulations can be derived:

extVor . ¢ 0

itV F =[G (A H™ )+ Gl (E™ )]

SNVAEE S
(18.2)

extvpet 1 F®

intv™ 0 b= [é;ni *(A, x H=)+ GMF *(E“ﬁxm)lvm

extvme o0 e
(19.2)

if the Huygens’ surface is selected as oV, . The A, and A

in (18) and (19) are shown in Fig. 7. The summation of (18.1)
and (18.2) and the summation of (19.1) and (19.2) are that

T:tt\\//r:?j: lf?nc} = [Gejan *(Ax H™)+ G #(E™xni. )me (18
mul . ovma

e [em e )G )] L 09)

mul “Nmul

in which (17) has been utilized to simplify the symbolic ex-
pressions of integral domain, interesting domain, and excluded
domain.

In Sec. I, it has been clarified that the physical essence of
ETs (1") and (2) is the HP corresponding to a simply connected
inhomogeneous anisotropic lossy material body. As the coun-

terparts of (1) and (2), the generalized extinction theorems
(GETs) (18" and (19" can be viewed as the mathematical
formulation of the generalized Huygens’ principle (GHP) of
multiply connected case. The adjective “generalized” is due to
that: the Huygens’ surface used in traditional HP and ET is a
single closed surface; however, the “Huygens’ surface” in these
generalized versions is constructed by multiple closed surfaces,
as shown in Fig. 7. In fact, the “Huygens’ surface” will be
further generalized to so-called “Huygens’ boundary” that
includes some lines and open surfaces besides closed surfaces,
in our future works. In addition, it should be emphasized that
the GHP (18") and the GHP (19" satisfy Hadamard’s syllogism
and all the conditions listed in Sec. 11-C.

B. Generalized Franz-Harrington formulation and weak ex-
tinction theorem

Similarly to deriving (3) from (1') and (2), the following
formulation (20) can be derived from the above (18" and (19'):

mat . — sca
eXthuI © -F } _ |:GJF *jES +GMF *M ESj| . (20)
av et

i ntV mat : 'f inc env env

mul

In (20), the J* and M® are defined as (4), except that the
material boundary should be replaced by ov ' .

Similarly to generalizing (3) to (20), (5) can be generalized to
the following (21):

itV F =[G T 4G s M= | | (21)
where GX (r,r') and GM (r,r) are the Green’s functions

corresponding to material body V% , and then

mul

inty . Fs@

— [AGE, * T% 1+ AGYE « M

mul :| Ay mat
Nl

(22)

based on (20) and (21), where AGY, (¥,r") and AGM (r,r") are
defined similarly to (7).

IV. MULTIPLE CONNECTED INHOMOGENEOUS ANISOTROPIC
Lossy MATERIAL BODIES

The above Secs. Il and 11 only focus on the EM system Vi
which is constructed by a single material body. In this section,
the V™ constructed by two bodies are considered, and the

sys

Vget constructed by arbitrary | (1>2) bodies can be similarly
discussed. Some typical examples of two-body system V™ are

sys

shown in Fig. 8, and they include a simply connected body
v and a multiply connected body V', i.e., VI =V v,

mul sys sim mul

The case that V™ is constructed by two simply connected

sys

bodies and the case that V™ is constructed by two multiply

connected bodies can be sirynilarly discussed, and their results
are identical to the results of case V™ =V UV, in form.

In the following subsections, the current decomposition
method (CDM) is developed at first, and then the results ob-

tained in Secs. Il and 111 are generalized to two-body system.
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extVv ™

out

RES _ ~ES
Cs\m - CSIm:O\k’

|
|
|
/;/
|
QUM gy S

mul;0

(@
extV mt

out

extVy™

(b)
oV mat _ oV mat eXtVS;n:[

sim T n ey

; inty 3

N

I - -c= S

ViErVa
(©)

Fig. 8. (a) Various domains related to a non-connected two-body system; (b)
various domains related to a two-body system, in which a body contacts with
but doesn’t submerge into another body; (c) various domains related to a
two-body system, in which a body is submerged into another body.

A. Current decomposition method
The boundaries of Vi and Vi' can be decomposed as

sim mul

0 s;Trlr?/'muI = 6Vs?rlr?/'mul;0 Uavnmat (23)
where
a s?na/[mul;o é Cl(a s;nma/tmul \6 mnlﬁ}sim) (241)
A VA Vo Vit
' (24.2)
- v\,

as shown in Fig. 8. Obviously, the v

t
c o i sim/mul;0 and 0 ﬂma are
disjoint, i.e.,

N NNV = T . (25)

Based on (23) and (25), the equivalent surface currents on
vt and oVt can be decomposed as follows:

mul
cEs’?ri/mul (r) = és?:\/mul;o (r) +é§r§\/mul;ﬂ (r) ’ (r— ed s?;?/"mul) (26)

where C=J,M, and

I CEs v Feoym
Cohaor) & | TEMas) (7.
' 0 , (Feavi™)
< 0 . (FedVimuo)
CES ] r é - sim/mul;0 272
slm/mul.ﬂ( ) {Cgrsﬂ/mm (F) ’ (r c avﬂmat) ( )

In (27), the C§; ,,, is defined similarly to (4), except that the

material boundary in (4) should be replaced by avgy,, - Be-
cause the polarization electric current and magnetization
magnetic current models are utilized to depict the polarization
and magnetization phenomena in this paper, there doesn’t exist
any scattering [1], [45] and incident surface current on oV,
and then the tangential components of total field F* are con-
tinuous on av™ . Hence, the following relationship exists for
any C=J,M:

éj;ﬂ(r) = _Crﬁil;ﬂ(r) ' (reavﬂmat). (28)

B. Generalized Huygens’ principle, extinction theorem, and
Franz-Harrington formulation: General case

In this subsection, the results obtained in Secs. 11 and 111 are
generalized to a general two-body inhomogeneous anisotropic
lossy system in inhomogeneous anisotropic lossy environment.

