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Abstract In this article we derived an importent example of the inconsistent
countable set. Main resultis: ~con(ZFC +3(® -model of ZFC)).
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1.Introduction.

Let's remind that accordingly to naive set theory, any definable collection is a set. Let R

be the set of all sets that are not members of themselves. If R qualifies as a member of
itself, it would contradict its own definition as a set containing all sets that are not members
of themselves. On the other hand, if such a set is not a member of itself, it would qualify as
a member of itself by the same definition. This contradiction is Russell's paradox. In 1908,
two ways of avoiding the paradox were proposed, Russell's type theory and the Zermelo
set theory, the first constructed axiomatic set theory. Zermelo's axioms went well beyond
Frege's axioms of extensionality and unlimited set abstraction, and evolved into the
now-canonical Zermelo--Fraenkel set theory ZFC.

"But how do we know that ZFC is a consistent theory, free of contradictions? The short
answer is that we don't; it is a matter of faith (or of skepticism)"--- E.Nelson wrote in paper

[1]. However, it is deemed unlikely that ZFC harbors an unsuspected contradiction; it is
widely believed that if ZFC were inconsistent, that fact would have been uncovered by

now. This much is certain --- ZFC isimmune to the classic paradoxes of naive set
theory: Russell's paradox, the Burali-Forti paradox, and Cantor's paradox.

Nevertheless it is easy to see that at level of metatheory ZFC s inconsistent and it
guards. Let 3 be the countable collection of all sets X such that ZFC + 3IX¥(X),
where Y(X) isany 1-place open wifi.e.,



VY{Y € 3 o IP)IIXFX)AY = X]}. (1.1)

Let X % Y beapredicate suchthat X %y Y O ZFCEXEY. ot

be the countable collection of all sets such that
VX[XeRoXe  X] (1.2)
From (1.1) one obtain

ReRoRe R (1.3)

FzFc

But obviously this is a contradiction. However contradiction (1.3) it is not a contradiction
inside ZFC for the reason that predicates I¥()IXMPX)AY =X] and X ipe Y

~

not is a predicates in ZFC and therefore countable collections 3 and R notisa
sets. Nevertheless by using Godel encoding the above stated contradiction can be shipped

in special consistent completion of ZFC.

Remark 1.1. We note that in order to deduce ~Con(ZFC) from con(ZFC) by using
Godel encoding, one needs something more than the consistency of ZFC | e.g., that
ZFC has an omega-model i.e., a model in which the integers are the standard integers.To
put it another way, why should we believe a statement just because there'sa ZFC -proof
of it? It's clear that if ZFC isinconsistent, then we won't believe ZFC -proofs. What's
slightly more subtle is that the mere consistency of ZFC isn't quite enough to get us to

believe arithmetical theorems of ZFC; we must also believe that these arithmetical
theorems are asserting something about the standard naturals. It is "conceivable" that

ZFC might be consistent but that the only models it has are those in which the integers
are nonstandard, in which case we might not "believe" an arithmetical statement such as "

ZFC isinconsistent" even if thereisa ZFC -proof of it.
We assume that: (i) Ccon(ZFC), (i) con(ZFC +3(w -model of ZFC)).
Main resultis: ~Ccon(ZFC + 3(® -model of ZFC)).

2.Inconsistent countable set derivation.

Let Th be some fixed, but unspecified, consistent formal theory. For later convenience, we
assume that the encoding is done in some fixed formal theory S and that Th contains S.We



do not specify S --- it is usually taken to be a formal system of arithmetic, although a weak
set theory is often more convenient. The sense in which S is contained in Th is better

exemplified than explained: If S is a formal system of arithmetic and Th is, say, ZFC ,
then Th contains S in the sense that there is a well-known embedding, or interpretation, of
S in Th.Since encoding is to take place in S, it will have to have a large supply of constants

and closed terms to be used as codes. (E.g. in formal arithmetic, onehas 0 , 1 ,....)S
will also have certain function symbols to be described shortly.To each formula, @ , of
the language of Th is assigned a closed term, [®]° | called the code of @ .[N.B. If
®(x) is a formula with free variable X, then [®(X)]° isa closed term encoding the
formula ®(X) with X viewed as a syntactic object and not as a parameter.]
Corresponding to the logical connectives and quantifiers are function symbols, neg(-) ,
imp(+) , etc., such that, for all formulae ® , ¥: S + ned[®]°) =[-P]°, S

o img[@]%[P]°) =  [® - ¥]° etc. Of particular importance is the substitution
operator, represented by the function symbol sub(:,+) . For formulae ®(X) | terms t
with codes  [t]°

