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DEDICATION

(15-09-1909 to 03-02-1969)

We dedicate this book to late Thiru C.N.Annadurai (Former Chief
Minister of Tamil Nadu) for his Centenary Celebrations. He is fondly

remembered for legalizing self respect marriage, enforcing two
language policy and renaming Madras State as TamilNadu. Above all

he is known for having dedicated his rule to Thanthai Periyar.



PREFACE

This book for the first time introduces the notion of special
set linear algebra and special set fuzzy linear algebra. This
is an extension of the book set linear algebra and set fuzzy
linear algebra. These algebraic structures basically exploit
only the set theoretic property, hence in applications one
can include a finite number of elements without affecting
the systems property. These new structures are not only
the most generalized structures but they can perform multi
task simultaneously; hence they would be of immense use
to computer scientists.

This book has five chapters. In chapter one the basic

concepts about set linear algebra is given in order to make
this book a self contained one. The notion of special set
linear algebra and their fuzzy analogue is introduced in
chapter two. In chapter three the notion of special set
semigroup linear algebra is introduced. The concept of
special set n- vector spaces, n greater than or equal to three
is defined and their fuzzy analogue is given in chapter
four. The probable applications are also mentioned.
The final chapter suggests 66 problems. Our thanks are
due to Dr. K. Kandasamy for proof-reading this book. We
also acknowledge our gratitude to Kama and Meena for
their help with corrections and layout.

W.B.VASANTHA KANDASAMY
FLORENTIN SMARANDACHE
K.ILANTHENRAL



Chapter One

BASIC CONCEPTS

In this chapter we just introduce the notion of set linear algebra
and fuzzy set linear algebra. This is mainly introduced to make
this book a self contained one. For more refer [60].

DEFINITION 1.1: Let S be a set. V another set. We say V' is a set
vector space over the set S if for all v € V and for all s € S; vs
andsv €V.

Example 1.1: Let V = {1, 2, ... , oo} be the set of positive
integers. S = {2, 4, 6, ..., ©} the set of positive even integers. V
is a set vector space over S. This is clear for sv =vs € V for all
seSandveV.

It is interesting to note that any two sets in general may not be a
set vector space over the other. Further even if V is a set vector
space over S then S in general need not be a set vector space
over V.

For from the above example 1.1 we see V is a set vector
space over S but S is also a set vector space over V for we see
for every s € S and v € V, vs = sv € S. Hence the above



example is both important and interesting as one set V is a set
vector space another set S and vice versa also hold good inspite
of the fact S= V.

Now we illustrate the situation when the set V is a set vector
space over the set S. We see V is a set vector space over the set
S and S is not a set vector space over V.

Example 1.2: Let V = {Q" the set of all positive rationals} and
S=1{2,4,6,8, ..., o}, the set of all even integers. It is easily
verified that V is a set vector space over S but S is not a set

vector space over V, for % € Vand 2 € S but %.2 ¢ S. Hence

the claim.
Now we give some more examples so that the reader becomes

familiar with these concepts.

b
Example 1.3: Let M, , :{[a (J a, b, c, d € (set of all
c

positive integers together with zero)} be the set of 2 x 2
matrices with entries from N. Take S = {0, 2, 4, 6, &, ... , }.
Clearly M,,, is a set vector space over the set S.

Example 1.4: Let V = {Z" x Z" x Z"} such that Z" = {set of
positive integers}. S = {2, 4, 6, ..., oo}. Clearly V is a set vector
space over S.

Example 1.5: Let V = {Z" x Z" x Z"} such that Z" is the set of
positive integers. S = {3, 6, 9, 12, ... , ©}. V is a set vector
space over S.

Example 1.6: Let Z" be the set of positive integers. pZ" =S, p
any prime. Z" is a set vector space over S.

Note: Even if p is replaced by any positive integer n still Z" is a
set vector space over nZ'". Further nZ" is also a set vector space



over Z". This is a collection of special set vector spaces over the
set.

Example 1.7: Let Q[x] be the set of all polynomials with
coefficients from Q, the field of rationals. Let S = {0, 2, 4, ...,
o}, Q[x] is a set vector space over S. Further S is not a set
vector space over Q[x].

Thus we see all set vector spaces V over the set S need be such
that S is a set vector space over V.

Example 1.8: Let R be the set of reals. R is a set vector space
over the set S where S = {0, 1, 2, ... , co}. Clearly S is not a set
vector space over R.

Example 1.9: C be the collection of all complex numbers. Let
Z"U{0} =10,1,2,...,0} =S. Cis a set vector space over S

but S is not a set vector space over C.

At this point we propose a problem.
Characterize all set vector spaces V over the set S which are
such that S is a set vector space over the set V.

Clearly Z" U{0} = V is a set vector space over S=p Z" U{0}, p
any positive integer; need not necessarily be prime. Further S is
also a set vector space over V.

Example 1.10: Let V=7, ={0, 1, 2, ... , 11} be the set of
integers modulo 12. Take S = {0, 2, 4, 6, 8, 10}. V is a set
vector space over S. Fors € Sand v € V, sv=vs (mod 12).

Example 1.11: LetV =7,= {0, 1,2, ... ,p — 1} be the set of
integers modulo p (p a prime). S = {1, 2, ..., p— 1} be the set.
V is a set vector space over S.

In fact V in example 1.11 is a set vector space over any proper
subset of S also.



This is not always true, yet if V is a set vector space over S. V
need not in general be a set vector space over every proper
subset of S. Infact in case of V = Z, every proper subset S; of S
={1,2,...,p— 1} is such that V is a set vector space over S;.

Note: It is important to note that we do not have the notion of
linear combination of set vectors but only the concept of linear
magnification or linear shrinking or linear annulling. i.e., if v €
V and s is an element of the set S where V is the set vector
space defined over it and if sv makes v larger we say it is linear
magnification.

Example 1.12: 1f V=272"0U{0} = {0, 1,2, ..., 00} and S = {0, 2,
4, ..., o} we say for s = 10 and v = 21, sv = 10.21 is a linear
magnification.

Now for v=>5and s =0, sv=10.5 =0 is a linear annulling.
Here we do not have the notion of linear shrinking.

So in case of any modeling where the researcher needs only
linear magnification or annulling of the data he can use the set
vector space V over the set S.

Notation: We call the elements of the set vector space V over
the set S as set vectors and the scalars in S as set scalars.

Example 1.13: Suppose Q" U {0} = {all positive rationals} =
Q*=Vand
1 1 1
S=40,1,—, =, —, ... ¢-
{ 27 2272 }

Then V is a set vector space over S. We see for 6 € Q* =V and

%ES %.6:3. This is an instance of linear shrinking.

Suppose s =0 and v =2 then sv = 0. 21 =0 is an instance of

linear annulling.

10



Now we see this vector space is such that there is no method to
get a linearly magnified element or the possibility of linear
magnification.

Now we have got a peculiar instance for 1 € S and 1.v = v for
every v € V linear neutrality or linearly neutral element. The set
may or may not contain the linearly neutral element. We
illustrate yet by an example in which the set vector space which
has linear magnifying, linear shrinking, linear annulling and
linearly neutral elements.

Example 1.14: Let Q" U {0} =V = {set of all positive rationals
with zero}.

S= {o, Li L 246 .. oo}
373

be the set. V is a set vector space over the set S. We see V is
such that there are elements in S which linearly magnify some
elements in V; for instance if v =32 and s = 10 then sv = 10.32
= 320 is an instance of linear magnification. Consider v = 30

and s = % then sv = % x 30 = 10 € V. This is an instance of

linear shrinking. Thus we have certain elements in V which are
linearly shrunk by elements of the set S.

Now we have 0 € S such that 0 v =0 for all v € V which is an
instance of linear annulling. Finally we see 1 € S is such that
l.v = v for all v € V; which is an instance of linearly neutral.
Thus we see in this set vector space V over the set S given in
example 1.14, all the four properties holds good. Thus if a
researcher needs all the properties to hold in the model he can
take them without any hesitation. Now we define yet another
notion called linearly normalizing element of the set vector
space V. Suppose v € V is a set vector and s € S is a set scalar
and 1 € V which is such that 1.v=v.l =vands.1 = 1.s = s for
all v e V and for all s € S; we call the element scalar s in S to

11



be a linearly normalizing element of S if we have v € V such
that sv=vs = 1.

