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Mechanical stresses produced by a light beam
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A circularly polarized electromagnetic beam is considered, which is absorbed by a plane,
and the mechanical stress produced in the plane by the beam is calculated. It is shown
that the central part of the beam produces a torque at the central region of the plane due
to the spin of the beam, and the wall of the beam produces an additional torque due to
orbital angular momentum of the beam. The total torque acting on the plane equals
twice the power of the beam divided by the frequency. This fact contradicts the standard
electrodynamics, which predicts the torque equals power of the beam divided by
frequency, and means the electrodynamics, as well as the whole classical field theory, is
incomplete. Introducing the spin tensor corrects the electrodynamics.
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1. Does the electrodynamics’ spin tensor exist?

As is well known, photons carry spin, energy, momentum and angular momentum that is a
moment of the momentum relative to a given point or to a given axis. Energy and
momentum of electromagnetic waves are described by the Maxwell energy-momentum
tensor (density)

TH = —g"*Fo F* + g FopF* /4, (1)

where F'"W = —F" F,, = F“’Sgwguﬂ (u,v, ...=0,1,2,3) is the field strength tensor. For
example, P’ = jV T°dV is the momentum of a wave inside a volume V, and
dw = fa T%da;dr is the energy that has flowed through the area « in the time dr.
The angular momentum, that is a moment of the momentum, can be defined as [1]

Lii:J 2x[iT’]0dV:J Fx (E x BV )
174 14

and this construction must be named an orbital angular momentum. However, modern
electrodynamics has no description of spin.
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The electrodynamics starts from the canonical Lagrangian [2, (4-111)], L, = —F,,F*"/4.
Then, by the Lagrange formalism, the canonical energy-momentum tensor [2, (4-113)]
oL,
“ (0, A)

TH = ¥ A — &ML = —0 A F* + g FupF’ 14 )

and the canonical total angular momentum tensor [2, (4-147)]

ALy A v A~ ALY
Jo = 20 )
are obtained. Here
) oL )
Y = Vsl ¢ — gl prly 5
c o 8(8VAa) ( )

is the canonical spin tensor [2, (4-150)]. Its space component is E x A:
Y =Ex A. (6)

The sense of a spin tensor Y**” is as follows. The component Y7 is a volume density of
spin. This means that dS7 = Y™ dV is the spin of the electromagnetic field inside the
spatial element d V. The component Y'7* is a flux density of spin flowing in the direction of
the x* axis. For example, dS./ds = dS®/dt = dv*¥ = Y™ da. is the z-component of the
spin flux passing through the surface element da. per unit time, i.e. the torque acting on
the element.

The sense of a total angular momentum tensor means that the total angular
momentum of an element dV, is dJ* = J*dV, = 2x4 7V dV, + Y dV,. The corre-
sponding integral is

=L S = J 2 dy, + J Y dy,. (7

V V

It consists of two terms: the first term involves a moment of momentum and represents an
orbital angular momentum; the second term is spin. It must be emphasized that a moment
of momentum cannot represent spin. This idea is discussed in the paper [3], which was
written in response to [4].

However, the canonical tensors (3), (4), (5) are not electrodynamics tensors. They
obviously contradict experiments. For example, consider a circularly polarized plane wave,

E*=cos(z—1), E' =—sin(z—1t), B*=sin(z—1), B =cos(z—1),
AY =sin(z—1), A’ =cos(z—1)
(for short we set k = w = 1). A calculation of components of the canonical spin tensor (5)

yields
U N

Y? = A'B, = sin’ (z — 1),

V)™ = A'B, = cos’ (z — 1).
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This result is absurd, because, though nyo and Y?* are adequate, the result means that
there are spin fluxes in the directions which are transverse to the direction of the wave
propagation.

