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1. INTRODUCTION 

 In book The Riemann Zeta-Function: Theory and Applications  [1, p. 350], 

AleksandarIvic refers to a paper by P. Erdös [2], 1935, in which he proved, by 

ingenious method, which gives that: 

(   )         
             
           

  

holds for infinitely many   and some absolute constant     In turn, R. A. Rankin [3], 

1962/1963, refined the Erdös method, and he obtained: 

(   )         
                           

           
  

 On the other hand, Harald Cramér [4, p. 41] established: 

(   )        √         

 In this paper, we prove that 

(   )         [√    (             )   ]  

Where with we conjecture that 

(   )                                                ⌊√    (             )   ⌋  

Where ⌊ ⌋is the floor function. Finally, we proved that 

(   )                                                   
    
  

   
 

  
         ⁄   
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2. THEOREM AND CONJECTURE 

THEOREM 1.Let     and   any number, then 

(   )                                          [√    (             )   ]  

Proof. Step 1. In [5, p. 43], we have the inequality 

(   )                                √            √ (√    √ )√ √    

√       √ (√    √ )√ √       

   √       √ (√    √ )√ √    

pursuant to 

(   )     √         √ (√    √   )√   √      

 Subtracting (2.2) of (2.3), we encounter 

(   )        √         √       √ (√    √   )√   √     

 √ (√    √ )√ √    

 √    [√     √   √ (√    √   )√   

 √ (√    √ )√ √
  
    

] 

 √    [√     √   √ (√    √ )√ √
  
    

 √ (√    √   )√   ] 

 √    {√     √  

 √ [(√    √ )√ √
  
    

 (√    √   )√   ]}  

 We observe that, since          then  √
  

    
    see Table 1. Therefore,  
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(   )       

   √    {√     √  

 √ [(√    √ )√  (√    √   )√   ]} 

 We note that √ [(√    √ )√  (√    √   )√   ]  tends 

rapidly to zero, see Table 2. Accordingly, 

(   )          √    (√     √  )  

Step 2. Henceforth, we will use the reduction ad absurdum to prove that  

(   )√    (√     √  )  √    (             )     

Firstly, we assume, by hypothesis, that  

(   )√    (√     √  )  √    (             )     

 Dividing by both members of inequality (2.8) by √      we encounter 

(   )√     √                 
 

√    
 √          

         √   
 

√    
 

 The exponentiation of (2.9) gives us 

(    )   
√          

√   
 

√     
  
    

  
√   

 

√    
 √    

 
 

 
√     √   

 

√    

  
√     √   

 

√     
    
  

  

 For        is easy to check that 
√     √   

 

√     
    

  
 so our hypothesis is 

false. See Table 3.Hence, it follows that√    (√     √  )  √    (        

     )     as we wanted to demonstrate.  

 Step 3. From (2.6) and (2.7), we obtain  

          √    (√     √  )    [√    (             )   ] ⧠ 

CONJECTURE1: Let       and   any number, then 

         ⌊√    (             )   ⌋  

where⌊ ⌋ is the floor function. 

THEOREM 2.For      , then 
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(    )                                                      
    
  

   
 

  
         ⁄   

Proof. Step 1. In [6], we have the inequality 

          
         ⁄   

for     wherefore, 

(    )(       )
    

          ⁄
      

         ⁄
 
(       )

 

  

   
         ⁄

  

 Multiplying (2.13) by    ⁄   we have 

(       )
 

  
 

 
  
         ⁄

  
 

 

  
         ⁄  

       
  

 
 

  
         ⁄  

    
  

   
 

  
         ⁄  ⧠ 
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Table 1 

 In this table, we have: first column:  ; second column:   ; third column:     ; 

fourth column: √
  

    
.  
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Table 2 

 In this table, we have: first column:  ; second column:   ; third column:     ; 

fourth column: √ [(√    √ )√  (√    √   )√   ].  
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Table 3 

 In this table, we have: first column:  ; second column:   ; third column:     ; 

fourth column:    ; fifth column: 
√     √   

 

√    ; sixth column: 
    

  
 

                         
                                        
                         
                                        
                                           
                                           
                                          
                                           
                                           
                                            
                                            
                                           
                                          
                                            
                                           
                                           
                                            
                                            
                                            
                                           
                                            
                                            
                                            
                                             
                                             
                                               
                                              
                                              
                                             
                                               
                                              
                                               
                                               
                                               
                                               
                                              
                                              
                                               
                                               
                                             
                                               
                                               
                                              
                                               
                                               
                                             
                                              
                                               
                                              
                                               

 


