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Abstract In this paper, we aim to apply the concepts of the
neutrosophic crisp sets and its operations to the classical
mathematical morphological operations, introducing what we
call "Neutrosophic Crisp Mathematical Morphology". Sever-
al operators are to be developed, including the neutrosophic
crisp dilation, the neutrosophic crisp erosion, the neutrosoph-
ic crisp opening and the neutrosophic crisp closing.

Moreover, we extend the definition of some morphological

filters using the neutrosophic crisp sets concept. For instance,
we introduce the neutrosophic crisp boundary extraction, the
neutrosophic crisp Top-hat and the neutrosophic crisp Bot-
tom-hat filters.

The idea behind the new introduced operators and filters is to
act on the image in the neutrosophic crisp domain instead of
the spatial domain.

Keywords: Neutrosophic Crisp Set, Neutrosophic Sets, Mathematical Morphology, Filter Mathematical Morphology.

1 Introduction

In late 1960's, a relatively separate part of image analysis
was developed; eventually known as "The Mathematical
Morphology". Mostly, it deals with  the mathematical
theory of describing shapes using sets in order to extract
meaningful information's from images, the concept of
neutrosophy was first presented by Smarandache [14]; as
the study of original, nature and scape of neutralities, as
well as their interactions with different ideational spectra.
The mathematical treatment for the neutrosophic
phenomena, which already exists in our real world, was
introduced in several studies; such as in [2].

The authors in [15], introduced the concept of the
neutrosophic set to deduce. Neutrosophic mathematical
morphological operations as an extension for the fuzzy
mathematical morphology.

In [9] Salama introduced the concept of neutrosophic crisp
sets, to represent any event by a triple crisp structure. In
this paper, we aim to use the idea of the neutrosophic crisp
sets to develop an alternative extension of the binary
morphological operations. The new proposed neutrosophic

crisp morphological operations is to be used for image
analysis and processing in the neutrosophic domain. To
commence, we review the classical operations and some
basic filters of mathematical morphology in both §2 and §
3.

A revision of the concepts of neutrosophic crisp sets and
its basic operations, is presented in §4 . the remaining
sections, (§5, §6 and §7), are devoted for presenting our
new concepts for "Neutrosophic crisp mathematical
morphology" and its basic operations, as well as some
basic neutrosophic crisp morphological filters.

2 Mathematical Morphological Operations:

In this section, we review the definitions of the classical
binary morphological operators as given by Heijmans [6];
which are consistent with the original definitions of the
Minkowski addition and subtraction [4].

For the purpose of visualizing the effect of these operators,
we will use the binary image show in Fig.1(b); which is
deduced form the original gray scale image shown in

Fig.1(a).
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a) b)
Fig.1: a) the Original grayscale image b) the Binary im-
age

2.1 Binary Dilation: (Minkowski addition)

Based on the concept of Minkowski addition, the dilation
is considered to be one of the basic operations in mathe-
matical morphology, the dilations is originally developed
for binary images [5]. To commence, we consider any Eu-

clidean space E and a binary image A in E, the Dilation
of A by some structuring element B is defined by:
A®D B = UbeB A/ ,Where Ay is the translate of the set
A along the vector b,
A, ={a+beElac Abec B}4»

The Dilation is commutative, and may also be given by:
ABB=B8A=U__, B,
A®B=B®B=] _| B,

An interpretation of the Dilation of 4 by B can be under-
stood as, if we put a copy of B at each pixel in A and un-

ie.,

ion all of the copies, then we get A

The Dilation can also be  obtained by:
ADB = (b€ E[(—B)N A # 0} where (-B) de-
notes the reflection of B, that is,

—B={xeE/-xeB}

Where the reflection satisfies the following property:
—(4®B) = (-4)8(-B)

- (49 B) = (-4) @ (-B)

_(4®B) = (—A)S(-B)

k:

a)
Fig.2: Applying the dilation operator: a) the Original  bi-
nary image b) the dilated image.

