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ON ANDRICA’S CONJECTURE, CRAMÉR’S CONJECTURE, 

GAPS BETWEEN PRIMES AND JACOBI THETA FUNCTIONS V: 

(A Simple Proof for 12.10 Theorem of Ivic’s Book for Difference between Consecutive 

Primes without Riemann’s Hypothesis) 

EDIGLES GUEDES AND PROF. DR. RAJA RAMA GANDHI 

 

Abstract: In this paper we developed an interesting result by constructing for differences between 

consecutive primes without Riemann’s Hypothesis. 

 

1. INTRODUCTION 

 In book The Riemann Zeta-Function: Theory and Applications  [1, p. 321], 

Aleksandar Ivic posted the following theorem: 

Theorem 12.10. If the Riemann Hypothesis is true, then 

(   )          
  ⁄        

 In this paper, we prove that 

(   )                   
  ⁄        

result is stronger than the announced by Ivic, without the Riemann Hypothesis. 

 Thereupon, we prove that 

(   )          
         ⁄   

which is weaker than the result of H. Iwaniec and J. Pintz (1984), [see 2]:         

  
    ⁄   

 

2. PRELIMINARES 

 The Rosser’s theorem [3] states that    is larger than       This can be 

improved by the following pair of bounds: 

(   )                
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for     

3. THEOREM AND COROLLARYS 

THEOREM 1.For      , then 

(   )                                                        
  ⁄        

Proof. In previous paper [4, p.__], we encounter that 

(   )√     √   √ (√    √ )√   

for       Summing         in both members of inequality (3.2), we have 

(   )        √     √           √ (√    √ )√   

                               √     √      √ (√    √ )√   

 Dividing (3.3) by (   √  )        we obtain 

(   )                 
       

(   √  )      

 
     √     √      √ (√    √ )√ 

(   √  )      
 

                         
     √    

(   √  )      
 

   √  

(   √  )      
 
√ (√    √ )√ 

(   √  )      
 

                         
     √    

(   √  )      
 

 

     
 
√ (√    √ )√ 

(   √  )      
  

consequently, 

(   )
       

√       
(

√  

   √  
)  

       

(   √  )      

 
     √    

(   √  )      
 

 

     
 
√ (√    √ )√ 

(   √  )      
  

 On the other hand, note that 
√  

   √  
 is a decreasing function,in which the 

maximum occurs when      for     * + In other words,         
√  

   √  
 

√  

   √  
 √ 

  √ 
               , see Table 1. But, if we consider     * + and 

     then         
√  

   √  
 

√   

    √   
 √  

   √  
                 Therefore, 

for     * + and      we have 
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(   )
√  

   √  
    

     

√  

   √  
 

√   

    √   
 

√  

   √  
                

      
  

   
  

 Multiplying 
       

√       
 in both members of inequality (3.6), we have 

(   )
       

√       
(

√  

   √  
)  

       

√       
(    
     

√  

   √  
)

 
       

√       
(

√  

   √  
)  

  

   

       

√       
  

 Dividing (3.5) by (3.7), weencounter 

(   )  

     √    

(   √  )      
 

 

     
 

√ (√    √ )√ 

(   √  )      

  

   

       

√       

 
   √       
  (       )

*
     √    

(   √  )      
 

 

     

 
√ (√    √ )√ 

(   √  )      
+  

  

   
 
       

√       
 

     √    

(   √  )      
 

 

     
 
√ (√    √ )√ 

(   √  )      
  

 Using the Rosser’s theorem in the right-hand side of inequality (3.8) for 

     √    

(   √  )      
 

 

     
, we find 

(   )     
  

   
 
       

√       
 

     √    

(   √  )      
 

 

     
 
√ (√    √ )√ 

(   √  )      

 
(   ),   (   )        (   )- √(   ),   (   )        (   )-

[ (              )  √ (              )]    , (              )-

 
 

   , (              )-
 
√ (√    √ )√ 

(   √  )      
  

 We observe that
(   ),   (   )       (   )- √(   ),   (   )       (   )-

[ (              ) √ (              ) ]    , (              )-
 

 

   , (              ) -
 is a decreasing function, in which the maximum occurs when 

      for    and      

then,         (
(   ) ,   (   )       (   )- √(   ) ,   (   )       (   )-

[ (              ) √ (              )]    , (              ) -
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   , (              ) -
)  

  (              ) √  (              )

[  (                ) √  (                )]    ,  (                )-
 

 

   ,  (                )-
                          see Table 2. Thereupon, 

(3.9) can be written as 

(    )
  

   
 
       

√       
          

√ (√    √ )√ 

(   √  )      
 
       

√       
 

 
       

  
 
   √ 

  
 
(√    √ )√ 

(   √  )      

                     
   √ 

  
 
(√    √ )√ 

(   √  )      

         
   √ 

  
 
(√    √ )√ 

(   √  )      
  

 Again, using the Rosser’s theorem, the inequality (2.1) in the right-hand side of 

(3.9),specifically in 
   √ 

  
 
(√    √ )√ 

(   √  )      
  we discover that 

(    )
       

√       

         
   √ 

  

 
(√    √ )√ 

(                 √                )   (                )
  

 On the other hand, we observe that the function 

   √ 

  
 

(√    √ )√ 

(                 √                )    (                )
 is a decreasing 

function, in which the maximum occurs when      for    and      In other 

words,         (
   √ 

  
 

(√    √ )√ 

(                 √                )    (                )
)  

   √ 

  
 

(√   √  )√  

(                      √                     )    (                     )
 

                         see Table 3. Thus, the inequality (3.11) can be 

written as 

       

√       
                                  

          √          
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COROLLARY 1.For      , then 

(    )                                                             
  ⁄        

Proof. We note that             Then,                    
  ⁄       

  
  ⁄        consequently,           

  ⁄         

COROLLARY 2.For      , then 

(    )                                                             
         ⁄   

Proof. We note, using the Rosser’s theorem, that 

         
, (              )-         ⁄

   , (              )-
 

  
         ⁄

     
  for     and      see Table 4. 

Then,                    
  ⁄       

, (              )-         ⁄

   , (              )-
  
  ⁄       

  
         ⁄

     
  
  ⁄         

  ⁄           ⁄   consequently,           
         ⁄    
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Table 1. In this table, we have: first column:  ; second column:   ; third column: 
√  

   √  
.  
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Table 2 In this table, we have: first column: ; second column:   ; third column:    ; fourth 

column:
     √    

(   √  )    (  )
 

 

    (  )
; fifth 

column:
(   ),   (   )       (   )- √(   ),   (   )       (   )-

[ (              ) √ (              )]    , (              )-
 

 

   , (              )-
. 

 

                
 

   (  ) 
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Table 3. In this table, we have: first column:  ; second column:   ; third column:     ; fourth column: 

   √ 

  
 
(√    √ )√ 

(   √  )     
; fifth column: 

   √ 

  
 

(√    √ )√ 

(                 √                )   (                )
.  

 

                    
 

   (  ) 
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Table 4. In this table, we have: first column:  ; second column:   ; third column: 
, (                 )-         ⁄

    , (                 )-
; fourth column: 

(  )
         ⁄

      
.  
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