For example in the example 1.14, we have for 3 € V and % €

S; % 3=1 € S. Thus % is a linearly normalizing element of S.

It is important to note that as in case of linearly annulling or
linearly neutral element the scalar need not linearly normalize
every element of the set vector space V. In most cases an
element can linearly normalize only one element.

Having seen all these notions we now proceed on to define the
new notion of set vector subspace of a set vector space V.

DEFINITION 1.2: Let V be a set vector space over the set S. Let
W <V be a proper subset of V. If W is also a set vector space
over S then we call W a set vector subspace of V over the set S.

We illustrate this by a few examples so that the reader becomes
familiar with this concept.

Example 1.15: Let V = {0, 1, 2, ..., oo} be the set of positive
integers together with zero. Let S = {0, 2, 4, 6, ..., o}, the set of
positive even integers with zero. V is a set vector space over S.
Take W = {0, 3, 6, 9, 12, ..., wo} set of all multiples of 3 with
zero. W < V; W is also a set vector space over S. Thus W is a
set vector subspace of V over S.

Example 1.16: Let Q[x] be the set of all polynomials with
coefficients from Q; the set of rationals. Q[x] is a set vector
space over the set S = {0, 2,4, ... , 0}. Take W= {0, 1, ..., w0}
the set of positive integers with zero. W is a set vector space
over the set S. Now W < Q < Q[x]; so W is a set vector
subspace of V over the set S.

12



Example 1.17: Let V=272"x Z" x Z" x Z" a set of vector space
over the set Z" = {0, 1,2, ..., 0}. Let W=Z"x Z" x {0} x {0},
a proper subset of V. W is also a set vector space over Z, i.e.,
W is a set vector subspace of V.

Example 1.18: Let V =2Z" x3Z" x Z" be a set, V is a set vector
space over the set S = {0, 2, 4, ..., o}. Now take W =2Z" x {0}

x 2Z" < V; W is a set vector subspace of V over the set S.

Example 1.19: Let
a d
V=Ms,=14|b e||ab,cdefeZ U{0}}
c f

be the set of all 3 x 2 matrices with entries from the set of
positive integers together with zero. V is a set vector space over
the set S=Z" U {0}. Take

a,b,ceZ"U{0}} cV;

=

Il
o o ®
o o ©

W is a set vector subspace of V over the set S.

Now having defined set vector subspaces, we proceed on to
define the notion of zero space of a set vector space V over the
set S. We as in the case of usual vector spaces cannot define set
zero vector space at all times. The set zero vector space of a set
vector space V exists if and only if the set vector space V over S
has {0} in V i.e., {0} is the linearly annulling element of S or 0
€ Vand 0 ¢ S in either of the two cases we have the set zero
subspace of the set vector space V.

13



Example 1.20: Let Z" =V = {1, 2, ..., o} be a set vector space
over the set S = {2, 4, 6, ..., ©}; V is a set vector space but 0 ¢
V, so V does not have a set vector zero subspace.

It is interesting to mention here that we can always adjoin the
zero element to the set vector space V over the set S and this
does not destroy the existing structure. Thus the element {0}
can always be added to make the set vector space V to contain a
set zero subspace of V.

We leave it for the reader to prove the following theorem.

THEOREM 1.1: Let V be a set vector space over the set S. Let
Wi, ..., W, be n proper set vector subspaces of V over S. Then

ﬂVI{ is a set vector subspace of V over S. Further ﬂVK =¢

i=1 i=l1
can also occur, if even for a pair of set vector subspaces W; and
W;of Vwe have W; N W; = ¢ (i #j).

Clearly even if 0 € V then also we cannot say ﬂVK = {0}

i=1

as 0 need not be present in every set vector subspace of V.

We illustrate the situation by the following example.

Example 1.21: Let VARS {1, 2, ..., o} be a set vector space over
the set S= {2, 4,6, ..., o}. Take

W] = {2, ...,00},

W,={3,6,...,©}, ...,
and

Wp: {pa 2pa 3pa RS ) OO}
We see W; N W; = ¢ for every 1, (i #]).

Will N1W;=¢ifi=1,2,...,00?

14



Will (\W, = ¢ ifi=1,2,...,nn<o0?

i=l1

Example 1.22: Let V = {1, 2, ..., o} be a set vector space over
S={2,,...,0}. W= {2, 2% .. n ...} 1s set vector subspace of
V over the set S.

W, = {3, 3% 3°, ..., o} is a proper subset of V but W, is not
a set vector subspace of V as W, is not a set vector space over S
as2.3=6 ¢ W, for 2 € S and 3 € W,. Thus we by this example
show that in general every proper subset of the set V need not
be a set vector space over the set S.

Now having seen the set vector subspaces of a set vector space
we now proceed to define yet another new notion about set
vector spaces.

DEFINITION 1.3: Let V be a set vector space over the set S. Let
T be a proper subset of S and W a proper subset of V. If W is a
set vector space over T then we call W to be a subset vector
subspace of V over T.

We first illustrate this situation by examples before we proceed
on to give more properties about them.

Example 1.23: Let V=Z7Z" U {0} = {0, 1, 2, ..., ©} be a set
vector space over the set S = {2, 4, 6, ..., ©}. Consider W = {3,
6,9,...,} e V.

Take T = {6, 12, 18, 24, ...} < S. Clearly W is a set vector
space over T; so W is a subset vector subspace over T.

Example 1.24: Let V=Z7"x Z" x Z" be a set vector space over
Z" =S. Take W =Z"x {0} x {0} a proper subset of V and T =
{2,,6,...,0} cZ"=S. Clearly W is a set vector space over T
i.e., W is a subset vector subspace over T.

Now we show all proper subsets of a set vector space need not

be a subset vector subspace over every proper subset of S. We
illustrate this situation by the following examples.

15



Example 1.25: Let V=Z7"x Z" x Z" be a set vector space over
Z'=S=1{0,1,2,..,00}. Let W= {3,3% ..., 0} x {5,5% ...} x
{0} cV.Take T={2,4,6,...} = S.

Clearly W is not a set vector space over T. That is W is not a
subset vector subspace of V over T. Thus we see every subset of
a set vector space need not in general be a subset vector
subspace of the set vector space V over any proper subset T of
the set S.

We illustrate this concept with some more examples.

Example 1.26: Let V =2Z" x 3Z" x 5Z" = {(2n, 3m, 5t) | n, m, t
e Z'}; V is a set vector space over the set S=2Z"= {1, 2, ...,
o). Take W= {2,2% ...,o0} x {3,3% ...} x {5,5%, ..} cV.W
is not a subset vector subspace over the subset T = {2, 4, ..., w0}
C Z'. Further W is not even a set vector subspace over
Z"=S.Take W = {2, 2% ...} x {0} x {0} a proper subset of V.
Choose T = {2, 23 2%, 27}. W is a subset vector subspace of V
over the subset T < S.

Example 1.27: Let

)

be the set of all 2 x 2 matrices with entries from Z" U {0}. V is
a set vector space over the set S=Z"= {1,2, ..., oo}. Take

{2

W is a subset vector subspace over the subset T = {2, 4, ..., o0},

a,b,c,deZ U {0} =1{0,1,2,...}}

X,¥,Z,We2Z ={2,4,6,..}} cV.

Example 1.28: Let

16



a b ¢ d
V= a,b,c,d,e,f,gandh € Z}

e f g h
be the set of all 2 x 4 matrices with entries from the set of

integers. V is a set vector space over the set S=7"= {1,2, ...,
oo}, Take

{(a b ¢ dj
W =
e f g h

Clearly W is a subset vector subspace over T = {2, 4, ..., o0} C
S=Z".

a,b,c,d,e,f,gandhe Z"} c V.

Now as in case of vector spaces we can have the following
theorem.

THEOREM 1.2: Let V be a set vector space over the set S.
Suppose W, ..., W, be a set of n subset vector subspaces of V

over the same subset T of S. Then either ﬂVK = gor ﬂVK is a
i=l1 i=l1
subset vector subspace over T or if each W; contains 0 then

ﬂ W, = {0}, the subset vector zero subspace of V over T.

i=1

The proof is left as an exercise for the reader as the proof
involves only simple set theoretic techniques.

Note: We cannot say anything when the subset vector subspaces
of V are defined over different subsets of S. We illustrate this
situation by some more examples.

