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Abstract

In this paper we will first establish that there are many prime p such that p 4+ n is also
prime for even integer n by using Chebotarev-Artin theorem

Mertens third formula and the principle inclusion-exclusion of Moivre

With these tools we get a fonction whose count the number of prime p such that p + n is
prime less than z for even integer n and for n = inf{m € 2N : p + m € P}

we deduce Polignac’s conjecture

1 demonstration of even gap conjecture and Polignac’s
conjecture

In number theory,Polignac’s conjecture was made by Alphonse de Polignac in 1849 and
states For any positive even number n,there are many cases of two consecutive prime
numbers with difference n. In other words for any even integer n .it exists infinitely
many primes p such that p+n are consecutive primes. The object of this paper is to
demonstrate this old conjecture. We propose here an elegant and original proof by proving
this conjecture for even number n it exists a prime p such that p + n is prime

We are going to call it even gap conjecture

2 Principle of the demonstration

To prove the conjecture of polignac’s, we will first establish the formula giving the cardinal
of the set of prime p such that p+n is also prime ,less than or equal to x+n where z > 5 we
find a,,(x) = by (2) X 75— +Q(%) where b, (z) is a fonction such that lim b,(z) = b,

in?(zx) T——+00

is a constant defined by b, = 4 exp(—~)C,, where C,, = C; Hpe Pp>3.p/n % where Cy and
v are respectively the twin prime constant and Euler-Mascheroni constant. To do that
,we decompose C, = {9,15,21,25,27,33....} that is the set of the composed odd integers

of [9,z],via the aritmetic sequences Ay, ,>3 = {3p,5p, 7p....(1 + QpL% )p} whose first



element is 3p and of reason 2p; where p € P 5z and such that all its terms are less than
x. We can then evaluate the quantity of prime numbers inside the set And then ,by
applying,the Chebotarev-Artin theorem,before conclude to each the set of composed odd
fon o Cp — Cp+n

integers of [9, x] Let the bijective mapping be m o mebn

2.1 definition

Let’s partionned the following set C, + n = [C<,+, U G<;4,, Where:

IC<;y is the subset of C, + n formed of the composed old integers and G'<,4, the
subset of C, + n composed of prime numbers Let p € P<,, the set of prime numbers
less than x +n

2.2 lemmal

for any even integer n and for any prime p € P<;1y\G<zyn such that p >n+1sop—n
is a prime number

2.3 proof of lemma 1

letn be a given even integer for any p € P<yin\G<zin such that p > n + 1 we get two
situation: or p—n < 9or p—n > 9 as p—n is old so in the first situation p — n is prime
obvious manner and in the second situation p —n ¢ C, so p—n € [9, z]\C,, which permit
us to conclude

2.4 definition

Denote by d,(z) = card(G<zin) » an(z) = card(p € P<zin\G<zin : p > n+ 1) and
II(x + n) = card(P<gzin) -So we have II(z + n) = §,(z) + a,(z) + II(n + 1)
Without loss of generality,observe that each number m € () is divisible by at least
one prime p < /z Let P< 5z = {p1,p2,ps,....0r} Where py = 2,p; = 3,p3 = 5,..p, =
mazx(P< /z)
Each element of C, has at least one divisor in that set P< z Let consider the sz—;f’j first
element of arithmetic sequences :

Agp >3 = {3p, 5p, Tp....(1 + 2p[m2;ppj)p} C C, where p € P. s consisting of p without
p and 2p and less than x

2.5 remarque

The first element of Ay, >3 is 3p, the last element is (1 + QpL‘%f’J)p} and whose reason
is 2p which permit us to write C, = Upepﬁ(Agpng) so Cp, +n = Upepﬁ(AQWZ;; +n)
. in the following we are going to apply Chebotarev-Artin’s theorem in one hand and
the other hand the principle inclusion-exclusion of Moivre, in order to evaluate the prime
numbers of Upepﬁ(Agp,ng +n)

2.6 THEOREM 1,cf lectures on nx(p), Jean Pierre Serre

Let a,b > 0 integers such thatged(a,b) = 1.
Let II(z,a,b) = card(p < x,p = a[b]) so Jc¢ > 0 such that:

(z,a,b) = ng((;)) + O(cxexp(—Vinz))




where L;(z) = [ &
X

According to the prime numbers theorem’s we have II(x) ~o ;=
so (x,a,b) = EEZ)) + Ofex exp(—Vinx))

2.7 THEOREM 2

Let a,b > 0 such that ged(a,b) = 1 .Let II(z,a,b) = card(p < x,p = a[b]) so we have
% = ﬁ—l—@(clnx exp(—+v/Inx)) In probabilistic point of view,the probability of prime
numbers less than a given real number x on arithmetic progression of reason b such that

ged(a,b) = 11is ﬁ + O(elnz exp(—+VInx)) in the following we are going to vindicate the

application of Chebotarev-Artin’s theorem to the sets 0?21 Asp, +npi <o for the integers
]_SZlSZQSZgS ..... SlkST

