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Abstract : In this paper we introduce the notion of fuzzy bitopological ideals .The concept of fuzzy pairwise
local function is also introduced here by utilizing the g-neighborhood structure for a fuzzy topological space
.These concepts are discussed fuzzy bitopologies and several relations between different fuzzy bitopological
ideals .
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l. Introduction

The concept of fuzzy sets and fuzzy set operations was first introduced by Zadeh [6]. Subsequently,
Chang defined the notion of fuzzy topology [2]. Since then various aspects of general topology were
investigated and. carried out in fuzzy since by several authors of this field. The notions of fuzzy ideal and fuzzy
local function introduced and studied in [5]. Nouh [ 4 ] initiated the study of fuzzy bitopological spaces . A
fuzzy set equipped with two fuzzy topologies is called a fuzzy bitopological space. Concepts of fuzzy ideals
and fuzzy local function were introduced by Sarkar [5].The purpose of this paper is to suggest the fuzzy ideals
in fuzzy bitopological space. The concept of fuzzy pairwise local function is also introduced here by utilizing
the g-neighborhood structure [3].

l. Preliminaries
Throughout this paper, by (X, 71, 7, ) we mean a fuzzy bitopological space (fbts in short) in Nouh's [ 4

] sense. A fuzzy point in X with support x € X and value € (0 < € < 1) is denoted by x¢ [1]. A fuzzy point X
is said to be contained in a fuzzy set LL in I*iff €< L and this will be denoted by x¢ € L[ 3] .For a fuzzy
set LL in a fbts (X, 79,79), Tj —cl(W), 7j —Int (W), e {1,2}, and L will respectively denote closure,

interior and complement of L. The constant fuzzy sets taking values 0 and 1 on X are denoted by oy, 14
respectively. A fuzzy set L in fts is said to be quasi-coincident [3] with a fuzzy set 1 , denoted by W g 1, if
there exists x € X such that L (X) + T(X) > 1. A fuzzy set V in a fts (X, T) is called a g-nbd [1,3] of a fuzzy
point X iff there exists a fuzzy open set LL such that xg g L C V we will denoted the set of all g-nbd of x¢ in
(X, T) by N (X, T). A nonempty collection of fuzzy sets L of a set X is called fuzzy ideal [S] on X iff i) L €
Land C UL = L € L (heredity), (i) L € LandM € L = L vV N € L (finite additivity). The fuzzy
local function [5] },L* (L, T) of a fuzzy set L is the union of all fuzzy points x¢ such that if V. € N (x¢) and
P € L then there is at least one r € X for which V (r) + L (r) - 1> P (r). For a fts (X, T) with fuzzy ideal L
cl'(U) = UV W [ 5] for any fuzzy set L of X and T'(L) be the fuzzy topology generated by cl” [5].

1. Fuzzy Pair wise Local Functions.
Definition 2.1. A fuzzy set W in a fbts (X, 74,7, ) is called Pairwise Quasi-coincident with a fuzzy set 7.
denoted by P(q7), if there exists X € X such that ££(X) +77(X) >1.0bviously, for any two fuzzy sets LL
and 77, P(yqn) will imply P(nq,u).
Definition 2.2. A fuzzy set W in a fbts (X, 7;,7, ) is called pairwise quasi-neighborhood of point Xg if and
only if there exists a fuzzy 7; —open, i€ {1,2} set p such that X.qo < u We will denote the set of all
pairwise g-nbd of X, in (X, 7;,7,) by PN (Xg T ) e {1,2}.
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Definition 2.3. Let (X,79,72) be a fbts with fuzzy ideal L on X, and u € | X' Then the fuzzy pairwise
local function P u* (L,tj), i€ {1,2}01‘ w is the union of all fuzzy points x, such that for pePN (x.,7j) and
{ €L then there is at least one reX for which p(r)+ ,u(r)—l > E(r), where PN (X;,tj) is the set of all g-
nbd of X, . Therefore, any X, & P pu* (L,7j), ie {1,2}( for any X, & u ( any fuzzy set ) implies
hereafter, Xg is not contained in the fuzzy set L, i.e. &> g(X) implies there is at least one pePN (x)

such that for every r e X, p(r) + u(r) - 1< £ (r) for some ¢ e L.
We will occasionally write Pz™ or P™ (L) for Pg"(L,tj).We define P «-fuzzy closure operator,

denoted by pcl” for fuzzy topology T*i (L) finer than ; as follows: pel’( H)=uv P 1™ for every fuzzy set 9

on X. When there is no ambiguity, we will simply write for Pz "and ri* for Pu” (L,7j) and ri* (L),
respectively.
Definition  2.4. Let (X, 71, 7T2) be a fbts with fuzzy ideal L on X, a fuzzy pairwise local function P u*