Example 1.29: Let V =Z7" x Z" x Z" be a set vector space over a
setS=7Z"=1{1,2,...,0}. W=1{2,4,6,8, ...} x {¢} x {¢p} isa
subset vector subspace of V over the subset T = {2, 4, 8, 16,
3. W1 =1{3,6,9,...} xdxdcV,is asubset subvector space
over the subset T, = {3, 3%, ...}. Clearly we cannot define W N

17



W, for we do not have even a common subset over which it can
be definedas TN T, = ¢.

From this example a very natural question is if T N T; # ¢ and if
W, N W is not empty can we define some new structure. For
this we make the following definition.

DEFINITION 1.4: Let V be a set vector space over the set S.
Suppose Wi is a subset vector subspace defined over the subset
Tiof Sfori=1 2, .. n,n<ooandif W=nnW;z¢and T =
NT; # @ then we call W to be a sectional subset vector sectional
subspace of V over T.

Note: We call it a sectional for every subset vector subspace
contributes to it.

We give illustration of the same.

Example 1.30: Let V=7"xZ" x Z" x Z" be a set vector space
overthesetZ' = {1,2,...,0}. Let W, = {2,4,6, ...} x {2,4, 6,
...} x Z" x Z" be a subset vector subspace over T, = {2, 4, ...,
o). Wy = {Z"} x {2, 4,6, ...} xZ" x Z be a subset vector
subspace over T, = {2, 2%, ..., o}. Let W3 = {2, 2%, ..., o0} x
(Z") x {2,4,6, ...} x {2,2%, ..., o} be a subset vector subspace
over T = {2,2°,2°, ..., o). Consider W, " W, N W; = {2, 2%,
ey 0} X {2,4,6, .} x {2,4,6, .., 0} x {2,2%, ., o} =W.
Now T=T  n"nT, n"nTs= {2, 23 2%, ...}; W is a sectional subset
vector sectional subspace of V over T.

We see a sectional subset vector sectional subspace is a subset
vector subspace but a sectional subset vector sectional subspace
in general is not a subset vector subspace.

We prove the following interesting theorem.

THEOREM 1.3: Every sectional subset vector sectional

subspace W of set vector space V over the set S is a subset
vector subspace of a subset of S but not conversely.

18



Proof: Let V be the set vector space over the set S. W = ﬂW

i=1

n
be a sectional subset vector sectional subspace over T = ﬂTi
i=1
where each W; is a subset vector subspace over T; fori =1, 2,
....,nwith W= Wjand Ty # Tj; fori#j, 1 <1, ) <n. We see W
is a sectional subset vector subspace over T; ;i=1,2, ..., n.

We illustrate the converse by an example.

Example 1.31: Let V = {2, 2%, ...} be a set vector space over
the set S = {2, 2°}. W, = {22, 2%, ...} is a subset vector subspace
of V over the set T, = {2} and W, = {2°, 2°, ..., oo} is a subset
vector subspace of over the set T, = {2°}. Now W, " W, # ¢
but T, n T, = ¢. We do not and cannot make W; or W, as
sectional subset vector sectional subspace.

That is why is general for every set vector space V over the set
S we cannot say for every subset vector subspace W(c V) over
the subset T(c S) we can find atleast a subset vector subspace
Wi(c V) over the subset Ti(c S) such that W; "W, = ¢ and T
NT;# (I)

Now before we define the notion of basis, dimension of a set S
we mention certain important facts about the set vector spaces.

1. All vector spaces are set vector spaces but not conversely.

The converse is proved by giving counter examples.

Take V=2"= {0, 1, 2, ..., 0}, V is a set vector space over
the set S = {2, 4, 6, ..., ©}. We see V is not an abelian group
under addition and S is not a field so V can never be a vector
space over S. But if we have V to be a vector space over the
field F we see V is a set vector space over the set F as for every
c € Fand v € V we have cv € V. Thus every vector space is a
set vector space and not conversely.

19



2. All semivector spaces over the semifield F is a set vector
space but not conversely.

We see if V is a semivector space over the semifield F then V is
a set and F is a set and for every v € V and a € F; av € V hence
V is trivially a set vector space over the set F.

However take {-1,0,1,2,...,0}=VandS=1{0,1} Visa
set vector space over S but V is not even closed with respect to
‘+> so V is not a group. Further the set S = {0, 1} is not a
semifield so V is not a semivector space over S. Hence the
claim.

Thus we see the class of all set vector spaces contains both the
collection of all vector spaces and the collection of all
semivector spaces. Thus set vector spaces happen to be the most
generalized concept.

Now we proceed on to define the notion of generating set of a
set vector space V over the set S.

DEFINITION 1.5: Let V be a set vector space over the set S. Let
B < V be a proper subset of V, we say B generates V if every
element v of 'V can be got as sb for some s € S and b €B. B is
called the generating set of V over S.

Example 1.32: Let Z" U {0} =V be a set vector space over the
set S= {1, 2,4, ..., ©o}. The generating set of Vis B= {0, 1, 3,
57,9, 11, 13, ..., 2n + 1, ...} B is unique. Clearly the
cardinality of B is infinite.

Examples 1.33: Let V=Z7" U {0} be a set vector space over the
set S={1,3,3% ..,0}.B=1{0,1,2,4,5,6,7,8, 10, 11, 12,
13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 28, ..., 80,
82, ..., 242,244, ..., 3°~ 1, .., 3%+ 1, ..., ©} < V is the
generating set of V.

Example 1.34: Let V = {0, 3, 3%, ..., 3" ...} be a set vector

space over S = {0, 1, 3}. B = {0, 3} is a generating set for 3.0 =
0,3.1=3,33=3%33"=3’soon.

20



Example 1.35: Let

{(a b]
V =

c d
be the set vector space over the set S = Z". The generating set of
V is infinite.

a,b,c,deZ ={1,2,...,0}}

Thus we see unlike in vector space or semivector spaces finding
the generating set of a set vector space V is very difficult.

When the generating set is finite for a set vector space V we
say the set vector space is finite set hence finite cardinality or
finite dimension, otherwise infinite or infinite dimension.

Example 1.36: Let Z" =V = {1, 2, ..., o0} be a set vector space
over the set S = {1}. The dimension of V is infinite.

Example 1.37: Let V = {1, 2, ..., o} be a set vector space over
the set S = {1, 2, ..., o} = V. Then dimension of V is 1 and B is
uniquely generated by {1}. No other element generates V.

Thus we see in case of set vector space we may have only one
generating set. It is still an open problem to study does every set
vector space have one and only one generating subset?

Example 1.38: Let V= {2,4, 6, ...} be a set vector space over
the set S = {1, 2, 3, ...}. B = {2} is the generating set of V and
dimension of V is one.

Thus we have an important property enjoyed by set vector
spaces. We have a vector space V over a field F of dimension
one only if V = F, but we see in case of set vector space V,
dimension V is one even if V # S. The example 1.38 gives a set
vector space of dimension one where V # S.

Example 1.39: Let V = {2, 4, 6, ..., ©} be a set vector space

over the set S = {2, 2% .., wo}. B={2,6,10, 12, 14, 18, 20, 22,
24, ...,30, 34, ...} is a generating set of V.
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Now in case of examples 1.38 and 1.39 we see V = {2, 4, ...,
oo} but only the set over which they are defined are different so
as in case of vector spaces whose dimension is dependent on the
field over which it is defined are different so as in case of vector
spaces whose dimension is dependent on the field over which it
is defined so also the cardinality of the generating set of a vector
space V depends on the set over which V is defined. This is
clear from examples 1.38 and 1.39.

Now having defined cardinality of set vector spaces we define
the notion of linearly dependent and linearly independent set of
a set vector space V over the set S.

DEFINITION 1.6: Let V be a set vector space over the set S. B a
proper subset of V is said to be a linearly independent set if x, y
€ B then x #sy ory #s'x for any s and s' in S. If the set B is not
linearly independent then we say B is a linearly dependent set.

We now illustrate the situation by the following examples.

Example 1.40: Let Z" =V = {1, 2, ..., o} be a set vector space
overtheset S={2,4,6,...,0}. Take B={2,6,12} cV;Bisa
linearly dependent subset for 12 =6.2, for6 € S. B={1,3} isa
linearly independent subset of V.

Example 1.41: Let V = {0, 1, 2, ..., ©} be a set vector space
over the set S = {3,3% ...}.B={1,2,4,8, 16, ...} is a linearly
independent subset of V. As in case of vector spaces we can in
case of set vector spaces also say a set B which is the largest
linearly dependent subset of V? A linearly independent subset B
of V which can generate V, then we say B is a set basis of V or
the generating subset of V and cardinality of B gives the
dimension of V.