2. 2 Binary Erosion: (Minkowski subtraction)
Strongly related to the Minkowski subtraction, the erosion
of the binary image A by the structuring element B is de-

fined by: AGSB = MNyerd_y A@B:U A4 Un-
beB b

like dilation, erosion is not commutative, much like how

addition is commutative while subtraction is not [5].

hence A®B is all pixels in 4 that these copies were trans-

lated to. The erosion of 4 by B is also may be given by the
expression:

A GSB= {pEEIB, S Al where Bp is the transla-
tion of B by the i
B,={b+peE/beB},Vpek
B,={b+p€EE|bEB}, Vp EE.

a) b)

Fig.3: Applying the erosion operator: a) the Original
binary image b) the eroted image.

vector P, ie.,

2. 3 Binary Opening [5]:
The Opening of A by B is obtained by the erosion of A by
B, followed by dilation of the resulting image by B:

AoB=(40B)®B. A°B = (AGB)BB The
opening is also given by
Ao B:UB B, AoB = Ug ca B, which means
that, an opening can be consider to be the union of all
translated copies of the structuring element that can fit in-

side the object. Generally, openings can be used to remove
small objects and connections between objects.

a) b)

Fig.4: Applying the opening operator: a) the Original
binary image b) the image opening.
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2.4 Binary Closing [5]:

The closing of A by B is obtained by the dilation of A by B,
followed by erosion of the resulting structure by B:
AeB=(4®B)@B A* B = (ADB)GB

The closing can also be obtained by
Ae B =co(codoco(-B)) A®* B= (A% e (—B))" ,
where coA denotes the complement of A relative to E (that
is, cod={acElagAy A"={a€ElagA} )
Whereas opening removes all pixels where the structuring
element won’t fit inside the image foreground, closing fills
in all places where the structuring element will not fit in the

image background, that is opening removes small objects,
while closing removes small holes.

a) b)
Fig.5: Applying the closing operator: a) the Original  bi-

nary image b) the image closing.

3. Mathematical Morphological Filters [13]:

In image processing and analysis, it is important to extract
features of objects, describe shapes, and recognize patterns.
Such tasks often refer to geometric concepts, such as size,
shape, and orientation. Mathematical Morphology takes
these concept from set theory, geometry, and topology to
analyse the geometric structures in an image. Most essen-
tial image-processing algorithms can be represented in the
form of Morphological operations.

In this section we review some basic Morphological filters,
such as: the boundary extraction, and the Top-hat and the
Bottom-hat filters.

3.1 The Boundary External [13]:
Boundary extraction of a set A requires first the dilating of
A by a structuring element E and then taking the set dif-
ference between dilation and A, That s, the boundary of
a set A is obtained by: .04 = A— (AOB)

a) b)
Fig.6: Applying the External Boundary: a) the Original
binary image b) the External Boundary.

3.2 The Hat Filters [13]:

In Mathematical Morphology and digital image processing,
top-hat transform is an operation that extracts small ele-
ments and details from given images. There exist two types
of hat filters: The Top-hat filter is defined as the difference
between the input image and its opening by some structur-
ing element; The Bottom-hat filter is defined dually as the
difference between the closing and the input image. Top-
hat filter are used for various image processing tasks, such
as feature extraction, background equalization and image
enhancement.

If an opening removes small structures, then the difference
of the original image and the opened image should bring
them out. This is exactly what the white Top-hat filter
does, which is defined as the residue of the original and
opening:

Top-hat filter: 7, , = A—(AoB )
The counter part of the Top-hat filter is the Bottom-hat fil-
ter which is defined as the residue of closing and the orig-
inal:

Bottom-hat filter: B, , =(AeB )—A4

These filters preserve the information removed by the
Opening and Closing operations, respectively. They are of-
ten cited as white top-hat and black top-hat, respectively.

a) b)
Fig.7: Applying the Top-hat: a) the Original binary im-
age b) the Top-hat image

a) b)
Fig.8: Applying the Bottom-hat filter:
a) the Original binary image b) Bottom-hat filter image

Eman.M.El-Nakeeb, Hewayda EIGhawalby, A.A. Salama, S.A.El-Hafeez. Neutrosophic Crisp Mathematical Morphology


https://en.wikipedia.org/wiki/Closing_%28morphology%29
https://en.wikipedia.org/wiki/Complement_%28set_theory%29
https://en.wikipedia.org/wiki/Mathematical_morphology
https://en.wikipedia.org/wiki/Digital_image_processing
https://en.wikipedia.org/wiki/Image
https://en.wikipedia.org/wiki/Opening_%28morphology%29
https://en.wikipedia.org/wiki/Structuring_element
https://en.wikipedia.org/wiki/Structuring_element
https://en.wikipedia.org/wiki/Closing_%28morphology%29
https://en.wikipedia.org/wiki/Feature_extraction
https://en.wikipedia.org/wiki/Image_enhancement
https://en.wikipedia.org/wiki/Image_enhancement

60

Neutrosophic Sets and Systems, Vol. 16, 2017

4. Neutrosophic Crisp Sets Theory [9]:
In this section we review some basic concepts of neutro-
sophic crisp sets and its operations.

