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Abstract

Hilbert spaces can store discrete members of division rings and continuums that are formed by
members of division rings in the eigenspaces of operators that reside in these Hilbert spaces. Only
three suitable division rings exist. These are the real numbers, the complex numbers and the
quaternions.

The reverse bra-ket method is an extension of the bra-ket notation that was introduced by P.M.
Dirac. The reverse bra-ket method can create natural parameter spaces from number systems that
are division rings and can relate the combinations of functions and their parameter spaces with
eigenspaces and eigenvectors of corresponding operators that reside in non-separable Hilbert
spaces. This also works for separable Hilbert spaces. The defining functions relate the separable
Hilbert space with its non-separable companion. In this way, the method links Hilbert space
technology with function technology, differential technology and integral technology. Quaternionic
number systems exist in several versions that differ in the way that they are ordered. This is applied
by defining multiple types of parameter spaces in the same Hilbert space. The set of closed
subspaces of a separable Hilbert space has the relational structure of an orthomodular lattice. This
fact makes the Hilbert space suitable for modelling quantum physical systems. The reverse bra-ket
method is a powerful tool for generating quaternionic models that help investigating quantum
physical models.

1 Introduction: The Why and How

The realm of a quaternionic Hilbert space offers a unique environment in which a self-consistent
grand test model can be constructed where many mathematical technologies merge. In this way this
environment offers a show model as alternative for other environments such as the commonly used
spacetime model that most physicists apply in order to perform their physical modelling.

1.1 Why?
Current quantum physical models treat Hilbert spaces, function theory and differential calculus and
integral calculus as separate entities. In the past, nothing existed that directly relates these
ingredients, which together constitute the quantum physical model. Thus, a need exists for a
methodology that intimately binds these ingredients into a consistent description of the structure
and the phenomena that occur in the model. Hilbert spaces are no more and no less than structured
storage media. Quaternions can store progression and spatial location in a single data element [1].
Function theory relates these data [2]. Differential calculus describes the change of data and integral
calculus collects common characteristics of these data.

The applied quaternionic calculus is treated in papers that are free accessible available on the
author’s electronic e-print archive. http://vixra.org/author/j a | van leunen.
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1.2 How
A need exists to be able to treat sets of discrete dynamic data and related fields independent of the
equations that describe their behavior. This is possible by exploiting the fact that Hilbert spaces can
store discrete quaternions and quaternionic continuums in the eigenspaces of operators that reside
in Hilbert spaces. The reverse bra-ket method can create natural parameter spaces from
guaternionic number systems and can relate the combination of a mostly continuous function and its
parameter space to the eigenspace and the eigenvectors of a corresponding operator that resides in
a non-separable Hilbert space. This procedure also works for separable Hilbert spaces. In the
separable Hilbert space, the rational values of the number system are used as eigenvalues. In
addition, the defining functions relate the separable Hilbert space with a unique non-separable
companion. This enables the view that the separable Hilbert space is embedded inside its non-
separable companion.

Quaternionic number systems exist in several versions that differ in the ordering that determines
their symmetry flavor. Thus, in Hilbert spaces several different versions of parameter spaces can
coexist. It is possible that the members of a category of parameter spaces float over another
parameter space. This can be used by modelling elementary objects, whose platforms float over a
background space.

1.3 Modelling Example
It is possible to turn the quaternionic Hilbert space in a dynamic model in which a scanning vane
splits the Hilbert space in an historic part and a future part. The vane itself represents the static
status quo of the dynamic model.

The reverse bra-ket method is extensively applied in a mathematical test model. This model is named
“The Hilbert Book Test Model”. That model is based on a foundation that does not yet contain
numbers. The foundation is a relational structure, which is in mathematical terminology known as an
orthomodular lattice. Since the set of closed subspaces of a separable Hilbert space has exactly this
relational structure, can this Hilbert space be interpreted as the direct extension of this foundation

(3] [4] [5] [6].

The Hilbert space introduces number systems, but restricts the choice to division rings. Only three
suitable division rings exist. These are the real numbers, the complex numbers and the quaternions.
The Hilbert Book Test Model selects the quaternionic version of the Hilbert space and applies the
reverse bra-ket method in order to extend the model such that also the non-separable companion of
the separable Hilbert space is included.