DEFINITION 1.7: Let V and W be two set vector spaces defined
over the set S. A map T from V to W is said to be a set linear

transformation if
T =w
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and
T(sv) = sw =sT(v)

forallveV,s eSandw e W.

Example 1.42: LetV=27"=1{0,1,2, ..., 0} and W = {0, 2, 4,
..., ©} be set vector spaces over the set S = {0, 2, 22, 2%, i}

T:Vo>W
T(0) =0,
T(1)=2,
T(2) =4,
T(3)=6

and so on. T (2"p) = 2" (2p) for all p € V. Thus T is a set linear
transformation from V to W. As in case of vector spaces we will
not be always in a position to define the notion of null space of
T in case of set vector spaces. For only if 0 € V as well as W;
we will be in a position to define null set of a set linear
transformation T.

Now we proceed on to define the notion of set linear operator of
a set vector space V over the set S.

DEFINITION 1.8: Let V be a set vector space over the set S. A
set linear transformation T from V to V is called the set linear
operator of V.

Example 1.43: Let V=272"= {1, 2, ..., o} be a set vector space
over the set S = {1, 3, 3% ..., o}. Define T from V to V by T(x)
= 2x for every x € V. T is a set linear operator on V.

Now it is easy to state that if V is a set vector space over the set
S and if Og(V) denotes the set of all set linear operators on V
then Og(V) is also a set vector space over the same set S.
Similarly if V and W are set vector spaces over the set S and
Ts (V, W) denotes the set of all linear transformation from V to
W then Ts (V,W) is also a set vector space over the set S. For if
we want to prove some set V is a set vector space over a set S it
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is enough if we show for every s € Sand v € V; sv € V. Now
in case of Og (V) = {set of all set linear operators from V to V}.
Og (V) is a set and clearly for every s € S and for every T €
Os(V), sT € O (V) i.e., sT is again a set linear operator of V.
Hence Og (V) is a set vector space over the set S.

Likewise if we consider the set Ts (V, W) = {set of all set linear
transformations from V to W}, then the set Ts (V, W) is again a
set vector space over S. Forif s € Sand T € Ts (V, W) we see
sT is also a set linear operator from V to W. Hence the claim.
Now we can talk about the notion of invertible set linear
transformation of the set vector spaces V and W defined over
the set S.

Let T be a set linear transformation from V into W. We say T is
set invertible if there exist a set linear transformation U from W
into V such that UT and TU are set identity set maps on V and
W respectively. If T is set invertible, the map U is called the set
inverse of T and is unique and is denoted by T™".

Further more T is set invertible if and only if (1) T is a one to
one set map that is Ta, = TP implies o = . (2) T is onto that is
range of T is all of W.

We have the following interesting theorem.

THEOREM 1.4: Let V and W be two set vector spaces over the
set S and T be a set linear transformation from Vinto W. If T is
invertible the inverse map T is a set linear transformation
from W onto V.

Proof: Given V and W are set vector spaces over the set S. T is
a set linear transformation from V into W. When T is a one to
one onto map, there is a uniquely determined set inverse map
T which set maps W onto V such that T™'T is the identity map
on V and TT ' is the identity function on W.

Now what we want to prove is that if a set linear
transformation T is set invertible then T ' is also set linear.
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Let x be a set vector in W and ¢ a set scalar from S. To
show
T (cx)=cT" (x).

Let y = T '(x) that is y be the unique set vector in V such
that Ty = x. Since T is set linear T(cy) = cTy. Then cy is the
unique set vector in V which is set by T into ¢x and so

T'(cx)=cy=cT'(x)
and T is set linear !

Suppose that we have a set invertible set linear transformation T
from V onto W and a set invertible set linear transformation U
from W onto Z. Then UT is set invertible and (UT) ' =T U™

To obtain this it is enough if we verify T U™ is both left
and right set inverse of UT.

Thus we can say in case of set linear transformation; T is
one to one if and only if Ta = TP if and only if o = 3.

Since in case of set linear transformation we will not always
be in a position to have zero to be an element of V we cannot
define nullity T or rank T. We can only say if 0 € V, V a set
vector space over S and 0 € W, W also a set vector space over S
then we can define the notion of rank T and nullity T, where T
is a set linear transformation from V into W.

We may or may not be in a position to have results of linear
transformation from vector spaces.
Also the method of representing every vector space V over

a field F of dimension n as V = Fx...xF may not be feasible
%/_/

n—times
in case of set vector spaces. Further the concept of
representation of set linear transformation as a matrix is also not
possible for all set vector spaces. So at this state we make a note
of the inability of this structure to be always represented in this
nice form.

Next we proceed on to define the new notion of set linear
functionals of a set vector space V over a set S.
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DEFINITION 1.9: Let V be a set vector space over the set S. A
set linear transformation from V onto the set S is called a set
linear functional on V, if

f:V—-S

flea)=cf(a)
forallc eSand a €V.

Example 1.44: Let V=1{0,1,2,...,0} and S = {0, 2, 4, ..., ©}.
f: V — S defined by f(0) =0, f(1) =2, f(2) =4, ..., is a set linear
functional on V.

Example 1.45: Let V=7"x Z" x Z" be a set vector space over
Z". A set linear functional f: V — Z" defined by f(x, y, z) = x +
y + z.

Now we proceed onto define the new notion of set dual space of
a set vector space V.

DEFINITION 1.10: Let V be a set vector space over the set S. Let
L(V,S) denote the set of all linear functionals from V into S, then
we call L(V,S) the set dual space of V. Infact L(V, S) is also a set
vector space over S.

The study of relation between set dimension of V and that of
L(V, S) is an interesting problem.

Example 1.46: Let V = {0, 1, 2, ..., ©} be a set vector space
over the set S = {0, 1, 2, ..., o}. Clearly the set dimension of V
over S is | and this has a unique generating set B = {1}. No
other proper subset of B can ever generate V.

What is the dimension of L(V, S)?

We cannot define the notion of set hyperspace in case of set
vector space using set linear functionals. We can define the
concept of set annihilator if and only if the set vector space V
and the set over which it is defined contains the zero element,
otherwise we will not be in a position to define the set
annihilator.
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DEFINITION 1.11: Let V be a set vector space over the set S,
both V and S has zero in them. Let A be a proper subset of the
set V, the set annihilator of A is the set A° of all set linear
functionals fon V such that f(a) = 0 for every ain A.

DEFINITION 1.12: A4 fuzzy vector space (V, n) or nV is an
ordinary vector space V with a map n.: V — [0, 1] satisfying
the following conditions;

n(a+b)>min{n(a), n(b)}
n-a =n(a

n) =1

n(ra)>n(a)

Nwoh~

foralla, b, € Vandr € F where F is the field.

We now define the notion of set fuzzy vector space or V,, or Vn
or V.

DEFINITION 1.13: Let V be a set vector space over the set S. We
say V with the map nis a fuzzy set vector space or set fuzzy
vector space if n: V. — [0, 1] and 1 (ra) = n(a) for all a €V and
r €S. Wecall V, or Vipor nV to be the fuzzy set vector space
over the set S.

We now illustrate this situation by the following example.
Example 1.47: Let V={(135),(111),(5§55),(777),(333),
(5 15 25), (1 2 3)} be set which is a set vector space over the set

S=1{0, 1}.
Define amap n: V — [0, 1] by

nx,y,z) = (%) € [O, 1]

for (x,y, z) € V. V,, is a fuzzy set vector space.
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Example 1.48: Let V = Z the set of integers. S = 2Z" be the set.
V is a set vector space over S. Define n: V — [0, 1] by, for

every v e V;nv) = 1 .MV is a set fuzzy vector space or fuzzy
v

set vector space.

Example 1.49: Let V = {(a;) | a € Z'; 1 <1, j < n} be the set of
all n x n matrices with entries from Z".

Take S = 3Z" to be the set. V is a fuzzy set vector space where
n: V > [0, 1] is defined by

L ifAl=0
N(A = (ay) = 15[A|
1 if|A|=0.

Vn is the fuzzy set vector space.

The main advantage of defining set vector spaces and fuzzy
set vector spaces is that we can include elements x in the set
vector spaces V provided for all s € S, sx €V this cannot be
easily done in usual vector spaces. Thus we can work with the
minimum number of elements as per our need and work with
them by saving both time and money.