To modify the invalid canonical tensors, specific terms, —a, Y’l’“’/2 and —0d,(x “Y"]”")
are added to the tensors (3) and (4) [5,6] (here Y“‘“ defY;’” Y‘““ +Y”;“ —2A*FM).
This procedure gives the standard energy-momentum tensor T}," and the standard total
angular momentum tensor J//*",

Té” _ Ti,”‘ 3, Y )/w/z _ —8)VAUFIW +g2;LFaﬂFaﬁ/4 + (r_)U(A)VI,;w\;)7 (8)

= o (x ). ©)

Unfortunately, the energy-momentum tensor Tf,“ (8) is obviously invalid, as well as the
canonical energy-momentum tensor (3). So, the (Belinfante—Rosenfeld) procedure [5,6] is
unsuccessful, and the tensors (8), (9) are never used. But to make matters worse the
procedure gives the standard spin tensor which equals zero! That is, the procedure
eliminates classical spin at all:

Y = g = T = i 2 4R = . (10)

That is why a spin term is absent in Equation (11). Nevertheless, physicists understand
they cannot shut their eyes to the existence of classical electrodynamics spin. And they
proclaim spin is in the moment of the momentum (2). That is, the moment of momentum
represents the total angular momentum, orbital angular momentum plus spin. In other
words, Equation (2) encompasses both the spin and orbital angular momentum density of
a light beam [2,7-10]:

J%‘f:Lff+S"f=J 2x["Tﬂ°dV=J rx (E x BydV. (11)
v v
Contrary to this paradigm, we introduce a spin tensor Y**’ into the modern electro-
dynamics [11-16], i.e. we complete the electrodynamics by introducing the spin tensor, i.e.
we claim the total angular momentum consists of the moment of momentum (2) and a
spin term, i.e. we claim Equation (11) is wrong, i.e. we state the moment of momentum
does not contain spin at all:

J”=L0‘+SU'=J (2xUTf'1°+w‘f°)dV=J rx(ExB)dV—i—J Yidr.  (12)
14 4 14

In contrast to the procedure [5,6], we offered other addends to the canonical energy-
momentum and spin tensors, viz. d,A*F*’ and 249414, which satisfy the equations
B,AVFrHv = 3,(AV 9 4"), 8,4" = 0. As a result, we arrive at the Maxwell tensor (1) T
instead of (8) and, at long last, at our spin tensor Y**" (15) instead the zero:

TH 4 8,A*F" = T, (13)
Y 42494 = 249" 4, (14)
YA — (A[iaIVIAu] + H[la\wnul); (15)
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here A% and I1* are magnetic and electric vector potentials which satisfy 29,4, = Fy.,
201,11, = —e,apF . A relation between IT and F can be readily obtained in the vector
form as follows. If divE = 0, then E = curl I1. And if 9E/dt = curl H, then 0I1/0t = H.
This reasoning is analogous to the common: if divB =0, then B=curl4. And if
oB/dt = —curl E, then 04/0t = —E.

The difference between our statement (12) and the common Equation (11) is verifiable.
The cardinal question is, what angular momentum flux, i.e. torque z, does a circularly
polarized light beam of power P without an azimuth phase structure carry? The common
answer, according to (11), is

t=dJ/dt = P/w; (16)
our answer, according to (12), is
t=dJ/dt =2P/w. 17)

Statements (12) and (17) are also valid in the case of plane waves or a beam which is much
larger than the particle under action if P is the power absorbed by the particle.

Some theoretical calculations, in particular, the calculation of absorption of
a circularly polarized light beam in a dielectric [9,14], the calculation of a radiation
of spin by a rotating electric dipole [16], as well as numerous experimental works
[10,17-20], confirm our result (17) as is shown in [15]. At the same time results of
[21,22] confirm the common formula (16).

Another manifestation of the spin tensor concerns the mechanical stress that arises in a
target absorbing a circularly polarized electromagnetic beam. A stress tensor density 77
describes this stress. The quantity 77/ is calculated in Sections 2 and 3 of the present paper
for the cases (11) and (12), respectively. The stress in the case (11) is proven to be in
contradiction with the evidence. The two terms of (12) describe two different torques
which equal each other but are exerted in different places. This fact, in our opinion,
excludes double-counting of a torque.