Generalized Huygens’ principle and extinction theorem
Based on (1") and (2), we have that

extVg 1 0
intv o Frl = [é:nf, * (ﬁsm;f xH i"C) +GM x (Ei“ x ﬁsm;fﬂ
intvt 0

mul

Vim0 oV

(29.1)
exty™ . Exa

sys sim
intvs'i.rl‘win 0 = |:Gejnf/ * (ﬁsim:+ x HSSI(I:W?) + Ge’\:vp *(E:Icma x ﬁSimH)lv“‘a‘DUﬁvﬁa‘
intv R
(30.1)
where i and A are the normal vectors of ov.™* , and

respectivei_y point to the interior and exterior of Vet Based on
(18" and (19", we have that

mat .
extVgs 1+ 0
H mat . _ | RF A jinc ~ MF =inc _ A
intvg® ¢ 0 = [GW *(nmul;—x H )+Genv *(E xnmu,k)J -
— (’Nmul,DU(’Nﬂ
intvmt o F™

mul

(29.2)
exty™ . Fesa

sys mul

Vs R =[G (A HER )+ GO (B )|
intvys o0

(30.2)
where i and A are the normal vectors of av™ | and

mul;— mul;+ mul 1
respectively point to the interior and exterior of V%" .
In addition, we also have that
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extvVg® : 0

intvs?:t . _lfmstcj? = [G—ejnf/ * (ﬁsim:+ x |:|’s“cua: ) + G—e’\:v': * (Ersncj x ﬁsim;+)JNma‘ Uavmat

intv™ .0 St
(30.3)

extvVg : 0

intVsTn?l : 0 = [G;ni * (ﬁmul;+ X H;?:\)+ G“e’\rﬂm\f *(E;Cn? X ﬁmul;+)i|{,4vmal Uav,mat

intvst s R me
(30.4)

based on the method similarly to deriving (1') and (18").

The summation of (29.1) and (29.2) gives that
extvVy : 0
intve o Fil= [G”;fv *(ﬁsm;— xH ‘"C) +GMF *(E‘"C x risim)l\/mat -
OVsim:0 YOV

inth"l',?‘ ! Ifinc + [G"ejnf/ >k(ﬁmul;— x H mc) + éehrlll\'/: *(E'”C X ﬁ’”““’ﬂ

mat ||y met
N0 UV

(29)
and the summation of (30.1)-(30.4) gives that
extV e
intv™ 0 L= [é;; # (g, x H) + G (E ﬁsim})lvm e
ity ;0 I . v e
+|:Genv *(nmul;+ xH Sca)+ Genv *(Esca x nmul;+):|{,7,vma‘ Uavmt
(30"

The above (29') and (30") are called as the topological additivity
of GHP and GET, i.e., the GHP/GET of whole EM system
equals to the summation of the GHP/GET corresponding to all
sub-systems as formulated in following (31) and (32), and this
property is consistent with the principle of superposition.

Scattering field GHP/GET of whole material system
= Z§Scattering field GHP/GET of material body V.™ (31)

Incident field GHP/GET of whole material system
= Z; Incident field GHP/GET of material body V" °

(32)

Generalized Franz-Harrington formulation

Similarly to deriving (3) from (1") and (2) and deriving (20)
from (18") and (19), the following (33) can be derived from (29"
and (30"):

mat . — sca
extVy" 1 -F
H mat . cinc [ _ ~JF JES JES ~MF 4 ES A ES
Irnvsim . F - [Genv * (Jsim;O + Jsim;ﬂ) + Genv * (Msim;O + Msim:ﬂ ):|"'V'"a‘ Uavmat
intVv mat Ifinc 'Vsim:0 VOV
mul N ~JF JES JES ~MF A ES 7 ES
+ [Genv * (‘]mul;o + Jmul;ﬁ)+ Genv *(Mmul;o +M mul;ﬁ)j| mat | ) mat
Ninutzo UV

(33)

where (23) and (26) have been utilized. Obviously, the GFHF
of internal incident field and external scattering field satisfy
topological additivity (34.1) and (34.2) just like GHP and GET,
because they are essentially the summation of incident field
GHP and scattering field GHP as pointed out in Sec. II-C.

Internal incident field GFHF of whole material system

= zflnternal incident field GFHF of material bodyvéma‘ 34.1)

External scattering field GFHF of whole material system

= Z; External scattering field GFHF of material body V™ (34.2)

However, the GFHF of internal total field and internal scat-
tering field don’t satisfy topological additivity, because they
don’t satisfy GET. To resolve this problem, the following
piecewise Green’s functions are proposed:

& (rr)2 Gl (F.7) 1 (FeclVis, FecVii,) (35.0)
s 0 L (Feextvy, eV )

Gur (rr)2 Gl (F.7)  (FeclVig, FecVii,) (35.2)
i 0 L (Feextvya, eV )
Based on (35), (5) and (21) can be rewritten as follows:

extvyiet o0 S eps A - .

v AR R N S G

sim sim
extV, mEIn 0 SOF L, TES | RAMF , p7ES !
intVnnij?t lftot = |:Gmul *J + Gmul *M :|6le (21 )

and then (5') and (21") can be generalized to the following (36):

extvVg® @ 0

. mat . Stot | | S9F [ TES TES SMFE 5 ES 7 ES

IntVSIm : F - Gslm * (‘]slm;o + ‘]slm;ﬂ)+ Gsm *(Mslmio + Mslm;ﬂ )j|-:vmm AV
. v, Uavy
intv,m .

