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ABSTRACT 

 By means of geometrical problem of how many points can you find on 

the (half) parabola, such that the distance between any pair of them is 

rational, we construct some parametric equations. 

1. INTRODUCTION 

 We explore the problem, see [1]: How many points can you find on the (half) parabola 

      for      such that the distance between any pair of them is rational? This is a 

geometrical problem, which requires for its solution a focus on number theory. That is, to 

determine whether the distance (   ) and (   ) is rational, we need to know when (   )  

(   )  is the square of a rational number. Thereof, it follows that our goal is to find a 

parametric equation for the variables           and   from equation: 
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2. THEOREM AND COROLLARY 

THEOREM 1. Any integers           and   of form 
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satisfy the equation 
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Proof. The Brahmagupta-Fibonacci identity [2] asseverate that 

( )                              (     )(     )  (     )  (     )   

 Comparing (1) with (2), we have 
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 On the other hand, Euler’s four-square identity [3] says that 
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 Comparing (3) with (6), we find 
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(  )                                                                    

(  )                                                                    

 From (4), (5), (8), (9), (10) and (11), we encounter 

(  )                                                               
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whence, we conclude that 
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COROLLARY 1. Any integers         and   of form 

                                                    (           )   

                                                  (       )   (      )   (   )  

                                                  (      )   (      )   (    )  

                                                 (        )       (      )  

                                                 (         )   (     )       

and 
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satisfy the equation 

                                                       (   )  (   )  (
 

 
)
 

  

Proof. We assume that 

(  )                                
    

    
    

    
    

    
    

   

 On the other hand, in [4], we knew the J. Zehfuss identity: 

(  )      (  )  (  )  (  )  (  )   

 (        )  (       )  (       )  (       )   

thence, it follows that 

(  )          (  )  (  )  (  )  (  )    

and 

(  )                                                       

                       

 Substituting (21) in (14), (15), (16) and (17), we obtain 

(  )                  (        )    (       )    (       )

   (        )  

(  )                  (       )    (       )    (       )

   (       )  

(  )                  (       )    (        )    (       )
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(  )                 (       )    (        )    (       )

   (       )   

 Simplifying (22), (23), (24) and (25), we find 

(  )                        [ (       )   (      )   (   )]  
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(  )                        [ (        )       (      )]  

(  )                        [ (         )   (     )     ]   

 Let                     in (20), (26), (27), (28) and (29) 
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(  )                        [  (         )    (         )    (      )]  

(  )                        [  (            )          (         )]  

(  )                        [  (             )    (        )       ]   

 Again, simplifying (30), (31), (32), (33) and (34), we have 

                                  (           )   

                                   [ (       )   (      )   (   )]  
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                                   [ (         )   (     )     ]   

 We set       and complete the proof.   
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