In Section 4, it is shown that the so-called decomposition (11) of the moment of the
Poynting vector in an orbital and spin angular momentums [7,23-26] is false.

2. Absorbing of the moment of the Poynting vector flux

According to (11), a plane wave traveling in the z-direction and with infinite extension in
the xy-directions can have no angular momentum about the z-axis because E x B is in the
z-direction and [r x (E x B)]. = 0. However, this is no longer the case for a wave with
finite extension in the xy-plane. Consider a circularly polarized beam with its axis in the
z-direction and traveling in this direction [7]

E = exp(iz — if)[x + 1y + z(idy — 9,)]Eo(x,y), B = —iE. (18)

Here Ey(x,y) = Ey(r) is the electric field of the beam. For short we set w =k = ¢ = 1. Let
Ey(r) be explicitly made constant over a large central region of the beam and confine the
variation of the function from this constant value to zero in order to lie within a wall of
small thickness 8, which lies a distance » = R, from the axis. It can be shown that the wall
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Figure 1. The profile of the electric field of the beam and the angular momentum density.

of such a beam gives a finite contribution to J. because the E and B fields have components
parallel to the wave vector (the field lines are closed loops) and the energy flow has a
component perpendicular to the wave vector. Please see our Figure 1, or Figure 1 from
[23], or Figure 9.3 from [24]. The circulating energy flow in the beam implies the existence
of angular momentum, whose direction is along the direction of propagation. Since the
fields are identically zero outside the wall and constant inside the wall region, the wall
region is the only one in which the z-component of angular momentum does not vanish.
The profile Ey(r) of the beam may be Gaussian [27],

2 /)2 2
Ey :% exp {—:72(1 —ii> +iarctan i},

w ZR ZR
2 2 2
2 =x2+y2, w2 =7(Z +ZR), (19)
ZR
but it doesn’t matter. We set
+00 00
J Ejdxdy = J E2nrdr =1, (20)
—00 0
so, the power of the beam is
P= <J(E x B).dx dy> = Jm (E\B, — E,B,)dxdy/2 = JEg dxdy = 1)

(the over lines mark complex conjugate complex numbers).
We need also the p*, p¥ components of momentum density:

P =((Ex B),) =W(E,B. — E.B,)/2 = 8,E;/2, p’ = —0.E;/2. (22)
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Let a plane z=0 absorb the beam. Then the plane, according to (16), must experience the
torque

t=P=1 (23)

(we ignore the light pressure). We will get the stress tensor density T of the plane.
We use the cylindrical coordinates r, ¢, z

X =7rcos ¢, y=rsin ¢, (24)
with the metric

di? = dr? +r7d¢* +d22, g =1, gep =12
g==1 ()" =r g”=1/" (25)

The square root of the determinant of the metric tensor is a scalar density of weight +1.
Gothic symbols are usually applied to denote tensor densities [28]. We shall, instead, mark
the density with the symbol ‘wedge’ at the level of bottom indices for a density of weight
+1 and at the level of top indices for a density of weight —1. A volume element and a
surface element are densities of weight —1, dV" =drd¢dz, da” = drd¢ as well as the
absolute antisymmetric density eﬁk, which equals 1, or 0.

¢-component p? is obtained by the formulae p' = p?d’, 9, = 3 9;, i.c.

p?=p 0l +p'0l, 0, =070, 09 =00, (26)

where the matrix elements 9/, are
0 =—y/r, 3 =x/r7, F=x/r, ¥ =y/r (27)

The physical component of momentum density p"3 is equal to the coordinate component of
the tensor density p?:

PP =p%g)"? =p?e*") *(g)'? = p* = —8,E}/2. (28)

So, because ¢ = 1, the tensor density p? equals the momentum flux density, i.e. the force
tensor density f° ¢.

