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Abstract. The proof of the Fermat’s Last Theorem. The proof of the theorem - For all n € {3,5,7, ... }
and forall z € {3,7,11,...} and for all natural numbers u,v: z™ # u? + v2. The proof of the
Goldbach’s Conjecture.
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[. INTRODUCTION

The cover of this issue of the Bulletin is the frontispiece to a volume of Samuel de Fermat's 1670
edition of Bachet's Latin translation of Diophantus’s Arithmetica. This edition includes the marginalia of
the editor's father, Pierre de Fermat. Among these notes one finds the elder Fermat's extraordinary

comment in connection with the Pythagorean equation x? + y? = z? the marginal comment that
hints at the existence of a proof (a demonstratio sane mirabilis) of what has come to be known as
Fermat's Last Theorem. Diophantus's work had fired the imagination of the Italian Renaissance
mathematician Rafael Bombelli, as it inspired Fermat a century later. [5]

The Goldbach’s Conjecture is one of the oldest and best-known unsolved problems in number theory
and all of mathematics. It states: Every even integer greater than 2 can be expressed as the sum of
two primes. [1]

II. THE PROOF OF THE FERMAT'S LAST THEOREM
Theorem 1. (FLT). Forall n € {3,4,5,...} and forall 4,B,C € {1,2,3,...}: A"+ B" # C™.
Proof. Suppose that for some n € {3,4,5,...} and forsome A,B,C € {1,2,3,...}: A"+ B" =C"
Then (A+B>C A A>+B? > C?A..A A" 1+ B"1 > " 1), otherwise A® + B™ < C™.

Thus for some A4,B,C,C —A,C —B,ve{123,..}
A+B—-C=A-(C—-A)=B—-(C—-B)=2v>0=
[(C—=B)+2v=AA(C—-A)+2v=B AA+B—-2v=C]. (1)

At present we can assume for generality of below that A, B and C are coprime.

Moreover [A%2 + B? > C?>A(1)] = 2v? > (C — A)(C — B).


mailto:lwgula@wp.pl

Every even number which is not the power of number 2 has odd prime divisor, hence sufficient that
we prove FLT for n = 4 and for odd prime numbers n € P. [6]

A. Proof For n = 4. Without loss for the proof we can assume that B is even.

Forsome C,A € {1,3,5,...} and forsome B € {4,6,8,... }:
4

C—-A

(C—A+A)*—A*=B*= (C—-A)>3+4(C—-A)?A+6(C—A)A* +4A% =

Notice that

Ct—A* (C?+A)(C+A(C-A

(C—AP+4(C—-A)PA+6(C—A)A*+44% = _ )( ) )_
C—-A C—-A

For some k € {1,2,3,...} and for some coprime e,c,d,h,m € {1,3,5, ... }:

B* (2%ecd)*
C—A  2%2gs

= 4(ec)* A h* = C — B A 2¥d(23%72 d3 4+ hm) = 2¥ecd = B|.

Moreover — For some pairwise (mutually) relatively prime d, h,m € {1,3,5,...} suchthat d < h < m:
2v2 > (C — A)(C — B) = 2472@%h* = v2 > 24 3¢4p* = v = 2¥"Imhd.
Therefore — For some relatively prime e, ¢ € {1,3,5, ...} suchthat e > c:
4(ec)*=(C?+A2)(C+A) = (C*?+A%2=2e* ANC+A=2c")>

C=x+yANA=x—yANC+A=2x=2c*Nx=c* Ax?+y2 =e* Ax=c*
=u—vPAy=2uwAel=ul+viAne=p’+q? Au=p*—q*Av
= 2pq)
= {x =[(p* - q¢)? - 2pg)?*1 =(c*)* €0 A y
=4(* —q*)pq A x* +y?
= [(@* —q*)? - 2p@)*]* + 16(p* — ¢*)*(pq)* = (P* + q*)" = e" € 1}
€0,

inasmuch as on the strength of the Guta’s Theorem [3] we have

_ @pg)* + (2¢%)°

= p? 2e0.
2(2) P Tq

2pa)? = (p* = q*)?* — (c*)? = p* — ¢*

This is the proof.