S +sub([@(x)]%,[t]°) = [@M)]°. (2.1)

It well known [3] that one can also encode derivations and have a binary relation
Provm(X,y) (read" X proves Y "or" X isaproofof Y ")such that for closed
t,t

S F Provi(ti,tz) iff t; isthe code of a derivation in Th of the formula with
code t,. It follows that

Th + @ iff S + Provm (t, [®]°) (2.2)

for some closed term t. Thus one can define

Prm(y) < 3xProv (X,y), (2.3)

and and therefore one obtain a predicate asserting provability. We note that is
not always the case that [3]:



Th - ®iffS - Pro, ([®]°). (2.4)

It well known [3] that the above encoding can be carried out in such a way that the
following important conditions D1,D2 and D3 are met for all sentences [3]:

D1.Th + @ implies S + Pry, ([@]°),
D2.S + Proy ([@]°) » Pro ([Prm ([@]9)]%), (2.5)

D3.S + Prin ([®]°) A Prm ([®@ > WI°) - Pro ([W]°).

Conditions D1,D2 and D3 are called the Derivability Conditions.

Lemma 2.1. Assume that: (i) Con(Th) and (i) Th+ Prm([®]°), where @
is a closed formula.Then Th # Pro ([=@]°).

Proof. Let Cont, (®) be a formula

Con, (@) = Vg Viy—[Prov, (tg, [®]°) A Prov, (t2, neg([®]°)) ]«

(2.6)
—3t;—3t, [Prov, (t1, [@]°) A Prov, (t2, neg((®]°))].
where t1,t; s aclosed term. We note that Th+Con(Th) + Con, (®) for any
closed ®. Supposethat Th+ Pri([=®]°), then (i) gives
Th + Proy, ([®]°) A Pro, ([—®]°). (2.7)

From (2.3) and (2.7) we obtain

3ty 3to[Provm (ta, [@]°) A Prov (t2, neg([®]°))]. (2.8)



But the formula (2.6) contradicts the formula (2.8). Therefore Th # Pry, ([—=®]°).
Lemma 2.2. Assume that: (i) Con(Th) and (i) Th+ Priy ([=®]°), where @

is a closed formula.Then Th # Pryy ([@]°).
Assumption 2.1. We assume now that:

(i) the language of Th consists of:

numerals 0 , 1 ..

countable set of the numerical variables: {Vo,V1,...}

countable set F of the set variables: F = {X,¥,2Z,X,Y,Z,R,...}
countable set of the n -ary function symbols: f5.f1,...
countable set of the n -ary relation symbols: Rg.Ri,...
connectives: —,—

quantifier: V.

(i) Th contains Th*=ZFC;

(i) Let @ be any closed formula, then [Th = Pri((®])]&M = @] implies
Th + ®.

Definition 2.1. An Th -wff ® (well-formed formula @ )isclosed-i.e. ® isa
sentence - if
it has no free variables; a wff is open if it has free variables.We'll use

the slang * k -place open wff ' to mean a wff with Kk distinct free variables.
Definition 2.2.We said that, Th* is a nice theory or a nice extension of the Th iff
() Th* contains Th;

(i) Let @ be any closed formula, then Th+ Prpy((®]°) implies Th* - @.
Definition 2.3.We said that, Th* is a maximally nice theory or a maximally nice
extension of the Th iff Th* is consistent and for any consistent nice extension
Th' ofthe Th: DedTh*) < Ded(Th') implies Ded(Th*) = Ded(Th').
Proposition 2.1. Assume that (i) Con(Th) and (i) Th hasan ® -model M.
Then theory Th can be extended to a maximally consistent nice theory Th".

