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Abstract

In 1980 F. Wattenberg constructed the Dedekind completion*R4 of the
Robinson non-archimedean field *R and established basic algebraic properties of
*Rq4 [6]. In 1985 H. Gonshor established further fundamental properties of *Rq4
[7].In [4] important construction of summation of countable sequence of
Wattenberg numbers was proposed and corresponding basic properties of such
summation were considered. In this paper the important applications of the
Dedekind completion*R4 in transcendental number theory were considered. We
dealing using set theory ZFC + —3(w-model of ZFC).Given an class of analytic
functions of one complex variable f € Q[[z]], we investigate the arithmetic nature
of the values of f(z) at transcendental points e”,n € N.Main results are: (i) the both
numbers e + 7 and e x « are irrational, (i) number ¢¢ is transcendental. Nontrivial
generalization of the Lindemann- Weierstrass theorem is obtained.
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1.Introduction.

In 1873 French mathematician, Charles Hermite, proved that e is
transcendental. Coming as it did 100 years after Euler had established the
significance of ¢, this meant that the issue of transcendence was one
mathematicians could not afford to ignore.Within 10 years of Hermite’s
breakthrough,his techniques had been extended by Lindemann and used to add =
to the list of known transcendental numbers. Mathematician then tried to prove that



other numbers such as e + 7 and e x 7 are transcendental too,but these questions
were too difficult and so no further examples emerged till today’s time. The
transcendence of e” has been proved in1929 by A.O.Gel’fond.

Conjecture 1. Whether the both numbers e + 7 and e x = are irrational.

Conjecture 2. Whether the numbers ¢ and 7 are algebraically independent.

However, the same question with ¢ and = has been answered:

Theorem.(Nesterenko, 1996 [1]) The numbers e¢* and = are algebraically

independent.

Throughout of 20-th century,a typical question: whether f{a) is a transcendental
number for each algebraic number o has been investigated and answered many
authors.Modern result in the case of entire functions satisfying a linear differential
equation provides the strongest results, related with Siegel’s E-functions
[1],[2].Reference [1] contains references to the subject before 1998, including
Siegel E and G functions.

Theorem.(Siegel C.L.) Suppose that A € Q, 4 = —1,-2,...,a * 0.

Zl’l

p(2) =2, A+1DA+2)c+«(A+n)"

Then ¢, (a) is a transcendental number for each algebraic number a = 0.
Let /'be an analytic function of one complex variable f € Q[[z]].
Conjecture 3.Whether f{«) is an irrational number for given
transcendental number a.

Conjecture 4 Whether f{a) is a transcendental number for given

transcendental number a.

We dealing using set theory ZFC + —3(w-model of ZFC).

In this paper we investigate the arithmetic nature of the values of f{z) at
transcendental

points e",n € N.

Definition 1.1. Let g(x) : R —» R be any real analytic function such that: (i)

go(x) = Za,,x”,|x| <r,Vnla, € Q],
n=0

and where (ii) the sequence {a,} ., is primitive recursive (constructive).

We will call any function given by Eq.(1.2) constructive Q-analytic function and
denoted

such function by gqo(x).

Definition 1.2.[3],[4]. A transcendental number z € R is called

#-transcendental number over field Q, if there does not exist constructive
Q-analytic

function gq(x) such that go(z) = 0,i.e. for every constructive Q-analytic function
ga(x) the

inequality go(z) = 0 is satisfied.

(1.1)

(1.2)



Definition 1.3.[3],[4].A transcendental number z is called w-transcendental

number over field Q,if z is not #-transcendental number over field Q,i.e.there

exists an constructive Q-analytic function gq(x) such that gq(z) = 0.

Notation 1.1.We will call for a short any constructive Q-analytic function gq (x)
simply

Q-analytic function.

Example 1.1. Number 7 is transcendental but number 7 is not #-transcendental
number

over field Q as

(1) function sinx is a Q-analytic and

(2) sin(%) = 1,i.e.

1+ & 3 3 x’ (=1)>" g2

+ — +...+ +...= 0.
2 2331 255! 2771 221 (2n + 1)!

(_1 )2n+l 77.'2n+1

Note that the sequence a, = ,n=0,1,2..... obviously is primitive
. = " yisp

recursive.

Example 1.2. Let v = 1. For each n > 0 choose an rational number v,
inductively such

that

n—1 k -1 n-1 k
1= viek = (n!)” <vue" <1-37" vie.

The rational number v, exists because the rational numbers are dense. Now the
power

series f(x) = 1 - " v,e" has the radius of convergence o
and f{e) = 0.However any

sequence {v,},., Obviously is not primitive recursive.

Main results are.

Theorem1.1. Assume that set theory ZFC_,, £ ZFC + —3(w-model of ZFC) is
consistent.

Let {v,} _, be any sequence defined above and let M_, by nonstandard model

neN
of
ZFC . Then {v,},. &€ M .
Theorem 1.2.[3],[4].Number e is #-transcendental over Q.
From theorem 1.1 immediately follows.
Theorem 1.3.Number ¢ is transcendental.
Theorem 1.4.[3],[4]. The both numbers ¢ + 7 and e — = are irrational.
Theorem 1.5.For any & € Q number e¢ is #-transcendental over the field Q.
Theorem 1.6.[3],[4]. The both numbers e x = and e~! x 7 are irrational.
Theorem 1.7.[4] Let fi(z),] = 1,2,... be a polynomials with coefficients in Z.
Assume that for any / € N algebraic numbers over the field Q : B,,,..., B,
ki >1,1=1,2,... form a complete set of the roots of f;(z) such that

(1.3)



fi(z) € Z|z],degfi(z) = ki, (1.4)
anda; € Q[ =1,2,...;a0 # 0, where the sequence {a;},, is primitive recursive.
Assume
that

0 ki
ao+ Y _Jai] Y _JeP| < oo, (1.5)
=1 k=1

Then

o &
ao+ZaIZeﬂ’ﬂ’ + 0. (1.6)
1 kel

Remark 1.1.Note that Theorem 1.2-1.7 can be proven (instead set theory
ZFC_, ) using a

theory RCA, + 3S,,.Here (i) RCA, is the subsystem of second-order arithmetic
whose

axioms are the axioms of Robinson arithmetic, induction for ¢ formulas, and

comprehension for A{ formulas and (ii) S, a minimal w-model of RCA, where S,

consists of the all recursive subsets of w [15]. In this case one can use
constructive

Moerdijk’s approach instead nonconstructive ultrapower construction acepted in
this paper;

see Remark 1.3 below.

Remark 1.2.The subsystem RCA, is the one most commonly used as a base
system for reverse mathematics. The initials "RCA" stand for "recursive
comprehension axiom", where "recursive" means "computable", as in recursive
function.This name is used because RCA, corresponds informally to "computable
mathematics". In particular, any set of natural numbers that can be proven to exist
in RCA, is computable, and thus any theorem which implies that noncomputable
sets exist is not provable in RCA,. To this extent, RCA, is a constructive system.

Remark 1.3. As is well known, elementary nonarchimedean extensions of the
real number structure R can be obtained in essentially two different ways, both
nonconstructive: one is to use an ultrapower construction [5], the other is to use the
compactness theorem.

As is known from topos theory the category of sheaves over a generalised
topological space is a universe of variable sets a Grothendieck topos which obeys
the laws of intuitionistic logic rather than classical logic We briefly review Moerdijk’s
sheaf model construction from [9]-[10].To motivate the construction recall Los’s
fundamental theorem for ultrapowers which states that for any ultrafilter U on a set
I any £L-structure M and any £-formula ®(xi,...,x,),

MYU = ®(ay,...,a,) < {i € IM = O@i@),...,ani)> (1.7)

That the filter is an ultrafilter i.e. maximal among proper filters on 7 is crucial for
proving the equivalence when involves the logical constants and Moerdijk gave a
constructive analogue of Los’s fundamental theorem, by changing the notion of



model to a sheaf model over a category of filters The idea of shifting to a
nonstandard semantics occurs also in Martin Lof [11].

Afilter base F = (F,{F;},,) consists of a nonvoid index set / and a family
{Fi} ., of subsets of an underlying set F called base sets satisfying the filtering
condition for all i,j € I there exists k € I such that F, < F; N F;. The filter generated
isthen {S < F: (3i € )F; < S} For constructive reasons it will be better to work
only withthe bases of filters. So in the sequel we shall abuse the language and
simply call them filters. Let F = (F,{F,},,) and 3 = (G,{G},,) be filters. A
continuous map o from & to J in symbols a : F - J is a partial functiona : F > G
which is totally defined on some base set of & and satisfies the continuity condition
(Vj e J)(Ji € I) {a[F:] < G;} Two such morphisms are equivalent if they agree on
some base set of . The filters together with the continuous maps then form a
category B with terminal object and all pullbacks see [9] and [12]. For each set 4
there is a trivial filter 4 = (4{4}). In this way the category of sets can be
considered as a full subcategory of B. Note that the set of morphisms from F to 4,
Homg(F,A) can be identified with the reduced power 47/F As for any category the

hom-sets give a contravariant functor
"4 £ Homg(—,4) : B” > Sets.

We now define a Grothendieck topology K on B so that *4 becomes a sheaf Let
JI® = {G("), {G(k)(k)}}, k=1,...,nand F = (F,{F;},,) be filters. A finite set of

jeJ

continuous maps {f; : 3® - &}’ is called a K-cover of F if for all
j1€JD, ... j, € J™ there exists i € I for which

pi[G U uB[Gr] 2 Fi

In case {B : 3 - F} gis acover, we say that  is a covering map which is the
same as an epimorphism in B. The category of sheaves over the topology (B, K)

denoted N for nonstandard universe U? is a universe containing both standard and
nonstandard objects. With this topology each presheaf of the form *4 becomes a
sheaf. This sheaf is the nonstandard version of 4. The sheaf of locally constant
functions A(4) is a subsheaf of *4 denoted by °4 which constitute the standard
elements of *A4. In particular each constant element

*a = x — a € *A(F) is standard. For each relation R < 4, x - - -4, define a
subsheaf *R of *4; x «++x *4, by

(a1,...,0,) € R(F) < Fi e D(Vu € F)[(a1,...,a,) € R],

where & = (F,{Fi},,).We assume now that £ is a first order language including
symbols for all sets relations functions and constants of interest to us here this can
be made precise using universes of sets. *.£ denotes the language where all
symbols have been decorated with . For any £ formula ® we define its * transform

*® to be the *£ formula where all symbols have been replaced by their starred
counterparts. A formula which is a transform of an £ formula is called internal. The

language *.£ can be regarded as a sublanguage of the language ;E(N) of the

topos N. We now use ordinary sheaf semantics to interpret I(N).Corresponding

(1.8)

(1.9)

(1.10)



to the fundamental theorem for ultrapowers we have the following:
Theorem (Moerdijk) Let ®(x,,...,x,) be an £ formula where x,,...,x, vary
over Si,...,S, respectively Then for oy € *S(F),...,a, € *S,(F) :

Fr "Oai,...,a,) iff 3ieD(Vue FH[D(ai,...,an)].

We list the main principles valid for the model N but refer to [12-13].
Theorem. (Transfer principle). For any £ formula ® : @ is true iff *® holds in N.

Theorem. (Idealization). The following is true in N for any £L-formula ® : If for
any standard

n and any sequence ay,...,a, € °S there exists z € *T such that *®(x, ax,z) for

k=0,...,n, then there is some z € *T such that for all € °S : ®(x,y,z).

Theorem. (Underspill). The following holds in N for any £-formula @ : If *®(x,n)
for all in finite n € *N then there is some standard »n with *®(x, n).

In paper [14] the x,-saturation principle was established, see [14] Theorem 3.1.
Thereby all the main principles of nonstandard analysis are available to us Note
however that the transfer principle is weaker than the usual since the interpretation

of the logical constants is nonstandard in N. As a consequence the standard part
map does not take its customary form (see [14] section 4). Moreover induction and

dependent choice is valid in N for the set of standard natural numbers °N; see [12].
This means that the results of constructive analysis [16-17] can be reused within
the model. To prove results in constructive analysis one need to use the transfer
principle For some examples of this, see [14] Section 5.

2. Preliminaries.Short outline of Dedekind
hyperreals and Gonshor idempotent theory

Let R be the set of real numbers and *R a nonstandard model of R [5]. *R is not
Dedekind complete.For example, u(0) = {x € "R|x ~ 0} and R are bounded

subsets of *R which have no suprema or infima in *R.Possible completion of the
field *R can be constructed by Dedekind sections [6],[7]. In [6] Wattenberg
constructed the Dedekind completion of a nonstandard model of the real numbers
and applied the construction to obtain certain kinds of special measures on the set
of integers. Thus was established that the Dedekind completion *R4 of the field *R
is a structure of interest not for its own sake only and we establish further important
applications here. Important concept introduced by Gonshor [7] is that of the
absorption number of an element a €*R4 which, roughly speaking, measures the
degree to which the cancellation law a+ b = a+ ¢ = b = ¢ fails for a.

2.1 The Dedekind hyperreals *Rq4

(1.11)



Definition 2.1. Let *R be a nonstandard model of R and P(*R) the power set of
*R.

A Dedekind hyperreal a € *Rq4,a ¢ *R is an ordered pair {U, V} € P(*R) x P(*R)
that

satisfies the next conditions:

1.3xFyx e UNy e V).2.UNV=3.3.Vx(x e U <= Fy(y € VAx <y)).

4. Vx(xeVe=3y(yeVAx<y).5. VxVyx<y=xeUVyel).

Compare the Definition 2.1 with original Wattenberg definition [6],(see [6]
def.ll.1).
Designation 2.1. Let {U,V} £ a € *R4. We designate in this paper

U= cut_(a),V = cut.(a)

a = {cut_(a),cut (o)}

Designation 2.2. Let ¢ € *R.We designate in this paper

A

a” £ cut_(a),as = cut (a)

a = {a*,as)

Remark 2.1. The monad of « € *R is the set: {x € "R|x ~ a} is denoted by
pla).