1P =—8.E)2. (29)
This force density /% acts on the absorbing plane z=0, thus

VT =1 (30)
where V,T* is the covariant divergence of the stress tensor density of the plane.
As is known [28], V/(TikzakTik—l-Fj’k
The nonzero symbols are

Tik, where I'j are the Christoffel symbols.

= n TL=Th=1n Th=Th=1p 6D
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Figure 2. The component of the stress tensor arisen from the orbital angular momentum.

Because 7'Y" = T, Equation (30) gives,

OTY +TRTE =0, Ty + T3 TV + ST =0, T +2T Y /r=f7. (32)

drt A

This equation has a solution
T =T = C(r)/*, 8,C/r* = —8,E2)2. (33)

It is easy to verify that 7' = 7% = 0.
Integrating the equation for C(r) yields

C(r) = —J P dEy 2 = —1"E})2 +J rEg dr. (34)
0 0

According to (34), C=0 and T =0 in the central region, where Eo(r) = Ey(0). Thus,
there is no mechanical stress in the central region of the target, according to the standard
paradigm (4). This is depicted in Figure 2.

C(r) increases up to Cpax = J"0°° rE3dr = 1/2n in the wall region, in accordance with
(20). Correspondingly,

T =T% =120, r> Ry (39)

outside the wall region. It is easy to verify that tensor density (35) satisfies V7T = 0. A
plot of T%(r) is given in Figure 2.

By the use of Equation (35), one can get the forces inside the target plane. An element
d!l of a circumference of radius r experiences the force dF? = T% d/ = C(r)d//r* and the
torque dr = C(r)d//r. Thus, the outside part of the plane experiences the torque

[=2nr
= | S a1 = 2me, (36)
=0
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which increases up to the whole torque
Tobit = 1, for r> Ry (37)

in accordance with (16) and (23).

However, a circularly polarized beam, as well as a circularly polarized plane wave,
beyond doubt, acts on a central region of an absorbing plane by a torque. This torque
arises from the fact that the dielectric constant ¢ is a tensor. Consequently the electric
intensity E is, in general, not parallel to the electric polarization P in the medium of the
plane. The torque per unit volume produced by the action of the electric field on the
polarization of the medium is [21]

t/V=PxE. (38)

But this torque is not connected with the moment of the Poynting vector (2) and (11).
Feynman repeated this explanation [29]. We quote [29] with some abridgements.

If we have a beam of light containing a large number of photons all circularly
polarized the same way, it will carry angular momentum. Now remember what right
circularly polarized light is, classically. It’s described by an electric field so that the
electric vector E goes in a circle — as drawn in Figure 17-5(a). Suppose that such
a light shines on a plane which is going to absorb it — or at least some of it — and
consider an atom in the plane according to the classical physics. We’ll suppose that
the atom is isotropic, so the result is that the electron moves in a circle, as shown in
Figure 17-5(b). The electron is displaced at some displacement r from its equilibrium
position at the origin and goes around with some phase lag with respect to the
vector E. The relation between E and r might be as shown in Figure 17-5(b). As time
goes on, the electric field rotates and the displacement rotates with the
same frequency, so their relative orientation stays the same. But look, there is
angular momentum being poured into this electron, because there is always a torque
about the origin. The torque is eE,r which must be equal to the rate of change of
angular momentum dJ./dz:

dJ./dt = eE;r. (39)

This torque is not connected with the moment of the Poynting vector (2) and (11). The
tangential component of the Poynting vector density is zero at the central region of the
plane. Thus, the standard paradigm cannot explain this central region torque.

However, Allen and Padgett [30] try to explain the action of a circularly polarized
plane wave by a torque on a central region of an absorbing plane in the frame of the
standard paradigm. They cut the wave into coaxial pieces in their mind and then claim
that every piece produces a torque because the large intensity gradient near the boundary
of the piece results in azimuthal components to the momentum density.

