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Derivation of the Pauli Exclusion Principle and Meaning Simplification
of the Dirac Theory of the Hydrogen Atom

Sylwester Kornowski

Abstract: In generaly, the Pauli Exclusion Principle follows from the spectroscopy
whereas its origin is not good understood. To understand fully this principle, most important
is origin of quantization of the azimuthal quantum number i.e. the angular momentum
guantum number. Here, on the base of the theory of ellipse and starting from very simple
physical condition, | quantized the azimuthal quantum number. The presented model leads
directly to the eigenvalue of the square of angular momentum and to the additional potential
energy that appears in the equation for the modified wave function. | formulated the very
simple semiclassical analog to the Dirac and Sommerfeld theories of the hydrogen atom. The
constancy of the base of the natural logarithm for the quantum fields is the reason that the
three theories are equivalent.

1. Introduction

The Pauli Exclusion Principle says that no two identical half-integer-spin fermions may
occupy the same quantum state simultaneously. For example, no two electrons in an atom can
have the same four quantum numbers. They are the principa quantum number n that denotes
the number of the de Broglie-wave lengths A in a quantum state, the azimutha quantum
number | (i.e. the angular momentum quantum number), the magnetic quantum number m and
the spin s.

On the base of the spectrums of atoms, placed in magnetic field as well, follows that the
guantum numbers take the values:

n=123,....

1=0,1,2,....n-1

m=-, ...+

s=x1/2.

The three first quantum numbers n, |, and m are the integer numbers and define a state in
which can be maximum two electrons with opposite spins.

The magnetic quantum number m determines the projection of the azimutha quantum
number | on the arbitrary chosen axis. This axis can overlap with a diameter of the circle| = 0.

To understand fully the Pauli Exclusion Principle we must answer following questions
concerning the azimuthal quantum number |:

1.

What is physical meaning of this quantum number?

2.

Why the | numbers are the natural numbers only?



3.

Why the zero isthe lower limit?

4,

Why the n — 1 isthe upper limit?

To answer these questions we must apply the theory of ellipse, especially the formulafor its
circumference C and eccentricity e. When we use the complete elliptic integra of the second
kind and the Carlson symmetric form [1], we obtain for circumference C of an ellipse
following formula

C = 2na[1 — (1/2)%€%/1 — (1-3/(2-4))%*/3 — (1-3-5/(2-4-6))%€"/5— .. ], (1)
where a isthe mgjor radius and e is the eccentricity defined as follows
e = [sort(a® —b?)]/a, 2)

where b isthe minor radius.
Here, | formulated as well the very smple semiclassical anadlog to the Dirac and
Sommerfeld theories of the hydrogen atom and proved that these three theories are equivalent.

2. Calculations

2.1 Angular momentum quantum number

In the figure, the circumference of the ellipse Cgegroglie IS Cae-Brogiie = NA = 21Nk, where the n
is the principal quantum number whereas the * is the reduced de Broglie-wave length.
Assume that there are allowed only ellipses that circumference is the arithmetic mean of the
circumferences of two circles that radii are equal to the major and minor radii of the ellipse.

Similarly as for the circumference of the ellipse, the circumferences of the circles must be
equal to a natural number multiplied by the de Broglie-wave length. This leads to following
definitions

a=jxandb=kx. 3

Notice that ] = k = 0 has no sense.

Then, we can rewrite formula (2) as follows

e = [sort(® — k). (4)

It is the natural assumption that the allowed circumferences of the ellipse should be the
arithmetic mean of the sum of the circumferences of the two circles. It leads to following
conclusion

(+k)/2=n. ()

Define some number | as follows

(G —-k)/2=lI. (6)



Formulae (5) and (6) lead to following relations
j=n+l, (7)
k=n-I. (8)
Since the j, k and n are the integers so the number | must be an integer as well.
On the base of formulae (7) and (8) we can rewrite formula (4) asfollows
e=2[sgrt(n)]/(n +1). (©)]

We can see that due to the square root, this formula has no real sense for | < 0. Since the |
cannot be negative then from formulae (5) and (6) followsthat | < n.