We give yet some more examples.
Example 1.50: Let V = 27" x 5Z" x 7Z" be a set vector space
over the set Z"; with n: V — [0, 1] defined by

n(x,y,z)= iyiz

makes, nV a fuzzy set vector space.

Now we define the notion of set fuzzy linear algebra.
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DEFINITION 1.14: A set fuzzy linear algebra (or fuzzy set linear
algebra) (V, ) or nV is an ordinary set linear algebra V with a
map such n: V. — [0, 1] such that n(a + b) > min (n(a), n(b))
fora, b eV.

Since we know in the set vector space V we merely take V to
be a set but in case of the set linear algebra V we assume V is
closed with respect to some operation usually denoted as ‘“+’ so
the additional condition n(a + b) >min (n(a), n(b)) is essential
foreverya, b €V.

We illustrate this situation by the following examples.

Example 1.51: Let V = Z'[x] be a set linear algebra over the set
S=Z"n:V->]0,1].

1

n(p(x)) = 4 deg(p(x))
1 if p(x) is a constant.

Clearly Vn is a set fuzzy linear algebra.

Example 1.52: Let

{2

be set linear algebra over 2Z" = S. Define

a,b,d,ce Z*}

a b ; if ad # bc
n 4 = J]ad—bc]|
¢ 0 if ad = be

for every a, b, ¢, d € Z". Clearly Vn is a fuzzy set linear
algebra.
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Example 1.53: Let V = Z" be a set linear algebra over Z'.

Define n: V — [0, 1] as n(a) = l Vn is a fuzzy set linear
a

algebra.

Now we proceed onto define the notion of fuzzy set vector
subspace and fuzzy set linear subalgebra.

DEFINITION 1.15: Let V be a set vector space over the set S. Let
W c V be the set vector subspace of V defined over S. If n: W —
[0, 1] then W, is called the fuzzy set vector subspace of V.

We illustrate this by the following example.

Example 1.54: Let V={111),(101),(011),(000),(10
0)} be a set vector space defined over the set {0, 1}. Define n :
V — [0, 1] by

(x+y+2)

nxyz)= (mod?2).

So that
n@00)=

n(11)=
nao1)=
n(100)=§
nO11)=0.

0
1
9
0
1

Vn is a set fuzzy vector space. Take W= {(1 1 1), (00 0), (0 1
1)} < V. W is a set vector subspace of V. : W — [0, 1].

n(©00)=0

_1
11(111)—9
n(011)=0.
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W, is the fuzzy set vector subspace of V.

Example 1.55: Let V = {(111), (1011), (11110), (101), (000),
(0000), (0000000), (00000), (1111111), (11101), (01010),
(1101101)} be a set vector space over the set S = {0,1}.

Let W = {(1111111), (0000000), (000), (00000), (11101),
(01010) (101)} < V. Define n: W — [0, 1] by
1
T](Xl, X2y ey Xr) = E

nW is a fuzzy set vector subspace.

We now proceed on to define the notion of fuzzy set linear
subalgebra.

DEFINITION 1.16: Let V be a set linear algebra over the set S.
Suppose W is a set linear subalgebra of V over S. Let n: W —
[0, 1], nW is called the fuzzy set linear subalgebra if n (a + b)

>min {n(a), n(b)} fora b, € W.

We give some examples of this new concept.

Example 1.56: Let V=27"x Z" x Z" be a set linear algebra over
the set S=27". W =Z"x2Z" x 4Z" is a set linear subalgebra
over the set S =2Z". Define n: W — [0, 1]

1

n@bc) =1- .
a+b+c

Clearly n (x, y) 2 min {n (x), n (y)} where x = (x;, Xz, X3) and y
= (Y1, Y2, ¥3); X, y € W. Wn is a fuzzy set linear subalgebra.

Example 1.57: Let
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V is a set linear algebra over the set S= {1,3,5,7} = Z". Let

Wz{@ ]z}

be the set linear subalgebra of V. Define n: W — [0, 1] by

(a aJ :
n =1-—.
a a a

W,, or Wn is a set fuzzy linear subalgebra.

For more about set linear algebra and set fuzzy linear algebra
please refer [60].
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Chapter Two

SPECIAL SET VECTOR SPACES AND
FUZZY SPECIAL SET VECTOR SPACES
AND THEIR PROPERTIES

In this chapter we for the first time introduce the notion of
special set vector spaces and fuzzy special set vector spaces.
This chapter has four sections. Section one introduces the notion
of special set vector spaces and describes some of their
properties. In section two special set vector bispaces are
introduced and their properties are studied. Section three
generalizes the notion of special set vector bispaces to special
set vector n-spaces. The final section introduces the notion of
fuzzy special set vector spaces and fuzzy special set n-vector
spaces.

2.1 Special Set Vector Spaces and their Properties
In this section for the first time we define the notion of special

set vector space and special set linear algebra and describe some
of their properties.
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DEFINITION 2.1.1: Let V = {S,;, S5, ..., S} be a set of collection
of sets, such that each S, is distinct i.e., S; ¢ S;or S; & Siifi #

J, 154, j <n. Suppose P is any set which is nonempty such that
each S, is a set vector space over the set P; for eachi =1, 2, ...,
n then we call V = {8, S,, ..., S)} to be a special set vector
space over the set P.

We illustrate this situation by some simple examples.
Examples 2.1.1: Let V = (Vy, V,, V3, V,) where

Vi={(1111),(0000),(1100),0011),
(11),(01),(10),(00)},

a a

a a a
V,= ( ], a al|laeZ,={0,1}¢,
a a a
a a

Vi={Z, X Zy X 2y, 2y X 7y X 7y X 7 X Zs}

and

1 0 00

1 0 0Y (1 0 OY(1 1 1
1 10 0
Vy=4¢0 1 0,/0 1 0[,]0 0 0}, ,
0 0 1 1

00 0)/l00o0/(1 11
00 0 1

1 11 1Y(0 0 0 0

01 11/]0 000

001 170 0 0 0

00010000

Clearly V is a special set vector space over the set P = {0, 1}.
Example 2.1.2: Let V = {V,, V,, V3, V4, Vs} where

V, = {all polynomial of degree 3 and all polynomials of even
degree with coefficients from Z" U {0},
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V,={3Z"U {0} x5Z" U {0} x 7Z" U {0}, 8Z" U {0} x 9Z},

a a a
a a 0 +
V;= ( J, a a allaeZ =Z2"uU{0}
a a
a a a
a b c dy(fa 0 0 O
0 e f g||b e 0 0
v, = ,
0 0 h i c f g O
000 jJj\dp h ¢
a,b,c,d, e, f,g hip,je2Z U0}
and
2]
aI a2 a2
a; a, a3 + .
Vs = , a,e3Z2" u{0},1<i<8
a; a, | |a,

V is a special set vector space over the set S =Z°=Z" U {0}.

Example 2.1.3: V = {Z\, Zis, Z11, Z19, Zn, Za} = {V1, V2, V3,
V4, Vs, Ve} is a special set vector space over the set S = {0, 1}.

Example 2.1.4: Let V= {V, V,, V3, V4} where V= {(1 111
1),00000),(11100),(10101),(01101),(111),(00
0),(100),001D)},V,={11),(00),(111111),(00000
0),010101),101010),(111),(000)}, V;={1111),
(0000),(1101),(0111),(1111111),(0000000),(11
00010)}and V4={(1111111),(000000),(111),(00
0),(1111),(0000),(11),(00)} be a special set vector space
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over the set S =7, = {0, 1}. Note we see S; ¢ Sjand S; ¢ S;if

i#]butS; N S;# ¢, that is in general is nonempty if i #j, 1 <1,
<4.

Now having seen special set vector spaces now we proceed onto
define the notion of special set vector subspace.

DEFINITION 2.1.2: Let V = (Vi, V>, ..., V) be a special set
vector space over the set S. Take W = (W, Ws, ..., W) < (V1
Vo, oo, Vi) such that W; cV, 1< i <nand W; #W;and W; < W,
ifi #j, 1 <i,j <n. Further if for every s € S and w; € W, sw; €
Wfori=1 2, .., nthen we define W = (W, ..., W,) to be the
special set vector subspace of V over the set S. Clearly every
subset of V need not in general be a special set vector subspace
of V.

We illustrate this by some simple examples.