4.1 Neutrosophic Crisp Sets:
4.1.1 Definition [9]

Let X X be a non- -empty fixed set, a neutrosophic crisp set
A (NCS for short), can be defined as a tr1 le of the form

(a', 42,47 (4%, A%, A7

where

1 4 3 .
A% A%and A%and A’ are crisp subsets of X. The three
components represent a classification of the elements of

1
the space X according to some event A; the subset A con-

tains all the elements of X that are supportive to 4, A’

contains all the elements of X that are against A , and A*
contains all the elements of X that stand in a dlstance from

being with or against A . A. Consequently, every crisp
event A in X can be considered as a NCS having the form:

A= <Al ,A?, A3> . The set of all neutrosophic crisp sets
of X will be denoted AV C(X).

Fig.9: Neutrosophic Crisp Image:tivelycrespe <A1’A2,A3>

4.1.2 Definition [7, 9]:
The null (empty) neutrosophic set %ar, the absolute (uni-

verse) neutrosophic set X and
the complement of a neutrosophic crisp set are defined as
follows:

1) ¢u may be defined as one of the following two ¢,

types:
Type 15, P = {(;J, &, X } ¢N =<¢s¢’X>

Type 2: ¢, :<¢,X,X> @ar =@, X, X )

2) 2) Xy may be defined as one of the following two
types:
Type 1: Xy = (XX, )
Type 2: Xy = (X0, 0)
3) The complement of a NCS ( €04 co A for short) may

be defined as one of the following two types:
Type I: COA = (coA', coA®,coA’)

Type 2: COA = (A%, coA” AY)
4.2. Neutrosophic Crisp Sets Operations:
In [6, 14], the authors extended the definitions of the crisp
sets operations to be defined over Neutrosophic Crisp Sets
(in short NCSs). In the following definitions we consider a
non-empty set X, and any two Neutrosophlc Crlsp Sets of

X, A and B , where A=(A",A%,4%) .y

B = (B!, B-, B )

4.2.1 Definition [8, 9]:

For any two sets A, B € N"(C(X), A is said to be a neu-

trosophic crisp subset of the NCS B, i.e., (4 < B), and

may be defined as one of the following two types:
Typel: Ac B <:><A1 CB'. A c B*and 4’ S B*)
ASCB& A'C B A* CB*and A* 2 B*
ACB&< A'C BLA* 2B*andA* 2 B®

4.2.2 Proposition [7, 9]:
For any neutrosophic crisp set A , the following properties
are hold:

a) ¢, cdand ¢, g,
b) AcXx,and X, c X,

4.2.3 Definition [7, 9]:
The neutrosophic intersection and neutrosophic union of
any two neutrosophic crisp sets A, B€ N (X)), may be
defined as follows:
1. The neutrosophic intersection ANE, may be defined
as one of the following two types:
Typel: AN B ={A'N B A n B A UB).
Type2: ANB = (AN B, A* U B, A% U B?).
2. The neutrosophic union AUB, may be defined as one
of the following two types:

Type 1: AU B = {A*UEY AU B, A* n B%).
Type2: AU B = (A'u B, 4’ n B% A nB?).

4.2.4 Proposition [7, 9]:
For any two neutrosophic crisp sets 4, B e '€ (X), then:
co(AN B)=coAUcoB

co(A NB) = coA U coB and
co(AU B)=coAncoB
co(A UB) = cod N caB.

Proof: We can easily prove that the two statements are
true for both the complement operators. De-
fined in definition 4.1.2.

4.2.5 Proposition [9]:
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For any arbitrary family {4, 11 €1}, of neutrosophic

crisp subsets of X , a generalization for the neutrosophic in-

tersection and for the neutrosophic union given

in Definition 4.2.3, can be defined as follows:

1) m A, may be defined as one of the following two
iel

types:

Typel : m A, = <m Ail > ﬂ "41'2 ’Uiel Ai3 >
iel

iel el
Type2: m 4, = <m Ai] > Uiel Ai2 ’Uie[ A"3 >
iel iel

2) may be defined as one of the Uier 4; U A,

i

Typel : UAi = Uie/ Al] ’Uie/ Afz’mAi3

iel iel

TypeZ:UAi :<U[€1AilsmAizamAi3>

iel iel iel

fo{lowing two types: >

5. Neutrosophic Crisp Mathematical Morphology:
As a generalization of the classical mathematical morphol-
ogy, we present in this section the basic operations for the
neutrosophic crisp mathematical morphology. To com-
mence, we need to define the translation of a neutrosophic
set.