. lftnl ~ _
mul SOF [ TES JES < MF 7 ES 7 ES
+‘:Gmul * (Jmul;o + ‘]mulﬂ)+ Gmul * (Mmul:o + Mmul:ﬂ):|

mat |yt
Nitzo UV

(36)

In fact, (59, (21", and (36) can be called as artificial extinction
theorems to be distinguished from extinction theorem and weak
extinction theorem.

Similarly, if the following delta piecewise Green’s functions
are proposed:

AG;E\/muI (r' F/)é Gsjllr;/mul (r1 r,) - G“ejnf/ (A' r‘/)

Gl (FF) =G (r.7) . (FeclVis, . FecVis, )
B { =GR (), (FeextVid, recVis,)
(7.1)
AGUE (1, F)E G (7, F) =G (v, )
B {Gs’f'nf/mul (r.F) =G (1) (FeclVii, FecVi,)
—Gu (r ), (FeextVig,  FecVis,)
(7.2)

(6) and (22) can be rewritten as follows:

extvie o F R SuE Lo
o= [aGE T LaGE M| (6)
intV, F v

sim sim
extvi : F
mul } (22.)

mul
intv "

lfsca
mul mul

=[G+ 3= + aGl #ni %]

Ay mat
Nl

and then (6") and (22") can be generalized to the following (37):
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extvget o F
. lfsca —

intv,p AGE *(TE, + 5, )+ AGY +(ME, + M &S
intvs ;o Fe

sim sim ami )L U
mul = 1 T = Vi Vi
JF ES ES MF ES ES
+ |:AGmuI *(‘Jmul‘u + Jain ) +AG, *(M mio + M mul;m) R
Vo UV

@37)

by summing (6") and (22).

Obviously, the piecewise-Green-function-based GFHF of
internal total field and internal scattering field satisfy the fol-
lowing topological additivity (38) and (39) just like the GFHF
of internal incident field and external scattering field.

Internal total field GFHF of whole material system
= zg, Internal total field GFHF of material body V™ (38)
Internal scattering field GFHF of whole material system

zg_ Internal scattering field GFHF of material body V™ * 3

In fact, (34), (38), and (39) can be uniformly written as

The GFHF of whole material system
= ). The GFHF of material body V"™ - (40)

(31), (32), and (40) are called as the topological additivity of
GHP, GET, and GFHF.

C. Generalized Huygens’ principle, extinction theorem, and
Franz-Harrington formulation: Special cases shown in Fig. 8

In this subsection, the results for a general two-body material
system are specialized to some special cases.

Case I: Two bodies don’t contact with each other
In this case, the following relationships exist:

NGt = oVt U v (41.1)
extVye = extVr™ U extV (41.2)
intvVge = intVge Uintv (41.3)
where the oV, avat | extV,r™ , extVidt | intvie, and intv,

are shown in Fig. 8 ().
Then, the incident field GHP (29") and scattering field GHP
(30" are specialized to

extvr® 0 . R .. L
v ﬁim} = [ (A H™)+ G # (B )| (42)

sys

T;(tt\\,/ys f Fo} =[G (A xH=)+ G +(E=xn,) | (43)

sys

and the GFHF (33) is specialized to

extv™ . —F*@ e e
intvsr):lsat . lfinc} = [GEJ:/ * ‘] B8 + Ge’\rlllvF * M B j|5vsyynsa‘ (44)
sys .

and the GFHFs (36) and (37) are specialized to

extvye 0 2 oops  E -
A e T
sys . Ngys
mat — sca ~ -
O | ha( = [AGExI= Gy =] we)
intvg® o F v
where
- GEM (7)), (Feclvm)
G (rr) =1 | (47)
Gy (rr) , (Fecvi)
e AGEM (FF) , (Feclvi®)
AGsys/ (r'r,) = S EME (o . . (48)
AGHM (7, 1) -, (Feclvar)
and
R CSEHSTI r F’e@Vs;':‘
CES(F!) _ ( ) ( ) (49)

inwhich C=J,M .

Case II: One body contacts with but doesn’t submerge
the other body
In this case, the following relationships exist:

Nge' = Namo U Vil (50.1)
extVye = extV™ U extV e (50.2)
intVge = itV U intv i Uavi™ (50.3)
where the oVje , oV, V™, extV,™ | extVye , intvg, and

intv i are shown in Fig. 8 (b).
Based on that A,,., =-f,,. on avo™, the GHPs (29" and
(30") are formally specialized to (42) and (43) respectively, and

the GFHF (33) is formally specialized to (44).

Case I11: One body submerges the other body
In this case, the following relationships exist:

VIt = av (51.1)
Njoy = & (51.2)
and
Nge' = N (52.1)
intVg® = intvt U intvis U av™
= intV,™ U intv.™ U oV (52.2)
= intvt U v
where the oV, oV™ , oV, dVa,, intVE®, and intV i

are shown in Fig. 8 (c).
Based on that A, =-f,,. on avy™, the GHPs (29" and

(30" are formally specialized to (42) and (43) respectively, and
the GFHF (33) is formally specialized to (44).
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mat
VZ

mat
Vl

avﬂm at

Fig. 9. The EM system constructed by two material bodies.

V. APPLICATION OF GFHF: To CONSTRUCT HARRINGTON’S
CM OF INHOMOGENEOUS ANISOTROPIC LOSSY MATERIAL
SYSTEM

For metallic system, Harrington et al. [48] developed a
mathematical scheme to construct CM by using SEFIE-MoM
(surface electric field integral equation based method of mo-
ments). For isotropic material system, Harrington et al. con-
structed some kinds of CM by using VIE-MoM (volume inte-
gral equation based MoM) [49] and SIE-MoM (surface integral
equation based MoM, also known as PMCHWT-based MoM)
[35]. The physical essence of Harrington’s CM is to construct a
series of orthogonal modes which have ability to orthogonalize
objective EM power, for example:

 For metallic system, Harrington’s SEFIE-based CM [48]
orthogonalizes the following objective power:

(Y2)(I*E™) . +(2) (T E™) o (53)

where the inner product is defined as <f,g>,2[ f*-gda, and
J® is the scattering line electric current on metallic line L™,
and J* is the scattering surface electric current on metallic
surface S™ and on the boundary of metallic body ov™.