Example 2.1.5: Let V= (Vy, V,, V3, V4, Vs) where

a a a a a
V= { j anlO},
a a a a a

a a
d a,deZ, ¢,

a a a
V,=<|a a a,[
a

a a a
V3={Z10XZ10%XZ1,(11111),(00000),(22222),(666

666),(33333),(44444),(55555),(77777),(8888
8),(99999)},

a1
a a
aZ
a a .
V,= ,|a; ||a,b,a,eZ,, 1<i<5
a a
a4
a a
L35 ]
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and

V5 = {all polynomials of even degree and all polynomials of
degree less than or equal to three with coefficients from Z;,} be
a special set vector space over the set Z,o. Take W = (W, W,,
...y, Ws) with W; <V, 1 <1< 5; where

a a a a a
a a a a a
a a
sz
a d

Wi ={Zg X Zio % Zio} < V3,

ae {Oa 27 4) 67 8}} nga

a,de Zm} c Vs,

W,=<a, ||a,€Z,, I<i<5 ;cCV,

and Ws = {all polynomials of even degree with coefficients
from Zjo} € Vs. W=(W, Wy, ..., Ws) = (V}, V2, ..., V5) =V
is clearly a special set vector subspace of V over the set Z,.

We give yet another example.

Example 2.1.6: Let V = (V,, V,, V3, V4) where
Vl = {Z+[X]}’

V,={Z"x2Z"x3Z"x52",2" x 7"},

a’l a'2 aS
a b N .
V3= ,la, a; ag|la,eZ",1<1<9
c d
a7 ag a9
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and

be a special set vector space over the set S = 2Z". Take W =
(Wl, W25 W35 W4) c (Vla VZ, V3, V4) (Wl < Vla 1 = 19 25 3’ 4)
where W, = {all polynomials of degree less than or equal to 6

a a a a a
V4:
a a a a a

|

I I D
O O 0

I R R - B R

aeZ'

with coefficients from Z'} ¢ V,, W, = {Z" x Z"} = V,,

and

to be the subset of V. It is easily verified that W = (W, W,, W3,
W,) < (Vi1, Vs, V3, V,) is a special set vector subspace of V.

Now we give yet another example.

Example 2.1.7: Let V = (Vy, V), V3, V4, Vs) where V| = {Z},
Vz = {214}, V3 = {Z]é} V4 = {Zlg} and V5 = {Zg} be a special

al a2 a’3
Ws=4la, a; a,
a7 a8 a9

fa a a

a a a

a a a

W,=<la a a

a a a

a a a

la a a|
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set vector space over the set S = {0, 1}. Take W = (W, W,, W3,
W4, Ws) where W, c V,1i=1,2,3,4,5and W, = {0, 3, 6}
Vi, W,=1{0,2,4,6,8,10,12} € Z1,=V,, W3=1{0,4,8,12}
V3, Wy={0,9} < V4 and W5 = {0, 2, 4, 6) — Vs. Clearly W =
(W1, Wy, W3, Wy, Ws) < V is a special set vector subspace of V.

One of the natural question which is pertinent is that, will every
proper subset of a special set vector space be a special set vector
subspace of V? The answer is no and we prove this by a simple
example.

Example 2.1.8: Let V = (V,, V,, V3, V4) where

Vi={(111111),(000000),(11111),(00000),
0000), (1111)},

=

I
e A e
5 o o

c
flla,b,c,d,e f,g hiecZ;,

and

=

Il
® M D o M o o
O M D o M o o
IS

o

m

N

~

be a special set vector space over the set S = {0, 1}. Take W =
(W1, Wy, W3, W) where W; = {(111111),(1111),(0000
0)} c Vla
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a a a
W, =<la a al|aeZ\{0} ; CV,,

a a a

o L N =
D L N =
N W
L
| —

|
—

and

ae{l,2,5}c Z,;CV,.

R=

1
1
O o o o
O o o o

Clearly W = (W, W,, W3, W,) is a proper subset of V but W is
not a special set vector subspace of V. Fortake (1 111), (111
111)eW;01111)=0000)¢ Wyand0(111111)=(0
00000) ¢ Wyhence W, is not a set vector subspace of V| over
S = {0, 1}. Also take

a a a a a a 0 0 O
a a aleW,,0la a a|l=[0 0 0]|eW,.
a a a a a a 0 0 O

So W, is also not a set vector subspace over the set S = {0, 1}.
Likewise in W3 we see

1111 11
e W,
2222 22
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but
11111 1/]000O0O0TO0
0. = g W;.
2 222221000000
So Wj; too is not a set vector subspace of V;. Finally
a a

€W4

a a
a a
a a
_a a_

but

o

S

S
Il

S O O o O

S O O o O

is not in W4. Thus W, too is not a set vector subspace of V4. So
W = (W, Wy, W3, Wy) < (Vi, V,, V3, Vy) is a proper subset of
V but is not a special set vector subspace of V.

Now we want to make a mention that in the subset W =
(W1, Wo, W3, ..., W,) even if one of the W; € V; is not a set
vector subspace of V;, 1 <i<n, then also W= (W, Wy, ..., W,)
< (V1, V,, ... V,) will not be a special set vector subspace of V.

Now we proceed onto define the notion of generating

special subset of a special set vector space V over the set S over
which V is defined.

DEFINITION 2.1.3: Let V = (V;, V5, ..., V,) be a special set
vector space over the set S. Let (P;, P, ..., P,V =V, V), ...,
V,) where each P; < V; is such that P; generates V; over the set
S; for 1<i < n. Then we call P to be the special generating
subset of V. However it may so happen that at times for some P;
cVy Pi=Viie{l 2 ..,nk.
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We now give an example of a special generating subset of V.
Example 2.1.9: Let V = (V,, V,, V3, V4, Vs) where

Vi={Z" v {0}},

a a a
Vo=4la a allaeZ Ui{0}¢,
a a a
fa o]
a a
Vi=<la a|laeZ U{0};,
a a
_a a_

V,={(aaaaa),(aaaaaaa)|aecZ U {0}
and
Vs = {all polynomials of the form
n(l+x+x*+x’+x'+x) |neZ U {0}}.

Clearly V = (Vy, V), V3, V4, Vs) is a special set vector space
over the set S =Z" U {0}. Take P = (P,, P, P;, Py, Ps) c V =

(V1, V2, V3, V4, Vs); where Py = {1},

.
111 11
Po=|1 1 1[,Ps=[1 1},
111 11
_11_

P,={(11111),111111D}andPs={(1+x+x*+x’+x*
+x°)}. It is easily verified that P is the special generating subset
of V over the set S =Z" U {0}. Further we say in this case the
special set vector space V is finitely generated over S. The n-
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cardinality of V is denoted by (|Py|, [P, ..., |P,|) is called the n-
dimension of V.

Hence |P| = (1, 1, 1, 1, 1) is the 5-dimension. However it is
pertinent to mention as in case of vector spaces the special set
vector spaces are also depend on the set over which it is defined.
For if we take in the above example instead of S=Z" U {0}, T
= {0, 1}, still V = (Vy, V,, V3, V4, Vs) is a special set vector
space over T = {0, 1} however now the special generating
subset of V over T is infinite. Thus the n-dimension becomes
infinite even if one of the generating subset of V say P; of (P,
Py, ..., P,) = P is infinite; we say the n-dimension of V is
infinite.

Now we give yet another example.

Example 2.1.10: Let V = (V,, V,, V3, V4, Vs) where V| = (Z; x
23), Vo= {Zy ¥ Ly x 25}, V3 =211, V4= {Sx S xS [§5={0, 2,
4} < Zs} and Vs = Z;, be a special set vector space over the set
S={0, 1}.

Take P = (P, P,, P3, P4, Ps) where

Pr = {(11),(12),(21),(22),(01),(02),(20),(10)} = Vi,

P, = {(111),110),011),(101),(100),(010),00
1)} < Vs,

P; = {1,2,3,4,5,6,7,8,9,10} c V3,

Py, = {(024),(042),(222),(444),(022),(044),(420),
(240),(204),(402),(202),(220),(404),440),
224),242),(422),244),424),442),(002),
(004),(020),(040),(400),(200)} < V4and

Ps = {1,2,3,4,5,6} cZ,.

Clearly P = (Py, P,, P3, P4, Ps) is a special generating subset of V
over S = {0, 1}. Further V is finite 5-dimensional. The 5-
dimension of V is |P| = (|Py], |P2|, |P3|, |P4|, [Ps]) = (8, 7, 10, 26,
6).