5.1.1 Definition:

Consider the Space X=R" or Z" X=R"orZ" with
origin 0 = (0,...,0) given The reflection of the structuring
element B  mirrored in its Origin is defined as:

—B:<—Bl,—Bz,—B3>-
5.1 Definition:
For every the p € A, translation by P is the map
p:X—>Xa—va+p X=X, a=ma+p i
transforms any Subset A of X into its translate
by peZ’, —B={-B',—B*,—B%),
A, = (A, A%, A*)A, = (A%, A, A°)
Where
A; ={u+p:ucd,peB'}
={u+p:ucAl, peB}

Al (u) ={ut+p:ucA', peB]
A; ={u+p:ued’ peB’}
={u+p:uc A’ peB}

A;={u+p:ueA3,peB3}
fu+p:ued® pe B?}

5.2 Neutrosophic Crisp Mathematical Morpholog-
ical Operations:

5.2.1 Neutrosophic Crisp Dilation Operator:

let A, BE W C(X), then we define two types of the neu-
trosophic crisp dilation as follows:

Typel:

ABB=(4'®B 4 ®B 4O
(A B) =(A* @B A* ®B*,A° © B%), wher
e for each u and v € 72€ £°.

| 1 | dop?
AeB' =] 4 408 =|]
A3®B3 = ﬂAE[)

beB®

142

beB? b

b

Fig.loii): Neutr;)sophic Crisp Dilation components in type 1
<Al J A%, A3> respectively

Type2: } o .
(A B) = (A' @B A § B, A* S BY),
where for each u and v EZ2 € Z°.

1 1 1 2 2 2
A®©B =) 4, 408 =4,

beB?

408’ = (4,

beB®

b

Fig.lOiii): Neut;osophic Crisp Dilation components in type 2

<A1 , Az 5 A3> respeclively

vd

5.2.2 Neutrosophic Crisp Erosion Operation:
let A and B € W C(X); then the neutrosophic dilation is
given as two type:

Type , . .

(AGB)=(A'GB' A"GB" A" @ BY),

where for each u and v€ £°.c 72 4'@B' = 4.,
beB®

4

1:

A’@B’ = (4%, and 4 ® B’ =|

beB?

beB'
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Fig.11(i): Neutrosophic Crisp Erosion components in type 1
<A1 , A2 ) A3> respectl'vely

A'SB =Ny 4", AASB =
Mperz A7y rﬂi @B B = U,p A7,

-
rs

A*oB? = (A’ & B @ B?

Type2: . L _
(ASB)=(A'©B' A & B° AT & BY),
where for each u and ve Z> EZ°. 4'@B' = ﬂAlb

beB?

2 2 2 3 3 _ 3
AL ®B =] _ 4 ad £LOB =], 4

F Fig.12(i): Neutrosophic Crisp opening components in typel
)
}’ <A1,A2,A3> respectively
e

a A*+ B® = (A°@ B*) © B’
Type i i 2:
o AB ={A'o B, 4% «B% A% « B%)

Fig.11(ii): Neutrosophic Crisp Erosion components in type2 Alo gl = Ifﬁll S 31] @ g1
<A1’A2,A3> respectively A 0B = (A1®Bl)@Bl
5.2.3 Neutrosophic Crisp Opening Operation: A* e B? = (AZ ® 32)6)32

let A, BE W (C(X); then we define two types of the neu-

trosophic crisp dilation operator as follows: _
Typel: AFB ={A'eB' A% o B% A%« B®)

A'oB'=(4'0B")® B'
A* o B* =(A4’OB*) @ B*
A’ B’ =(4’ ® B*)OB’

A’ e B’ =(4’ ® B*)OB’

Fig.12(ii): Neutrosophic Crisp opening components in type2

<A1 , A2 , A3> respectively

5.2.4 Neutrosophic Crisp Closing Operation:
let A and B € W C(X); then the neutrosophic dilation is
given as two types:

Type 1I: A%B =(AYe B A% e B% A% o B?)
J‘ql'Bl: [ﬂl@glj@gl
AEDBH — fﬂde}Bd]eBd

Ao B’ = (4’08 )® B’
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c( B'©C',B’0C*,B°0C’)
A'®OC' = B'OC',4’GC* o B*0OC?

-
iz L&‘ AeC o 4'0C°

Fig.13(i): Neutrosophic Crisp closing components in typel hHhAc= B= <C’1®Al ,C?®A47, C3®A3>

1 42 43 .