Supremum of u(0) is denoted by 4. Supremum of R is denoted by A4.Note
that [6]

ga = (-,0]U p(0),

Ag = U[*(—oo,n)].
neN

Let 4 be a subset of *R bounded above. Then sup(4) exists in *Rq4 [6].
Example 2.1. (i) Aq = sup(R.) € *Rq\*R, (i) £a = sup( pu(0)) € *Rq\*R.
Remark 2.2. Unfortunately the set *R4 inherits some but by no means all
of the algebraic structure on *R.For example,*R4 is not a group with
respect to addition since if x ++z, y denotes the addition in *R4 then:
€4 +R, €4 = €4 +*r, 0k, = €4. ThUS *R4 is not even a ring but pseudo-ring only.
Definition 2.2 We define:
1.The additive identity (zero cut) 0-g,, often denoted by 0% or simply 0 is
0w, 2 {xe Rlx<0m}p.



2.The multiplicative identity 1-g,, often denoted by 17 or simply 1 is

lg, 2 {xe "Rlx<= L}

Given two Dedekind hyperreal numbers a € *Rq and § € *R4q we define:
3. Addition a ++g, g of @ and B often denoted by o + S is

a+p = {x+y|x €Ea,yec ﬁ}.

It is easy to see that a ++r, 0-r, = a for all a € *Rq.

It is easy to see that « ++z, B is again a cutin *R and a ++, B = B ++=&, @.
Another fundamental property of cut addition is associativity:

(@ +ry ) +ry ¥ = & +:ry (B++R, V)

This follows from the corresponding property of *R.

4.The opposite —x, a of a, often denoted by (-a)”* or simply by —a, is
—a 2 {xe "R| —x ¢ a,~x s not the least element of "R\a }

5.We say that the cut «a is positive if 0% < a or negative if a < 0%

The absolute value of a,denoted |a|,is |a| £ a,if a > 0 and |a| £ —a,ifa <0
6.1f a, p > 0 then multiplication a x-r, p of @ and p often denoted « x S is
axp = {z € 'Rlz=xxyforsomex e a,y € fwithx,y > O}.
Ingeneral,ax f=0ifa=00rp =0,
axf=la|lx|p|ifa>0,>00ra<0,p<0,
axf=—(al-|p])ifa>0,p<0,0ra<0,p>0.

7. The cut order enjoys on *R4 the standard additional properties of:

(i) transitivity:a < <y =a<y.

(ii) trichotomy: eizer a < B, < a or a = 8 but only one of the three

(iii) translation: a < f = a +, ¥y < f+r, V-

2.2 The Wattenberg embeding *R into *R4

Definition 2.3.[6]. Wattenberg hyperreal or #-hyperreal is a nonepty subset a &
*R such that:

(i) Foreverya e aand b < a, b € a.

(i) a # J,a = *R.

(iii) @ has no greatest element.

Definition 2.4.[6].In paper [6] Wattenberg embed *R into *R4 by following way:

if « € *R the corresponding element, a”, of *Rq is

a = {xe *[R{|x<a}

Remark 2.3.[6]. In paper [6] Wattenberg pointed out that condition (iii) above is
included only to avoid nonuniqueness. Without it * would be represented by both
a*and a* U {a}.

Remark 2.4.[7]. However in paper [7] H. Gonshor pointed out that the definition
(2.1) in Wattenberg paper [6] is technically incorrect. Note that Wattenberg [6]
defines —a in general by

2.1)



—az{ae *[R|—a¢a}. (2.2)
If « € *Rq i.e. *Rq4\a has no mininum, then there is no any problem with definitions
(2.1) and (2.2). However if « = a" for some a € *R, i.e. a* = {x € "R|x < a} then
according to the latter definition (2.2)

—af = {xe *[R{|x§—a} (2.3)
whereas the definition of *R4 requires that:
—a” = {x € *IR|x < —a}, (2.4)

but this is a contradiction.

Remark 2.5.Note that in the usual treatment of Dedekind cuts for the ordinary
real numbers both of the latter sets are regarded as equivalent so that no serious
problem arises [7].

Remark 2.6.H.Gonshor [7] defines —a* by

—a* = {xe "R|3b[b>an-b ¢ a]}, (2.5)

Definition 2.5. (Wattenberg embeding) We embed *R into *R4 of the following
way: (i) if a € *R, the corresponding element a” of *R4 is

a* £ {xe Rx<w a} (2.6)

and
—a#z{ae *R|—a¢a}u{a}. (2.7)

or in the equivalent wayi,i.e. if « € *R the corresponding element ax of *Rg4 is
as = {x e Rlx .5 > a} (2.8)
Thus if a € *R then a* £ 4|B where
A={xe Rx<wapB={ye Ry.,>a}. (2.9)

Such embeding *R into *R4 Such embeding we will name Wattenberg embeding

and to designate by *R Z *Rq
Lemma 2.1.[6].
(i) Addition (o ++z, o) is commutative and associative in*Rq.
(if) Va € *Rq : o+, 0+r, = a.
(i) Vo, p € *R : a” ++x, B* = (a ++= B)".
Remark 2.7. Notice, here again something is lost going from *R to *R4 since



a < f does

notimplya+a < f+asince 0 < ggbut0+¢eq = €4+ €4 = &4.

Lemma 2.2.[6].

(i) <-r, alinear ordering on *R4 often denoted <, which extends the usual
ordering on

*R.

(i) (@ <sr, DA (B <y B) = a4, B<w, '+, B

(iii) (a <, a’) A (ﬂ <, ﬁ/> = o+, B <, o =y B
(iv) *R is dense in *Rq4.That is if a <, B in *Rq4 there is an a € *R then
a <., a <, P
(v) Suppose that 4 & *R4 is bounded above then supA4 =sup a = UaeA cut_(a)
existin *Rg4. “
(vi) Suppose that 4 & *R4 is bounded below then inf4 = inf a = UaeA cut. (o)

acAd
exist in *Rg4.

Remark 2.8.Note that in general case inf4 = inf o + n cut_(a). In particular
acAd acAd
the formula for inf4 given in [6] on the top of page 229 is not quite correct [7], see

Example 2.2. However by Lemma 2.2 (vi) this is no problem.
Example 2.2.[7].The formula inf4 =inf= n cut_(a) says

acd acAd
inf= {a
acAd

d(d > 0)|:a +d e n cut_(a) :|}
acAd

Let 4 be the set 4 = {a + d} where d runs through the set of all positive numbers in

*R,then inf4 = a = {x|x < a}. However n cut_(a) = {xlx < a}.

acA

Lemma 2.3.[6].

(i) If a € *R then —, (a*) = (—& a)”.

(II) —*Rd(—*Rd Ot) = Q.

(iii) o <, B = —r, B <'r, —*R, Q.

(V) (—or,0) 4.y, (=, B) S, —wa (@t B).

(V) Va e R : (—ra)’ +., (=, B) = —&, (@ +=, B).

(Vi) o+ (—*Rd a) <Ry O+R,.

Proof.(v) By (iv): (-a)" + (-B) < —(a" + p).

(1) Suppose now ¢ € —(a” + B) this means

(2) 3ci[c < ¢1 € —(a” + B)] and therefore

(3) —c1 ¢ (a" +B).

(4) Note that: —c—a ¢ B (smce —c—a € Banda-(c—c1) € a” imply
—c1 =a-(c—c1)+(-c—a) € a* + B but this is a contradiction)
(5) Thus —c — a € p and therefore ¢ +a € —p.



(6) By similar reasoning one obtain: ¢; + a € —p.

(7) Note that: —a — (¢; — ¢) € a" and therefore

c=-a—(ci—¢c)+(c1+a) € (~a)" + (-p).

Lemma 2.4.(i)) Va € *R,Vf € *Rq,u € *R,u > 0 : (—ua)” + (—u*B) = —u*(a” + B),

(i) Va € "R,V € *Rg,pu € *R,u > 0 : (ua)® + B = u(@* + p).

Proof.(i) For u = 0 the statement is clear. Suppose now without loss of
generality

u > 0. By Lemma 2.3.(iv): (—ua)” + (—u*B) < —(ua® + u*B).

(1) Suppose ¢ € —u*(a* + B) and therefore % e —(a” + B), but this means

(2) Hcl[% < % € —(a” +ﬁ)} and therefore

(3) -5 ¢ (@ +B).

(4) Note that: —% —a ¢ P (since —% ~ae Banda- (% — % € a” imply

—% —a- (% - %) + (—% - a) € a* + f8 but this is a contradiction)
(5) Thus —% —a € B and therefore ¢+ ua € —up.

(6) By similar reasoning one obtain: ¢ + ua € —u*p.

(7) Note that: —ua — (¢1 — ¢) € pu*a” and therefore

¢ =—pa—(c1—c)+(c1 +pa) € (—pa)" + (—u*B).

(ii) Immediately follows from (i) by Lemma 2.3.

Definition 2.6.Suppose a € *R4. The absolute value of a written ||
is defined as follows:

a ifa.z, >0,
|| = _
—*Ry O if a <r, O+r,
Definition 2.7.Suppose a, f € *Rq4. The product a x-r, B, is defined
as follows: Case (1) o, +r, > O+g, :

axe, f= (2.10)
{a x& b|(0-r, <*r, a* <rg @) A (Or,y <Ry b <y B)F U —oo,*())#.

Case (2) o =*R, O*Rd \/ﬂ =*R, O*Rd DO XHR, ﬂ = O*Rd.
Case (3) (O{ <*Rq O*Rd) Vv (ﬂ <Ry O*[Rd) Vv (Ol <*Rq O*Rd /\ﬁ <*Rq O*Rd)

{awmﬁﬁmedﬁma«momAﬂ<momm o

o X*Ry ﬁ 2 “*Rq (‘a’ X Rg |ﬂ’) iff (Ot <*Rq O*Rd) \% (B <*Rq O*Rd)'
Lemma 2.5.[6]. (i) Va,b € *R : (a x-g b)" = a” x-x, b*.

(if) Multiplication (- x-g ) is associative and commutative:



(0! X*Ry ﬂ) XRy ¥ = O X*Ry (ﬂ X*Ry 7/)7 o X*Ry ﬂ = .B X*Ry A. (2 12)

(III) I*Rd Xy O = —1*[Rd XRy A = —*R, A, where 1*[Rd = (I*R)#.

(iv) [a| <+, |B] = ] x=, lal.
(v)
(@2 0)AB20)AQF 20)] = axn, (Btn,y)=axn fta,axe,y. 213)

(vi)

O*Rd <*Rg O <*Ry4 a/aO*Rd <*R4 ﬁ <*Rq :B/ = A X+*Ry :B <*Rq a' X*Rq ﬂ,- (214)
Lemma 2.6.Suppose 1 € *R and 8,y € *Rq. Then

[(ﬂ# > 0) A (ﬂ >0)] = [J# X*Rq (ﬂ_*Rd Y) = [J# X*Rq ﬂ TRy ,Lt# X*Rq V- (2.15)
Proof. We choose now: (1) @ € *R such that: -y + a” > 0.
(2) Note that u* x (B—y) = u* x (B—7) + u*a* — u*a*.
Then from (2) by Lemma 2.4.(ii) one obtain
) u* x (B-y) = u* x[(B-7v)+a"] - pn*a”. Therefore
(4) p* x (B—7y) = ' x[B+(a" —y)] - pa".
(5) Then from (4) by Lemma 2.5.(v) one obtain
(6) ' x (B—y) = p' x B+ p* x (a" —y) - u'a".
Then from (6) by Lemma 2.4 .(ii) one obtain
(M) " x (B-y) = u’ x B+ u* xa* —py — p*a* = p* x p—pty.
Definition 2.8. Suppose a € *R4,0 <, a then ™' " is
defined as follows:
(i) O-r, <r, @ : & """ 2 inf{a""*¢|a € a},
(i) <m, 0:a '™ 2 —g (=g, a) ™.

Lemma 2.7.[6].

(i) Va € *R : (a*) "% =, (a1=)".
(i) (@) * =a.
(iii) 0-r, <r, @ <'r, B = B¢ <:g, @ .
(iv) [(O-r, <, @) A (Ory <ry B)] =
= (@) o, (§170) Sony (o, 1
(V) Va € *R : a #& 0 = (a¥) " xug, (ﬂ_l*kd> = (a" g, B) "R
(Vi) a x-g, a ' ha <Ry 1Ry
Lemma 2.8.[6]. Suppose thata € *R,a > 0,8,y € *Rq, > 0,y > 0.Then
a* Xry (B+ry V) = a’ Xry By a* X*Rq V-
Theorem 2.1.Suppose that S is a non-empty subset of *R4 which is

bounded from above, i.e. sup(S) exist and suppose that
Ee*R,E>0.Then

sup {&F x x> = &7 x (sup {x}> = &% x (supS). (2.16)

xeS xeS



Proof.Let B = supS.Then B is the smallest number such that, for any x € S,x
< B.Let T = {&* x x|x € S}.Since & > 0,7 x x < & x Bforany x € S.Hence T is
bounded above by £# x B.Hence T has a supremum Cr = s-supT. Now we have to
prove that Ct = &% x B == &% x (supS).Since &# x B = & x (supS) is an upper
bound for Tand C is the smallest upper bound for T,Cy < £* x B.Now we repeat the
argument above with the roles of S and T reversed. We know that Cr is the
smallest number such that, for any y € T,y < Cr.Since &* > 0 it follows that
E) 7 xy < (&) xCrforanyy e T.ButS ={(&*)"' xyly € T}.Hence (£*)™' x Cr
is an upper bound for S.But B is a supremum for S.Hence B < (é#)’1 x Ct and
E# x B < C1.We have shown that Ct < & x B and also that é# x B < Cr.Thus
& x B = Cr.

2.3 Absorption numbers in *Rg.

One of standard ways of defining the completion of *R involves restricting
oneself to subsets, which have the following property Ve 03xves Ivyea[y — x < £].
It is well known that in this case we obtain a field. In fact the proof is essentially the
same as the one used in the case of ordinary Dedekind cuts in the development of
the standard real numbers, ¢4, 0f course, does not have the above property
because no infinitesimal works.This suggests the introduction of the concept of
absorption part ab.p. (a) of a number « for an element a of *R4 which, roughly
speaking, measures how much a departs from having the above property [7].