On the base of formulae (3) and (7), we can rewrite formula (1) as follows

Ck = 2n(n + DA[1 — (1/2)%€°/1 — (1-3/(2-4))%e*/3 — (1-3-5/(2-4-6))%€°/5— ...].  (10)

Notice that for n =1 ise =1 and then Cgegrogie > Ck i.€. | cannot be equal to n. For | = 0'is
CuaeBrogie = Ck and because | cannot be negative then the | = 0 isthe lower limit for I.

Some recapitulation is as follows. We proved that the azimuthal quantum number |

1) isassociated with transitions between the states j and k,

2) istheinteger,

3) cannot be negative and the lower limit is zero,

4) then—1isthe upper limit.

Some abbreviation of it is as follows

1=0,1,2,....n—1.

The Quantum Physics is timeless because a quantum particle disappears in one region of a
field or spacetime and appears in another, and so on. There are no trgectories of individual
guantum particles. Quantum Physics is about the statistical shapes and their alowed
orientations. Such procedure ssimplifies considerably the Quantum Physics.

2.2 Eigenvalue of the squar e of angular momentum

An éllipse/electron-state we can resolve into two circles that radii are defined by the semi-
axes of the ellipse. The two circles in a pair are entangled due to the exchanges of the binary
systems of the closed strings (the entanglons [2]) the Einstein-spacetime components, from
which are built up all the Principle-of-Equivalence particles, consist of [2]. Spin of the
entanglons is 1 [2] and they are responsible for the infinitesimal transformations that lead to
the commutators [3]. Calculate a change in the azimuthal quantum number | when the smaller
circleor one of identical two circles emits one entanglon (since in this paper isj > k so there is
the transition k - k — 1) whereas the second circle in the pair aimost simultaneously absorbs
the emitted entanglon (there isthe transitionj = j + 1). Such transition causes that ratio of the
major radius to the minor radius of the ellipse (or circle) increases. From formula (5) follows
that such emission-absorption does not change the principal quantum number n whereas from
formula (6) follows that there is following transition for the azimuthal quantum number I: | -
| + 1. The geometric mean is sgrt(I(l + 1)) and this expression multiplied by h is the mean
angular momentum L for the described transition. This leads to conclusion that eigenvalue of
the square of angular momentum L2 isI(l + 1)K.

The eigenvalue of the square of angular momentum leads to the additional potential energy
Ea (it follows from the radia transitions i.e. from the changes in shape of the ellipses) equal
to

Ea = L%(2mr?) = I(1 + 1)k%(2mr?). (11)

The energy Ea appears in the equation for the modified wave function.

The theory of baryons [2] shows that inside the baryons are only the | = O states (i.e. there
are only the circles) so the quantum mechanics describing baryons is much ssimpler than for
atoms.



2.3 The very simple semiclassical analog to the Dirac and Sommerfeld theories of the
hydrogen atom

Since the fermions consist, at least for period of spinning, of the stable/classica
structures/bare-fermions and of the quantum fields so the semiclassical theories are simplest,
most fruitful and contain least parameters. And such method is not a mathematical trick — just
in such away behaves Nature.

Gravity is associated with the inverse square law. It is because gravitational fields are the
gradients produced in the modified Higgs field by masses [2]. There are the divergently
moving classical tachyons so there appears the inverse square law

F~Ur (12)

Today, in the modified Higgs field cannot be created any virtual pairs asit isin the Einstein
spacetime [2]. The produced structures in the Einstein spacetime and associated with them
virtual pairs cause that field y of the virtual pairs changes according following function (see
Paragraphs “Mathematical Constants’ and “Fractal Field” here[2])

V=V (13)
where e = 2.7182818... is the base of the natural logarithm. In reality, this formula is more
complicated for r>0 because there appears torus/charge/spin and central condensate [2]. It
causes that the quantum physics is the incomplete theory. By the way, notice that, for
example, we define mean-lifetime in such a way that after this time there do not decay 1/e

particles. Amplitude \J/o should be in proportion to coupling constant characteristic for a field
i.e. Yo~ 0. On the other hand, a physical meaning has following expression