» For homogeneous or inhomogeneous isotropic material
system, Harrington’s VIE-based CM [49] orthogonalizes the
following objective power:

(1/2)<55V7Einc>vma[ +(1/2)<M SV’Hinc>vmal ) (54)

» For homogeneous isotropic material system, Harrington’s
PMCHWT-based CM [35] orthogonalizes the following power:

_(1/2)<5ES’EMC>8VM —(1/2)<M B Hinc>wm (55)
where the minus signs originate from that the equivalent sur-
face currents in [35] are {-J%,-M*}.

Recently, [46] proves that the objective powers orthogo-

nalized by VIE-based CM and PMCHWT-based CM are iden-
tical to each other, i.e.,

3B B ) 305 M (56)

when material system is homogeneous isotropic. In this section,
Harrington’s CM theory for a simply connected homogeneous
isotropic material body [35], [49] is generalized to the EM

system which is constructed by multiple inhomogeneous ani-
sotropic lossy material bodies and placed in VACUUM, and the
bodies can be either simply or multiply connected. As a typical
example, the two-body material system V% shown in Fig. 9 is
specifically considered, and the formulations corresponding to
any | -body material system can be similarly obtained.

The reason to call the CM constructed below as “Harring-

ton’s CM” is that the CM orthogonalizes power operator

pmk;?rsryi:gxon _ 2?21(1/2)<jisv . Eine >Vima[ 4 (1/2)<M isv ' g inc> (57)

mat
Vi

by following Harrington’s ideas in [49]. In (57), the subscript
“matsys 7 is to emphasize that the power operator BT
corresponds to material system.

A. Power characteristic of operator (57)

Similarly to the discussions in our previous paper [46], the
power characteristic of P in (57) can be expressed as
follows:

Harrington sca, rad tot, loss, mat
pramhoen = p +P +

sca, sto, field tot, sto, mat
mat sys mat sys P + P )

mat sys J ( mat sys mat sys

ol i ) ()]

mat

(58)
where
P = (W2)fp, [Ex(H=) -as (59.)
P ™0 = 200(W e —Wzse (59.2)
i ™ = (Y2)( G ENET),, (59.3)
Pocsem = 2em(Wseme —Wser ) (59.4)
and
Wrs;a,sitso;;ield _ (1/4)<|:| sca"uoH” sca>“{3 (601)
Wrrs];iagitst);éfield _ (1/4)<EOEsca’ Esca>r€3 (602)
W — (YA (A Al H™), (60.3)
WEser = (4) (A -E®E®) (60.4)
Where A/’ima't sys = ﬁmat sys rﬂo 1 and A‘gma\'t sys = ‘;:mat sys rgo 1 and
R A(r)  (Fev™)
ﬂma sys r = - 61
ty( ) Z(F) ’ (Fevzma[) ( )

inwhich g=pu¢,0.

B. Surface formulation of operator (57)

In this section, the surface formulation of Harrington’s
power operator corresponding to a one-body material system is
provided at first, and then the two-body case is discussed.
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One-body case

By doing some necessary vector operations and utilizing the
definition of equivalent surface electric current on av,™" , the
following relation can be derived:

<jiES 1 Einc >8vlmat _ q’—_ﬁa\/lma‘ |:Einc

In addition,

(62)

<(F=) |08
where i=12.

e £ x(F) -0
] o
= I (VB )(H) o =[] B (Vo) v
= [l CieneR™) () v - [I] B (jod B v oo
0 (o) () v [ % o) av
—” e E™ ~(]a)Agi - Em) dv
—joof[f . oH ™ (H®) oV + jofff, . E™(2E*) av

I (37 v

In (63), the first equality is due to Gauss’ divergence theorem;
the second equality is based on that (Vxa)-b—a-(Vxh)=
V-(axb) ; the third equality is because of the Maxwell’s
equations of incident field and total field; the forth equality is
due to that & =Tg,+AZ ; the fifth equality is based on that

jou,

JY = jorg -E™ [1], [45]. Then,
<j|ESv Einc>5\/m - _ jw<Htotyﬂ0ﬁinc>vma‘ + ja)<‘90éw‘véim>vmal _<J”iSV’Einc>Vmal X
(64.1)
Similarly, it can be derived that
<MiESvH|nc>Nma. _ jw<|:|mtuuol:|mc>vmﬂ[ _ jw<goémlyéinc>vma‘ 7<Mis\/’ Hinc>vm‘ i
(64.2)

The summation of (64.1) and (64.2) gives that

<jiSV‘Einc>vm _‘_<'\7|is\/7ﬁmc>vmal =_<jiEs7 Einc> _<MiES| Hmc>(‘,\/"‘3‘ . (65)

avjmat

(65) is the generalization of the conclusion given in [46].

Two-body case
Inserting (65) into (57), the P can be rewritten as

mat sys

P Hamngtcn
mat sys

I
|
T
I\
—
=
N
—
—
<y
sn
+
]
o8
m
3
b\/
2
5
—
=
N
—
—
sn
+
<
>0
T
B
-

av;met

(57)

where the second equality is based on (26), and the third
equality is based on (28). By utilizing GFHF (44), the surface

formulation of power operator P9 can be expressed as

mat sys
pran = 30 W2 (I ey (35 + 35 ) K, (ME M)

HY2)(NE Jonty (M5 )~k (35 +35) |
(57)

where the £, and Kk, are defined as (16). The reason to call
(57") as surface formulation is that all arguments in this for-
mulation are surface currents.