Definition 2.9.[7]. Suppose a € *Rgq4,then

ab.p.(a) £ {d > 0|Vxyeu[x +d € a]}.

Example 2.5.

(i) Va € *R : ab.p.(a¢") = 0,

(if) ab.p. (gq) = €a,

(iii) ab.p. (—&q) = €a,

(iv) Va € *R : ab.p.(a” + £4) = €a,

(V) Va € *R : ab.p.(a” —&q) = £q.

Lemma 2.9.[7].

(i)c <ab.p.(¢)and 0 <d < ¢ = d € ab.p.(a)

(if) c € ab.p.(a) and d € ab.p.(a¢) = c+d € ab.p.(a).

Remark 2.9. By Lemma 2.7 ab.p.(a) may be regarded as an

element of *Rq4 by adding on all negative elements of *Rq4 to ab.p. ().

Of course if the condition d > 0 in the definition of ab.p. (a) is deleted we
automatically get all the negative elements to be in ab.p. (a) since

x <y € a = x € a.The reason for our definition is that the real interest lies
in the non-negative numbers. A technicality occurs if ab.p. (¢) = {0}. We
then identify ab.p. (a) with 0. [ab.p. (¢) becomes {x|x < 0} which by our
early convention is not in *R4].

Remark 2.10. By Lemma 2.7(ii), ab.p. (a) is additive idempotent.

(2.17)



Lemma 2.10.[7].

(i) ab.p. (a) is the maximum element § € *R4 such that o + = a.
(ii) ab.p.(a) < a fora > 0.

(i) If a is positive and idempotent then ab.p. (o) = a.

Lemma 2.11.[7]. Let a € *R4 satsify a > 0. Then the following are
equivalent. In what follows assume a,b > 0.

(i) o isidempotent,

(i) a,bea=a+bea,

(ili)a e a > 2a € a,

(iv) Vapenla € a > n-a € aj,

(V) a € a = re-a e a, forall finite r € *R.

Theorem 2.2.[7]. (—a) + o = —[ab.p.(a)].

Theorem 2.3.[7]. ab.p.(a + B) > ab.p. ().

Theorem 2.4.[7].

ia+p<a+y = —-ab.p.(a)+p <.

(iDa+B=a+y = —[ab.p.(a)] + B = —[ab.p.(a)] + 7.

Theorem 2.5.[7].Suppose «, 8 € *Rq4,then

(i) ab.p.(-a) = ab.p.(a),

(ii) ab.p. (a + f) = max{ab.p.(a),ab.p.(B)}

Theorem 2.6.[7]. Assume > 0. If o absorbs —f then a absorbs .
Theorem 2.7.[7]. Let 0 < a € *Rq4. Then the following are equivalent
(i) ais an idempotent,

(i) () + (-a) = —a,

(iii) (—a) + a = —a.

(iv) Let A; and A, be two positive idempotents such that A, > A;.
Then Ay + (—Al) = Aj.

2.4 Gonshor types of o with given ab.p. (a).

Among elements of a € *R4 such that ab.p.(a) = A one can
distinguish two many different types following [7].

Definition 2.10.[7].Assume A > 0.

(i) a € *Rq hastype 1 if Ix(x € a)Vy[x+y € a = y € A],

(ii) @ € *Rq has type 2 if Vx(x € a)Iy(y ¢ A)[x+y € al,i.e.
a € *Rq has type 2 iff a does not have type 1.

(ifi) a € *Rg hastype 1A if Ix(x ¢ a)Vy[x—y ¢ a = y € A],
(iv)a € *Rq has type 2A if Vx(x ¢ a)Iy(y ¢ a)[x—y ¢ a].

2.5 Robinson Part Rp<{a} of absorption number

a

€ (-Ad,Aq)

Theorem 2.8.[6].Suppose a € (—Aq,Aq). Then there is a unique

standard x € R, called Wattenberg standard part of @ and denoted by Wst(a),
such that:

(i) ("x)" € [a —€a,a + €4].



(if) a <z, B implies Wst(a) < Wst(p).

(ifi) The map Wst(-) : *R4 - R is continuous.

(iv) Wst(a + ) = Wst(a) + Wst(f).

(V) Wst(a x ) = Wst(a) x Wst(f).

(vi) Wst(—a) = —Wst(a).

(vii) Wst(a™!) = [Wst(a)] " ifa ¢ [~£q,€4].

Theorem 2.9.[7].

(i) a € *Rq has type 1 iff —a has type 1A,

(if) @ € *R4 cannot have type 1 and type 1A simultaneously.

(iii) Suppose ab.p.(a) = A > 0. Then a has type 1 iff o has the form

a* + A for some a € *R.

(iv) Suppose ab.p.(a) = —-A,A > 0.a € *R4 has type 1A iff a has the form
a” + (-A) for some a € *R.

(v) If ab.p.(a) > ab.p.(pB) then a + B has type 1 iff « has type 1.

(vi) If ab.p.(a) = ab.p.(B) then a + B has type 2 iff either a or

has type 2.

Proof (iii) Let « = a+ A. Then ab.p.(a) = A.Since A > 0,a € a+ A

(we chose d € Asuchthat0 < dandwriteaas (a—d) +d).

It is clear that a works to show that o has type 1.

Conversely, suppose « has type 1 and choose a € « such that:

Vyla+y € a = y € A]l.Then we claim that: @ = a + A.

By definition of ab.p. (a) certainly a + A < a. On the other hand by choice
of a,every element of a has the form a + d with d € A.

Choose d' € Asuchthatd' >d, thena+d=[a-(d'-d)]+d ea+A.

Hence a < a + A. Therefore o = a + A.
Examples. (i) ¢4 has type 1 and therefore —g4 has type 1A.Note that also
—&4q has type 2. (ii) Suppose ¢ ~ 0,¢ € *R. Then ¢ x ¢4 has type 1 and
therefore —c* x ¢4 has type 1A.
(if) Suppose a € *Rg4,ab.p.(a) = &4 > 0, i.e. a has type 1 and therefore
by Theorem 2.9 & has the form (*a)” + &4 for some unique a €

R,a = Wst(a). Then, we
define unique Robinson part Rp[«a] of absorption number a by formula

{ Rp{a} = ("a)",

.18
Rp{ar = (“Wst(a))", 219

(if) Suppose a € *Rgy,ab.p.(a) = —¢4, i.€. a has type 1A and therefore by

Theorem 2.9 a

has the form (*a)" — &4 for some unique a € R,a = Wst(a). Then we define
unique

Robinson part Rp[a] of absorption number a by formula



Rpia} 2 (*a)”,
Rp{a} = (“Wst(a))".

(iii) Suppose a € *Rg4,ab.p.(a) = A,A > 0 and « has type 1A, i.e. a has the form
a* + A for

some a € *R.Then, we define Robinson part Rp{«a} of absorption number a by
formula

Rp{a} £ a”.
(iv) Suppose a € *Rgy,ab.p.(a) = -A,A > 0 and « has type 1A, i.e. a has the
form a* + (—A) for some a € *R.Then, we define Robinson part Rp{a} of

absorption

number « by formula

Rp{a} £ a”.

Remark 2.11. Note that in general case,i.e. if a ¢ (-Aq4,Aq) Robinson part
Rp{a} of

absorption number « is not unique.

Remark 2.12. Suppose a € *Rq and a € (-Aq4,Aq) has type lor type 1A. Then
by definitions

above one obtain the representation

a = Rpsa} + ab.p.(a).

2.6 The pseudo-ring of Wattenberg hyperintegers *Z4

Lemma 2.12. [6].Suppose that « € *Rq4. Then the following two conditions on «
are equivalent:

(i)a = sup{vﬂ(v € *Z> A (V< a)},

(i) a = inf{v¥|(v e "Z) A(a <v¥)}.

Definition 2.11.[6].If « satisfies the conditions mentioned above « is said to be
the Wattenberg hyperinteger. The set of all Wattenberg hyperintegers is denoted
by *Zq.

Lemma 2.13. [6]. Suppose a,ff € *Zq4. Then

()a+p e *Zq.

(il) —a € *Z4.

(i) a x B € *Z4.

The set of all positive Wattenberg hyperintegers is called the Wattenberg
hypernaturals and

is denoted by *Nj.

Definition 2.12.Suppose that (i) 1 € *N,v € *Zq, (i) 2 = A*,9 = v* and (jii) A|v.

If 7 € *Ng and ¥ € *Z4 satisfies these conditions then we say that ¥ is divisible
by 2 and we

denote this by A#[v*.

Definition 2.13.Suppose that (i) a € *Z4 and (ii) there exists 1* € *Nq such that

(1 a=sup{v¥|(ve Z) ANAWv)A(* <a)} or

(2.19)

(2.20)
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(2) a = inf{v*|(ve "Z) A@AW) A (@ <v¥)}.
If a satisfies the conditions mentioned above is said « is divisible by 1* and we
denote this byA”|a.
Theorem 2.10. (i) Let p €*N, M(p)e*N, be a prime hypernaturals such that (i)
p / M(p).
Let ¢ € *Z4 be a Wattenberg hypernatural such that (i) pla. Then
|(M(p))* +a| > 1.

(ii) o € *Zq4 has type 1 iff —a has type 1A,

(iii) a € *Z4 cannot have type 1 and type 1A simultaneously.

(iv) Suppose a € *Zg,ab.p.(a) = A > 0. Then a has type 1 iff a has the form

a® + Aforsomea € a,a € *7Z.

(v) Suppose a € *Zq4, ab.p.(a) = -A,A > 0.a € *Rq4 has type 1A iff a has the
form

a’ + (-A) forsome a € a,a € *7Z.

(vi) Suppose a € *Z4. If ab.p.(a) > ab.p.(pB) then a + p has type 1 iff ¢ has type

(vii) Suppose a € *Z4.1f ab.p. (a) = ab.p.(f) then a + B has type 2 iff either a or

has type 2.

Proof. (i) Immediately follows from definitions (2.12)-(2.13).

(iv)Leta = a+ A. Then ab.p.(a) = A.Since A > 0,a € a+A

(we chose d € Asuchthat0) < dandwriteaas (a—d) +d).

It is clear that a works to show that o has type 1.

Conversely, suppose a has type 1 and choose a € «a such that:

Vyla+y € a = y € A].Then we claim that: @ = a + A.

By definition of ab.p. (a) certainly a + A < a. On the other hand by choice
of a,every element of a has the form a + d with d € A.

Choosed' € Asuchthatd' >d, thena+d=[a-(d'-d)]+d ea+A.

Hence a < a + A.Therefore a = a + A.

2.7 The integer part Int. p(a) of Wattenberg hyperreals
a < *Rd
Definition 2.14. Suppose a € *Rq4,a > 0. Then, we define Int.p(a) = [a] € *Ng
by formula

[a] £ sup{vﬂ(v € *N> A< a)}.

Obviously there are two possibilities:

1. Asset {v*|(v e "N) A(v" < a)} has no greatest element. In this case valid
only the

Property I: [a] =«

since [a] < a implies 3a € *R such that [a] < a” < a. But then [¢”] < a which
implies [a*] + 1 < a contradicting [a] < a* < [a"] + 1.

2. Aset {v¥|(v € "N) A (v < a)} has a greatest element, v € *N.In this case



valid the
Property Il: [a] = v
and obviouslyv = [a] < a < [a]+1 =v+ 1.
Definition 2.15. Suppose a € *R4. Then, we define Int.p(a) € *Z4 by formula

Int.p(a) = { [a] fora >0

[a] for a < 0.

Note that obviously: Int.p(—a) = —Int.p(a).

2.8 External sum of the countable infinite series in *R4

This subsection contains key definitions and properties of summ of countable
sequence of Wattenberg hyperreals.
Definition 2.16.[4]. Let {s,,} ", be an countable sequence s, : N - R.such that

n=1

(i) Vn(s, > 0) or (ii) Va(s, < 0) or

(i) {50371 = 4500}y, U A Y11 (1 € R )l 2 01
AN\ N\ AN\

V}’lz(nz S Nz)[snz < 0],N = N] UNZ

Then external sum (#-sum)

#Ext- Y s} of the corresponding

neN

countable sequence *s, : N - *R is defined by

-
i) Vn(s,>0):

#Ext-Zsﬁ £ sup {Z(*sn)#},

neN keN n<k

(i)  Vn(s, <0):

#Ext—Zsff 2 inf {Zsﬁ} =—sup {ZQ*S”I)#},
keN keN

A

neN n<k n<k
(iii) Vni(n; € Ny)[sn, > 0],
Vl’lz(l’lz € Nz)[s,,2 < 0],N =N;UN; :

#Ext—Zsﬁ 2 #FExt- Z s+ #Ext- Z sh.

eN N N
n I’llENl anNz

\
Theorem 2.11.(i) Let {s,.}_, be an countable sequence s, : N - R such that
Vn(n € N)[sy+1 > s,] and lim,-. s, = n. Then

sup {(*sx)"} = ('n)" - ea.

neN
(ii) Let {s,} ", be an countable sequence s, : N - R such that
Vn(n € N)[sp+1 < sp1] @nd lim,-e s, = . Then

(2.22)



inf {(*s.)"} = ("n)" + a.

neN
(iii) Let {s,}~_, be an countable sequence s, : N - R such that
Vn(n € N)[s, > 0], D" s, = n < o and infinite series )~ s, absolutely converges
to nin R.Then

#EXf'ZSﬁ = sup {Z(*Sn)#} = (')’ —ga e "Ry,

neN keN n<k

(iv) Let {s,}_, be an countable sequence s, : N - R such that
Vn(n € N)[s, < 0], D " s, = n > —oo and infinite series) " s, absolutely
converges to n in R. Then

#Ext—Zsfj £ inf {Z(*Sn)#} = (*n)*+ea € Ry,
keN

neN n<k

(v) Let {s,} _, be an countable sequence s, : N - R such that (1)
(5b 7y = sn b7, U {Snz}fzeNz,‘v’nl(nl e @1)[&“ > 0],Vn2(n2 e Qz)[snz < 0],
N = '/\1\1 U/N\z and (2) Z Spy = N1 < O, Z Sp, = N2 > —0. Then

N AN
n1eN; n2€eN;

#Ext-ZSﬁ £ #Ext- Z s+ #Ext- Z sto=Cn)'+ ('m)* —ea € "Ra.

neN e A
n]eNl l’leNz

Proof. (i) Let Vu(n € N)[s,+1 > s,] and lim,.s, = n. Then obviously:
Vn(n € N)[s, < n].
Thus Ve € R there exists M € N such that (1)

(1) YVkeN:n—&<sy <.
Therefore from (1) by Robinson transfer one obtains (2)
(2) Ve e RoVke N: (*n)—(*e) < (*spk) < (*n).
Using now Wattenberg embedding from (2) we obtain (3)
(3) Ve e R,Vk e N: (*n*) — (*&*) < (*s%.1) < (*n®).
From (3) one obtains (4)

4) Ve e R: ("n*) = (*e") < sup (*sie) < ().
keN

Note that V5[(6 € R) A (6 = 0)] obviously
(5)  sup (*si) < (*n*) - o™

neN

From (4) and (5) one obtains (6)

(6) Ve(e € R)VS[(6 € R)A(6 =~ 0)]{(*71#) - (*&") < sup (*sp) < (*n*) -¢"

neN

Thus (i) immediately from (6) and from definition of the idempotent —¢4.