(Lyvry) e {1,2} of uel X i the union of all fuzzy points x, such that for pePN (., ) and feL
then there is at least one reX for which p(r)+ ,u(r)—1> ﬁ(r), where PN (x.,tj) is the set of all g-nbd of

Xg in 71 VvV To(where 7, Vv 7, is fuzzy topology generated by 7,,7,.

Example 2.1.0ne may easily verify that
i-  L={0 then Pu"(Lrj) = 7j —Cl(), forany pel X ief2}.

i- L=I X , then Pu"(L,rj) =0y, forany pe 1%, iefl,2}.
Note 2.1. In a fbts (X, 7;, 7,) with fuzzy ideal L on X, we will denote by & —Cl () (resp. o — int()) the
closure (resp. interior ) of a fuzzy subset u € | X with respect to the fuzzy topology o =17, v 75.
The following theorem gives some general properties of fuzzy pairwise-local function.
Theorem 2.1. Let (X, 7y, 7, ) be a fbts with fuzzy ideal L on X, w,77 €| X and o = 71V 792 . Thenwe
have:
i- Pu'(L,o)C Pu'(L,z;); ie{l,2}.
i-  If gcnthen Pu'(Lo)C Pn'(Lr;) ie{l2}.
iii- Pu'(L,o)CZ o—cl(u) cr;_cl(y).
iv-  PuT(L o) Pu'(LTy); ie{l2).
Proof
i- Letx, ¢ P L™ (L tj) ie. &> P (X) sox, isnot contained in Pz
This implies there is at least one p ePN(x;) in 7; such that for every reX,
p(r) +LL()-1< L (r) for some { e L. Hence p € PN(X,,0) andso X, ¢ Pu (L, o) . Therefore
Pu'(L,o)Z Pu'(Lr;); ie {1,2}.

i- X, ePnp'Lz)ie {1,2}, then & < Pn*(x),.so X is contained in Pn*. This implies there is at
least one g-nbd p € PN (X,,7;) such that every reX,
p(n) +n (N-1>4 (r), ¢ e L.Hence p € PN(X,,0). Since s = 17, by heredity

p() +u (N-1>L(r), [ e L. Therefore X, ¢ Pu'(L, o)
iii- ., (iv) Obvious.
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Theorem 2.2. Let (X, 7y, 7,) be a fbts with fuzzy ideal Lon X, u € | e 71 C 7,, then
i- Pu'(L,7,) & Pu’'(L,7y), forevery uel X ,Tl* - rz*.

Proof .Since every g-nbd in 7; of any fuzzy point X, is also g-nbd in 7, .Therefore, Pu (L, T,) C
Pu(L, 7, ) as there may be other g-nbd in7z, of X_ where is condition for X, € Pu(L, T,) may not hold
true, although X, € Pu (L, 7y).

ii- Cleary, Tl* grz* as Pu'(L,7,)c Pu'(L, 1)

Theorem 2.3 . Let ( X,74,7,) be a fbts and L, J be two fuzzy ideals on X,. Then for any fuzzy sets
wpel”,

- ucp=PuL)S Pp(LTi) ie{l2}.

i- LcJd=Pu'07)C Pu'Lz) iefl2),

ii-  Pu'=7j-cl (Py*)g ri-cl(u), ie{L,2},

iv-  Pu (LTS Pu'Lg) ie{l2),

v- Pluup) (Lr)=Pur)up (L)

vio  pel=Puup) L 1j)=Pu'Lz).
Proof.
i- Since u < p implies ,u(X)Sp(X) for every X in X, therefore by Definition 2.1