Proof. Let ®i... ®j... be an enumeration of all wff's of the theory Th (this can
be achieved if the set of propositional variables can be enumerated). Define a chain

¢ = {Thili e N}, Thy = Th of consistent theories inductively as follows: assume that
theory Th;i is defined. (i) Suppose that a statement (2.9) is satisfied

Th + Priy ([@;1°) and [Th; # @;1&M = @]. (2.9)

Then we define theory Thix  as follows Thiis = Thi U {®;}.
(i) Suppose that a statement (2.10) is satisfied



Th - Pro, ((—=®;1°) and [Th; ¥ —@;]1&M" = —®]. (2.10)

Then we define theory Thix  as follows:  Thizy = Thi U {—®;}.
(iif) Suppose that a statement (2.11) is satisfied

Th + Prm ((@i]°) and Th + @;. (2.11)

Then we define theory Thiix  as follows:  Thiza = Thi U {®;i}.
(iv) Suppose that a statement (2.12) is satisfied

Th + Prop, ([—®;]°) and Th + —®;. (2.12)

Then we define theory Thi;1  as follows: Thi,y = Th.
We define theory Th* as follows:

Th* 2 | JTh; (2.13)
ieN
First, notice that each Th; is consistent. This is done by inductionon i and by
Lemmas 2.1-2.2. By assumption, the case is true when i= 1. Now, suppose Th; s

consistent. Then its deductive closure Ded(Thi) is also consistent. If a statement (2.11)
is satisfied,i.e. Th+Pri((@i]°) and Th+ @i, thenclearly Thia = ThiU{®i} s
consistent since it is a subset of closure Ded(Thi). If a statement (2.12) is satisfied,i.e.
Th - Proy ((@i]°) and Th+ —®i, thenclearly Thix = ThiU{—®i} is consistent

since it is a subset of closure Ded(Th;).
Otherwise:

(i) if a statement (2.9) is satisfied,i.,e. Th = Pri((@i]°) and Thi # @; then clearly
Thi,y = ThiU{®i} s consistent by Lemmal and by one of the standard properties of
consistency: AU{A} s consistentiff A v —A;

(ii) if a statement (2.10) is satisfied,i.,e. Th+ Pri((=®i]°) and Thi ¥ —=®i then clearly
Thi,y = Thi U{—®@i} s consistent by Lemma 2 and by one of the standard properties of
consistency: AU<{—A} s consistentiff A A.



Next, notice Ded(Th*) s maximally consistent nice extension of the Ded(Th).
De C(Th#> IS consistent because, by the standard Lemma 2.3 belov, it is the union of a

chain of consistent sets. To see that Ded(Th’*) is maximal, pick any wff ®. Then @
issome @; inthe enumerated list of all wff's. Therefore forany ® such that

Th = Pro([@1°)  or Th = Prop ([=®]°) | either ® € Th* or —@ € Th*. Since
Ded(Thi,1) < Ded(Th*), \ve have @ € Ded(Th*) o —@ € Ded(Th*), which

implies that Ded(Th") s maximally consistent nice extension of the Ded(Th).
Lemma 2.3. The union of a chain & = {Tili € N} of consistent sets T'i , ordered by
c , is consistent.

Definition 2.4. Let Y¥(X) be a one-place open wif such that conditions:

( *) Th+3IXxe[PXe)] or

( ** ) TheProp(@Xe[PKXe)]]®) and M = 3Ixe[P(xe)] s satisfied.

Then we said that, anset Y isa Th* -setiff there is exist a one-place open Th -wff
W(X) suchthat Y= Xv.

Definition 2.5. Let 3 be a collection such that : VX[X € I < xisaTh*-set].
Proposition 2.2. Collection 3 isa Th"-set.