(2.23)

(2.24)
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Proof.(ii) Immediately from (i) by Lemma 2.3 (v).
Proof.(iii) Letn, = ZZ’:I su. Then obviously: n,, < n and lim,-.n, = 1. Thus
Ve € R there exists M € N such that (1)
(1) YVkeN:n—&<nur<n.
Therefore from (1) by Robinson transfer one obtains (2)
(2) Vee RVeEe N : (*n)—(*e) < (*nuk) < (*n).
Using now Wattenberg embedding from (2) we obtain (3)
(3) Ve e R,Vk e Nt (*nn*) = (*&*) < ("miir) < ("1%).
From (3) one obtains (4)

(4) Ve e R: (") — (*e") < sup ("miy) < C1%).
keN

From (4) by Definition 2.16 (i) one obtains
(5) Ve e R: ("n*)— (*&") < #Ext- D_(*sh) < (*n").

neN

Note that V6[(6 € R) A (6 ~ 0)] obviously
(6) #Ext-Y_(*sh) < (*n*) - 6"

neN

From (5)-(6) follows (7)

(7) Ve(e e R)VO[(6 € R) A (6 ~ 0)]{(*17#) - (&) < #Ext- ) (“sh) < ("n*) —5#}-

neN
Thus Eq.(2.23) immediately from (7) and from definition of the idempotent —&4.
Proof.(iv) Immediately from (iii) by Lemma 2.3 (v).
Proof.(v) From Definition 2.16.(iii) and Eq.(2.23)-Eq.(2.24) by Theorem 2.7 .(iii)
one obtain

#Ext—Zsﬁ 2 #Ext- Z sh + #Ext- Z st o= ()" —ea+ ((*772)# +sd> =

neN e A
nleN| anNz

=)+ () —ea+ea =)'+ (n2)* —ea € "Ra
Theorem 2.12.Let {a,},_ be a countable sequence a, : N - R such that
Vn(a, > 0) and infinite series Z:’:l a, absolutely converges in R.Let s= #Ext—Z al

neN

be external sum of the corresponding countable sequence {*a,} " ,.Let {b,} , be
a countable sequence where b, = a, () is any rearrangement of terms of the
sequence {a,} . Then external sum ¢ = #Ext—Z b of the corresponding

neN

countable sequence {*b,}_ has the same value s as external sum of the
countable sequence {*a,},i.e. 0 = s —€4.

Theorem 2.13.(i) Let {a,} _, be a countable sequence a, : N - Rq,such that
(1) Vn(a, > 0), (2) infinite series Z:’zl a, absolutely converges to n + +w in R and



let #Ext—Z al; be external sum of the corresponding sequence {*a,}" . Then for
neN

any ¢ € *R, the equality is satisfied

ct x| #Ext- Y a’ | = #Ext- Y c* xal =
(e ) = o0

neN neN

= x (*n)" - ¢ x gq.

(i) Let {a,}_, be a countable sequence a, : N - R, such that (1) Vn(a, < 0), (2)
infinite series Z:’:l a, absolutely converges to n +# —o in R and let #Ext-Z al be

neN

external sum of the corresponding sequence {*a,} . Then for any ¢ € *R, the
equality is satisfied:

neN neN

¢ x| #Ext- Y al | = #Ext- Y ¥ xal =
GO RES> .

=c* x (*n)" + ¢ x gq.

(iii) Let {s,}~, be a countable sequence s, : N - R such that

(1) {sntoey = {5m Fmen, U A8 moenys YR1(11 € N1 55, 2 0], Vn2(n2 € No)[s,, < 0],
N=N; UNa,

(2) infinite series Zf;l s,, absolutely converges to 71 # 4o in R,

(3) infinite series Z:’:l sn, absolutely converges to 7, # —oo in R.

Then the equality is satisfied:

/
c* x (#Ext—Zsﬁ) =

neN

S = #Ext- Z c* x sk + #Ext- Z c*xsh = (2.28)
nle/Nsl nZEQZ

. = x (Cn)'+ (m)*) —c* x e

Proof.(i) From Definition 2.16.(i) by Theorem 2.1,Theorem 2.11.(i) and Lemma
(2.4) (ii) one obtain

#Ext- Zc# x all = ¢ x <#Ext- Zaﬁ) =

neN neN

= ¢ x ((*n)# - gd> = x (*n)" - ¢ x gq.

(i) Straightforward from Definition 2.16.(i) and Theorem 2.1,Theorem 2.11 (iii)
and Lemma (2.4) (ii) one obtain



<#Ext-Zc# X aﬁ) = c* x <#Ext—2aﬁ> =

neN neN

= c* x <(*n)# + gd> =c* x (*n)" + ¢ x gq.

(iii) By Theorem 2.11.(iv) and Lemma (2.4).(ii) one obtain

c x (#Ext—Zsﬁ) = c x ((*nl)# + (*n2)” —8d> =

neN
=t x (Cn)'+ ('m)") —c* x e
But other side from (i) and (ii) follows

#Ext- E c* x sk + #Ext- E c’ xsh =
nle/N\| an/N\z
= x () = xga) + P x )" + ¢ xgq =

c x ((*m)# + (*nz)#> — " x gq.

Definition 2.17. Let {a,},_, be a countable sequence a, : N - R, such that
infinite

series Z;il a, absolutely converges in R to n + +owo. We assume now that:

(i) there exists m > 1 such that Vk > m : Z’;Zl a, > 1, or

(i) there exists m > 1 such that Vk > m Zf;l a, <mn, or

(iii) there exists infinite sequence n;,i = 1,2,...such that

(@) Vi,m : 3 " a, > nand infinite series )" a,, absolutely converges in R to 7

and

(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : Z/’il a,, < nand
infinite

series ij'il a,, absolutely converges in R to 7.

Then: (i) external upper sum (#-upper sum) of the corresponding countable
sequence

*a, : N > R is defined by

~

(i)

\
#Ext- Y aj & inf {Z(*an)#},
keN

neN n<k
) (i)

4
#Ext- Y af, 2 inf {3, Can)'
keN

ieN

(2.29)

N~
(i) external lower sum (#-lower sum) of the corresponding countable sequence



*a, : N>R
is defined by

(i)

A
#Ext-Zaﬁ £ sup {Z(*an)#},

neN keN n<k

(ii)
A
#Ext- Z ay, sup {ngk(*a,,j )#}.

jeN keN
L .
Theorem 2.14.Let {a,},_, be a countable sequence a, : N - R, such that
infinite
series Z;il a, absolutely converges in R to n + . We assume now that:
(i) there exists m > 1 such that Vk > m : Z’;Zl a, > n,or
(i) there exists m > 1 such that Vk > m Zf;l an, < m,or

(iii) there exists infinite sequence n;,i = 1,2,...such that
(@) Vi,m : 3 " a, > nand infinite series )" a,, absolutely converges in R to 7

and
(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : Z/’il a,, < nand

(2.30)

>

infinite
series ij'il a,, absolutely converges in R to 1. Then

/
Vv
#Ext- Y aj & inf {Z(*an)#} = (*n)*+eq € "Rg,
keN

neN n<k

A
#Ext-Zaﬁ sup {Z(*an)#} = (*n)*—eq4 € "Rq.

neN keN n<k

2.31)

>

N~

and
/

[I>

Vv
#Ext- Y ah = inf {3 ("an)*}y = (') +eae Ry,
ieN keN (2 32)

A
#Ext—Zaﬁj sup {ngk(*a,,j)#} = (*n)*-¢eq € "Ry.

JjeN keN
N

Proof. straightforward from definitions and by Theorem 2.11 (i)-(ii).
Theorem 2.15. (1) Let {a,}_, be a countable sequence a, : N - R, such that

>

infinite
series Z:’:l a, absolutely converges in R to n # +o. We assume now that:
(i) there exists m > 1 such that Vk > m : Z; a, >, or
(ii) there exists m > 1 such that Vk > m : Zﬁzl a, <1, or
(iii) there exists infinite sequence n;,i = 1,2,...such that



(@) Vi,m : 3" a, > nand infinite series > " a,, absolutely converges in R to 7

and
(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : Zj"ll an, < nand

infinite
series >, a,, absolutely converges in R to .
Then for any ¢ € *R. the equalities are satisfied

-
#Ext—Zc x aft = c* x (#Ext-Zan> = ctx () +cf xeq e "Ry,
< neN neN (233)
#Ext—Zc xalhy = c* x (#Ext-Zc a,,) = " x(*n)" —c* xeq € "Ry.
neN neN
.
and
(" V \
#Ext-Zc# xap = c*x (#Ext-Zaff[> =c*x () +cf xeq e "Ry,
ieN ieN
< N \ (2.34)
#Ext-Zc# xay = c*x (#Ext-Zaﬁ/) =ctx (*n)" —c? xeq € Ry
JjeN ‘ JjeN ‘
.
Proof. Copy the proof of the Theorem 2.13.
Theorem 2.16. (1) Let {a,}_, be a countable sequence a, : N - R, such that
infinite
series Z:’zl a, absolutely converges in R to n = 0. We assume now that:
(i) there exists m > 1 such that Vk > m : Z,l;l a, >0, or
(ii) there exists m > 1 such that Vk > m : Zle a, <0, or
(iii) there exists infinite sequence n;,i = 1,2,...such that
(@) Vi,m : 3" a,, > 0 and infinite series 3~ a,, absolutely converges in R to
n=20
and
(b) there exists infinite sequence n;,j = 1,2,...such that Vj,m : Zj"il a, < 0and
infinite
series Zj:l a,, absolutely converges in R to n = 0.
Then for any ¢ € *R, the equalities are satisfied
e
#Ext-Zc x all = c* x (#Ext—Zan> = ¢*xegq e Ry,
neN neN (235)

S A A
#Ext—Zc# xal = c* x (#Ext-Zc**aﬁ) = —c*xgqe "Ry

L neN neN

and



-
v v
#Ext- E c* xal =c*x (#Ext— E aﬁi> = c*xegq € Ry,

ieN ieN
< A A
#Ext-Zc# xay =cx (#Ext—Zaﬁ]) = —*xgq € Ry.
L JeN ieN

Proof. (1) From Eq.(2.31) we obtain

4 v
#Ext-Zan = +é&q,

neN

< A
#Ext—Za,, = —&q.

neN

.
From EQq.(2.37) by Theorem 2.1 we obtain directly

/
v v
#Ext—Zc# x al = c" x (#Ext-Zaﬁ) = ¢ x gq,

neN neN

A A
#Ext-Zc# x al = c* x (#Ext—Zc**aﬁ) = —c* xegq.

neN neN

\
(2) From Eq.(2.32) we obtain

(" v
#Ext- Z ay. = +&q,
ieN
< A
#Ext- Z affj = —&q.
JeN
\

From EQq.(2.39) by Theorem 2.1 we obtain directly

/
v v
#Ext—Zc# xah =c*x (#Ext—Zaﬁl) =c*xgq € Ry,

ieN ieN
< A A
#Ext—Zc# xay = c*x (#Ext-Zaﬁl) = —*xgq € Ry.
L JeN ieN

Remark 2.13. Note that we have proved Eq.(2.35) and Eq.(2.36) without any
reference to the Lemma 2.4.

Definition 2.18. (i) Let {a, ), be a countable sequence a, : N - *Rq, such
that

Vn(n >m > 0)[a, > 0] and Va(n < m - 1)|:(a,1 =al) A (a,, € *[R{>:|

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)



Then external countable lower sum (#-lower sum) of the countable sequence
a, : N - *Ry is defined by

A m—1 0
#Ext- Z an = Z an + #Ext- Z Qn
n=0 n=m

neN

0 k
#Ext-Zan £ sup Zan.

keN  —m

In particular if {a,}7, = {ai}” , where Va € N[a, € "R] the external countable
lower sum (#-lower sum) of the countable sequence «, : N - *R4 is defined by

A m—1 ©
HEXt-) oy = Z alt + #Ext- Z an,

neN

#Ext-Zan = sup Za

keN  —m

(ii) Let {a,} _, be a countable sequence a, : N - *Rg4, such that
Vn(n>m > 0)[a, < 0]and Vn(n < m— 1)|:(an =ai) A (an € *[R{>:|

Then external countable upper sum (#-upper sum) of the countable sequence
a, : N > *R4 is defined by

\ m—1 e
#Ext- Z o, = Z o, + #HExt- Z o,
n=0 n=m

neN

#Ext-ian £ inf Zan.

keN =

In particular if {a,}7, = {af}” , where Vn € N[a, € 'R]the external countable
upper sum (#-upper sum) of the countable sequence a, : N - *Ry is defined by

v
#Ext-Zan Za +#Ext-Zan,

neN n=m
#Ext- E a, = inf E at.
keN =

Theorem 2.17. (i) Let {a,}, be a countable sequence a, : N - *Rg4, such that
valid the property (2.41). Then for any ¢ € *R. the equality is satisfied

(2.42)

(2.43)

(2.44)

(2.45)

(2.46)



A A
c x (#Ext-Zan> = #Ext-Zc# X0y =

neN neN

- . (2.47)
= Zc# x aft +#Ext-2c# x at.
n=0 n=m
(ii) Let {a,},_, be an countable sequence a, : N - *Ry4, such that valid the
property (2.44).
Then for any ¢ € *R, the equality is satisfied
V V
c? x (#Ext—Za,) = #Ext—Zc# X o, =
. neN ) neN (248)
= Zc# x alt +#Ext-2c# x af.
n=0 n=m
Proof. Immediately from Definition 2.18 by Theorem 2.1.
Definition 2.19. Let {z,}~, = {a. +ib,},_, be a countable sequence
zn = an +ib, : N - C such that infinite series )" z, absolutely converges in C to
z,|z| # . Then: (i) external complex sum (complex #-sum), (ii) external upper
complex sum (upper complex #-sum) and (iii) external lover complex sum (lover
complex #-sum) of the corresponding countable sequence *z, : N - *C is defined
by
#Ext- Zzﬁ = #Ext- Z al +1ix <#Ext- Z bﬁ),
neN neN neN
\ V \
#HEXt- Zzﬁ = #Ext- Z a +ix | #Ext- Z b
neN neN neN (2 49)
A A A
HExt- Y zh = #Ext- ) af +1i (#Em—Zbﬁ).
neN neN neN

correspondingly.