B. Proof For n € P. Without loss for the proof we can assume that A is odd and that 4 t B, C.

[3], [4]

The numbers C,B and A are coprime, therefore in view of (2) we will have — For some n € P
and forsome C,B,C — A €{1,2,3,...} and forsome C — B,A,v € {1,3,5,... }:



[(C—B+2v)"=(C—-B+B)"—B"A (C—A+2v)"
=(C—-A+A"—A"AN(A+B—-B)"+B"=(A+B-2v)" =

2n—1vn
_ n-—2 _ _ n-3,,2 n-2,n-1
{(C B 2v+ (n—1)(C—B)"3v2+ .- 42" 2%y +n(C—B)
BT -1
=7~ i 5—(C - B)" 3B + - + B"‘Z] A(C — A 22y
n—1 v)"
— A)n-3 24 ... n-1,4 _~ 7
+ 5 C-A"3Rv)*+--+V)" 1+ 2C—A)
[ n—1
=A|l(C-4A)"?+ —5 (C—-—A" 34+ -+ A"‘Z] A(A+ B)"2(-B)

+ nT_l (A+B)" 3 (-B)*+ -+ (-B)"1

=(A+B)"?(-2v) + nz;l(A +B)" 3 (=2v)2 + -+ (=2v)" !
(=2v)"

— A A A, C—B Y B,C—AVY A+ B,C);¢.

We assume that — For some e, m,c, h € {1,3,5, ...} suchthat n,e,m,c and h are coprime
2v2 > (C - A)(C —B) = (v =nemch A ntemch).

B.1. Proof ForO0dd A,B,C — B, if n|A,C —B.

For some n € P and for some e,m,c,h € {1,3,5, ...} suchthat n,e,m,c and h are coprime:

(n*1c" + 2nemch = A AR™ + 2nemch = B An™1c™ + h™ + 4nemch = 2™"m"
=A+BAn"c"=C-B)
= (2"m" — h" = n"1c" + dnemch An | 2m — h An? | 2"m"™ — h")
= n | emch,

[n"~1c™ + 2nemch = A AR™ + 2nemch = B An™1c™ + h™ + 4nemch = 2™"m"
=A+BAn"c"=C - B]
= [2"m" — k" = n" 1c¢™ + 4nemch An|2m—hAn?|2"m" — h"]
= n | emch,

which is inconsistent with n + emch. &
B.2. Proof For0dd A,B,C — B, if n|B,C — A.
For some n € P and for some e,m,c,h € {1,3,5, ...} suchthat n,e,m,c and h are coprime:
[c™ + 2nemch = AAn™1h"™ + 2nemch = B A c™ + n™" 1h"™ + 4nemch = 2™"m"
=A+BAc"=C—BAn"th" =C — A
= [2"m" — ¢® = n" h" + dnemch An | 2m — c An? | 2"m" — c"]

= n | emch,

which is inconsistent with n  emch. 4



B.3. Proof For0dd A,B,C —B, if n|A+ B,C.
For some n € P and for some e,m,c,h € {1,3,5,...} suchthat n,e,m,c and h are coprime:

[c™ + 2nemch = AAR™ + 2nemch = B Ac™ + h™ + 4nemch = n™" 12"m*" = A+ B Ac"
=C—-Bl=[nlc+hAn?|c*+h"] = n|emch,

which is inconsistent with n t emch. &
B.4. Proof ForEven B,C — A, if n|A,C — B.
For some n € P and for some e,m,c,h € {1,3,5, ...} suchthat n,e,m,c and h are coprime:
[n"1c™ + 2nemch = A A2™h™ + 2nemch = B An™ 1c¢™ + 2"h™ + 4nemch = m"
=A+BA2""=C—-AAn""'c" =C - B]
= [m" — 2"h" = n" 1c™ + 4nemch An | m—2h An? | m" — 2"h"]
= n | emch,
which is inconsistent with n  emch. &
B.5. Proof ForEven B,C — A, if n|B,C — A.
For some n € P and for some e,m,c,h € {1,3,5, ...} suchthat n,e,m,c and h are coprime:
[c™ + 2nemch = AAN™12"h" 4+ 2nemch = B Ac™ + n" 1h™ + 4nemch = m"
=A+BAc"=C—BAn"12"h" = C — Al
= [2"m" — ¢® = n" A" + dnemch An | 2m — c An? | 2"m" — c"]
= n | emch,
which is inconsistent with n t emch. &
B.6. Proof ForEven B,C — A, if n|A+ B,C.