<A ,A ,A > respectlvely g< C1®BI,C2®BZ,C3®B3>

Type 2: Ae*B = {Al . Blﬂ‘q‘ 2 BL;AE o BE} C'O4' « C'OB'.C2O42 > C2OB>
AleB' = (A’ B @B cof 204
Ao B = (A*EBY)SBE* Note that: Dislike the Neutrosophic crisp dilation opera-

3 3 3 3 tor, the Neutrosophic crisp erosion does not
A" eB =(4'0B")®B satisfy commutativity and the associativity
properties.

6.1.2 I:roposition: for any family (A, |i € I) in

NC(Z9)(A i €l) inN(Z°)and BN C(Z7).
Type]: a) IHIEE[;:!LE g B:] IHIEE[AE é B= IHIEE[{AE é B:]
=([4/©B',(47©B> (4] ®B3>

iel iel iel

&

Fig.13(ii): Neutrosophic Cr/sp closing components in typeZ
Al A2 A respectlvely

()(4/©B"),( (408> \(4 @33)>

iel iel iel

b) BO(4, =()(BO4,)BE Nizr &

6. Algebraic Properties in Neutrosophic Crisp: iel iel
In this section, we investigate some of the algebraic prop- . R o, R
erties of the neutrosophic crisp erosion and dilation, as ~ =({B @)ﬂ 4;,B ®ﬂ 47,8 ®ﬂA,-
well as the neutrosophic crisp opening and closing operator iel iel iel
(15 _ <ﬂ(31®A}),ﬂ(32®Af),ﬂ(B3 ® Af)>
iel iel iel
6.1 Properties of the Neutrosophic Crisp Erosion Type2:a) N, A B B) NigrA; B B = Nioy(A; S B)

Operator: <

=((4/©eB',(4’ @ B> [ 4] @BS>
iel iel iel

6.1.1 Proposition:

zheB I\éel;g'r‘oé‘?;n?] erosion satisfies the monotonicity for all _ <ﬂ ( A,'l ) Bl),ﬂ ( Aiz @ BZ),ﬂ ( Al-3 @ B3)>
Typel:a)A = B=(A'OC', 4°0C, 4°0C") ! “ !
<! BI®C1,BZ®C2,B3®C3> b) B@DA,. =,-O(B®Ai )B B Nigr A;
A'®C' = B'OC',4’°0OC? < B’OC”
£6C° 5 46C° =<B @DA1 B’ @DA} ,B* @DA5>
bYA= B—> <CI®A1,C2@A2,C3®A3> _ <ﬂ(B'®A3)aﬂ(BZ ® 4B ® A?)>
el iet iet

c( C'®B',C*0B*,C*0B")
C'®4' c C'®B',C?’®4”> — C°OB’
o4 > C'od

Proof. a) intwo type:
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Type I: Niey A, BB () 4,08

~(NONODUN )

beB iel beB iel beB iel

Proof: a)
Typel:| J4,0B =

iel

(U 4NU. A UU,4))

N A BB = ~
( u]pf‘n ﬁim} U (n ﬁ‘m} n (n A% ,,3<1U,E,(ﬂ4< U4 h))U(UAvb> U(Ai®B)

<rmA,( DUt U )

iel beB iel

{\b%'Bﬁl }iEI blEJE A, }:E; beB Hi':'b}/}}z

(., (4.©8)
Type 2: similarity, we can show that it is true in type 2,
b) The proof is similar to point a).

6.1.3 Proposition: for any family (4;[i € I)
inNC(Z7%) and Be NC(Z°)
Type I a) J4,6B = ](4,68)

iel iel

- <Uiel Ail ©B' > Uiel Ai2®32 ’Uiel Ai3 52 BS>

- <Uiel (Ail ©B' ); Uiel (Af2 ©B’ )’Uie[ (Af ® B’ )>

b)BO| J 4, =| J(B6A,)

iel iel

- <B1®Uiel Afl > BZ@Uie] Aiz ’B3 ® Uie] Af} >

=(U. e, & e, 6 o)

Type2: a)| J4,0B=|](4,6B)

iel iel

ﬁAl@B U A2

U,E, 4@ B3>

1%11@@&{,,&%@@% W, 4 ®B)

b)B@U 4, =J(BO4,)

iel iel

=(B'elJ_ 4.8 @ _ 480 4)

- <Uie] (B ®Ail )’Uiel (B2 D Afz )’Uie[ (33 ® Ai3 )>

iel beB iel beB iel

Type 2: can be verified in a similar way as in type 1.

b) The proof is similar to point a)