Proof. Let us consider an one-place open wif ‘F(X) such that conditions ( * ) or ( * * )
is satisfied, i.e. Th+ 3Xe[¥(X¥)]. We note that there is exists countable collection Fw

of the one-place open wif's F ¥ = {¥n(X)} oy suchthat: () YX) € Fv and (i)

Th = IXe[[FP(Xe)] A {Vn(n € N)[Y(Xy) < ¥n(Xy)]}]
or
Th = Pro @ e [[P(Xe )] A V(N € N)[P(Xy) < Pn(xw)]}]) (2.14)
and
M = e [[P(xe)] A {Vn(n € N)[P(xy) < Ynlxe)]}]

or in the equivalent form



Th = 3 [[P1X)]ALYN( e N)[W1(X1) < Wni(X1)]}]
or
Th = Proy GiXxe [[FP(X)] ALV € N)[W(X1) < Wa(X1)]}]) (2.15)
and
MIP = 3 [[P(x1)] A {Vn(n € N)[¥(x1) < ¥n(x1)]}]

where we set Y(X) = W1 (X1),¥n(X1) = ¥n1(X1) and Xy =X; .We note that
everyone collection Fue = Wnk()r ek =1,2,... such above defines an

unigue set Xw,, i.e. FugNFw, =D iff Xwy * Xwy,.

We note that collections Fw,k =1,2,.. isnopartofthe ZFC, i.e. collection &Fw,
there is no set in sense of ZFC. However that is no problem, because by using Godel
numbering one can to replace any collection Fw,,k=1,2,.. by collection

Ok = 9(F w,) of the corresponding Godel numbers such that

O = 9(Fw,) = {G(Fn kX)) F s
(2.16)
k=1,2,....

But obviously any collection ©x = 09(Fw,),k =1,2,..isa Th -set.This is done by
Godel encoding [3],[5] of the statament (2.15) by Proposition 2.1 and by axiom
schema of separation [4], see

Proposition 2.3. Let Ink = 9(Wnx(Xk)),k =1,2,..  be a Gédel number of the wif

Wok(Xk). Therefore 9(Fk) = {Onkrpe where we set Fx =Fw,, k=12,
and

VK].VkZ[{gn,kl}nEN n{gn,kz}neN = @ g Xkl * sz]' (217)

Let {{gn'k}nEN}keN be a family of the all sets {9n k) nen- By axiom of choice [4] one
obtain unique set 3 = {9tken  such that  VKIGk € {Onk} oyl Finally one obtain a set

~

3 fromaset 3’ by axiom schema of replacement [4].



Thus one can definea Th* -set R & I :
VX[x € Re < (X € I) APrm([x & x]9)]. (2.18)

Proposition 2.3. Any collection ©x =9(Fw,),k=1,2,.. isa Th -set.
Proof. We define 91 = 9(¥1(x1)) = [¥1(x1)]°v1 = [X1]°.  Therefore

Fr(gs,v1) is satisfied,(see Appendix,def.10). Let us define predicate
H(gn,lavl) :

I1(gn, V1) < Pro (3 [P1(X1)]11) A
(2.19)
AFX1 (v = X1 ])[Prm ([([P1(X1)]1]°) « Pro(Fr(gna,vi))l.

We define now @1 = {0n1[[1(@n1,V1)} and ©1 = ©; U{01}. But obviously
definitions (2.16) and (2.19) is equivalent.

Proposition 2.4. (i) Th* - 3R, (i) Rc isacountable Th* -set.
Proof.(i) Statement Th* + 3R. follows immediately by using statement 33 and

axiom schema of separation [4]. (ii) follows immediately from countability of a set 3.
Proposition 2.5. Aset %¢ isinconsistent.

Proof.From formla (2.18) one obtain
Th# [ ERC S ERC A PrTh ([mc & ‘RC]C). (220)
From formla (2.18) and Proposition 2.1 one obtain

Th* - Re € Re < Re 2 Re (2.21)

and



But this is a contradictions.

Appendix
Let Seq be the set of sequence numbers, i.e. those numbers with no gaps in their list of
prime divisors. For such numbers a , we have [3],[5]:

a = H pi(a),+1_ 1)

<lh(a)

If ab are sequence numbers encoding (2o,---,am),(Do,...,bn) | respectively, then
axb isasequence number encoding the concatenation (o, ---,am,bo,...,bn).

We write (@o,...,an) for 2%*1...22*  |n particular, (a) = 2%,
Definition 1.[3]. We generate codes for complex terms and formulae as follows:

() If ti,...,ta havecodes [ti]%....[ta]°, then

[f'te,...,tn]° = ([(FP15,[t115, .., [ta ]%),
(2)
[Rits, ..., ta]° = (RT1 [ta]% ..., [ta1%).

where [fT1[R']°  are the codes assigned forthe fi and RI respectively.