For some n € P and for some e,m,c,h € {1,3,5, ...} suchthat n,e,m,c and h are coprime:

c" + 2nemch = AN + 2nemch =B Ac™ + + 4nemch = n""'m
[c™ + 2 h=AA2"h" + 2 h=BAc"+2"h™" + 4 h n-imn
=A+BA2"h"=C—-Al = [n|lc+hAn?|c"+2"h"] = n | emch,

which is inconsistent with n + emch. &
Proof For n € P In Special Case. Forsome n € P and for some p,q,w,r,x € {1,3,5,...} and

for some C,A € {32,52,72,..} suchthat p >q and w >r and p,q,w,r,x are coprime and
n|pq: [3]



l(qu)” =B" = (63)2 — (,4%)2 AC=(wr)2AA=x2A (2p;1;; : )(;2)"

_ @ppt 4+ () (wrrA)n
e o)
=2pq A (2|pqEO)lEO. 4

- (WZ)n A (rn)z _ x2

This is the proof.
[Il. THE PROOF OF THE GOLDBACH'S CONJECTURE
Conjecture 1 (Goldbach Conjecture). For all Z € {6,8,10,...} and for some X,Y € PP:
Z=X+Y.
Proof.
{6,8,10,...} = {6,12,18,24,30,36,42,48,54,60,66,72,78,84,90, ...} U
{8,14,20,26,32,38,44,50,56,62,68,74,80,86,92,98,104,110, ...} U

{10,16,22,28,34,40,46,52,58,64,70,76,82,88,94,100,106,112, ... }.

Thus
[3]uU [9,15,21,27,33,39,45,51,57,63,...] U
[7,13,19,25,31,37,43,49,55,61,67,73,79,85,91, ...] U
[5,11,17,23,29,35,41,47,53,59,65,71,77,83,89,95, ...] = [3,5,7, ...].
Hence

(6}={Z:Z=X+YANX=Y=3}v{8={Z: Z=X+YAX=3AY =5}V
{14,20,26, ...} =
{Z: Z=X+YAX<YAX,YEPAXY €[71319,25,31,..]} Vv
{10,16,22,..} =
{Z: Z=X+YAX<YAXYEPAX,Y €[511,17,23,29,35, ...]} Vv
{12,18,24,..} =
{Z: Z=X+YAX,YEPAX €[511,17,23,29,35,...] AY € [7,13,19,25,31,...]},
whence it implies that for all Z € {6,8,10, ...} and forsome X,Y € P: Z=X+Y. [2], [3]

This is the proof.



SUPPLEMENT

Theorem 2. For each fixed pair (u,v) of the relatively prime natural numbers u and v such that
u — U is positive and odd there exists exactly one a primitive Pythagorean triple (x,y,z) such that
(w? —v?,2uw,u? + v?) = (x,y,2z) and conversely — Any the primitive Pythagorean triple (x,y, z)
such that (x,y,z) = (u? —v?, 2uv, u? + v?) arises exactly from one pair (u,v) of the relatively
prime natural numbers u and v suchthat u — v is positive and odd.

This is the theorem.

Let ged(U,V) = ged(u,v) =1 and U—-V, u—v € {1,3,5,..}.

Suppose that for some p, q,C € {1,3,5, ...} and for some B € {2,4,6, ...} such that the numbers
p,q,C and B are coprime and q <p < C: (pq)* = C? — (B?)>.

We assume that the number C is minimal.

On the strength of the Guta’s Theorem [2] we obtain

B2 =p4;q4=p2;q2(p2—q2)=<#=w2/\ pz—q2=r2>=>wz =#
= (u2+u2)2;(u2—v2)2 =ut+vt=>w<(,

which is inconsistent with minimal C. &

If
[U2—-V2=A4%2A20V=B% AU?+V?=C?A (4%2)% + (B?)? = (C?)?],

then on the strength of the Guta’s Theorem [2] we get
[V2=Qu)?=U?-A2=C?>-U*AU=u?+vi A ut—-v2=A]=

=%22+22=(uv)2+1 A u2+v2=U=W=(uv)z—1 €0. #

It's not true in [7] that FLT for n = 4 can be written equivalently as: A%> = C* — B* because
Fermat did not proved his own theorem for n = 4. [6]

In the first case we will have — If
[2UV=A AU?—-V?=B%2 AU?+V?2=C?A A*>+ (B?»)? = (C?)?],
then on the strength of the Guta’'s Theorem [2] we get
[V2=Quv)?=U?—-B?>=C?-U?ANU=u*+v’Au?>—-v?>=B]=

_ Qu)? + 22 (2uv)? — 22

— 2 2 2 — — 2 _
) =w)+1Au*+v2=U= 52 =uv)*—1|€0. &



In the second case we have
[U2—-V2=AAN20V=B*ANU?+V%2=C?>N (U+V)?>(U-V)?=(C?? - (B?)?
=(C?+B*)(C*?-B*) A U+V)>?=C?+B*A (U-V)?
=C?—-B>’ANU+V=u?+v’ANu?—-v*=C AN 2uw=B] =
20V = Quuv)? =2 U0V =201 = U =u* AV =20%) = U +V = u?+20?,
which is inconsistent with U + V = u? 4+ v%. #
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