X, € Pu’(L,7;) implies X, € Pp (L, Tj) , which complete the proof of (i)
ii- Cleary, LcJ = P,u*(J,Ti ) C Py*(L, Ti) e {1,2}as there may be other fuzzy sets which
belong to J so that for a fuzzy point X,. € P,u*(J,Ti ) but X, may not be contained in Pu (L, Ti).
iii-  Since {Ox}g L for any fuzzy ideal L on X , Therefore by (ii) and Example 2.1, P (L, 7)<
Py*( {OX}, Ti)=Tj — C|(,u) for any fuzzy set g of X . Suppose, X, € TFCl (,u*) so there is at is at
least one reX for which 2" (r)+v(r)—1> £(r), for each g-nbd v of X, .Hence w1'(r)=0,. Let
S:,u*(l’).CIeary e Pu’(L,7j) and t+v(r)>1 so that v is also g-nbd of I in 7j. Now
I e p,u*(L,ri), So there is at is at least one I’ € X for which n(r/)+ ,u(r/)—1> E(r’), for each g-
nbd 7of I and ¢eL. thisis also true for V so there is at is at least one I'// € X such that

V(r”)+ y(r”)—l>£(r”), for each ¢ eL.Since v is an arbitrary g-nbd of X, in z;therefore

x, € pu*(L, ;) hence, Pu=7; -cl (P,u*)g ri-cl(u), e {L,2},
iv- Clear

v- Suppose, X, ¢, P (L, Tj) L p*(L, T ) i-e.e>(Pu vPp ) (X)=max{Pu" (x),P 0" (x)}.So
X, is not contained in both Pu “and Pp *. This implies there is at least one g-nbd v, in 7;, of X, such
that for everyr e X, V () + U (r) - 1< _ 4(r), for some {1 e L and similarly, there is at least one g-
nbd v, of x. inTj such that, foreveryre X,V ,(+ p(r)-1 </l 5(x) for some /,eL. Let v=
V1AV, S0V isalsog-nbdof x, in z;and v (r)+ (uv p)(r)-1< £yv £, (r), for every reX.

Therefore, by finite additively of fuzzy ideal as flv lyel,x & (uvp)’ Hence

P(,uup)* (L7;) < Pu'(L, Ti)up*(L,ri). Clearly, both and p < u U p implies
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Pu(L, Ti)v p*(L, ri) - P(,uup)* (L, 7;) and this completes the proof.
vi- Clear .

1. Basic Structure Of Generated Fuzzy Bitopology
Let (X,7q,79) beafbtsand L bea fuzzyideal on X. Letus define

Ti-cl*(u)= P (L,7;), i € {L,2} for any fuzzy set e 1. Clearly

Tj -CI*(,u) is a fuzzy closure operator .Let T*i(L) be the fuzzy bitopology generated by T -

ol *(u).ie. 7% (L) |:{,u:z'i —CI*(,Lf):,uC}. Now, L={0,}= 7;-

o * ()= uoPu*(L7;) =z, —cl(u)=7; —cl(u), i € 1,2} forevery 1 € | X 0

o ({OX }) =7, iefl2} Again L=1* =

ri-cl* ()= p P (Li7;)= 00, =, so 7 (I %), ie {1,2} is fuzzy discrete bitopology on
X we can conclude by Theorem 2.1 @), z%i({0,})cz"i(L)c r*i(l X), ie. Ticr,
Lcl=17 (L)g 7%i(J) .Let 1 be a g-nbd of a fuzzy point X, in 7" — fuzzy bitopology .Therefore,

there exists O €77, i € {1,2}such that, and pc p,Now, pe i utis

77 ~closed < 7, —CI*(,uc)z,uC == P(,uc)* cu e uc (P(,uc )*jc

Therefore & + 24(X) >1=> & + (yc)*(x) >1=g+1— P(yC )*(x)>1 £> (,uc)*(x):

X, & (,uc )* This implies there exists at least one g-nbd v; of X, (in ri) such that for every r e X, vy (1)
+ 1 (r)-1</4(x) forsome £y eL.ie. vy (r)- £1()< £ 4(x) for every r e X Therefore, as v, g-nbd of
Xg (in T ) thereisa V € 7; such that X0 v < v, and by heredity property of fuzzy ideal we have ¢ €L
for which X, q(v — £) < 1, where (V—f)(l’)= max{v(r)—é(r),o} for every r € X. Hence, for uet;

we havea v e 7; and / L such that (v —é) C . Letus denote
ﬂ(L, T ) = {v —lver,le L}.Then we have the following theorem