Note that any properties of this sum immediately follow from the properties of
the real external sum.

Definition 2.20. (i) We define now Wattenberg complex plane *Cq4 by *C4 =
*Rq @i x *Rq with i> = 1.Thus for any z € *C4 we obtain z = x + iy, where x,y €
*Rq, (i) for any z € *C4 such that z = x + iy we define |z|* by |z]* = x? + y? € *Rq.

Theorem 2.18. Let {z,}, |, = {a, +ib,},_, be a countable sequence
zn = an +ib, : N - C such that infinite series )" z, absolutely converges in C to
z=2C_1+1i¢, and |z| # o. Then

(i)



HExt-Y_zi = #Ext- ) al +i (#Ext-bej) _

neN neN neN

[CC) —ea ]+ i[(*C2)" —ea] = CC)" + i(*C2)" —ea(1 +1)

v
#EXxt- Z zh =

neN

\% V
HExt- ) al+ix (#Ext-Zbﬁ) = (¢ + I8 +ea(1 +1)

neN neN
A
#Ext—Zzﬁ =
neN
A A
HExt-)_ af +1i (#Ext-Zbﬁ) — D 4 i) —ea(l+1)
neN neN
(ii)
2
#Ext- Y zh| =
neN
2
= [HExt- Y a}+ix (#Ext-Zbﬁ) = |CEnt + iC5) —ea1 + D),
neN neN
v 2
#Ext-Zzﬁ =
neN
v v 2
HExt- ) af +1i (#Ext-Zbﬁ) = |C¢D' + iCE) +eal + 1),
neN neN
A 2

#Ext- Z zH
neN
A A
HExt- ) al+ix (#Ext- > bﬁ)

2

= |CED! + iCE) +eal + )|

neN neN

2.9 Gonshor transfer
Definition 2.21.[7]. Let [S], = {x[3y(y € S)[x < y]}.
Note that [S], satisfies the usual axioms for a closure operator,i.e. if (i)

S+ @, + Jand
(if) S has no maximum, then [S], € *Rq.

Let fbe a continuous strictly increasing function in each variable from a subset



of R” into R. Specifically, we want the domain to be the cartesian product [ [, 4;,
where A4; = {x|x > a;} for some a; € R.By Robinson transfer f'extends to a function
*f:* R" - *R from the corresponding subset of *R” into *R which is also strictly
increasing in each variable and continuous in the Q topology (i.e. € and 6 range
over arbitrary positive elements in *R).We now extend *f'to [*f],

[fla : Ri~> Ra.
Definition 2.22.[7]. Let a; € *Rq4, a; > a;, b; € *R, then

flalar,az,...,a,) = [{*ﬂbl,bz,...,bn)| a; < b; a,-}]d.
Theorem 2.20.[7]. If fand g are functions of one variable then
(-2 ]ala) = (["fg(a)) - ([*glq(@)).

Theorem 2.21.[7].Let f'be a function of two variables. Then for any ¢ € *R and
ac*R
[*flq(a,a) = [*fb,c)|b € a,c < a].

Theorem 2.22 [7].Let fand g be any two terms obtained by compositions of

strictly
increasing continuous functions possibly containing parameters in *R. Then any

relation “f=*gor*f<*gvalid in *R extends to *Rq,i.e.

[flala) = ["glq(a) or [*fl4(a) < [*gl4(a).
Remark 2.14. For any function *f: * R" - *R we often write for short /* instead

of [*f1,-
Theorem 2.23.[7].(1) For any a,b € *R..

exp”(a” +b") = exp”(a”) exp”(b"),
{ (exp*(a*))” = exp*(ba*),
Forany a,f € *Rq,a, > 0
{ exp*(a+ ) = exp* (@) exp (B),
(exp*(a))” = exp*(Ba).
(2) Foranya,b € *R
(@) = @)".

(aﬁ)y — ayﬁ
(4) Foranya € *R
In*(exp*(a*)) = a*,

exp”(In”(a®)) = a*.

(2.50)

2.51)

(2.52)

(2.53)

(2.54)

(2.55)

(2.56)

(2.57)

(2.58)

(2.59)



Note that we must always beware of the restriction in the domain when it comes
to multiplication

Theorem 2.24.[7].The map a — [exp],(a) maps the set of additive

idempotents onto the set of all multiplicative idempotents other than 0.

3. The proof of the #-transcendence of the numbers
ek k e N.

In this section we will prove the #-transcendence of the numbers ef, k € N.Key
idea of this proof reduction of the statement of ¢ is #-transcendental number to
equivalent statement in *Z4 by using pseudoring of Wattenberg hyperreals *Rq
*Z4 [6] and Gonshor idempotent theory [7]. We obtain this reduction by three steps,
see subsections 3.2.1-3.2.3.

3.1. The basic definitions of the Shidlovsky quantities

In this section we remind the basic definitions of the Shidlovsky quantities
[8].Let M(n,p),Mi(n,p) and e,(n,p) be the Shidlovsky quantities:

T (= 1).. . (x = n)]Pe
Monp) = [| XLC dx # 0, (3.1)
[ pteonre
T - 1)...(x —n)]e™
Mi(n.p) = et [| 21 de,k=1,2,... (3.2)
[ ]
k
ex(np) = e"”: S (1[))'_“1(;‘”)]17” de,k ~ 1.2, (3.3)

0

where p € N this is any prime number.Using Eqs.(3.1)-(3.3.) by simple calculation
one obtains:

Mi(n,p) + ex(n,p) = e Mo(n,p) + 0,k = 1,2,.... (3.4)
and consequently
ok = Mi(n.p) +ex(n,p)

Mo(n,p) (3.5)
k=1,2,...

Lemma 3.1.[8]. Let p be a prime number. Then
My(n,p) = (-1)"(n")? + p®,,0, € Z.
Proof. ([8], p.128) By simple calculation one obtains the equality



(n+1)xp

M x—-1)...(x—n)]" = (-1)"(n")PxP! + Z cpuxt

ey (3.6)
cu € Zyu=pp+1,...,[(n+1)xp]-1,n>0,
where p is a prime. By using equality I'(u) = Ijxﬂ‘le‘xdx = (u-1),where u € N,
from Eq.(3.1) and (3.6) one obtains
-
(n+1)xp
Motnp) = (1) (y =B s 2w -
< b (3.7)
= D"'"M) +cepp+cprplp+ 1) +...=
L =(-D"(n) +px0,,0, € Z.
Thus
Mo(n,p) = (-1)"(n))" +p - ©1(n,p),O1(n,p) € L. (3.8)
Lemma 3.2.[8]. Let p be a prime number. Then My (n,p) =p - O2(n,p),
®Ox(n,p) e Z, k=1,2,...,n
Proof.([8], p.128) By subsitution x = k + u = dx = du from Eq.(3.3) one obtains
+00
W+ [w+k—1)x...xux.. x(u+k—n)]Pe J
Mi(n,p) = du
mp) I[ @-1)! (3.9)
0
k=1,2,...
By using equality
(n+1)xp
+ R [+ k= 1) xooxu x...x(u+k—n)]’ = dyout!,
(u+k) " [(u ) xoooxu x. .. x(u n)] Z u-1U (3.10)
u=p+l1
dp€ Zp=p,p+1,..,[(n+1)xp]-1,
and by subsitution Eq.(3.10) into RHS of the Eq.(3.9) one obtains
| +90 (n+1)xp
Minp) = o Apr | 20 duwdu = p - @:00p) (3.11)
0 H=ptl
®a(n,p) € Z,k=1,2,... .
Lemma 3.3.[8]. (i) There exists sequences a(n),n € Nand g(n),n € N such that
n-gn) - [a(m)]" (3.12)

lex(n,p)| < »-1) :

where sequences a(n),n € N and g(n),n € N does not depend on number p. (ii) For



anyn € N: g(n,p) »> 0ifp - .
Proof.([8], p.129) Obviously there exists sequences a(n),n € N and
g(n),k € N,n € Nsuch that a(n),n € N and g(n),n € N does not depend on number

p
k(x—1)...(x=n)| <a®r),0 <x<n (3.13)
and
|(x=1)...(x —n)e™*| < gn),0 <x <nmk=12,...,n (3.14)
Substitution inequalities (3.13)-(3.14) into RHS of the Eq.(3.3) by simple calculation
gives

pl p-1
ek(n,p) < g(n) [(p(n)l)' J.dx n g(i(ip)_[la)('l’l)] . (3.15)

Statement (i) follows from (3.15). Statement (ii) immediately follows from a
statement (ii).

Lemma 3.4.[8]. For any k < n and for any 6 such that 0 < § < 1 there exists
p € N such that

ok _ Mi(n.p)
Mo(n,p)

< 4. (3.16)

Proof.From Eq.(3.5) one obtains

k Mk(l’l,p) _ |‘9k(nap)|
e Mo(np) |~ Mo(np) (3.17)
From Eq.(3.17) by using Lemma 3.3.(ii) one obtains (3.17).
Remark 3.1.We remind now the proof of the transcendence of e following
Shidlovsky proof is given in his book [8].
Theorem 3.1. The number e is transcendental.
Proof.([8], pp.126-129) Suppose now that e is an algebraic number; then it
satisfies some relation of the form

ao + Zakek =0, (3.18)
1

where ao,ai,...,a, € Z integers and where a, > 0.Having substituted RHS of the
Eq.(3.5) into Eq.(3.18) one obtains

a0+ ax Mi(n,p) + ex(n.p) _ a0+ ax Mi(n,p) Z _enp) (3.19)
k=1 k=1

MO(”ap) MO(”»P) MO(”ap)

From Eq.(3.19) one obtains

aoMo(n,p) + ZakMk(n,p) + Zaksk(n,p) = 0. (3.20)
k=1 k=1



We rewrite the Eq.(3.20) for short in the form

4 n n
aoMo(n,p) + Z aiMi(n,p) + Z arer(n,p) =
k=1 k=1
< =aoMo(n,p)+E@n,p)+ Zakek(n,p) =0, (3.21)

k=1

H(n,p) = Z aiMi(n,p).
k=1

\
We choose now the integers M, (n,p), M>(n,p),...,M,(n,p) such that:

M M. s plMy(n,
piMi(n,p),pIM>(n,p),...,pIMx(n,p) (3.22)
where p > |ao|
and p f My(n,p). Note that p| Z(n,p). Thus one obtains
p I acMo(n,p) +E(n,p) (3.23)

and therefore

aoMo(n,p) + E(n,p) € Z,
where (3.24)
aoMo(n,p) + E(n,p) + 0.

By using Lemma 3.4 for any ¢ such that 0 < 6 < 1 we can choose a prime number
p = p(0) such that:

D arei(np)| <8 Jal =€ < L. (3.25)
k=1 k=1
From (3.25) and Eq.(3.21) we obtain
aoMo(n,p) + E(n,p) +€ = 0. (3.26)

From (3.26) and Eq.(3.24) one obtains the contradiction.This contradiction finalized
the proof.

3.2 The proof of the #-transcendence of the numbers
e’ k € N.  We will divide the proof into four parts

3.2.1. Part I.The Robinson transfer of the Shidlovsky
quantities Mo(n,p),Mi(n,p),er(n,p)

In this subsection we will replace using Robinson transfer the Shidlovsky
quantities My(n,p),Mi(n,p),er(n,p) by corresponding nonstandard quantities
*Mo(n,p), *Mi(n,p), *ex(n,p). The properties of the nonstandard quantities
*Mo(n,p), *Mi(n,p), *ex(n,p) one obtains directly from the properties of the
standard quantities M (n,p), Mi(n,p), er(n,p) using Robinson transfer principle
[4].[5]-



1.Using Robinson transfer principle [4],[5] from Eq.(3.8) one obtains directly
“Mo(n,p) = (-1)"(!)? +px "O1(n,p),
*O1(n,p) € Zo,n,p €*No. (3.27)
Noo 2 NN,

From Eq.(3.11) using Robinson transfer principle one obtains Vi(k € N) :

{ “Mi(n,p) = px ( “©:(n,p)), (3.28)

*@a(n,p) € Zok=1,2,....k e N,n,p €*N.,.
Using Robinson transfer principle from inequality (3.15) one obtains Vi(k € N) :
n-(gn)) - ([Fam)]*™)

(p—1)! (3.29)
k=1,2,....,k e N,n,p €*N,.

“ex(n,p) <

Using Robinson transfer principle, from Eq.(3.5) one obtains Vi(k € N) :

¥ kN _ (x \k _ *Mk(nap)-"_ (*gk(nap))
(8 = Ce) = *Mo(n,p) ’ (3.30)

k=1,2,....,k e N,n,p €*N,.