I think this is not correct. An intensity gradient near a wall of a beam results in the
azimuthal components only in the case of a real beam satisfying the Maxwell equations.
There are no azimuthal components in a piece of a wave that is simply cut off from a whole
wave. Such a piece cannot be considered at all because it does not satisfy the Maxwell
equations.
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3. Absorbing of the spin flux density

Now we consider an addition to the tensor density 7 of Section 2. The tensor density 7'
of this section is due to absorbing of the spin angular momentum flux density (15) by the
central region of the target. The field of the central region of the beam is (18)

E = exp (iz — i)(x +ip)Eo(0), B=—iE, x*+)’ <R (40)

The point R, (see Figure 1) satisfies the equation

Ry
J E0)2nrdr =1, E}0)=1/(nR}). (41)
0

The electromagnetic field (40), according to (15), gives the component of the spin tensor

YVH0) = =R (A F A" — 4074 + 0TI — IIP0°T1Y)/4 = E(0). (42)
Here A= — [E*dt, 47 =—[E’'de, I* = [B*dt, TI” = [ Bdt, the over lines mark
complex conjugate complex numbers, and 9° = —9d.. Now we obtain the cylindrical

components of the spin tensor density by the formula Y”k a, 8’ 8" Y*(g,)"/* where a,
are the matrix elements (27). For example,

Y7(0) = 3509 Y7 (0)(gA) ' + 3502 Y7(0)(g0)"* = E(0). (43)

As is well known, the local conservation law V;7* = 0 is accompanied by the angular
momentum conservation law (see, e.g. [31], p. 64)

Vi YR o1l = 0. (44)

In our case
2T = 3. Y% if < Ry, (45)
where T 3[’¢] is the antisymmetric part of the 3-dimensional stress tensor density in the

material of the absorbing plane. Using Equation (45), we arrive at an antisymmetric stress
tensor, which characterizes a medium absorbing angular momentum flux. Integrating
Equation (45) over z yields for r < Ry

o0 o0
J 27317 dz:J .Y dz, e 2TV = —Y7%(0), (46)
0 0

where T,% = fo T3¢ dz stands for 2-tensor density as well as in Section 2. Thus, for
r< Ry

T = —T% = T% = = Y'*(0)/2 = Y"(0)/2 = E(0)/2 =1/(2nR}),
T"=T%=0. (47)
This means that the edge of a disk of radius r, which is cut off from the plane, i.e. a circle of

radius r, acts on the remainder of the plane with a torque. The force acting on an element
dl of the edge is dF? = T?%dl, and the torque corresponding to the element is
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dr = rT%dl. Integrating yields
2nr .
Topin = J rT?dl=r*/R2, r<Ry. (48)
0

Thus, material of the central region transmits the received torque to the periphery by inner
tangential stress of (45), and the torque increases with r.

The result (48) can be obtained in another way. By definition of Y/%*, dz'® = Y/%* da/,
i.e. dt = Y™ (0)2nrdr. So a disk of radius r, which is cut off from the plane, experiences
the torque

Topin = J Ej(0)2nrdr = EX(O)ur? = r* /RS, 1 < Ry. (49)
0

At the edge of the beam, r = Rj, Equation (44) is changed to
TWl =0, r>R,. (50)

So, for r> Ry, T? = T"?, ie. the stress tensor is symmetric. But 7% (r) must be
continuous. Thus, 77 changes its sign at r = Ry: 7" — —T"%.

T =T =1/2n, r> Ry, (51)

A

as well as in (35). A plot of T¢A’"(r) and T"¢A’(r) is given in Figure 3. So,

1=2nr .
Topin = J rT?dl=1 for r> Ry. (52)
-0

We denote the torque (36), (37) torbit because the torque arises from the first term of (12),
which is an orbital angular momentum, and we denote the torque (49), (52) tspin because
the torque arises from the second term of (12), which is the spin angular momentum. The
total torque is

T =2nC(r)+r*/R} for r <Ry,
=2 for r> Ry, (53)

according to (17).