6.2 Proposition: (Properties of the Neutrosophic
Crisp Dilation Operator):

6.2.1 Proposition:
The neutrosophic Dilation satisfies the following proper-

ties: VA,B e WC(Z%) VA B EN(Z7)

i) Commutativity: A®B = B® A
ADQE = BRQA
ii) Associativity: (4@ B)®B= AD(B® B)
(ABB)®C = AD(BDC).

iii) Monotonicity: (increasing in both arguments):

Typel:
a)AgB:><A1®C1,A2@CZ,A3®C3>
c(B'@eC.BeC.Baec)

A @®C'cB'®C,4*®C* =B*®C? and

L£oCoBeC

ClPA® C CPHB?, C‘@a’c

C!@BB? and C*pA® 2 C*@B?

b)AgB:<c1 ®A'.C*?DA.C* D A%)

c(C'eB.CCoB’.C’oB)

C'®A'cC'®B',C>’® 4> = C? @ B? and
CoL2C0p

ACSB=

(C1DA ,C2DA%, CPDA%) <

(C'@B!,C*@®B?,C*@®B?)

Type2:
a)AgB:><A1C—DCI,AZC-BC2,A3C—DC3>
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c(B'@C,BeC.Bac’)
ADC'cB' ®@C' A*DC* B> DC? and
L£ocC e
ClPA® C C1PHB?, C‘@A’cC
C*@B? and C3@A% 2 C3*@E?
b)AgB:<C1®A1,C2@AZ,C3®A3>

c(C'eB.C’®B’.C’®B)
and C'®A4' cC'®B',.C°®A4> C*> @B

CesaCop

6.2.2 Proposition: for any family(4,;|i € I)
NC(Z%) and B € NC(Z%)and B € N (Z*)
a) Ny A @ B =Ny (A; B B)

= <ﬂA; ®B'.[)4' @ Bz,ﬂA,?®B3>

iel iel iel

= <ﬂ(A} ® B"),[ (4] ® B*)[(4'©B° )>

iel iel iel

b) B N A =N (BT A

:<B1 ®()4,).B> ®( 4] ,B3®ﬂA3>

iel iel iel

— <ﬂ(31 @ 4),(B*> @4 (B3®A,.3)>

BL@n A, B2 @ 4 ,B*En 2 =(n(B'a
‘:!I.L:]I'-‘IE{[B @-ﬂ‘]ﬁ{B e‘ullﬁ[} iel

Type 2: a) NigrAi & B = Nigi(A; T B)

<ﬂ Al @ B',[ ) 47©B* ,ﬂAfG)B3>

iel iel iel

<ﬂ(A} @Bl),ﬂ(A[2®B2),ﬂ(Af®B3)>

iel iel iel

b) BE Mg A = Ny BE A;)

<B' ®()4,.B°0( 4] ,B3®ﬂA3>

Type I:

iel iel iel
= <m(31 ® A}),ﬂ(32®,4,?),ﬂ(33®A3)>
iel iel iel

Proof: we will prove this property for the two types of the

neutrosophic crisp intersection operator:

Type I: Ny A B B[ 4, ®B

(U QU )N )

/el iel beB iel

:E]‘?‘n Alrh‘} u {,ﬁ Azsh}: n (I"‘I ﬂasf—m}}

<m<u,,gg AN )00

iel iel beB
U AY, n v AL lh,n( n A%, =
{\b@-BJ 'iel \pem ‘b/} iel ey  © b}}}

N, eB)

Type2: N A, BB

;))abas(e

beB iel

3
iSh >

< M’@éDM(

beB iel

- <ﬂ(UbEB AV A N A )>

iel beB

EE]?‘H ‘q‘lrh‘} n {’n ﬁzsr—m}r n (I"‘I Aar‘n’—h’::‘]}
M., @B =

b) The proof is similar to a)

6.2.3 Proposition: for any family (4;[i € I')in

NC(Z¥)andB eNC(Z?)