Lemma 3.5. Let n € *N,,, then forany £ € Nand forany 6 ~ 0,0 € R there
exists
p € *N; such that

"Mi(n,p)
*eh — —2F2 | <5, 3.31
" “Mo(n.p) G310
Proof. From Eq.(3.30) we obtain Vik(k € N) :
*ek_ *Mk(n’p) — |*8k(n7p)|
"Mo(n,p) *Mo(n,p)|’ (3.32)

ke N,n,p €*N.
From Eq.(3.32) and (3.29) we obtain (3.31).

3.2.2. Part 1. The Wattenberg imbedding *(e*) into *Rq4

In this subsection we will replace by using Wattenberg imbedding [6] and
Gonshor transfer the nonstandard quantities *(e*) and the nonstandard Shidlovsky
quantities *Mo(n,p), *M(n,p), *ex(n,p) by corresponding Wattenberg quantities
(e, *Mo(n,p))*, *Mi(n,p))”, (*ex(n,p))”. The properties of the Wattenberg
quantities *(e¥)”, *Mo(n,p))*, *Mi(n,p))*, (*ex(n,p))” one obtains directly from the
properties of the corresponding nonstandard quantities



*(e"), *Mo(n,p), *M;(n,p), *&x(n,p) using Gonshor transfer principle [4],[7].
1.By using Wattenberg imbedding *R &, "Rq4, from Eq.(3.30) one obtains

*Mk(nap)]# + [*gk(ns p)]#

b

%k #: * \# k: [
[ =[] Mo ] (3.33)

k=1,2,...;k € Nyn,p €*N.

2 By using Wattenberg imbedding *R A "Rg4, and Gonshor transfer (see
subsection 2.9 Theorem 2.19) from Eq.(3.27) one obtains

[ Mo(n,)]* = [-1)"] x [(1)P)" + p* x [O1(n,p))* =
[ ][ @) ]+p* < o1, (3.34)
*@1(n,p) € *Zoo,d,n,p €*No.

3.By using Wattenberg imbedding *R &, (*R),from Eq.(3.28) one obtains

* #
[*Mk(nap)]# - p# X |: @2(]1,[))] 5
[*@2(n,p)]" € "Zua, (3.35)
k=1,2,....,k e N,n,p €*N,.

Lemma 3.6. Let n € *N.,, then forany k¥ € Nand forany § ~ 0,6 € "R there
exists
p € *N, such that

* #
(ehyf - LMD 5 (3.36)
[*Mo(n,p)]
Proof. Inequality (3.36) immediately follows from inequality (3.31) by using
Wattenberg imbedding *R &, "R4 and Gonshor transfer.

3.2.3.Part lll.Reduction of the statement of e is
#-transcendental number to equivalent statement in *Z4

using Gonshor idempotent theory
To prove that e is #-transcendental number we must show that e is not

w-transcendental, i.e., there does not exist real Q-analytic function go(x) = Zanx”
n=0

with rational coefficients ay,ai,...,a,,...€ Q such that

(3.37)

0
Z|ak|e” + o0,
q n=0

Suppose that e is w-transcendental, i.e., there exists an Q-analytic function



0

Salx) = Zdnx",with rational coefficients:

n=0
- ko - k - ky
aozm—%,al—m—ll, sdn = =5 € Q, (3.38)
| dol| > 0,
such that the equality is satisfied:
/

o0
E ape™” = 0.
n

=0

o0

Z|ak|e" + 0.
q n=0

In this subsection we obtain an reduction of the equality given by Eq.(3.39) to
equivalent equality given by Eq.(3.). The main tool of such reduction that external
countable sum defined in subsection 2.8.

Lemma 3.7.Let A<(k) and A. (k) be the sum correspondingly
-

(3.39)

k>1
A<(k) = do+ Y _ dne",
< o (3.40)
As(k) = D dne".

n=k+1

.
Then A.(k) # 0,k =1,2,...

Proof. Suppose there exists & such that A. (k) = 0. Then from Eq.(3.39) follows
A<(k) = 0.Therefore by Theorem 3.1 one obtains the contradiction.

Remark 3.2.Note that from Eq.(3.39) follows that in generel case there is a
sequence {m;};, such that

lim m; = oo,

1—00

V(ie N)[idne” < 0} (3.41)

n=1
m;

do +lim E ame"” | =0,
[0 n=1

or there is a sequence {mj}jf‘il such that



lim m; = oo,

1—>00

V(e N . dape” >0 |,
QW )[Z« J (3.42)
do +lim < Zdne"> =0,

J7® n=1

"
or both sequences {m;};, and {m,-}}i‘io with a property that is specified above exist.
Remark 3.3. We assume now for short but without loss of generelity that (3.41)

is satisfied. Then from (3.41) by using Definition 2.17 and Theorem 2.14 (see
subsection 2.8) one obtains the equality [4]

A

(*do)" + |:#Ext-Z(*d,,)# X (*e”)#:| = —&q. (3.43)
neN

Remark 3.4.Let A%(k) and A% (k) be the upper external sum defined by

(" el

AL(k) = do+ ) (dn)" x (*en),
n=1

< A (3.44)
AL(k) = #Ext= ) dne".
ni?cfl
.
Note that from Eq.(3.43)-Eq.(3.44) follows that
AL(k) + AL(k) = — &q. (3.45)
Remark 3.5. Assume that o, f € *Rgq and B ¢ *R. In this subsection we will write
for a short ab[«|f] iff B absorbs a,i.e. f+a = .
Lemma 3.8. —ab[A%(k)|A%(K)],k=1,2,...
Proof.Suppose there exists k£ € N such that ab[A%(k)|A%(k)]. Then from
Eq.(3.45) one obtains
AL(k) = - ea. (3.46)
From Eq.(3.46) by Theorem 2.11 follows that A. (k) = 0 and therefore by Lemma
3.7 one obtains the contradiction.
Theorem 3.2.[4] The equality (3.43) is inconsistent.
Proof.Let us consider hypernatural number 3 € *N,, defined by countable
sequence
I = (mo,mo X my,...,moXmy X...Xmy,...) (3.47)

From Eq.(3.43) and Eq.(3.47) one obtains



neN

A
I x (*do)” + 3" x |:#Ext- D (fdn)* x (*e”)#:| = —3* x 4.

Remark 3.6.Note that from inequality (3.27) by Wattenberg transfer one obtains

n* - [g,(m)]" - [[a(m)]*" ]’
[(p - ']
n € N,n,p €*Ny.
Substitution Eq.(3.30) into Eq.(3.48) gives

/
A
3k o+ [#Ext- > (@) x (*e”)#:| _

neN\{0}

[*gn(n,p)]# <

9

neN [*M()(Il,p)]#

FH 2 3% (*d,)"n e N,JY = 3% x (*do)”.

N~
Multiplying Eq.(3.50) by Wattenberg hyperinteger [*My(n,p)]* € *Z4 by Theorem
2.13 (see subsection 2.8) one obtains

A
36 x ["Mo(n,p)]* +#Ext- 3 {(30)" x ["Mu(n,p)]" + 3} x [*&,(n,p)]"} =

neN

= —3" x [*Mo(n,p)]" x &q.

By using inequality (3.49) for a given § € "R, § ~ 0 we will choose infinite prime
integer p €*N,, such that:

A
#Ext- Y (30" x ["ex(n,p)]* < 37 x [*Mo(n,p)]* x 5% x &4

keN
Now using the inequality (3.49) we are free to choose a prime hyperinteger p €*N,,
and

5% € *Rq, 6" = 8%(p) = 0 in the Eq.(3.51) for a given € € "R,e =~ 0 such that:
3% x [*Mo(n,p)]* x 6*(p) = €*.

Hence from Eq.(3.52) and Eq.(3.53) we obtain

A
#Ext-Z (3,)" x [*e,(n,p)]" < —€" x ¢4.
neN
Therefore from Eq.(3.51) and (3.54) by using definition (2.15) of the function
Int. p(a) given by Eq.(2.20)-Eq.(2.21) and corresponding basic property | (see
subsection 2.7) of the function Int.p(a) we obtain

(3.48)

(3.49)

o [#E’“"EAJ(W L M,(0,p)]* + [*2.(n,p)])” J ey O

(3.51)

(3.52)

(3.53)

(3.54)



g A
Int.p(Sﬁ x [*Mo(n,p)]" + #Ext-Z {3h x [*M,(n,p)]" + 3} x [*gn(n,p)]#}> -

neN

y 3.55
34 x ["Mo(m,p)1* + #Ext- D {3 < [*"M,(n,p)]*} = (3.55)

keN
= —Int.p(3* x [*Mo(n,p)]" x £4) = -I* x [*Mo(n,p)]" x &q.

\
From Eq.(3.55) using basic property | of the function Int.p(«) finally we obtain the
main equality

A
Shx [*Mo(n,p)1* +#Ext- D {(30)* x "M, p)T*} = 3% x [*Mo(n,p)]* x ea.  (3.56)

neN

We will choose now infinite prime integer p in Eq.(3.56) p = pe*N, such that

P> max(|3%|,n*.) (3.57)
Hence from Eq.(3.34) follows
P’/ ["Mo(n,p)]". (3.58)
Note that [*Mo(n,p)]”" + 0%.Using (3.57) and (3.58) one obtains:
P’/ ["Mo(n,p)]" x (S0)". (3.59)
Using Eq.(3.35) one obtains
P | "Mu(m,p))n = 1,2,.... (3.60)

3.2.4.Part IV.The proof of the inconsistency of the main
equality (3.56)

In this subsection we wil prove that main equality (3.56) is inconsistent. This
prooff is based on the Theorem 2.10 (v), see subsection 2.6.

Lemma 3.9.The equality (3.56) under conditions (3.59)-(3.60) is inconsistent.

Proof. (I) Let us rewrite Eq.(3.56) in the short form

C(n,p) + 2 (n,p) = -A*(p) x &q, (3.61)
where

g A

A, p) = #Ext- Yy, {(3.)" x [*Mu(n,$)]"},

neN

< nzl (3.62)
F(naﬁ) = Sg X [*Mo(n’ﬁ)]#o
AYP) = 3% x [*Mo(n,p)]".

\
From (3.59)-(3.60) follows that



P’/ T(np),
P[0, p).

Remark 3.7.Note that X/ (n,p) ¢ *R.Otherwise we obtain that
ab.p(I'(n,p) + Z(n,p)) = {J}. But the other hand from Eq.(3.61) follows that
ab.p(I'(n,p) + = (n,p)) = —A*(p) x £q4.But this is a contradiction. This contradiction
completed the proof of the statement (1)

(W) Let K (k.n.p). X (k.n. p). A2 (k1. k2., p) and K=(k.n.p.¢}). K. (k.n. p.£5). be the
external sum correspondingly

g k>1
X=(k,n,p) = T(n,p) +Z{ [*M,(n,$)]"},
K (k,n,p) = #Ext-Z{ M (n,)1° ),
g .
< Ak, ko,m,B) = D {3 x ["Ma(n,$)]"},

n=k 1
k=1

Re(k,n,p,ef) = T(n,p) + Z{S# (M, (0, )] + 35 x [*&.(n,p)]" },

R (k,n,p.s?) = #Exr- Z{”# [*M, (0, )] + 3§ x [*&,(n,p)]" },

neN
n>k+1

\
Note that from Eq.(3.61) and Eq.(3.64) follows that

Kok, ) + AL (knp) = —A*(D) x a.
Lemma 3.10. (i) Under conditions (3.59)-(3.60)

ﬁab[Zi(k,n,ﬁ,gn gl :|,k =1,2,...
And (ii) Under conditions (3.59)-(3.60)
ﬁab[Zi P },k: 1,2,...

Proof. (i) First note that under conditions (3.59)-(3.60) one obtains

Vk[Zi(k, n,p,et) + o}

Suppose that there exists a £ > 0 such that ab[Xi(k, n,p,c; p.eh) ]Then
from Eq.(3.65) one obtains

N#
A.(kn,p,ep) = —A*(P) x €a.



From Eq.(3.69) by Theorem 2.17 one obtains

an1-1 ~# A~ a1 ~H# ~
_gd = [A#(p):l X A>(kan7p78ﬁ) = [A#(p):l X A>(kan7p78ﬁ) =

(3.70)
= AL(k,n,p).
Thus
—ea = AZ(k,n,p). (3.71)
From Eq.(3.71) by Theorem 2.11 follows that A. (k) = 0 and therefore by Lemma
3.7 one obtains the contradiction. This contradiction finalized the proof of the
Lemma 3.10 (i).
Proof. (ii) This is immediate from the Definition 2.14 (Property I), see
subsection 2.7.
Part (lll)
Remark 3.8.(i) Note that from Eq.(3.62) by Theorem 2.10 (v) follws that X/ (n,p)
has the form
A(n,p) = q* + ab.p(Z"(n,p)) =
(n,p) =q"+a Ap( (n,p)) (3.72)
= q" + (-A*(p) x €a),
where
AN N# AN
q" € Z"(n,p) = A.(1,n,p), (3.73)
q €*Z, andp|q.
(if) Substitution by Eq.(3.72) into Eq.(3.61) gives
['(n,p) +Z"(n,p) = T(m,p) + q* + (-A*(P) x €4) = -A*(P) % &4. (3.74)
Remark 3.9. Note that from (3.74) by definitions follows that
ab[(T'(n,p) + q")|(-A*(P) x £a) ]. (3.75)
Remark 3.10. Note that from (3.73) by construction of the Wattenberg integer
> (n,p) obviously follows that there exist some k,d € N such that
Ai(lakanap) < q# = Ag(l,d,n,p), (376)
k<d.
Therefore
I(n.) + A=(Lkn,p) < T(n.p) +q* < T(n.p) +K(1.d.n.p). (3.77)
Note that under conditions (3.59)-(3.60) and (3.73) obviously one obtains
0+ I(np) + K(Lkn.p) < T(P) +q" TP +K(LdnP) £0. 5 oo

I'(n,p) +q"* = 0.
From Eq.(3.74) follows that



I'(n,p) +q" + (-A*(P) x €qa) = -A*(P) x &q. (3.79)
Therefore
(A*(B) " [T(n,p) + q*] + (—£a) = —a. (3.80)
From (3.78) follows that

0+ (A®) "[T5+ A0, kn,p) | < A3) ' [F(,p) + 4] <
< (@) [rop) +E(Ldnp) | 50, (.81)
(A*(P)) ' [T(n,p) + "] £ 0.
Note that by Theorem 2.8 (see subsection 2.5) and formula (3.44) one otains
0+ Wst{(A#(ﬁ))l[F(n,ﬁ) +Zi(1,k,n,f)):|} = Wst[ ("ao)* + AL(1,k.n,p) ],
Wst{(A#(f)))l[F(n,ﬁ) +Xi(1,d,n,ﬁ)}} = Wst[ ("a0)* + AL(Ldn,p)] £0,  (3.82)
Wst{ (A*(p)) "' [T(n,p) + q*1} + 0.
From Eq.(3.81)-Eq.(3.82) follows that
0 Wst[ (*do)” + AL(1kn,p) ] < Wst{(A*(p))”'[[(n.p) + q*]} <
< Wst[ (*do)" + A%(1,d,n,p) ] 50, (3.83)
Wst{ (A*(p)) "' [T(n.p) + q*1} £ 0.
Thus
—ab[ (A*(p))” [T(n.p) +q"]|(—za) ] (3.84)
and therefore
(A*(P) ' [T, P) + q*] + (~€a) * —a. (3.85)

But this is a contradiction. This contradiction completed the proof of the Lemma
3.9.