2.8 REMARKS

It is easy to see that ﬂ?zl Adp, +npi <o is the set of multiple Hle ps, without H§:1 i,
and 2[];_, p;; we pull without problem that (;_, Adp, +npi <o = {illjipi; +n3<i <

k
v—[I5—1 Py k . . . k
=154 .
L—2 T |} we see that [);_, Agpi]_ +npi, <o 15 AN arithmetic sequence of reason 2 | |j:1pzj
)= J

and the first term is 3 H;?:l pi; +n . for vindicating the hyphothesis of Chebotarev -Artin
theorem’s it will be question to show that ged(3 H?:l pi; +n,2 Hle pi;) = 1 which easy

because H?:1 pi; don’t divide n

3 Polignac’s conjecture proof

3.1 THEOREM of even gap conjecture

Let x > 0 an arbitrarily real number, n an even integer ,a,(x) the number of prime
number less than x,y Euler-Mascheroni constant Cy twin prime constant .So it exists a
fonction b, (x) such that lim,, . by(x) = 4exp(—7)C,,

where C,, = Co [ | =L such that:ov, (z) = 228 + O(+-245)

p>3,p/n p—2 T (Inx)? (inz)3

3.2 useful lemma

Let aq, as, .....a, r non-negative real numbers so
-5yr 1 1 _EDT o asl
1 Ziil a; + Zl§i<j§7‘ aja; REREEE + ajaz ar Hi:l a;

3.3 proof of the lemma

Consider the polynomial P(z) = [];_,(z—<) .According to the relations roots-coefficients
1 kn—k .
P(z) = 2" + 3001 D i<i) cine.cip<r (Hf):ﬁ for x = 1 we obtain the result

3.4 proof of theorem

According to the principle of inclusion-exlusion of Moivre we have :

r T — k
Q(szz A2pj+n7pj tn)= Zkz:Z(_l)k ! 22§i1<i2<...<ik,§r Q(mj:Z Apz-j » Di tn)
where o represent the probability of prime numbers and r = max{i|p; < /x}

r on(z
Q(Ox + n) - Q(Uj:g A2pj+n7pj Tn) - w(x(Jrr)L)




According to the Chebotarev-Artin’ S theorem :
we have g(ﬂ?zZ Ay piAn) = ———— ;+ h(x +n)
j @(2 H] 1 Pij

where h(z +n) = Olcn(x + n)exp(— ln(:v +n))) so
On — (—1) !
H(x—i—n h(l’ + Tl) + Zk 2 22<z1<12< ..... <ik<r ¢(2 HJ 2 i Pi tn)

On(z)_ (=D*~ i

w(a4n) h(l’ + n) + Zk 2 ZQ<21<12< ..... <ip<r W

According to the useful lemma we can write :
Ty = hia ) + (1= T 255

n(z+n) i=2,pifn p;—1
on(z) =m(x+n) —ay(x) —m(n+1)
So a,(x) =m(x 4+ n) —d,(x) — w(n + 1) finally
an(r) = m(z + 1) [Ti_s i g_f —7m(n+1)—7n(z+n)h(z+n)
as r = max{i[p;\/z} so an(x) = 7(z +n) [[30,c /7 B 22— w(n+ 1) — m(z + n)h(z + n)
we going now to apply Merten’s third formula in order to evaluate ¢, () = [I3<,< /zpm 5=
As

H3<p<\fp H3<p<fpfnp 1 H3<p<\fp|np
1
we deduce that ¢,(z) = HSSpS\/E = H3§p§\/5,p|n ;’72

2

2

The formula of Mertens can been expressed by:
[T<a(1 = 3) = <2 (1 4+ O (%))
S0 [Te a1 — 1) = 2220 (1 + O ()
Let cy(z) = H3<p<f (,Sp 1?22
ca(x) = H3<p<f —1 H3<p<f
So cp(z) = Hggpg\/i(l ) 2(2) H3<p<\fp|n pr 1
50 () = 2[] < (1 — ) 2(2) [s<peyapm s 3
With the formula of Mertens we deduce that :
cn(T) = 462@# H3<p<fp|n P [1 + O(lm)]

Asm(x+n) = lng(ﬁ;fn 1+ Ol x+n)>]

then ay () = ESEEHCN [T el 4 O ()] — (@ 4+ n)h(x +n) — 70+ 1)
But in obvious manner we prove that 7(z + n)h(x +n) = Q(W)

for x an arbitrarily real number and an integer n such that n < x we can conclude
for n = inf{m € 2N : p + m € P} we deduce Polignac’s conjecture

p—2 2
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