We now give an example of an infinite dimensional special
set vector space.
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Example 2.1.11: Let V = (V4, V,, V3, V) where

V, = {Z[x]; all polynomials in the variable x with coefficients
from Z},

V2= (Z" 0 {0}) x (Z" v {0}) x (Z" v {0}),

a, a, a,
Vi=4la, a, a,||a,eZ U{0},1<i<9}
a'7 aS a9

and
a a a a a
a a a a a
be a special set vector space over the set S = {0, 1}. Now
consider the special generating subset P = (P, P,, P3, P;) of V =
(Vi1, Va, V3, Vy) where Py = {every non zero polynomial p(x) in

Z[x]} c Z|x]and P, =[Z\ {0}][x], P, = {{&x y z)} < V, and X, y,
z e Z', thatis P, = V,\ {(0 0 0)},

aeZ’ U{O}}

a b ¢
P;=<|d e f||la,bc de f,g hiecZ U{0}; \
g h i
0 0O 0 00
0 0 0|p\4]0 O Ofr cV;
0 00 0 00
and
P, = {a a a a a} an+}gV4.
a a a a a

We see every subset P; of V; is infinite. Thus the special set
vector space is only infinitely generated and n-dimension of V
is (o0, 00, 0, ). If we replace the set S = {0, 1} by the set S=Z"
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w{0} still the special set vector space is of infinite dimension
but not the special generating subset of V given by T = (T}, Tp,
Ts, T4) is such that T, is infinite set of polynomials, T, too is an
infinite subset of V,, T; too is an infinite subset of V3 but
different from P; and

11111
T4 = .
11111
Thus [T| = (|Ty|, |Tal, [Ts, |T4]) = (0, 0, o0, 1) but it is important

and interesting to observe that the infinite of T; is different from
the infinite of P;, 1 <1< 4.

Let us now define the notion of special set linear algebra.
DEFINITION 2.1.4: Let V = (V;, V..., V) be a special set
vector space over the set S. If at least one of the V; of V is a set
linear algebra over S then we call V to be a special set linear
algebra; i € {(1, 2, ..., n)}.

We see every special set linear algebra is a special set
vector space and not conversely, i.e., a special set vector space
in general is not a special set linear algebra.

We now illustrate this definition by some examples.

Example 2.1.12: Let V = (V,, V,, V3, V4) where

Vi=ZsxZs*xZs,V,={(aaaa),(aaa)|aeZ U {0}},

{(abj
V3:

c d
a a a a a
la a a a a

a,b,c,d e {0,1}}

and

a,b,ce{O,l}}

=<
Il
I I I

[T R
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be a special set linear algebra over the set S= {0 1}. We see V,
and V; are set linear algebras over the set S = {0, 1}. However
on V4 and V, we cannot define any compatible operation. So V,
and V, are not set linear algebras over S = {0, 1} they are only
just set vector spaces over S.

We give yet another example.

Example 2.1.13: Let V = (V4, V,, V3, V4, Vs) where

O

Vo={(11111),(00000),(111),(000),
(101),(11111),(0000),(1100),(100 1)},

1

a,b,c,de {2,3,5,7,9, 14, 18,22, 1511,

aeZ’ U{O}}

and

ae{0,1}

=
Il
SR S S

be a special set linear algebra over the set S = {0, 1}. Clearly V,
and V, are not set linear algebras over the set S = {0, 1}, but V3
and V, are set linear algebras over the set S = {0, 1}.

Now we proceed onto define some substructures of these
special set linear algebras.

DEFINITION 2.1.5: Let V = (V, V5, ..., V,) be a special set
linear algebra over the set S. If W = (W;, W, ..., W,) < (V}, V,,
v, Vo) with W; < V; where at least one of the W; < V; is a set
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linear subalgebra of a set linear algebra over S and if W = (W},
Wy o W) < Vi, Vs, ..., Vi) is also a special set vector
subspace of 'V over S then we call W to be a special set linear
subalgebra of V over S.

We now illustrate this by a simple example.
Example 2.1.14: Let V = (Vy, V,, V3, V4, Vs) where V| =

{Z5[x] | all polynomials of degree less than or equal to 4 with
coefficients from Z;}, V, = {(aaaa), (aa)|a e Zs},

al a2
a, a,
a a a a )
Vi=4la; a4 |, a,a,€Z,;1<1<10¢,
a a a a
a, a
a9 a10

a
a b ¢
Vi= ,|a al]|a,bc,defeZ,
d e f
a a

we{e )

be a special set linear algebra over the set S = {0, 1}. Take W =
(W1, Wy, ..., Ws) with W; c V;, 1 <i <5, where W, = {0, (1 +x
3+ +xN), 20 +x+x+ X +x) eV, W= {(aaaa)|a
€ Zs}, = Va,

W_aaaa
3aaaa
W_abc
Cld e f

and

a,b,c,d,ezé}

3627} oV,

a,b,c, d,e,erH} cVv,
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and

W is clearly a special set vector subspace of V as well as W is a
special set linear subalgebra of V over S = {0 1}.

We give yet another example.
Example 2.1.15: Let V = (Vy, V,, V3, V,) where

Vi={Z; xZ;xZ},

o

Vs;={(aaaaaa),(aaaaa)|ac”Z}

a,b,c,d € 27},

and

V4:

0

be a special set linear algebra over the set S = Z;. Take W =
(Wl, Wz, W3, W4) where Wi c Vi, 1 < 1 < 4 and

Wi={(aaa)|aeZ} cV,,

e

Wi;={(aaaaaa)|aeZ;)cV;

aeZ, }sz,

and
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a a a
W4={ }an7}
a a a

is a special set linear subalgebra of V over Z,.

Now we define yet another new algebraic substructure of V.

DEFINITION 2.1.6: Let V = (V;, V5, ..., V,) be a special set
linear algebra over the set S. If W = (Wi, W, ..., W) < (V1, V>,
., V) with each W; < V; is only a set vector subspace of V; and
never a set linear subalgebra even if one V; is a set linear
algebra 1 <i <n, then we call W to be a pseudo special set
vector subspace of the special set linear algebra V over S.
We illustrate this by the following example.
Example 2.1.16: Let V =(V,, V,, ..., V,)), where
V= {Z°[x] where Z°=Z" U {0}},

V,={(aaaaa),(aaaaaa)|acZ U0},
{(a b) (a a a aj

V3: )
c d)\b b b b

V4 =

a,b,c,d €Z" u{O}}

and

a,b,c,d,e,f,g,h,i,je Z" U{0}

S O O e
oS o o o
S 5 o o

—. = 09

be a special set linear algebra over the set S = Z° = Z" U {0}.
Clearly V), V, are set linear algebras over S. Take W = (W,
W, Wi, W4) < V; where W = {n(5x’ + 3x + 1), n(7x’ + 8x° +
5x+7),s(3x + 7), t(9x° +49x + 1)} < Vy;s,t,n € Z" U {0}).
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W, = {(2a, 2a, 2a, 2a, 2a), (5a, 5a, 5a, 5a, 5a) |a € VARG {0}} <

Vo,
W3={a aa aJ a,beZZ+u{0}}gV3
a a a a
and
1 1 1 1
W, =<n 0 112 neZ u{0}:cV,
00 1 2 B
0 0 0 2

is a special set vector subspace of V which is not a special set
linear subalgebra of V; so W is a pseudo special set vector
subspace of V.

Now having given example of pseudo special set vector
subspace we make a mention of the following result. A pseudo
special set vector subspace of V is never a special set linear
subalgebra of V.

Now we proceed onto define the notion of special set linear
transformation of V onto W, V and W are special set vector
spaces over the same set S.

DEFINITION 2.1.7: Let V = (V, V5, ..., V) be a special set
vector space over the set S. W = (W, W, ..., W,) be another
special set vector space over the same set S. A special set linear
map T = (T}, ..., T,) where T;: V; = Wy 1 <i <n such that
Ti(av) = aTyv) for all o € Sand v €V, 1 <i <n is called the
special set linear transformation of V into W. S Homs(V, W) =
{Homs(V;, Wi), ..., Homs(V,, W,)} where Homs(V;, W,) denotes
the set of all set linear transformations of the vector space V;
into the vector space W, 1 <i <n.