Type I: q) J4, @ B=|J(4, ®B)

iel iel
<Ui61 Ail ® B ? Uiel Aiz ® B’ ’UieI A"3®B3 >
= <Ui61 A} @Bl)’UiEI (4> @32)’Ui61 (4 OB )>
b)B GNBUAI. :U(B(Ta A,)

<Bl G—)U Al Bz ®Uie[ Ai2 ’B3 ®Uie1 A"3>
B <Ui€1 (B ® Ail )’Uie1 (Bz ® Az‘z)’Uiel (B3®Al.3 )>
Type 2: a)UA,- 5B U(Al_ éB)

iel iel
<Uie[ A; ® Bl ? Uie[ Aiz ®Bz ’Uiel Ai3 ®83 >
- <Uiel (Afl ® B’ )’ Uiel (Ai2®Bz )’UiE[ (Ai3®33 )>

»B&|J4, =B 4)

iel iel

- <B1 N Uie] Ai1 > Bz@Uie[ Afz ’B3 ®Uie[ A"3 >
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-(U. B @4, 6o, Ee))

Proof: a) we will prove this property for the two types of

the neutrosophic crisp union operator:

Typel : UAi ®B= <UZE3(U151A,;,) U(UAIZ) ﬂ(U

iel beB iel beB iel

h))>

“Uaen (U U HUUBUN L)

iel beB iel beB

Type 2: UAI.(I)B=<UM U, 4NU 4. ﬂUAw>

iel beB iel beB iel

~Yea 5= (U U HOUQ AU )

iel iel beB iel beB
b) The proof is similar to (a)

6.2.4 Proposition (Duality Theorem of Neutrosophic

Crisp Dilation):

let A, B € NC(Z?%). Neutrosophic crisp Erosion and

Dilation are dual operations i.e.

Typel:

CGBCDAG} BJ = {ca coA @ BY) ,co(coA* B
co(coA® & B?)

co(coA @ B)= <co(coA1 ® B"),co(cod’ ® B), co(coA3®B3)>
= (4'©B', /OB, 4 ® B>)

{Al 9 BI,AE 9 BE,AE @Bd} A(’:)B:
ypel:
CGBCDAG} BJ = {cﬂ coA' & BY) ,co(coA* S
co(coA® S B?)

<A'®B‘,A2 ® B>, 4° D B?)
(A* & B, A* @ B* A* & BY)
(A*© B*,A* © B*, A © B®) 40B-

6.3 Properties of the Neutrosophic Crisp Opening
Operator:
6.3.1 Proposition:

The neutrosophic opening satisfies the monotonicity

VA,Benc(z?)
Typel: AgB:><A1 oC', A0 C? 4o C?)

g< BIOCI,BZOC27B30C3>
A oC'cB'oC', 4> o C* cB* o (C?,
£oCoB(
Type2:AgB:><AloCl,AZOCZ,A3OC3>
g< BIOC],320C2,B30C3>
A oC'cB'oC', 4> o C* 2B* o C?
£eCoBoC
6.3.2 Proposition:
(A li€T)
NC(Z%)and BeNC(Z?)
Typel: ﬂAi EB=ﬂ(A[. 'S B)

iel iel

Nici(A; S B)
<mAi1 oBlijiz oszﬂAg .B3>

iel iel iel

= <ﬂ(AJ o B"),((4] o B*),[ (4 .33)>

iel iel iel
) Nierd; ©B

N4 5B=\4 55B)

iel iel
Niei(4; S B)
<mAi1 oBlijiz ‘Bz,mA,-3 OB3>

iel iel iel

= <ﬂ(AJ o B"),( (4] « B*)( (4] -33)>

iel iel iel

for any family in (A;|i € I)

} N A BB

Type2:

6.3.3 Proposition: for any family (4,|i € I)
inNC(Z%) and Be NC(Z*)

U4, 58={J4 3B)

iel iel

Typel: ) Nierd; ©B

Nici(A; © B)
= <Uie] Ail °B' > Uiel Aiz ° B’ ’Uie] Ai3 ® BB>

- <Uiel (Al] °B' )’ Uie[ (A,'2 © Bz)’UiEI (A,-3 L B3)>
Type2:| J4, 5 B=|J(4, 3 B)

iel

- <Uie] A"I ° Bl ’ U[e] Ai2 ® Bz ’U[e] Ai3 ® B3>
(U, @ o Bh, @ e 5O, ¢ < BY)

Proof: Is similar to the procedure used to prove the propo-
sitions given in § 6.1.3 and § 6.2.3.

iel
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6.4 Properties of the Neutrosophic Crisp Closing

6.4.1 Proposition:
The neutrosophic closing satisfies the monotonicity

VA,BeNC(Z?)
Typel:
a)AgB:><A' «C'. 4>« C? 4>« C?)
g< BIOCI,BZOC2,B3OC3>
A' eC'cB'e(C', 4> e C* = B* ¢ C?,
LoC B
Type2:
a)AgB:><A' «C'. 4>« C? 4>« C?)
g< BIOCI,BZOC2,B3OC3>
A' eC'cB'e(C', 4> e C* D B* ¢ C?,