Yoo ~ o (14)
Formulae (12) and (13) and associated with them the sets of applied methods differ very
much so unification of gravity and quantum physics within one of the two setsisimpossible.
Due to the gluons—>photons transitions on edges of the strong fields, there leaks the strong
and weak structure of nucleons [2]. Due to the quantum phenomena i.e. disappearance of
electric charge of electron in one place and appearance in another, and so on, there as well
leaks the weak structure of electrons [2]. But, of course, there must be replaced the coupling
constants of the strong and weak interactions for the fine-structure constant. The coupling
constant at low energy for the strong interactions of pionsisas =1 ([2] — see formula (77)),
for weak interactions of baryons is awproton) = 0.0187228615... ([2] — see formula (51)), for
the weak interactions of electrons is o w(eectron) = 1.11943581-10° ([2] — see formula (58))
whereas the fine-structure constant is aem = 1/137.036001 ([2] — see formula (21)). On the
other hand, due to the atom-like structure of baryons [2] and due to the structures that can
appear in the Einstein spacetime due to the entanglement of the Einstein-spacetime
components, there can arise wave functions in which the base of the natural logarithm should

be replaced by two values €71 = 2.71954252 or €12 = 2.71666667 ([2] — see Chapter
“Mathematical Constants’). The geometric mean is €T mean = SOrt(eery1 - €er2) =

2.718104213. Value of the €71 follows from formula €11 = (2A + B)/A, where A =
0.6974425.. fm and B = 0.5018395.. fm and A and B define the atom-like structure of baryons
R=A +dB,whered =1, 2, 4 (all states arethel =0 states) [2]. What is physica meaning of
the formula for €zt 1? Energy associated with the strong and weak interactions of baryons
can leak when virtual bosons appear on the Schwarzschild surface for the strong interactions
(2A) and decay in distance B from the surface i.e. when decay in distance 2A + B from centre
of baryons. On the other hand, in the denominator is the radius of the black hole in respect of
the strong interactions (A). Vaue of the €t 2 follows from formula€gr2=1+1+ 1/2+ 1/6

+ 1/24 + 1/120. What is physica meaning of the formula for €g1 2? We know that the



definition of the base of the natural logarithmis€=1+ X, 1/n! = 2.7182818.., wheren=1, 2,
3, 4,.. . For example, 3! = 1.2-3 (3-factorial). Why Nature cannot create entangled virtual
structures in the Einstein spacetime represented by 6!, 7!, 8!, and greater? It follows from the
radius of our Cosmos [4] Rine.cosmos = 2.29-10%° m and from the radii of the entangled virtual
structures that appear in the Einstein spacetime due to the quantum phase transitions [2] in it.
Radius of the protoworlds that is represented by 5! is 2.7-10** m [2] whereas radius of the next
bigger structure should be in approximation 0.15-10% times greater than the protoworlds (see
formulae (2), (3) and (5) here [2]) i.e. should be about 0.4-10'** m — we can see that this
radius is much greater than the radius of our Cosmos so such structures cannot appear in our
Cosmos. It is the reason why the sum ends on the component 1/120 = 1/5!. Just the quantum
phenomena realized in our Cosmos does not depend on the exact value of the base of the

natural logarithm. The above calculations show that instead the € we should apply €T mean =
(f€), wheref =0.9999347.. . Using these results calculate following expression

X - e:_l',mean-l((ls + aW(proton) + a,W(dectron)) = 0374795805 - (15)

Can we quantize the value X i.e. can we write an expression that leads to X? Notice that

Where m |S the rajucaj mass Of eleCtron |e m/melectron = mproton/(mproton + melectron) =
0.99945568... [2].
It leads to following expression

Y = M[1 = Se12 V(2 Y] /Myectron = 0.374795880..... (17)

From the leaking strong and weak virtual energies are produced the virtual electron-positron
pairs — in places of their annihilations are produced unstable holes in the Einstein spacetime.
If in such hole is electron then its binding energy increases i.e. absolute value of the negative
potential electromagnetic energy is higher.

Calculate the ratio of electromagnetic energy of a virtual electron-positron pair, on
assumption that the components of the pair are in distance equal to the reduced Compton
length of electron, to internal energy of the electron which creates the virtual pair:
Eempair/ (MdectronC?) = [(C°€°)/(10%)]/(MaeetronC?) = tem. This leads to conclusion that each
virtual electron-positron pair in a group of virtual pairs decreases the initial energy the oem
times i.e., for example, four pairs decrease the initial energy oen” times.