The Hilbert Book Model interprets the orthomodular lattice as part of a recipe for modular
construction. Not all closed subspaces of a separable Hilbert space represent modules or modular
systems. Thus being a module involves more than just the ability to be represented by a closed
subspace of the separable Hilbert space. The orthomodular lattice is an atomic lattice. The atoms are
represented by subspaces, which are spanned by a single Hilbert vector. That Hilbert vector is
eigenvector of a special normal operator, which has a quaternion as the corresponding eigenvalue.
The real part of this eigenvalue can be used to represent progression and the corresponding
imaginary part can be interpreted as a spatial location in a quaternionic parameter space. This
enables the construction of the dynamic model. Inside of the vane all elementary modules are
represented by a one-dimensional subspace. A normed vector that spans this subspace is
eigenvector of a special germ operator that is owned by the elementary module.



This means that the eigenvector represents the elementary module at a single progression instant. At
the next progression instant, the elementary module is represented by another Hilbert vector and a
different spatial location. In this way the elementary module hops as a function of progression. Its
landing locations form a swarm. This view involves appropriate ordering of the real parts of the
eigenvalues.

Both the hopping path and the swarm represent the elementary module. A coherent location swarm
owns a continuous location density distribution. The reverse bra-ket method links this function to a
continuum that resides in the non-separable companion of the separable Hilbert space. The defining
function of the continuum is constituted from the convolutions of the location density distributions
of the elementary modules with the Green’s function of the continuum.

This continuum can be interpreted in two different ways. Either the continuum describes the location
swarm in a smooth way or the view is taken that the continuum is deformed by the embedded
locations. The selected view does not influence the underlying model.

By exploiting a selected interpretation, the model is further extended into a feature rich dynamic
structure and in this extension the reverse bra-ket method plays an important role.

The Hilbert Book Model is not subject of this paper [7]. It is only presented here in order to indicate
how the reverse bra-ket method can be applied.

1.4 Restriction
The reverse bra-ket method does not link functions to all categories of Hilbert space operators. This
paper gives an overview of operators that are covered by the bra-ket method and it mentions some
operators that are not linked to functions or derived functions. For example, the reverse bra-ket
method does not link stochastic operators to the generating stochastic processes that provide their
eigenvalues.

1.5 Dirac’s bra-ket notation
The reverse bra-ket method relies heavily on Paul Dirac’s bra-ket notation [8]. The method is a
straightforward extension of this notation. The author is astonished that Dirac did not discover the
reverse bra-ket method. If he or someone else would have discovered the reverse bra-ket method in
the first decades of the twentieth century, then quite probably the evolution of quantum physics
would have taken a different path.



2 Division rings

For a number system, being a division ring means that every non-zero element of that number
system owns a unique inverse. Only three suitable continuum division rings exist. These are the real
numbers, the complex numbers and the quaternions. Their rational subsets form discrete division
rings. The quaternions form the most elaborate division ring and comprise the other division rings.
Number systems exist in several versions that differ in the way that they are ordered. For example,
multidimensional number systems can be ordered by a selected Cartesian coordinate system and
subsequently the result can be ordered by a polar coordinate system. The imaginary part of the
guaternionic number system represents a three-dimensional space that can be ordered in eight
independent ways by a Cartesian coordinate system. The ordering affects the arithmetic properties
of the quaternions. Left handed multiplying quaternions exist and right handed multiplying
guaternions exist’

2.1.1 Representation of quaternions
Quaternions will be represented by a scalar part that represents the real part of the quaternion and a
three-dimensional vector part that represents the imaginary part of the quaternion. Bold type face is
used for the imaginary parts. The real parts get a suffix (. In many applications the real part
represents progression, while the imaginary part represents a spatial location. This representation
concerns dynamic geometric data. Quaternions can represent other subjects, but in this paper the
representation of dynamic geometric data plays a major role.

2.1.2 Quaternionic multiplication
The quaternionic multiplication rule now follows from:

h=fg={o+f)(go+9) (1)
ho = fo 9o — {f, 9) (2)
h=fog+gfotfxg )

The+ sign reflects that left handed and right handed quaternions exist.

2.1.3  Construction and dismantling of numbers
Both Cayley and Conway-Smith produced formulas for constructing members of number systems
from lower dimensional number systems [9]. The dimension increases with a factor two. The reverse
process is also possible. The reverse procedure dismantles the numbers into two numbers that have
a lower dimension. The dimension diminishes with a factor two.

These procedures can be applied inside a quaternionic Hilbert space. There the procedure helps in
constructing complex number based subspaces from two real number based subspaces or the
construction of quaternion based subspaces from complex number based subspaces. The road back
is also possible. These procedures appear to support pair creation and pair annihilation processes.