4.Generalized Lindemann-Weierstrass theorem

In this section we remind the basic definitions of the Shidlovsky quantities,see
[8] p.132- 134.

Theorem 4.1.[8] Let fi(z),/ = 1,2,...,r be a polynomials with coefficients in
Z.Assume that

forany /= 1,2,...,r algebraic numbers over the field Q : B1,,..., Bk,
kr>1,1=1,2,...,r

form a complete set of the roots of f;(z) such that



fi(z) € Z[z],degfi(z) = ki, 1 = 1,2,...,r (4.1)

anda; € 2,1 =1,2,...,r,a0 + 0. Then
r k;

aop + Zaz Zeﬁk’f + 0. 4.2)
-1 kel

Let /,.(z) be a polynomial such that

- p
£@) = [ [£i@) = bo+brz+...4by,z" =
=1
< o (4.3)
= by, [ [T [ = Bro)sbo # 0,bx > O,N, =X k.
=1 k=1
(S
Let Mo(N,,p), M (N,,p) and g, (N,,p) be the quantities [8]:
B " bl(\],\r/"_l)p_lzp‘lﬁp(z)e‘zdz
Mo(N,.p) = { o= : (4.4)
where in (4.4) we integrate in complex plane C along line [0,+x], see Pic.1.
+00
b(Nr—l)P—lzp—lfP(Z)e—de
= ebBk Ny d
Mk,l(NV’p) € . J' (p—l)! 5 (45)
Br
where k = 1,...,k; and where in (4.5) we integrate in complex plane C along line
with initial point g, € C and which are parallel to real axis of the complex plane
C,see Pic.1.
5 o b](@jrfl)pflzp_lﬁ(z)e‘zdz
ek(Nrp) = el | P T (4.6)

0

where k = 1,...,k; and where in (4.6) we integrate in complex plane C along
contour [0, B«/], see Pic.1.

0 prT— ‘T

Pic.1.Contour [0, B«,;] in complex
plane C.

From Eq.(4.3) one obtains



(Nr+1)p
b, ) = b b Y ez

s=p+1

where by.by + 0,¢cs € Z,s = p,...,(N,—1)p — 1.Now from Eq.(4.4) and Eq.(4.7)
using formula

[(s) = J.(O)Ox‘“le*"dx =(s-1),s eN

one obtains
4 +00 Ny+1), +00
b(Nr Dp-1 e N+ 1)p c
My(N,,p) = ————— | z¢7le~dz + Z —sl | psleidz =
-1)! { = - I
< (N—=1)p (S 1)'
(Nr Dp-1 - - (Nr Dp-1,p
by, "bG ; e AR
.

where by.by + 0,C € Z.We choose now a prime p such that
p > max(|aol,bn,,|bo|). Then from Eq.(4.8) follows that

p I aoMo(N;,p).
From Eq.(4.3) and Eq.(4.5) one obtains

+o0
Mk,l(Nr,p) = (pe_ﬂkvi)' J. {szP 1Zp—1ZP—1 [ (Z _ BlJ)p ] }€Z+ﬂk’ld2,
' j=1 i=1

B

~

::] >

where k = 1,...,k;,l = 1,...,r.By change of the variable integration z = u + B;; in
RHS of the Eq.(4.10) we obtain

+o0

My i(Ny,p) = _11)! j N,p 1(u+ﬂk1)1’ Lype—u HH(Z+ﬁkl_ﬁlJ)p du,
0

0

J=1 i=1
j:#] i+k

where k = 1,...,k;,l = 1,...,r.Let us rewrite now Eq.(4.11) in the following form
e

Mii(Ny,p) =

< +00 . kj-
(p _1 1! J (by,u+ bN,ﬁk,l)p—luPefu H H(bNr” + bn,Pri — bNrﬁi,j)p du

o J=1 ri=l

. ;il ik

Let ZA be aring of the all algebraic integers. Note that [8]
a;;j = bN,ﬂi,j S ZA,i = 1,...,kj,j = 1,...,7".
Let us rewrite now Eq.(4.12) in the following form

4.7)

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)



Mii(N,,p) =

1)' j(bN,u+ak1)p uPe HH(bN,u+ak1—a,J) du

Jj=1 =l
]il i+k

-

where k = 1,...,k;,l = 1,...,r.From EQ.(4.14) one obtains

- u@,
lZalZMkz(Nr,p) j ule 1)('”) du

D,(u) = Za;Z(bN,u+ak1)p uPe™ HH(bNru+ak1—a,z,)
=1

Jj=1 i=1
j¢] i+k

~

The polynomial ®,(u) is a symmetric polynomial on any system A; of variables
ai,Laz,..., ak],la Where

Al =ASai, 000,k l=1,...,r

ay,,az,...,0 € ZA,Z = 1,...,7".

It well known that @, () € Z[u] (see [8] p.134) and therefore
(NA+1)p
uP®,(u) = Z e’ s € 7.

s=p+1

From Eq.(4.15) and Eq.(4.17) one obtains

-
4 uPe™®,(u
Za;ZMk/(Nr,p) J‘—l)(')d
=1 k=1
< (N++1)p o (N++D)p
rz _Cs1 Jsl—ud 2 (S_l)' CCe7”
etdu = Cs-1— = pC, )
Sa - D! o -
Therefore
r ky

E(Nr,p) = Z‘”ZM"J(N”p) (S Z,

=1 k=1
Let Or < C be a circle wth the centre at point (0,0). We assume now that
VEkVI(Br; € Ogr). We will designate now

gki(r) =max |bytfi(z)e=Pu|,

ZI<R

go(r) = max g, (r),g(r) =max |by'zf,(2)|.
1<k<k;, 1<I<r lz[<R

From Eq.(4.6) and Eq.(4.20) one obtains

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)



b(N —1)p- lzp—lﬁp (Z)e_erﬂk”dZ

|8k,l(NV’p)| g (p—l)' —
; (4.21)
k1
1 otBe g < 808" 1(f’)!ﬁkzl go(r)g” ' (r)R
where k =1,...,k;,[ = 1,...,r.Note that
gL DR
D) 0ifp > oo. (4.22)
From (4.22) follows that for any € € [0,0] there exists a prime number p such that
r k;
D ) ewNep) = €(p) < 1. (4.23)
=1 k=1
where k = 1,...,k;,l = 1,...,r.From Eq.(4.4)-Eq.(4.6) follows
6‘8"” _ Mk,l(Nrap) + Ek,l(Nr,p) (424)

MO(Nr»P)
where k= 1,....k;,[ = 1,...,r. Assume now that

ao+ia126ﬁ“ = 0. (4.25)
£ k=l

Having substituted RHS of the Eq.(4.24) into Eq.(4.25) one obtains

e ) ‘o
a0+ a Z Mk,l(Nr,Afo)(]‘:'/,gpkjl(Nr, p) _
) . (4.26)
Mi(Nv,p) euNep)
\ aop + [2: Z MO(N ’p) + 121: Z MO(Nr’p)

From Eq.(4.26) by using Eq.(4.19) one obtains

r k/
ao+EWN.p) + Y ar Y x(Nr,p) = 0. (4.27)

=1 k=1
We choose now a prime p € N such that p > max(|ao|,|bo|,|bn,|) and e(p) < 1. Note

that p|=(N,,p) and therefore from Eq.(4.19) and Eq.(4.27) one obtains the
contradiction. This contradiction completed the proof.

5.Generalized Lindemann-Weierstrass theorem

Theorem 5.1.[4] Let fi(z),] = 1,2,..., be a polynomials with coefficients in
Z.Assume that

for any / € N algebraic numbers over the field Q : 1,,..., Bk, ki > 1,1 =1,2,...
form a



complete set of the roots of f;(z) such that

fi1(z) € Z|z],degfi(z) = ki, I = 1,2,... (5.1)
anda; € Qao # 0,/ =1,2,..., . We assume now that

o0 ki
D Jai D JePr| < oo, (5.2)
k=1

=1
Then

0 k;
ao+Za;Zeﬁk»I + 0. (5.3)
= kel

We will divide the proof into three parts

Part |. The Robinson transfer

Let f(z) = fr(z) € *Z[z],z € *C,] = 1,2,...,r,r €*N, be a nonstandard polynomial
such that
-

f2) =fr(2) = Hfl(z) =bo+biz+...4bnzN =
=1

r ks 5.4
) = bx HH(Z— (*Bri)),bo # 0,bx > 0, >

=1 k=1
N=N: =" (k) €Na.

\

Let *My(N,p), *Mi;(N,p) and *&;;(N,p) be the quantities:
() (N-1)p-1

by PP (2)[*e]dz

7 (p—-1)! ’ (5.5)

N,p € *Nw,

"Mo(N,p) =

where in (5.5) we integrate in nonstandard complex plaine *C along line
*[0,+],see Pic.1.
*(+0)

(N=Dp=1_p-1,p ¥,z
*Miy(N,p) = (*e Pri) by P fP(z)[*e 7 ]dz

(p-1! ’ (5.6)

*Br
N,p € *Nw,
where k = 1,...,*k; and where in (5.6) we integrate in nonstandard complex plain

*C along line with initial point *B;; € *C and which are parallel to real axis of the
complex plane *C,see Pic.1.



*Bri
. ’ b(N’l)p’lzl’—lfl’(z)[*e‘z]dz
* N — (*p P N
eri(N,p) = (Te Pw) _([ (p-1)! ’ (5.7)

N,p € *Nw,

where k = 1,...,*k; and where in (5.7) we integrate in nonstandard complex plain
*C along contour *[0, *B.], see Pic.1.

1.Using Robinson transfer principle [4],[5],[6] from Eq.(5.5) and Eq.(4.8) one
obtains directly

“My(N,p) = by " "'bb +pC, (5.8)
where byby = 0,C € *Z...We choose now infinite prime p € *N, such that
{'p > max(jao|,bn, bo)). (5.9)

2.Using Robinson transfer principle from Eq.(5.6) and Eq.(4.19) one obtains

directly
Vr(r e N) :
i k . (5.10)
E(N,p,7r) = D_(*a)) D ("Mui(N,p)) = pC, € "Z...
I=1 k=1
and therefore
\v N) :
:Er =N) (5.11)
pI"E(N,p,r).
3.Using Robinson transfer principle from Eq.(5.7) and Eq.(4.21) one obtains
directly
-
* * 5" Bri " bl(VN_l)p_lzp_lfp(Z)[*e_z]dz
"ei(N,p)| = | (e »){ T <
< *Br [* ( )]l:* p—l( ):H*ﬁ ’ (512)
1 -1 % —z+(* Brs) -1 p-1 golr)jL g (r kl
T j [BNAR) (&= ) (b5l 1" dz < oD
_ [gomlgr ' (r)]
L (p-1)!
where k = 1,...,*k;,[ = 1,...,r.Note that Ve(e €* R)[e = 0], there exists p = p(¢)
* * o p-1
[go®]*e* D] _ (5.13)

(p-1)! -
4. From (5.13) follows that for any € € [0,6] there exists an infinite prime p €

*N, such that



Vr(r e N) :

i k (5.14)
D (fa) D (“er(N,p)) = e(p) < 1
=1 k=1
where k=1,....%k;,[=1,...,r..
5. From Eq.(5.5)-Eq.(5.7) we obtain
: "Mi(N,p) + (“er(N,p)) J
*o Bl — ’ , 5.15
[ ‘ “Mo(N.p) G-13)
wherek=1,....*k;, [ =1,...,r.
. . Bri
Part Il.The Wattenberg imbedding *e ™ into *Rq4
1.By using Wattenberg imbedding *R Z "Rq4, and Gonshor transfer (see
subsection 2.8 Theorem 2.17) from Eq.(5.8) one obtains
CMo(N.p))* = (bE™"'b})" + p*C” = (5.16)
= )™ ) + prc?
where bib} = 0%,C* € *Z4.We choose now an infinite prime p € *N such that
{ p* > max(|aj|, b, |b5]). (5.17)
2 By using Wattenberg imbedding *R A "Rg, and Gonshor transfer from
Eq.(5.10) one obtains directly
Vr(r e N) :
— b\ aY ’ __ (5.18)
ENp,r))" =D (Can”) D MuN.p))’ = p*C) € "Zq
I=1 k=1
and therefore
vr(r € N)[p*|C"EMN.p.r)" | (5.19)
3.By using Wattenberg imbedding *R & “Rg4,and Gonshor transfer from
Eq.(5.14) one obtains directly
Vr(r e N) :
d (5.20)

ki
Z<(*"1)#> Z(*gk,l(N’P))# = e*(p*) < 1.
o

=1

4 By using Wattenberg imbedding *R A "Rg4,and Gonshor transfer from
Eq.(5.15) one obtains directly



2

{eﬁz,, s (opiryt = (M) + Cew(N.p)’
(*Mo(N,p))"
where k=1,....k;,[=1,...,r € *N.