C. Discretization of operator (57")

In this subsection, the operator (57") is transformed from
current space to expansion vector space at first, and then the
equivalent electric and magnetic currents are related to each
other in expansion vector space [46].

From current space to expansion vector space
If the currents C7° and C; are expanded in terms of proper
basis functions as follows:

cEs

Sr)::zag%sﬁg?(r) B .a%® | (reovy™) (66.1)
CE(r Zacﬂ“bCn F)= B .a% | (reav]™) (662
then
CH(r)= -CH(F) = (-BF)-a™, (reov™) (66.3)
where C=J,M, and

B =[b* . B . -, bX] (67.1)
a=[a ., a o, Al (67.2)

forany X =C5,C%,C5,Ch .
Inserting (66) into (57"), the objective power PETH™ is
discretized to the following matrix form:

. " ) . N N H
{18 35 IE N NE NS

PHarrlngton _
mat sys - at sys ( 6 8)
P{‘]ms JES JES MES MES MES} 7{J'1%SVJH:SJES Ml%s MES MES}
" Piat sys mat sys
where

BIEIE g pIEIE  pIENE (o pIENS

0 0 0 0 0 0
= jEs jEs = jEs jES = JES\iES = JES\iES
P{Jm Jns T MES MES MES} P00 O P02 P -20Mo 0 p 20 M
mat sys - SViES jES = MiES JES =MESMES =MESMES
P 10 Y10 0 P 10 Y20 p 10 V1o 0 P 10 V120

0 0 0 0 0 0
BNSIE (o PNEIE  pNSNS o PNSNS

(69.1)
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s ks Es Es gs =J
3095 IR ME ME S a~ (69.2)

‘mat sys i ES
4 M

P = 2)(0F 5 (02)) | (10)
pIEME — W2)(6 K (2 )>av (702)

SEE— jog, (Y2)(BF £, (67 )>[N (70.3)
P = - @2 () . (04)

for any i,1=1,2, where the subscript “ - used in integral do-
main oV™ is to emphasize that the integral is done on the
internal surface of boundary ov,;® .

To relate equivalent electric and magnetic currents in
expansion vector space

The equivalent electric and magnetic currents on material
boundary satisfy the following relations:

tan

V™ 1 I x Ay = [é:]',:“ *JE +Gt M ]Wmal (71.1)
V™ A xME = [GE I G «ME T (712)
as illustrated in (4) and (45), where the G, GM' | G, and

Go; are the material Green’s functions of body v, . If (71.1)
is @ested by {b;”'%s} and {yib;”” }, then the expansion vectors
{a"%,a""} can be expressed in terms of the expansion vectors

{a’® 2’} as follows:

aM,EDS _ aJ.oS
— TJi-oM
7Mﬁs - Tmat sys 7155 (72)
a a
where
— GES — NES . = -MES = N5 -
_ OIS B M FoTE e
T Ji=>M; _ .
Tmalsys - — s e — M5 s — MES . — _MES s (73)
Qb N ME b N Mf @I @b g

in which the elements of various submatrices are as follows:

¢§n = <6§M5 ' [G“""w;' *;MIED ]avi'é“‘>w”“‘ (74.2)

g =y (B0 [ G b ] (74.2)

(B [ ] ) (49)
i0 3L r'{“'

AL U L (74.4)

¢'§C - & ! mati ~ ~¢ . .
vy 5VrTal

b'MFQSjES MES T JES N IH " jES

A (I (R (74.5)

s = Vg™ [ pymat

ES

b0 g FME H o RIE

¢ =y <b P, (G #b | > (74.6)
N avimet

I _ VS [EH 4piE (74.7)

3 =—7% (4 ’ mat i (4 '
Vi ev{qml

y,b‘MﬁsJﬁs RME IR A <IH i

¢ = bg v B XN e [Gmatl *bz, :| (748)

g -\ v v

where i=1,2,and y, =1 and y, =-1. In fact, the matrix T:mjfyM
can be partitioned as follows:

JoM  TIoM

— TM IESJESI TM IES J‘ESI
TJi_,Mi — i0 Yio io ¥n (75)

mat sys -?J,HM, -FJ,»M,

METE MR

based on the partition way of the vectors in (72). Then, the
following transformation from vectors {a’* ,a” ,a’} to vec-
tors {a¥¥,a"" "%} can be easily established:

aMl%S ajl%s
=ME | _ Faom | 538
a - Tmatsys ‘|a (76)
ahs a’s
where
=3, oM, 3 ->M,
Tigss Tugse O
SIoM | TFaoMm =, M
Tmatsys - TMES 3'1%51 TM%S J'gsl O (77)
=1,5M, T I,5M,
0 Tugr' Tugog
or alternatively
FhoM, T IoM,
Tusss  Twgr O
=SENVES F1,5M, T J,5M,
matsys 0 TMESJ-ES TMrESJ'zEuS (78)
T1,M, T I,oM,
0 Tikw' Tabsg
Inserting (76) into (68), (68) becomes
o ces cesIVH (s cms o e ces o
pHarrington 7{%%5‘355“]2%5} 5{31%5“]55,32505} 7{31%8*355%%5} (79)
mat sys - mat sys * Pnat sys * Amat sys
where
ro= =
g oras)_ | 1| pugoragasarsg) | 1o gh gy
mat sys - =315M mat sys =i5M .
| mat sys mat sys
_gjfos
ECI TR =
mat sys =|a (802)
gszus
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inwhich T is the identity matrix whose order is the same as the
number of the rows of g " "s?,

Similarly to establishing (76) by testing (71.1) with {5}
and {}/iB;,M”E } , the following transformation from vectors
{a"s a"" 2“5} to vectors {a’¥,a’",a’*} can be easily estab-
lished:

- s
=B | _ Moy | 2NE
a - Tmat sys a (81)
3% 25

by testing (71.2) with {b/%} and {yb}"}. Inserting (81) into
(68), (68) becomes the following form:

Harrington __ 7{M1%S M MzEuS} 7{M1%S MEE xMonS} 7{M1%s MR Mgosf
Pmat sys - ( mat sys : Pmat sys " Amat sys (82)

where
mat sys = mat sys |

- H _
M- T M—J

=(MES MES MES =(JES JES JES MES MES MES T

P{ 10 M 20 } — malsys :1 . P{ 10 Y0 Y20 V0 NN 20 } [ ma;sys ‘| (831)

R e (83.2)

mat sys

For the convenience of the following discussions, (79) and
(82) are uniformly written as follows:

. . H . . . .
H N _ ClES ,CES ,CES = ClES ,C(%S,CES _ CIES ,CES ,CES
praser = (all ™) RELT AT e
where C=J,M.
D. Harrington’s CM orthogonalizing operator (57)
The power matrix P "5} can be decomposed as
= CLESVC(ES ,CES = CIES,CES,CES .= QES,CES,CES
T S BRI L RIS (ss)

where [46]

—[RES RES RES —[RES RES RES —(es @es qes)\H
ls{cm ,Cn xczu} — 1 |:P{Cw ,Cn vczo} +(P{Cw va vczo}) :| (861)

mat sys;+ 2 mat sys mat sys

—|RES ES RES —fRES RES RES —|R~ES RES ES H
srres) _ 1 {P{cﬂ < ,cm}f(P{cm < ,cw}) } (86.2)

mat sys;— ?J mat sys mat sys

Based on Harrington’s classical method [35], [48], [49], the
CM can be obtained by solving characteristic equation

S(ch.ch B Llch 8 ok

Pmat sys;— at sys;&

=

=[GES GES GES| _[GES GES GES
mat sys;& n{al(;ys;f 20} : { ot 20} . (87)

at sys;&

In addition, the electromagnetic-power-based (EMP-based)

CMT for the inhomogeneous anisotropic material system can
be easily established by employing the GFHFs obtained in this
paper and the formulations provided in paper [51], and it will
not be repeated here.

VI. CONCLUSIONS

In this paper, the EM diffraction integral formulations in
homogeneous isotropic media are generalized to inhomoge-
neous anisotropic lossy media. Then the traditional HP, ET, and
FHF of a single simply connected homogeneous isotropic ma-
terial body in homogeneous isotropic environment are gener-
alized to the EM system which is constructed by several simply
or multiply connected inhomogeneous anisotropic lossy mate-
rial bodies (the different bodies can either contact or be non-
contact with each other) and placed in an inhomogeneous ani-
sotropic lossy environment; the traditional FHF of external
scattering field and internal total field are generalized to the
internal incident field and internal scattering field, and the
equivalent surface currents used to express these fields are the
same. The generalized versions of HP, ET, and FHF satisfy
so-called topological additivity, i.e., the GHP/GET/GFHF of
whole EM system equals to the summation of the
GHP/GET/GFHF corresponding to all sub-systems.

The relationships among HP, ET, and FHF are studied, and it
is found out that the mathematical formulation of HP and ET
are essentially equivalent to each other; the FHF is not the
mathematical expression of HP, and it is only the mathematical
expression of SEP; HP is a special SEP, and SEP is not nec-
essarily HP; HP can be viewed as physical equivalence princi-
ple, because it simultaneously satisfies the action at a distance,
the law of causality, and the principle of superposition. Based
on these observations, the reason leading to the backward wave
problem of FHF is clearly explained.

Compared with the HP and ET, the FHF has not a clearer
physical meaning, but it doesn’t imply that the FHF is useless.
The values of FHF are mainly manifested in that various EM
fields are uniformly expressed in terms of an identical set of
currents, and this feature is very valuable for many engineering
applications as exhibited in this paper.

APPENDIX A: INTEGRAL EXPRESSIONS OF THE FIELDS IN AN
INHOMOGENEOUS ANISOTROPIC OPEN DOMAIN Q

In this appendix A, some integral expressions for the fields in
inhomogeneous anisotropic environment are derived, and the
expressions are based on EM dyadic Green’s functions ac-
cording to Prof. Tai’s observation ... the most compact for-
mulation appears to be the one based on the dyadic Green’s
function pertaining to the vector wave equation for E and
H ..”[28].

In any open domain © whose material parameters are
{Zq.i1} , it is supposed that the EM fields {E,,H,} and cur-
rents {J,,M,| satisfy the following Maxwell’s equations:
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(A1)

for any r e, where the terminology “open domain” means
that Q=intQ [38], and the subscripts “Q ™ used in various
quantities mean that these quantities distribute on domain Q.

Various EM dyadic Green’s functions on domain Q are de-
fined as follows: [1], [37], [45]

for the dyadic Green’s functions corresponding to electric-type
unity dyadic point source, and

for the dyadic Green’s functions corresponding to magnet-
ic-type unity dyadic point source. In (A-2), the i is identity
dyad, and the §(r —r") is Dirac delta function, and r,F Q.

If & is a two-order complex symmetrical tensor, its inverse
a is also symmetrical because of the following observation:

(A-3)

Based on the identity V-(axb)=(Vxa)-b-a-(vVxb) [37] and
the symmetry of &, the following (A-4) can be obtained:

Appling divergence theorem to (A-4), the following general-
ized vector-dyadic Green’s second theorem can be derived:

HL(F"{VX[CT“(VX@)]}‘{

= 4, fa{Px[a(VG)] (A9

In (A-5), fi_, is the unity normal vector of boundary 6Q2, and
it points to the interior of domain Q.