3 Quaternionic Hilbert spaces

Separable Hilbert spaces are linear vector spaces in which an inner product is defined. This inner
product relates each pair of Hilbert vectors. The value of that inner product must be a member of a



division ring. Suitable division rings are real numbers, complex numbers and quaternions. This paper
uses quaternionic Hilbert spaces, but the formulas also hold for real number based Hilbert spaces
and complex number based Hilbert spaces.

Paul Dirac introduced the bra-ket notation that eases the formulation of Hilbert space habits [8].

(xly) = (ylx)* 28
(x +ylz) = (x|z) + (y|z) (2)
(ax|y) = a (x|y) (3)
(x|ay) = (x|y) a” 7

(x| is a bra vector. |y) is a ket vector. a is a quaternion.

This paper considers Hilbert spaces as no more and no less than structured storage media for
dynamic geometrical data that have a Euclidean signature. Quaternions are ideally suited for the
storage of such data. Of course quaternions can also represent other kind of data.

The operators of separable Hilbert spaces have countable eigenspaces. Each infinite dimensional
separable Hilbert space owns a Gelfand triple. This will be shown by the fact that the same defining
functions can be used for defining a corresponding category of operators. The Gelfand triple embeds
this separable Hilbert space and as an extra service, it offers operators that feature continuums as
eigenspaces. In the corresponding subspaces the definition of dimension loses its sense.

Operators map Hilbert vectors onto other Hilbert vectors. Via the inner product the operator T may
be linked to an adjoint operator T.

(Tx|y) & (x|TTy) (5)

(Tx|y) = (y|Tx)" = (TTy|x)" (6)
A linear quaternionic operator T, which owns an adjoint operator Tt is normal when

TYT = TTT (7)

Ty = (T + TT)/Z is a self adjoint operatorand T = (T - TT)/Z is an imaginary normal operator.
Self adjoint operators are also Hermitian operators. Imaginary normal operators are also anti-
Hermitian operators.



4 Representing operators and their eigenspaces by mostly

continuous functions
By using what we will call reverse bra-ket notation, operators that reside in the Hilbert space and
correspond to continuous functions, can easily be defined by starting from an orthonormal base of
vectors. In this base the vectors are normalized and are mutually orthogonal. The vectors span a
subspace of the Hilbert space. We will attach eigenvalues to these base vectors via the reverse bra-
ket notation. This works both in separable Hilbert spaces as well as in non-separable Hilbert spaces.

Let {q;} be the set of rational quaternions in a selected quaternionic number system and let {|q;)} be
the set of corresponding base vectors. They are eigenvectors of a normal operator R. Here we
enumerate the base vectors with index i.

R = 19)q:(q:] = 1q)R(q:){q;l *

R is the configuration parameter space operator. R(q) is a quaternionic function, whose target
equals its parameter space.

This notation must not be interpreted as a simple outer product between a ket vector |g;), a
quaternion g; and a bra vector (g;|. Instead, it involves a complete set of eigenvalues {g;} and a
complete orthomodular set of Hilbert vectors {|g;)}. It implies a summation over these constituents,
such that for all bra’s (x| and all ket’s |y) hold:

(IR y) = D (xla)aiaily) (5

Ry = (.‘R + .‘RT)/Z is a self-adjoint operator. Its eigenvalues can be used to arrange the order of the
eigenvectors by enumerating them with the eigenvalues. After finishing the ordering, the ordered
eigenvalues can be interpreted as progression values.

R = (R — R)/2is an imaginary operator. Its eigenvalues can also be used to order the
eigenvectors. The eigenvalues can be interpreted as spatial values and can be ordered in several
different ways. By applying a Cartesian coordinate system, the ordering can be achieved in eight
mutually independent ways.

Let f(q) be a mostly continuous quaternionic function. It is continuous apart from a finite number of
points. Now the reverse bra-ket notation defines operator f as:

f = lapnf(@){ql (6)

This defines a new operator f that is based on function f(gq). Here we suppose that the target values
of f(q) belong to the same version of the quaternionic number system as its parameter space does.

Operator f has a countable set of discrete quaternionic eigenvalues.

For this operator the reverse bra-ket notation is a shorthand for
(If y) = ) txladf (a)aily) g
i

The summation must skip over the points where f shows singularities. Alternative formulations
for the reverse bra-ket definition are:

f = lapnf(q){ql (8)



= |giXf (@D ail = la)Xf @il = 1f*(q) qiXq;| = |f1-qi)qi<qi|

Here we used the same symbol for the operator f and the function f(q;). The eigenspace is
formed by the target values {f (g;)}.