Part Ill.Main equality
Remark 5.1 Note that in this subsection we often write for a short a” instead
(*a)*,a € R. For example we write
Vr(r e N) :
W,I(Nap)# + 8?,1(N,p)
M{(N,p)

eﬁi,l =

instead Eq.(5.21).

Assumption 5.1. Let f;(z),/ = 1,2,..., be a polynomials with coefficients in
Z.Assume that

for any / € N algebraic numbers over the field Q : S1,,..., B,
ki >1,1=1,2,...,rforma

complete set of the roots of f;(z) such that

fi(z) € Z[z],degfi(z) = ki,l = 1,2,...

[=1,2,...,a0 € Qao +0,r =1,2,... .

Note that from Assumption 5.1 by Robinson transfer follows that algebraic
numbers over

*Q :*Pisyeens P, ki > 1,1=1,2,..., forany [ = 1,2,..., form a complete set of
the roots

of *f1(z) such that

fiz) € "Z[z],deg(*fi(z)) = kil =1,2,... .
Assumption 5.2. We assume now that there exists a sequence

and rational number

dyg = ,(7]1—% Q,
such that
0 ki
D | D _JePr| < oo,
=1 k=1
and

0 k;
do+ Y@y e = 0.
=1 k=1

Assumption 5.3. We assume now for a short that the all roots *g,,...,* B

ki >1,1=1,2,...0f *fi(z) are real.

In this subsection we obtain an reduction of the equality given by Eq.(5.27) in R
to some equivalent equality given by Eq.(3.) in *R4. The main tool of such reduction

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)



that external countable sum defined in subsection 2.8.
Lemma 5.1.Let A<(r) and A.(r) be the sum correspondingly

4 r>1 ky
A<(r) = do + E a E ePri,
[

< (5.28)

© k
A-(r) = D d 2 ebu.
k=1

I=r+1

\
Then A.(r) # 0,r = 1,2,...

Proof. Suppose there exist » such that A.(») = 0. Then from Eq.(5.27) follows
A<(r) = 0. Therefore by Theorem 4.1 one obtains the contradiction.

Remark 5.2. Note that from Eq.(5.27) follows that in generel case there is a
sequence {m;};, such that

lim m; = oo,

1—>00

m; k;
V(i e N)[do +> dr Y efu < 0} (5.29)

=1 k=1

m; k;
do +lim (Z d/Zeﬂk»'> =0,
I—

© \ =l k=l

or there is a sequence {m;} " such that
-
e .
lim m; = oo,

1—>00

" ki
V(e N)|:do+Zdlzeﬁk” > 0}
— (5.30)

k=1

m; k
do +Hlim ( Z]dlzleﬁ“> =0,

A

J—oo

\
or both sequences {m;};, and {m,-}}i‘io with a property that is specified above exist.

Remark 5.3. We assume now for short but without loss of generelity that (5.29)
is satisfied. Then from (5.29) by using Definition 2.17 and Theorem 2.14 (see
subsection 2.8) one obtains the equality [4]

A ki
(*ao)* + |:#Ext- Z(*m)#Z(*e*ﬁk»z)#] - —¢q (5.31)

leN k=1

Remark 5.4.Let A%(r) and A%(r) be the upper external sum defined by



r>1 k;
AL(r) = do+ ) (an" Y (re’Pu)’,
I=1 k=1
< A ki
AL(r) = #Ext- Y (*an)* Y (e Pu)’,
neN k=1
I=r+1
\
Note that from Eq.(5.31)-Eq.(5.32) follows that
AL(r) + AL(r) = —éa.

Remark 5.5. Assume that o, € *Rq and ¢ *R. In this subsection we will write

for a short ab[«|g] iff B absorbs a,i.e. f+a = .
Lemma 5.2. —ab[AL(r)|AZ(1) ],k =1,2,...

Proof.Suppose there exists » € N such that ab[A%(r)|A%(r)]. Then from Eq.(5.33)

one obtains
Aﬁ(l") = —&q.

From Eq.(5.34) by Theorem 2.11 follows that A.(r) = 0 and therefore by Lemma
5.1 one obtains the contradiction.

Theorem 5.2.[4] The equality (5.31) is inconsistent.

Proof.Let us considered hypernatural number 3 € *N,, defined by countable

sequence
I = (mo,mo Xmy,...,moXmy X...Xmy,...)

From Eq.(5.31) and Eq.(5.35) one obtains

leN k=1

A ]
3% x ("a0)” + 37 x [#Ext—Z(*d;)# Z(*e*ﬁk,,)q _
A

ki
= 3+ [#Exz-Z:;? x Z(*e*ﬂ"”)#:| = 3% x g4
k=1

leN

where
# #
. 3

3h = Shag = —10,

my

~# #

SH o gt — ~Soq1
N3 = & al = ra

m;

Remark 5.6.Note that from inequality (5.12) by Gonshor transfer one obtains

*go(r)][*g* (1)1"]* BL,|
(p* -1
N,p €*N.

| *Ek,/(N,p)# | < |:

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)



Substitution Eq.(5.21) into Eq.(5.36) gives

ki

A #
Mi,(N,p)" + &f,(N,p)
It #EXt- Y 3 x LA KA DE — 3 x gq. (5.39)
" ,Z l ,; M;(N,p)

Multiplying Eq.(5.39) by Wattenberg hyperinteger [*My(N,p)]* € *Z4 by Theorem
2.13 (see subsection 2.8) we obtain

ANk k;

34 x MY(N,,p) +#Ext- DD 3t x D [M},(N.p) + &f,(N,p)] =

leN k=1 k=1
= -3 x [*Mo(N,p)]” x €.

(5.40)

By using inequality (5.38) for a given 8 € "R, § ~ 0 we will choose infinite prime
integer p €*N,,p = p(5) such that:
Ak ki

#Ext-D D 3P el (Np) € -6 x ga. (5.41)

[eN k=1 k=1
Therefore from Eq.(5.40) and (5.41) by using definition (2.15) of the function
Int. p(a) given by Eq.(2.20)-Eq.(2.21) and corresponding basic property | (see
subsection 2.7) of the function Int.p(a) we obtain

Ak ky
Intp(ﬁﬁ x M{(N,p) + #Ext- » > 3 x > [ M}, (N,p) + ezJ(N,p)]) =
k=1

leN k=1 =

A ki ki (5.42)
3§ x M{(N,p) + #Ext- ) > 3 x > M}, (N,p) =
k=1

leN k=1 =

—Int.p(S# x [*Mo(N,p)]" x gd> = -3 x [*Mo(N,p)]" x €a.

From Eq.(5.42) finally we obtain the main equality
ANk k;

Ihx M{(N,p) + #Ext- 3 > T x Y M},(N,p) = -=F* x [*Mo(N,p)]* x ea. (5.43)

leN k=1 k=1
We will choose now infinite prime integer p in Eq.(3.56) p = pe*N, such that
{p" > max(jaf|.b%, b5 |, 3). (5.44)

Hence from Eq.(5.16) follows
P’/ M{(N. D). (5.45)
Note that [*Mo(n,p)]" # 0%.Using (5.44) and (5.45) one obtains:
P’/ Mi,(N,p,r) x 3. (5.46)
Using Eq.(5.11) one obtains



P | ML(N,D).kI=1,2,.... (5.47)

Part IV.The proof of the inconsistency of the main
equality (5.43)

In this subsection we wil prove that main equality (5.43) is inconsistent. This
prooff is based on the Theorem 2.10 (v), see subsection 2.6.

Lemma 5.3.The equality (5.43) under conditions (5.46)-(5.47) is inconsistent.

Proof. (I) Let us rewrite Eq.(5.43) in the short form

C(N,p) + ZAMN,p) = -A*(P) x €a, (5.48)
where

ki

Ak
SAN.) - #Ext- 33 5 x 3 ME(N.p).

IeN k=1 ) (5.49)
T(n,p) = 3§ x ["Mo(N,P)I", A*(P) = 3* x [*"Mo(N,p)]".
From (5.46)-(5.47) follows that
~H# ~
I'(N,p),
P (5.50)
p' =N, D).
Remark 5.7.Note that Z(N,p) ¢ *R.Otherwise we obtain that
ab.p((N,p) + Z"(N,p)) = {J}. (5.51)
But the other hand from Eq.(5.48) follows that
ab.p(T(N,p) + Z*(N,p)) = —A*(P) x . (5.52)

But this is a contradiction. This contradiction completed the proof of the statement
(I) ~H# A~ ~H ~H ~H

() Let A<(5,N,p),A.(k,N,p),A<(k1,k2,N,p) and A-(k,N,p,&}),A.(k,N,p, €}),be
the external sum correspondingly



>l k ki
~H ~ ~ ~
A<(r,N,p) = T(N,P) + D D3 x > M ,(N,p),
=1 k=1 k=1
i Ak k;
A NB) = D D 3 x D Mi,(N.p),
rel k=1 k=1
) k k
< A<(r,ra,NB) = DD x D" MY, (N.p),
l=ry k=1 k=1
" >l Kk k;
A<(r,N.P,ef) = T(n,p) + D > IF x D {M},(N,p) +&f,(N,p)},
=1 k=1 k=1
AN ki k;

~H ~ ~
A-(r,N,,f;) = #Ext- D D" 3} x D _AM (N, p) + & ,(N,p)}.

r+l k=1 k=1

\
Note that from Eq.(5.43) and Eq.(5.53) follows that

KNP+ EL(AN.P) = — A(P) x e,
r=1,2,...
Lemma 5.4. (i) Under conditions (5.46)-(5.47)

~t N ot N
—|ab|:AS(r,N,p,8i,) A>(r,N,p,ei,):|,r —1.2.... .

And (ii) Under conditions (5.46)-(5.47)
—ab| X N.p)

Xi(r,N,ﬁ)J,r =1,2,....
Proof. (i) First note that under conditions (5.46)-(5.47) one obtains
(R Npet) #0]r= 1.2,

Suppose that there exists » > 0 such that ab[Zi(r, N,p.&};)

R(,N..2l,) | Then
from Eq.(5.54) one obtains

K Npoel)) = - A'() x ea.
From Eq.(5.58) by Theorem 2.17 one obtains

—ea = [MP)] x Ae(nNpLet)) = [A* )] x Ae(rNLP.&%,) = AL N, P.&"
d Pl xA.(r, ,pagk,z) [A"(P)] xA.(r,N,p,&},;) 2(r, apagk,l)'

Thus

—&d = Aﬁ(raNaﬁagz,l)'
From Eq.(5.60) by Theorem 2.11 follows that A.(r) = 0 and therefore by Lemma
5.2 one obtains the contradiction. This contradiction finalized the proof of the
Lemma 5.4 (i)

Proof. (ii) This is immediate from the Definition 2.14 (Property I), see
subsection 2.7.

()

(5.53)

(5.54)

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)



Remark 5.8.(i) Note that from Eq.(5.49) by Theorem 2.10 (v) follws that
>AM(N,p) has the form

ZA(N,p) = q" +ab.p(Z"(N,p)) =
= q" + (-A*(P) x £a)
where
q* € Z'(N.p) = KL(LN.p).
q €*Z, andp|q.
(ii) Substitution by Eq.(5.61) into Eq.(5.48) gives
I(N,p) + Z"(N,p) = T(N,p) + q" + (-A*(P) x £a) = —A*(P) x a.
Remark 5.9. Note that from (5.63) by definitions follows that
ab[(T(N, ) + ¢")|(-A*(P) x £a) ].
Remark 5.10. Note that from (5.62) by construction of the Wattenberg integer
>N, p) obviously follows that there exists some r,r, € N such that
Ro(1L.r.Np) < a* = KoL, N, ),
ry < r.

Therefore

T(NP) + Xe(1,r1,N,p) < T(N,P) + q < T(N,p) + A=(1,r2,N, ).
Note that under conditions (5.46)-(5.47) and (5.66) obviously one obtains
0+ I(N.p) + (1ri.N.p) < T(N.) + q* < T(N.p) + A=(L.r2.N.p) £ 0,
(N,p) +q* = 0.
From Eq.(5.63) follows that
T(N,p) +q* + (-A*(P) x £a) = ~A*(P) x £a.
Therefore

(A*(®) ' [T(N,P) + 4] + (~ea) = —¢a.
From (5.69) follows that

0+ (M) [ TON.B) +KX(1,r,N.B) | < (A*(3) [T(N.) + 0] <
< (V@) [ TR + Bl Np) | 50,

(A*())'[T(N,P) +q*] 5 0.

Note that from (5.70) by Theorem 2.8 (see subsection 2.5) and formula (5.32) one
otains

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)



0% Wst{(A#(ﬁ))_l[F(N,ﬁ) +Xi(l,r1,N,’p‘)}} = Wst[ (*a0)* + AL(Lr1,n.p) ],
Wst{(A#(ﬁ))_l[F(N,ﬁ) +Zz(1,r2,n,ﬁ):|} — Wst[ ("ao)* + AZ(1L,rNp)] 50, (571
Wst{(A*()) "' [T(n,p) +q*]} # 0.
From Eq.(5.70)-Eq.(5.71) follows that
0+ Wst[ (*ao)" + AL(1,r1,N,p) ] < Wst{(A*()) ' [T(n,p) + "]} <
< Wst[ (*do)* + A%(1,r2,N,p) | £ 0, (5.72)
Wst{ (A*(p)) ' [T(N,p) +q*]} £ 0.
Thus
—ab[ (A*($))”'[T(N,P) + q*]|(~za) ] (5.73)
and therefore
(A* ()" [T(N, D) + q*] + (~£a) * —£a. (5.74)
But this is a contradiction. This contradiction completed the proof of the Lemma
5.3.

Remark 5.11. Note that by Definitions 2.19-2.20 and Theorem 2.18 from
Assumption 5.1 and Assumption 5.2 follows

A ki
(*cdo)" + [#Ext- Z(*d/)# Z(*e*ﬂfd)# :|

leN k=1

2
= |-c4|* = €a. (5.75)

Theorem 5.3.The equality (5.75) is inconsistent.

Proof. The proof of the Theorem 5.3 obviously copies in main details the proof
of the

Theorem 5.2.

Theorem 5.3 completed the proof of the main Theorem 1.6.
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