LoC B
6.4.2 Proposition: for any family (A4,|i €1)
(Alien) )
InWC(Z%)and BENC(Z7)
Typel: ﬂAi :B:ﬂ(AI, *B) J ""is[*‘ﬁl{éB
iel iel
Niei(4; © B)
<ﬂA; eB',[47 eB>,(4] B3>
iel iel iel
= <ﬂ<A,-‘ e B, (47 ¢ B*)[)(4 > B3)>
iel iel iel
Type2: ﬂAz‘ ?B:ﬂ(Al_ e B) ) Nigr4; ©B
iel iel
Niei(4; B B)
<ﬂA; eB',()A47 B> (4] B3>
iel iel iel
= <ﬂ(A,-‘ © B4 o BH (A oB3>>
iel iel iel

6.4.3 Proposition:
(Aliel) )
inNC(Z%) and BENC(Z7)

for any family(A4,|i € 1)

Typel: )} Nigrd; SB

U s5=U 55)

iel iel
Niei(A; S B)
- <Uiel Ail ® Bl ’ Uiel Afz ® Bz ’Uisl A"3 ° BB>

- <Uie] (Ail *B' )’Uiel (Al'2 B’ )’U[e] (A1‘3 o B’ )>
TyPeZ:UAl_ *B= U(Ai v B)

iel iel

:<Uiel Ail .Bl’Uiel Alz oB2 ’UiEI A13 ° B3>
- <Uiel (Ail ° Bl )’U[el (‘Ai2 °© Bz)’UZeI (A13 °© B3)>

Proof: Is similar to the procedure used to prove the propo-
sitions given in § 6.1.3.

6.4.4 Proposition (Duality theorem of Closing):
let A, BENC(Z"); Neutrosophic erosion and dilation

are dual operations 1i.e.
Typel:

co(coA® B) = <co(c0A] e B"),co(coA” @ B*),co(coA’ B3)>
co(coA® B) = (co(coA' s BY) ,co(coA” »
B?),co(coA®« BY))

— <A‘ °B', 4% B>, 4> epB*)= A°B

Type2: )
co(coA® B) = {co(coA’ » BY) ,co(coA” o
B?),co(coA®« B))

—(A'oB'. 4” e B>, 4> « B>y =478

7. Neutrosophic Crisp Mathematical Morphologi-
cal Filters:
7.1 Neutrosophic Crisp External Boundary:

Where A' At is the set of all pixels that belong to the
foreground of the picture, A A* contains the pixels that
belong to the background whilecontains those AT 4

pixel which do not belong to neither. 4° nor At g AT
Let A, BE,N‘C(Z:], such that 4— <A1,A2,A3> and B is

some structure element of the form B = < B',B* B’ >; then
the NC boundary extraction filter is defined to be:
61A1 =4 —(A1®Bl)

0,4° =(4°6B*) - 4,

0(A)=A>—(0,4' Lvo,A4%)

0" (4)=A> |4’ ® B*) - (4'0B"))

b(A)=0"(A) M d(A)
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a) b) Fig. 16: Applying the Neutrosophic crisp Bottom-hat filter:

Fig. 14: Applying the neutrosophic crisp External boundary:
a) the Original image b) Neutrosophic crisp
boundary.

Neutrosophic Crisp components <A1, A, A3> respectively

8 Conclusion:
In this paper we established a foundation for what we
7.2 Neutrosophic Crisp Top-hat Filter: called‘ "Neutrosophic Cr.15p Mathematical Morphology".
N 1 1 Our aim was to generalize the concepts of the classical
B(A4)=4 —(4 °B) mathematical morphology.

B, ( A3) =( A e B3)_ A3 For this purpose, we developed serval neutrosophic crisp
5 . 3 morphological operators; namley, the neutrosophic crisp

B(4) =A4"—(B,(4)UB,(4)) dilation, the neutrosophic crisp erosion, the neutrosophic
* 42 gt INPE 3 crisp opening and the neutrosophic crisp closing operators.
B(4) =4 [(A °B)—(4 B )] These operators were presented in two different types, each
Taphm (A)=B(A) N B*( A) type is determined according to the behaviour of the

seconed component of the triple strucure of the operator.
Furthermore, we developed three neutrosophic crisp
morphological filters; namely, the neutrosophic crisp
boundary extraction, the neutrosophic crisp Top-hat and
B the neutrosophic crisp Bottom-hat filters.
Some promising expermintal results were presented to
visualise the effect of the new introduced operators and
filters on the image in the neutrosophic domain instead of
the spatial domain.
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