The left side of (7) only equals the right side when domain over which the summation is taken is
restricted to the region of the parameter space R where f(q) is sufficiently continuous. This includes
point-like discontinuities.

4.1 Symmetry centers
We can define a category of anti-Hermitian operators {&} }that have no Hermitian part and that are
distinguished by the way that their eigenspace is ordered by applying a polar coordinate system. We
call them symmetry centers &%. A polar ordering always starts with a selected Cartesian ordering.
The geometric center of the eigenspace of the symmetry center floats on a background parameter
space of the normal reference operator R, whose eigenspace defines a full quaternionic parameter
space. The eigenspace of the symmetry center &3 acts as a three-dimensional spatial parameter
space. The super script * refers to the symmetry flavor of &%. The subscript ,enumerates the
symmetry centers. Sometimes we omit the subscript when it obscures the notation:

S* & |s{)si (s | (1)

The concept of the symmetry center plays an important role in the representation of elementary
modules. In the test model, symmetry centers are supposed to float over a background parameter
space.

4.2 Continuum eigenspaces
In a non-separable Hilbert space, such as the Gelfand triple, the continuous function F(q) can be
used to define an operator, which features a continuum eigenspace. We start with defining a
continuum parameter space. We use function R(q) in order to define the parameter space of F(q).

R = |q)q{ql = |9)R(q){ql (1)

This definition relates the separable Hilbert space and its companion Gelfand triple. The

function F(q) defines a continuum eigenspace.

F & q)F(q){ql (2)



Via the continuous quaternionic function F(q), the operator F defines a curved continuum F. This
operator and the continuum reside in the Gelfand triple, which is a non-separable Hilbert space.
Other terms for the curved continuum are manifold or field.

The function F(q) uses the eigenspace of the reference operator R as a flat parameter space that is
spanned by a quaternionic number system {q}. The continuum F represents the target space of
function F(q).

Here we no longer enumerate the base vectors with index i. We just use the name of the parameter.
If no conflict arises, then we will use the same symbol for the defining function, the defined operator
and the continuum that is represented by the eigenspace.

For the shorthand of the reverse bra-ket notation of operator F the integral over q replaces the
summation over q;.

(IF ) = Y (cladF@aly) = [ laF@aly) da ®)
i q

The integral only equals the sum if the function F(q) is sufficiently continuous in the domain over
which the integration takes place. Otherwise the left side only equals the right side when domain is
restricted to the region of the parameter space R where F(q) is sufficiently continuous.

4.2.1 Symmetry flavors
If F(q) contains a series of point-like discontinuities, then these locations must be encapsulated and
the encapsulated regions must be treated separately. Here the symmetry centers will play a
significant role. The symmetry centers were defined in the separable Hilbert space, but they possess
a companion equivalent in the corresponding non-separable Hilbert space. Their symmetry flavor
will influence the result of the overall integration. The overall integration covers all involved
parameter spaces. This effect will attribute symmetry related properties to the symmetry centers.

The encapsulating boundary must be located in a region where the defining function is continuous.
The shape of the boundary can be selected in a free fashion. For example, it is possible to apply a
cube rather than a sphere as encapsulating boundary. If the cube is taken parallel to the axes of the
Cartesian coordinate system, which is used for defining the symmetry flavor, then the influence of
the symmetry on the integration result can be easily determined. It leads to a short list of possible
effects in which the three spatial dimensions play a significant role. These effects can be divided in
isotropic effects and three mutually independent categories of anisotropic effects. The Hilbert Book
Test Model investigates in detail the effects of the symmetry flavors.

Remember that quaternionic number systems exist in several versions, thus also the operators f and
F exist in these versions. The same holds for the parameter space operators. When relevant, we will
use superscripts in order to differentiate between these versions.

Thus, operator f* = |q¥)f*(g7){(q{| is a specific version of operator f. Function f*(q{) uses
parameter space R*.

Similarly, F* = |q*)F*(q*){(q*| is a specific version of operator F. Function F*(g*) and continuum
F* use parameter space R*. If the operator F* that resides in the Gelfand triple 7 uses the same



defining function as the operator F* that resides in the separable Hilbert space, then both operators
belong to the same quaternionic ordering version.

In general, the dimension of a subspace loses its significance in the non-separable Hilbert space.