Theorem 3.1: ﬂ(L,ri )forms a basis for the generated fuzzy bitopology 7 (L) of the fots (X, T1,77)
with fuzzy ideal L on X, the class

BL, Tj)={u-Aperj,rel ie {1,2}} is the base for the fuzzy bitopology t ™
Proof: Straight forward

Theorem 3.2. If L, and L, are two fuzzy ideals on fbt ( X, 7;, 75 ) then,
i- Py (Ly,z;)> Pu (L 7y)forevery uel®andL;<L,
ii- (Ll) < Ti * (Lz) and L, <L,.

ii- Pu'(LNLy,7;)=Pu’(L,,Tj)w Pu'(L,, 7).

iv-  Pu(LvL,,7)=Pu’ (L, o5i(L, )M Pu (L, 775 (L))
Proof. iandii are clear.
iii-Let x, ¢, Pu"(Ly, Tj) U Pu (Ly,7;) . So . is not contained in both Pz *(L1,7;) and Pu (L,,7,).

Now x, & Pu (L1, Tj) implies there is at least one g-nbd v, in 7;, of x. such that for every r € X, v (r)

www.iosrjournals.org 4| Page



Fuzzy Bitopological Ideals Theory

+ W ()-1<l () forsome _;eL.Again X, ¢ . "(Lo,7;) andsimilarly, there is at least one g-nbd
v,of X, in Tj such that, for everyr e X,v o(r) + u (r)-1 </ »(x) for some ¢, L. Therefore, we have
V=V 1N V,so v isalsog-nbdofx; in 7;and v () +pu(r)-1< £, N/, (r) foreveryr € X. Since v is

also g-nbd of x, in 7; and {;Nl,ev , therefore x, ¢ Pu'(L NL,,7;) ,s0 that

Pu (LNl 7;)C Pu'(L, Tj)U Pu'(L,,7;). Also Ly ML, included in both L, and L,, so by
Theorem 2.2(ii), reverse inclusion is obvious, which completes the proof of (iii)

V- iv) Let x, ¢, Pu *(Ll v L,, 7;) implies there is at least one g-nbd v; of x; in 7; such that for every
reX, v, N+ u (-1 </ 1(r), for some /| e L1v L, . Therefore, by heredity of fuzzy ideals and
considering the structure of fuzzy 7;_open sets generated fuzzy bitopology, we can find v ;,v , the g-nbd
of x, in i (Ll) or T*i(Lz) respectively, such that, for everyr e X, v 1(r) +u (-1 gfl(r) or
von+ L (-1 sgz(r) for some 62 elLyor El € Lq foreveryr e X. This implies

x. & Pu’(L,75(L, ))or x.& Pu’(Ly, 7% (Ly ). Thus we have,

Pu'(L, (L)) N Pu’(L,, (L) S Pu'(L v Ly, Tj).

Conversely, let X, & Py*( Ll,r*i(Lz)).This implies there is least one on g-nbd v of x; in 7"} such that for

everyre X, v () + W () - 1</ 4(r), for some £ e Lq. Since v isa 7%i(L, )g-nbd of x, , by heredity of

fuzzy ideals, we have a g-nbd v of X in 7; such that foreveryre X, v () + u (r)-1</0,U /0, (r), for
some £ ;e L1 and for some 62 elyp.ie, X ¢, P,u*(Ll v L,,7;).Thus,

Pu'(Lyv Ly, r)c Pu'( L. 7"%(Ly)) and Pu(L,,7%(Ly ). Then
Pu'(Lyv L, 7)) S Pu’( Ll,r*i(Lz))m Pu'(L,, T*i(Ll))and this completes the proof .

An important result follows form the above theorem that ri* (L) and Ti** (L)are
Equal for any fuzzy ideal on X.

Corollary 3.1: Let (X, Z.1’ TZ) be a fbts with fuzzy ideal L. Then z;"(L)=7;""(L)
Proof. By taking L;=L,=L in the above Theorem, we have the required result
Corollary 3.2.. If Ly and L, are two fuzzy ideals on fbt ( X, 7;,7, ) then,

S NP A () (R Eul (PP D) (F9)

i- 7' (L v, g)= [Ti*(Ll’Ti )] v [Ti*(l-217i )]

ii- 7 (LNl g)= [Ti*(Ll’Ti )]m [Ti*(l-217i )]

Proof .Clear
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