Energy associated with a loop is inversely proportional to length of wave which is in
proportion to the principa quantum number n: E ~ 1/A ~ 1/n.

It leads to conclusion that each virtual electron-positron pair produced in state defined by n
decreases energy (0lem/N) times.

Formula (16) can be realized by Nature via creations and annihilations of the virtua
electron-positron pairs. The first component in the brackets represents a fermion without
virtual pairs. The second component is associated with the weak mass of the proton. Since it
is the condensate/scalar [2] so there must be created simultaneously two virtual pairs with
antiparallel spins (the pairs are the vectors). The third component is associated with the weak
mass of the electron. Since it is as well the condensate/scalar [2] but carrying lower energy so
there is created a group containing 4 virtual pairs. We can write column matrix for the field



composed of the virtual pairs. To obtain formula for energy, we must multiple the quantized
base of the exponential wave function rewritten as a matrix, by the column matrix

1

1

me2[1 -1/2 -1/8]- ((yifm)d

lem 4
1l

On the other hand, in the Quantum Theory of Fields (QTF) we apply Lagrangians (energy)
in which as well appear products of two generators and each generator is proportiona to

coupling constant i.e. there are components for which energy is proportiona to OLZ. This
remark and formula (14) suggests as well that we should expand energy into series type

((x/n)Zd, where d = 0, 1, 2, whereas n = 1, 2, 3,.. defines the basic standing waves in the
exponentially changing field.
For the hydrogen atom we obtain

E = mc 1= (0en/N)72 — (0er/N) Y], (18)

where mC2 = 0.5107208 MeV is the reduced mass of electron, N is the principal quantum
number whereas Olgmy = 1/137.036001 is the fine-structure constant.

The first component Er = mC2 is the interna energy concerning the reduced mass of
electron.
The second component

Egn = —-MCH(0ten/N)?/2 (19)

is equal to the energies of the Bohr orbits in the hydrogen atom and Eg ,-; = —13.598 eV.
The third component is the fine structure energy

Ersn = — Mc(cer/N) /8. (20)

This component depends on classical and quantum structure of electron so we must write it

in such away to interpret it correctly. Write the factor 1/8 as follows
1/8 = (1-3/4)/2. (21

The 3/4 represents the classical mass of electron [2] (see Chapter “Foundations of Quantum
Physics’; the factor 3/4 follows from the internal structure of the bare electron — there is the
torug/electric-charge) whereas the unity represents the quantum mass of electron. We can see
that we separated the two very different masses.

The torug/electric-charge of electron it is only the polarized Einstein spacetime so it is very
difficult to detect it [2]. There is the torus and weak condensate in point B [2] (see Figure).
The tori that appear due to the phase transitions of the modified Higgs field have the inner
radius BC three times smaller than the outer radius BD — such tori are most stable [2]. The



Einstein-spacetime components, the torus is built of, are exchanged in such a way that points
A and D are in the same phase whereas the point C has the opposite phase. The distance AD
is the length of the electromagnetic waves (hemgectron) that appear in the classical theory of
electron. In the point B is the weak condensate [2] so the quantum radius of the electron, so
the length of the quantum wave as well (Agectron), 1S €gqual to BD.

i
| | | A electron |

[ . LY
il

I .-
A em.electron = % A electron

The Aemeectron defines the classical electromagnetic mass of electron (these quantities are
inversely proportional) whereas the Adectron defines the quantum mass of the bare electron. We
can see that we cannot separate these two masses — they are the different descriptions of the
same structure. The formula for the total momentum p obtained within the M. Abraham
classical theory of electron [5] p = (Mejectron + 4Mem alectron/3)V 1S iNCOrTect. The correct formula
looks as follows p = MgectronV = 4MemeectronV/3 = 4-3MgectronV/(3-4). The formula for
momentum of the Coulomb electron field moving with velocity v, i.e. Pem = 4Mem dectronV/3, 1S
consistent with the Newtonian definition p = mv. Emphasize that the difference in the
descriptions of electron within the classical and quantum theorieslead to thetorusof the
bare electron. Most important is following formula Mem eectron = 3Maectron/4. | Will use the
factor 3/4 that appears in the classical theory of electron in the further calculations.