4. Vain attempts to find a spin inside the orbital angular momentum

According to the paradigm (11), physicists try to decompose the moment of momentum
(2), (11) into spin and orbital parts [32]. In particular, it has been proven [33, 34] that the
moment of the Poynting vector of a circularly polarized beam with a plane phase front
(18), i.e. the orbital angular momentum of the circulating flow of the beam (see Figure 1),
i.e. integral over the wall region of the beam, equals spin, i.e. integral of the canonical
component Y° (6) (which coincides with our component Y**? (15)) over the body of the
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Figure 3. The components of the stress tensor arisen from the spin angular momentum.

beam (the Humblet transformaton):
er(ExB)dV:JExAdV. (54)

However, in our opinion, Equation (54) does not prove that orbital angular momentum is
spin.

The proof of the Humblet transformation (54) uses B = V x A. The integrand of (11) is
written as

rx(ExB)=rx[Ex(VxA]=rx(E'VA)—rx|[(E-V)A] (595

The first term in the right-hand side is zero for the beam (18), (19). Really, the Lorentz
gauge vector potential corresponding to (18) is (see e.g. [35])

A = exp (iz — if)(—ix + y) Ep. (56)
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r=(ExB) = —V[E({r=A)] + ExA

5 /& R,

Figure 4. The term E x A is subtracted from r x E x B and then is added to r x E x B.

So,
R{XE“d, Ay +XE”8,4, — yE*8, A, — yE¥ 8, 4,)/2 = R (iEo(—xd, +yd,)Eo] =0.  (57)

The second term in the right-hand side of (55), according to the standard procedure, is
augmented by the zero, 0 = —E x A + E x A. Then the second term is written as

—rX[(E-V)A]=—rx[(E-VYA]—ExA+ExA=-V[Erx A|+ExA. (58)
I duplicate here the equality V[E(r x A)] =r x [(E- V)A] + E x A in the index form
d(E AN = E'lg, 4" + E'sU 44, (59)
So, the integrand of (11) takes the form
rx (Ex B)=—V[E(rx A+ E x A. (60)

Equation (60) is depicted in Figure 4 (compare with Figure 1). When integrating, the first
term on the right gives zero and we arrive at the famous Equation (54). However, the
equation only expresses a change from integrating over the wall region of the beam to
integrating over the bulk. This change does not prove that the torque acts on the central
region of the target, and that the moment of the Poynting vector is spin. This change of the
integrating region proves nothing. For example, consider an analogous integral
JrxjdvV = [rx(VxH)dV over the surface of a long solenoid where j is an electric
current density of the solenoid. We have

Jr x (Vx HYdV = |(r'opH; — r'9;Hy) dV
= |[0c(r'H;) — Hy — 8,(r' H) + 0;' H ] dV

= |2mH4V. (1)

This equality between the moment of an electric current and the integral of H over the
solenoid volume proves nothing.
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Another transformation of the angular momentum (11) is offered by Stewart [25,26].
He uses the electric vector potential IT (see Section 1) instead of the magnetic vector
potential A, and he obtains

J.rx(Ex B)dV:JHdeV (62)

instead of (54) for the beam (18). But this result can be easily obtained if one rewrites
Equation (55) as

rx(ExB)y=—rx(Bx E)=—rx[Bx(VxII)]
= —r x (B'VIL)) +r x [(B- V)], (63)

i.e. changes E — B, A — TII.

It must be noted that IT x B is a magnetic alternative to the component nyo of the
invalid canonical spin tensor (5) and was presented in [36]. For the beam (18),
ExA=TIxB.

5. Conclusions

This paper conveys new physics. We review existing works concerning electrodynamics
spin and indicate that existing theory is insufficient to solve spin problems because the spin
tensor of modern electrodynamics is zero. Then we show how to resolve the difficulty by
introducing a true electrodynamics spin tensor. Our spin tensor doubles a predicted
angular momentum of a circularly polarized light beam without an azimuth phase
structure. The tensor is needed, in particular, for understanding of essential characteristic
features of a rotating dipole radiation [16].
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