(i) If @,¥, havecodes [®]°[¥]°, respectively, then



[=®]° = (=]%[@]°),
[@ - ¥]* = ([-1°,[®@]°,[¥]%),
[@ < ¥]° = ([«]°[®]°,[¥]°), 3)
[@ AW]S = (A [@]%, [P]%),

[@ VY] = (VI [@)°,[¥]%).

(i) If ® hascode [®]° and X; isa variable, then

[Vxi®]® = ([V]°, [xi]%, [@]%),

[Vxi®]® = ([V]°, [xi]%, [@]%),

(4)
[3xi®]° = (31°% [xi]°, [@]°),
BiXxi®]° = ([3']% [xi]°, [®]°).
Definition 2. [5]. (1) 1C(X) : Xis the Godel number of an individual constant of Th,
(2) FL ( ) ): x isthe Godel number of a function letter of Th,
(3) PL ( X) ): x isthe Godel number of a predicate letter of Th.
Definition 3.[5]. (1) Let EVbI(X) be the predicate: X is the Gédel number of an
expression consisting of a variable.
EVbI(x) < Jz,(1 <z A X = 25%87), (5)

(2) Let EIC(X) be the predicate: X is the Gédel number of an expression consisting



of an individual constant

EIC(X) < Fyy(IC(y) AX = 2Y). (6)

(3) Let EFL(X) be the predicate: X is the Gédel number of an expression consisting of
a function letter

EFL(x) < Jyy«(FL(Y) AX = 2Y). (7)

(4) Let EPL(X) be the predicate: X is the Gédel number of an expression consisting of
predicate letter

EPL(X) < Jyy«(PL(y) AX = 2Y). (8)

Definition 4.[5]. (1) Arg:(X) = (at@,x=1)), (2) Argp(x) = (qt(8,x = 3)),.
Definition 5.[5]. (1) Let Gd(X) be the predicate: X is the Gédel number of an
expression of Th.

Gd(x) < EVbI(x) V EIC(x) V EFL(x) V EPL(X) V

VX =23)v(x=2)v(x=2")vx=2)v(x=2H)v(x =23V 9)

Definition 6.[5].
Let Gen(X,y) be the predicate: The expression with Gédel number Y comes from the
expression with Gdédel number X by the generalization rule



Gerfx,y) < Iy [EVDIV) Ay =23 %23 %28 % v % 2° x x x 2° A Gd(x)]  (10)
Definition 7.[5].Let Trm(X) be the predicate: X is the Gédel number of a term of Th.

Trng) < EVKO) VEIGO) V @Y), e[ X = () ingya AEFLIY)E) A
/\Ih(y) = ArgT((X)o) +3A (y)l = (y)o .33 A vuu<|h(y)(u >1AUZ< ArgT((X)o) -
11)

- E|Vv<x((y)u = (y)uLl Vo 2 A Trm(V))) A

/\HVV<V<(V)Ih<y>;2 = Wingyes *VATMV) A W ingya = Oinggyz * 25) It

Definition 8.[5].Let Atfml(x) be the predicate: X is the Gddel number of an atomic wif
of Th, i.e.,

AMI() = @Y), e[ X = Oingyea AEPLIY)G) A Thy) = Argg ((0),) +
(12)
+3 A (y)l = (y)o .38

Definition 9.[5].Let FMI(X) be the predicate: x is the Gddel number of an wff of Th.

Fmix) < (13)

Definition 10.[5]. Let Fr(y,V) be the predicate: X is the Gédel number of a wff of Th
which contains free occurrences of the variable with Godel number V :



Fr(y,v) < [Fmi(y) vV Trm(y)] A EVbI(2¥) A —Subst(y,y,25). (14)

Definition 11.[5].(1) Let Th(Wff) be the collection of the all wff's of Th (2) Let
Gn(Th(Wf)) be the collection of the Gddel numbers of the all members of  Th(wff).

Proposition 1.Collection Gn(Th(Wff)) isa Th -set.

()

Proposition 2.
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