Inserting P=E,(F) and Q=GX(r,r) and & = ji,(F) into
(A-5), and restricting that there doesn’t exist surface magneti-
zation magnetic current on 6Q (the reasonability of this re-
striction will be explained in Appendix C), the following rela-
tion can be derived:

where the integrals on boundary surface &Q are defined as
JA(F, ) ds £ ||m<ng A(F,F)ds , and T = Q. The last term in the
left-hand side of (A-6) can be rewritten as follows:

]
|
3
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N
5
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=
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—_~
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—
S—
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o
w

where the first equality is based on the identity V-(axb)=
(Vxd)-b—a-(Vxh) and Gauss’ divergence theorem [37], and
the second equality is based on (A-2.1). Because the dot
product of two dyads satisfies the associative property [37] and
the &, is symmetrical, then

based on the symmetry of j, and j'. Inserting (A-7) and

(A 8) into (A-6) and utilizing the property that
)=[[] Ea(F)-Ts(r -1 dQ, (A-6) can be simplified as
Eq(F) = mgjg(r)-égE(r F)dQ
- M, (F)-G (F,F)dQ
IIIQ (r)a (r r_) (A'g)
+ §p o[ Ha (1)< G (r.1") |ds
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Based on the identity a
can be further rewritten as

bxc)=b-(cxa)=c-(axb), (A-9)

Interchanging the position vectors ¥ and 7' in (A-10), the
following integral formulation of E,, is derived:

for any reQ. If the following boundary currents are intro-
duced:
Ju(r) 2 ﬁ%ﬂ(r)x[l—%(”)]mr (Feo) (A-12.1)
Mo (F) 2 [Eq(7)]  xq(F), (FeaQ) (A-12.2)

where 7 eintQ and ' tends to 1
ten as follows:

, then (A-11) can be rewrit-

If P=H,(r) and Q=G (r,F) and & =&,(r) are inserted
into (A-5), the following integral expression for the magnetic

field H, atany position r in Q can be obtained similarly:

forany reQ.

APPENDIX B: THE SYMMETRY OF THE DYADIC GREEN’S
FUNCTIONS CORRESPONDING TO AN INHOMOGENEOUS
ANISOTROPIC OPEN DOMAIN Q

Based on (A-2.2), it can be concluded that the magnetic-type

identity vector point source &5(F—r") and its fields
{Gar. (r,r"),Gart (v,r")}  satisfy the following Maxwell’s
equations:

VXGMH (A AN) Jwgg( ) GME (a ar/)

_ (B-1)
Vx G (P ") = =E5(F =)= joki (1) GAL (T, ")
in which £=x,y,z, and
Ghr.(F.F") = RGN (F.1")+ 9Got . (F. ")+ 2GNE. (7. 7") (B-2)

where F=E,H .
If the currents in (A-13) are as follows:

{3a(F), Jaa(F)} = {0} (B-3.1)
{Mg(F), My (F)} = {5 (F - 4")} (B-3.2)
then (A-13) gives that
Gl (1) = M[s&v )] (r.ryan
= = [ S (F =G (7 F)dIT (B-4)
- -G <*" )
where
Gé}jﬁ-(rrr*r) = XGo, (F".F) + YG5L, (. F) + 2G5, (r.F) . (B-5)
In fact, (B-4) is equivalent to saying that
G (r.r) = =[G (rF)] (B-6.1)
G (r.r) = -[GME ()] (B-6.2)

where the superscript “T ” is the transpose of a dyad.
Similarly to (A-5), the following generalized vector-vector
Green’s second theorem exists:

IJfg(f"{Vx[&'l'(VX@)}}‘{
=qp_f, {ﬁx[&’l +

It is supposed that the EM fields {E*,Hp*} /{EX HYH |
current J2/J? satisfy the following Maxwell’s equations:

and

VoHE (1)= 328 (7)+ jooza (r)-EX (1)
— Fab

(B-8)
~jofia (1)-Ha' ()

VxEM () =

for any reQ . Inserting P=EJ (r) and Q=E)(r) and
a = ji, () into (B-7), the following relation can be derived:
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Due to the symmetry of &,(7), i, (F), and ;' (F) and the
associative property corresponding to the dot product of two
dyads, the following relationship exists:

EX(F) (B-10.1)

i) (1) fia () HE (F)] = HE (1) (B-10.2)
! (1) dia (F)-HE (F) | = HE (7). (B-10.3)

HQEJ'S (F)-J5(F) dQ+q‘_}’>mE§(r)
= [[[. Ja(r)-Ex (r)da+ m[ﬁwxﬂgi(r)]-égﬁ(r)ds

Similarly to (A-12), the following boundary currents are de-
fined:
, (FeoQ) (B-12.1)

L (redn). (B-122)

Inserting (B-12) into (B-11), (B-11) becomes the following
form:

B-13
= (IL350) €3 ()0, T () ES (e
If the currents in (B-13) are as follows
{Ja(r), 35(n)} = {&s(r-r,)} (B-14.1)
{35(r), 3% (r)} = {¢5(r 7))} (B-14.2)
where &,¢=x,y,z, then

£3(7) = () .

= RGae (11) + 960, (T 1) + 26 (1.1, )
=0 =) (B-15.2)

- XG‘J)EXf(r r)erGﬂ yc(r’rb)ﬁLZGszEz:(ﬂ rb)

Inserting (B-14) and (B-15) into (B-13), the following rela-
tionship is derived:

[g“é(r—rb)Jdl‘l
] GE,(F.r,)dI1. (B-16)

E [z = E (==
Gﬁfff I’ I’ I-[-[QUGQ Q?'5 r r

Thus, the following symmetry of Green’s function GF (¥,r’) is
obtained:

GE(r,7) = [éjf(r’,r)]T . (B-17)
Similarly, the following symmetry of Green’s function
GM (r,F") can also be obtained:

G (F.7) =[G (P, r)]T . (B-18)

Based on the symmetries (B-6), (B-17), and (B-18), (A-10)
and (A-11) can be alternatively written as follows:

(A-10")

(A-11")

for any reQ. In fact, the above (A-10") and (A-11") can be
uniformly written as follows:

m G (F,F)-J,(F)deY
+m G (F,F)- M, (F'

e (B-19)

]dS'

for any reQ, where F=E,H . Following the manner to ex-
press convolution integrals in [45], (B-19) can be rewritten as
the following (B-19) to compact the integral formulations
appeared in this paper.
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for any field pointin Q, where F=E,H .