We know that maximum azimuthal quantum number | iSlmax =N =150 N/(Imax + 1) = 1. This
means that we can rewrite formula (21) as follows

U8 = [(l e + 1) — 3/4]/2 22)

The N and (| max™T 1) define the lengths of the de Broglie waves but the additional potential

energy Ea = I(1 + 1)h%/(2mr?) suggests that for defined N there can appear spontaneously as
well the other standing waves defined by | + 1. For smaller | waves are shorter so
corresponding absolute energy is greater. Since in formula (20) is the sign “— * so the levels
defined by smaller and smaller | are closer and closer to the ground state n = 1. Finally, we
can rewrite formula (20) as follows

Ersn = —-Mc(0er/n)[0/(l + 1) — 3/4]/2. (23)
The ground state is shifted by Ergp=1 = —MC0tem [1 — 3/4]/2 = —1.81-10* eV.

Calculate the energy distance between the states| = 0, 1 for n = 2. The general solution for
the energy distance between the extreme levels for defined n is as follows



AEgsn = —-mcX(aen/N) (N — 1)/2 (24)

From it we obtain AEggn-> = —-Mc%(0ean/2)*(2 — 1)/2 = —-MC?ten /32 = —4.53-10°
ev.

Why we obtained results the same as in the Sommerfeld theory [6]? Why we obtained
results the same as in the Dirac theory [7] neglecting the relativistic effects, the spin-orbit
interactions, and so on? It follows from the fact that for the quantum fieldsis X = Y. It
follows from the constancy of the base of the natural logarithm for the quantum fields
(more precisely, from constancy of the product fe). It is due to the applied methods — just
the standing waves defined by the quantum numbers cannot be changed by any phenomena.
Just the quantum numbers define the total picture and must be conserved. The three theories

are equivalent because the numbers Ny in the Sommerfeld theory, | + 1/2 in the Dirac
theory (the ] is not thej in this paper) and | + 1 in presented here theory, are the integers and

change from 1 to N. But only presented here theory of hydrogen atom proves equivalence of
the three theories and describes in all respects physical origin of the final equation.

The Lamb-Retherford shift is associated with the interna structure of proton and |
calculated it here [2]. Since the all levels inside baryons are the | = O states so the Lamb-
Retherford shift, due to the resonance, concerns only the | = O states in atoms. This shift isthe
energy distance between thel = 0 and | = 1 states for the same n and j. This shift decreases
binding energy inthe | = O state.

Notice that absolute value of the second component (the Bohr theory of atoms) for coupling
constant for the strong interactions of pions (o = 1) is Eg p=1,4-1 = 0.25536 MeV and it isin
approximation the mass of the torus/electric-charge inside the bare electron whereas for the
coupling constant for the strong interactions of the nucleons at very low energy (o = 14.4 [2])

we obtain Eg n=14-14.4 = 52.95 MeV and it is in approximation the mass of the torus/electric-
charge of muon [2].

3. Summary

In generally, the Pauli Exclusion Principle follows from the spectroscopy wheresas its origin
is not good understood. To understand fully this principle, most important is origin of
guantization of the azimuthal quantum number i.e. the angular momentum quantum number.
Here, on the base of the theory of ellipse and starting from very simple physical condition, |
quantized the azimuthal quantum number. The presented model leads directly to the
eigenvalue of the square of angular momentum and to the additional potential energy that
appears in the equation for the modified wave function.

The Quantum Physics is timeless because a quantum particle disappears in one region of a
field or spacetime and appears in another, and so on. There are no trgectories of individual
guantum particles. Quantum Physics is about the statistical shapes and their alowed
orientations. Such procedure ssimplifies considerably the Quantum Physics.

| formulated as well the very simple semiclassical analog to the Sommerfeld and Dirac
theories of the hydrogen atom. The Sommerfeld, Dirac and presented here theories of
hydrogen atom are equivalent due to the constancy of the base of the natural logarithm for the
guantum fields. The standing waves defined by the quantum numbers cannot by changed by
any phenomena. Just the quantum numbers define the total picture and must be conserved.

The three theories are equivalent because the numbers Ny in the Sommerfeld theory, j +1/2
in the Dirac theory (thej isnot thej in this paper) and | + 1in presented here theory, change



from 1 to N. But only presented here theory of hydrogen atom proves equivalence of the three
theories and describes in all respects physical origin of the fina equation.
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