The continuums that appear as eigenspaces in the non-separable Hilbert space H can be considered
as quaternionic functions that also have a representation in the corresponding infinite dimensional
separable Hilbert space $. Both representations use a flat parameter space R* or R* that is
spanned by quaternions. R* is spanned by rational quaternions.

The parameter space operators will be treated as reference operators. The rational quaternionic
eigenvalues {g;'} that occur as eigenvalues of the reference operator R* in the separable Hilbert
space map onto the rational quaternionic eigenvalues {g;} that occur as subset of the quaternionic
eigenvalues {g*} of the reference operator R* in the Gelfand triple. In this way the reference
operator R* in the infinite dimensional separable Hilbert space $ relates directly to the reference
operator R*, which resides in the Gelfand triple .

All operators that reside in the Gelfand triple and are defined via a mostly continuous quaternionic
function have a representation in the separable Hilbert space.

5 Types of operators

Only a special type of operators can directly be handled by the reverse bra-ket method. In that case
the defining function must be available within the realm of the Hilbert space. All operators that are
defined in the separable Hilbert space and that can be represented by a sufficiently continuous
function, possess a smoothing companion in the non-separable Hilbert space. The integration
process that is used by the reverse bra-ket method can handle point-like discontinuities and closed
cavities in the parameter space of the defining function, where the defining function does not exist.
These artifacts are handled by separating them from the validity domain [10].

Other types of operators are:

e Stochastic operators
o These operators get their eigenvalues via mechanisms that reside outside of the
realm of the Hilbert space and use stochastic processes in order to generate the
eigenvalues.
o Stochastic operators only reside in the separable Hilbert space.
o Stochastic operators have finite eigenspaces.
o The size of the eigenspace conforms to a generation period or a regeneration cycle.
e Density operators
o If a stochastic operator generates a coherent swarm of eigenvalues that can be
characterized by a continuous location density distribution, then the reverse bra-ket
method can be used to define the corresponding density operator.
e Function operators
o Function operators act on functions and in that way they produce new functions that
can be used as defining functions of the corresponding operator.
e Smoothing operators
o These operators have a defining function which is the convolution of an original
defining function and a smoothing function that blurs the original defining function.
e Partial differential operators
o These are special kinds of function operators.



o The existence of partial differentials of quaternionic functions create the existence of
partial differential operators that work in combination with the operators that define
the function related operator.



5.1 Partial differential operators
In quaternionic differential calculus the partial differential operators work as multipliers.

9=90tg=V =0+ Vo + ) =Vofo —(V.+Vf+Vfo+VXf (1)

The terms of equation (1) are often given special names and symbols:

90 = Yofo —(V.f) (2)
gG=Vof +Vfo + VX f (3)
€ = —Vof —Vf, (4)
B=VUxf (5)

If D is a partial differential operator and G = DF for a category of functions {F}, where G is
sufficiently continuous, then for all bra’s (x| and all ket’s |y) hold:

(xIG y) = (x|DF y) = f (6)

(x|g)YDF(@)qly) dg = f xla)G(@ialy) dg
q q

Differential operators work on the category of operators that can be represented by defining
functions, which can be differentiated. Especially the Hermitian kind of these operators appear to be
of interest for application in physical theories.

Some Hermitian partial differential operators do not mix scalar and vector parts of functions. These
are:

Vo
VoV
(v,v)
These operators can be combined in additions as well as in products. Two particular operators are:
VV*= V'V =V,V,+(V,V)
D =-V,Vy +(V,V)

The last one is the quaternionic version of d’Alembert’s operator. The first one can be split into V and
V*. The second one cannot be split into quaternionic first order partial differential operators.

The field & is considered to be regular in spatial regions where the defining function &(q) obeys
(V)& =0 (7)

Similar considerations hold for regions where:



VW'E = (VoVo +(V,V)F = 0 (8)

OF = (=VoVo +(V,V)F =0 (9)



6 Conclusion

The reverse bra-ket method is an extension of Dirac’s bra-ket notation. The method involves
summation and/or integration over a complete set of orthonormal base vectors, which are
eigenvectors of a reference operator, whose eigenspace also acts as a parameter space. Hilbert
spaces can inhabit multiple reference operators and in this way they inhabit multiple parameter
spaces. This fact makes the reverse bra-ket method a very powerful tool that helps generating
flexible mathematical test models. In these models the reverse bra-ket method links Hilbert space
technology with function theory and with differentiation and integration technology.
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