APPENDIX C: INTEGRAL EXPRESSIONS OF THE FIELDS RELATED
TO A SIMPLY CONNECTED INHOMOGENEOUS ANISOTROPIC
Lossy MATERIAL BoDy V™

sim

In this Appendix C, a simply connected inhomogeneous an-
isotropic lossy material body V., which is placed in inho-
mogeneous anisotropic lossy environment and excited by in-
cident field F™, is considered. The material boundary av™
divides the whole Euclidean space R?® into two parts, the inte-
rior of Vi (denoted as intVy:') and the exterior of Vj* (de-
noted as extVj:') as shown in Fig. 4, and they are open sets
obviously [38]. When the polarization electric current and
magnetization magnetic current models are employed to depict
the polarization and magnetization phenomena of material
body, there doesn’t exist any scattering surface current on ma-
terial boundary [1], and the scattering volume polarization
electric current and the scattering volume magnetization mag-
netic current on material body are denoted as J;; . and
M v mag FESPECtively, where the superscript “sv ™ is the acro-

nyms of term “scattering volume”. The scattering volume

ohmic electric current is denoted as J5 ... To simplify the
symbolic system of this paper, the summation of J: ., and
Jreom is denoted as J¥ , ie, JV &I +Jr ., the
M v e 1S Simply denoted as M, i.e.,, M* =M . In this
paper, it is restricted that the currents {J",M™} , which lead to
the incident field F™, distribute on domain extv™ , i.e., the
{J"™,M™} don’t distribute on material body.
The incident field F™ satisfies Maxwell’s equations
qinc (= —inc (&=
VHH() = T (1) 0k, () E°()
VXE™(F) = -M"(F) - Joji, (1) H(F)

for any r €R3 In (C l) envc - genv +(1/Jw) env 1 env 1 :uenv 1 and
G,, are the permittivity, permeability, and conductlwty of

environment. The scattering field F** satisfies the following
Maxwell’s equations:

v Hsca F JSV r
X i (4) A( ) envC( 2 ( )A (C_z)
VXE®(r) = -M* (F)~ joii,, (F)-H*(r)
for any reR’® . In (C-2), J¥=jeAs -E* , and
M V= JCOA,H HtOt ; AE i‘z': genvc ’ and A’a = ﬁ _ﬁenv ! and

& 2é+(Yjow)s; &, ji, and & are the permittivity, permea-
bility, and conductivity of material body V. . The total field

sim

F° on intVy® satisfies the following Maxwell’s equations:
[1]
VxH™(F) = j (r)
VxE(F) = —joii(r)-H

E*(r)

(C-3)
H et ( )

for any reintvi.

sim

Inserting (C-1) into (B-19"), and letting the Q be whole

space RR®, and employing the Sommerfeld’s radiation condition
for the fields and various Green’s functions [37], the following
integral expression for F™™ is obtained:

R® @ F™ (C-4)

=[G+ 3+ G "]

extV

where F=E,H, and the subscripts “env” on various Green’s
functions represent that these Green’s functions are the envi-
ronment Green’s functions. Inserting (C-1) into (B-19'), and
letting the Q be intv", the following integral expression for
the F™ on intvV™ is obtained:

sim

sim env

= [G;:V (A

NtV o F™ = | G # (AL xH™)+ Gl #(E™xA )|
6o feman)]
(E'"C xA_

Tjinc MF
xH™)+ Gl
Nsim

where F=E,H, and fi_ is the inward normal vector of oV .
The subscript “ - in the right-hand side of the first equality in
(C-5) is to emphasize that the corresponding fields distribute on
the internal surface of oV ; the second equality in (C-5) is
due to the continuity of F™ on ov.™ , because the source of
F™ doesn’t distribute on av™ . Inserting (C-1) into (B-19),
and letting the Q be extvi: , and employing the radiation
condition, the following integral expression for the F™ on
extVie is obtained:

sim

extvyet o F™ =

sim

[é::v *J™ 4+ GMF « M ‘”CJ

o [Gw(n A )4 G

extV,"

(C-6)

( Emc X ﬁ+ ):|5’V5T,ﬂa'

where F=E,H,and A, isthe outward normal vector of ov ' .

Comparing (C-4) with (C-6), it can be derived that

etV ;0= [GJF (1,

env

H™)+GMF «(E™ x A,
e e,
=[G (A xH™)+ G % (E™xn )]
where the second equality is due to that A_=-A, on oV} .
Similarly to deriving the above (C-4)-(C-7) from (B-19") and
(C-1), the following integral formulations corresponding to
scattering filed can be derived from (B-19") and (C-2):

R : E%a_ [G"JF *JY L GMF *MSV:| (C_8)

sim

etV s F =[G (A xH)+ Gl +(E¥xn )] (C9)

intv.™

sim

0 = [GI#(n xH=)+ Gl «(E=*xn,)| _ (C-10)

where F =E,H . In the process to derive (C-9) and (C-10), the
conclusion that the tangential components of F** are contin-
uous on avat has been utilized, and this conclusion is based
on that there is not scattering surface current on avi [1].

In addition, the following integral formulation corresponding
to the total filed F™ on intV™ can be derived from (B-19')

and (C-3):
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intv.™

sim

sim

(S |:G‘JF *(ﬁ, % Htot)+égﬂ: *(Etot Xﬁ*):L,vmal (C-ll)

where F=E,H, and the Green’s functions are the ones cor-
responding to material body vV .
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