It is easy to verify SHomg (V, W) is again a special set vector

space over the set S.
We shall illustrate this by some examples.
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Example 2.1.17: Let V = (Vy, V,, V3, Vy) and W = (W, W,,
Wi, Wy) be special set vector spaces over the set S = {0, 1},
here

Vi =1{Z, X Z, x 7},

sl

V3 = {Z,[x]} all polynomials of degree less than or equal to 5,
with coefficients from Z, = {0, 1}} and

a, a, a, a

_ 1 2 3 7
Vy= a,...,a,e”Z,

a, a; a, a,

are set vector spaces of the special set vector space V over the
set S= {0, 1}. Now

o

Wy =2, x 7y X 2y X 7,

a a a
1 2 3

W3 =
a, a5 Aa¢

a,b,c,d €{0, 1}},

a,b,ceZz},

aieZZ,lsiS6}

and
a’l a’5
aZ a6 .
W, = a, e”Z,,1<1<8
a3 3.7
a, a,

are set vector space of the special set vector space W over the
set S = {0, 1}. Define a special set linear map T = (T, T, T3,
T4) from V = (V], Vz, V3, V4) into W = (W], Wz, W3, W4) such
that T; : V; > W;; 1 <1< 4 where
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b
Ti: Vi > Wi is defined as Ti(ab ¢c) = (?) ],
c

b
Ty: Vs = W Tz(g ] —(a,b,c,d),
C

T3§V3 —> W3,
a
Ts(ap +a;x + X’ + asx’ +axt + a5X5) = ( 0
aS
and
a1
a, a, a, a a
T4 Vy—> Wyas Ty ! : } N = :
a; a, a, a, a,
a

It is easily verified that T = (T, T, T3, T4) is a special set linear

transformation of V into W.

We give yet another example.

Example 2.1.18: Let V = (Vy, V,, V3, V4, Vs) be a special set
vector space over the set S = {0, 1} where V| = {Z; X Z;}, Vo =
Zis X 214 X Zl4; Vi = Zlg, V4= {(a aaa a) | ae Z]g} and Vs =
{Z7 x Zy, x Z,4} is a special set vector space over the set S = {0

1}. Let W = (W, W,, W3, W4, W5) where

Wi={(aa)|aeZ,

“{6 )

W3 =Z9 %2y,

a,b,ceZy ¢,
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a,b,c,d, e e Zy9

wellnd

Ws{(aaa)|aeZy

and

be the special set vector space over the set S = {0, 1}. Define T
= (T1, T, Ts, Ty, Ts) from V = (V},V,,V3, Vy, Vs) into W = (W,
Wa, Wi, Wy, Ws) by

T,:V,—> W1; by T](a, b) = (a a),

T: Vo> Wy, Th(abe) = [a a}
b ¢

T3: V3 — W3 ; by Ts(a) = (a, a),

a a a
T4:V4—>W4;T4(aaaaa)=[ J
0 a a

and
Ts: Vs > Wsas Ts(abc)=(aaa).

It is clear that T = (T, T,, T3, T4, Ts) is a special set linear
transformation of V into W.

Now we proceed onto define the notion of special set linear
operator on V.

DEFINITION 2.1.8: Let V = (V; V>, ..., V,,) be a special vector
space over the set S. A special set linear map T = (T, T,, ...,T,)
ﬁom V = (V], Vg, V3, veey Vn) into V = (V[, Vg, V3, ceey V,,) is
defined by T: V; >V, i =1, 2, ..., nsuch that Ti(a V;) = aT(V)
for every oo € Sand V, € V.. We call T = (T}, ..., T,) to be a
special set linear operator on V. If we denote by SHomg (V, V) =
{Homg (V;, Vi), Homg (Va, V), ..., Homg (V,, V,)} then it can be
verified SHomy(V,V) is a special set linear algebra over S under
the composition of maps.
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We illustrate this by some simple examples.

Example 2.1.19: LetV = {Vl, V,, V3, V4} where V| =73 X Z3 %

Z39
a b ¢ d
V,= a,b,c,d,e,f,gheZs;,
e f g h
a, b, )
V3: aieZ7,131SZ4
a, a,
and
a b c¢c d
vi=40 ¢ f bcdefahileZ
= a’) ,C, Je,7 2 ,1’ e
““No o n g ?
0 0 0 e

be a special set vector space over the set S = {0 1}. Define a
special set linear operator T = (T, T,, Tz, T4) : V= (V}, Vo, V3,
V4) —> (Vl, Vz, V3, V4) =V where

T;: Vi > V;such that Ti(abc)=(cba),

a b c d e f g h
Tzl Vz d V2 as T2 = ,
e f g g a b c d

4, 4, a, a,
Ts: V3 — V; defined by T, =
a4 8

a;
and
a b ¢ d a b 00
) 0 e f g 0 e f O
T4: V4 — Vyissuch that T, C | = )
0 0 h i 0 0 0 h
0 0 0 1 0 0 0 1
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It is easily verified that T = (T, T, T3, T4) is a special set linear
operator on V. Define another special linear operator P = (P,
Py, P3, Py) from Vto VasPi: V, > Vi;i=1, 2, 3, 4 given by

P:Vi>V,Pi(abc)=(aaa),

P Vo o Vo o bPabcd a b c d
: iven = ,
22 2BVERBY B e s )70 0 0 0

a, a, a, a,
P5: V3 — V; defined by Ps =

a, a, a, a,
and
a b c d d g 1 1
Ps: Vi = Vaby P, 0 e f g _ 0 ¢c f h
0 0 h i 0 0 b e
0 0 0 1 0 0 0 a

P = (P, P,, P;, Py) is a special set linear operator on V. Define

PoT = (P, Py P3,Py)o (T, Ty, T3, Ts)
(PyoT,P,0T,, P30Ts PsoPy)

as
P10T1:V1—)V18.S
PioTi(abc)=Pi(cba)=(ccc).
P, 0 Ty: Vo, —> V, given by
a b c d e f g h e f g h
P20T2 =P2 = .
e f g h a b c d 0 00O
P; 0 T5: V3 > V; defined by
a, a a, a a, a
P30T3[1 2]:P3(1 4}2( 4 4}
a, a, a, a, a, a,
and
Py0 Ty V4 —> V, gives
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PsT,4

o o o ©
o o o <
S 5 = o
— = 0 o
o o o o
o o = o
==
|
o o o o
o o o o
oS o - B
P 0 O =

It is easily verified Po T = (P, 0 Ty, P, 0 Ty, P; 0 T35, Py 0 Ty) is
a special set linear operator on V. Now find

TOP:(Tl0P1,T20P2,T}OP},T4OP4):V—)V.
T,oPi(abc)=T,;(aaa)=(aaa)#P,0T;.
T, 0 P,: V, > V, is such that
a b c d a b c d 0 0 0 O
T20P2 :T2 =
e f g h 00 0O a b c d
#P, 0T,
T; 0 P3: V3 — V3 is defined by

"1“301)3[211 a2j=T3(az asz(az az].

a, a, a, a, a, a,

Thus T; o P; # P; 0 T3 and now
T4 0Py V4 — V4 given by

T4OP4 T

4

d
g
i
1

S O O a
S O O A
S O o 09
S O O
o o0 O O

i
f
b
0

S O O e
o o o o
S B o o6
S O o 09
& o 09

Here also T4 0 Py # P4 0 T4. Thus we see T o P # P o T but both
T oPandP o T are special set linear operator on V.

Thus we can prove SHomy(V, V) = (Homy(V,, Vy), ...,
Homy(V,, V,)) is a special set linear algebra over the set S.
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Now we give yet another example of a special set linear
operator on V.

Example 2.1.20: Let V = {V|, V,, V3, V4} where

Vi =2Zox Zyx Zg X Lo,

a b

V2:
a a
a b c d e
V3= ..
f g h i j

and V, = Z, X Z1, X Z;, be a special set linear algebra over the
set S= {0, 1}. Define T = (T, Ty, T3, T4): V>V =(Vy, V5, V3,
V,4) where Ti: V; = V; where Ti(abcd)=(bcda),

SR

where T,: Vo, — V,, Ts: V3 — V3 is such that

Tabcde_aOcOe
Ut g h i j|) |f0h 0]

and T4: V4 > Vg4 is defined as T; (abc)=(aca).

a,b,c,d e Zg},

a,b,c,d,e,f,g,hez6}

Clearly T = (T}, T,, T3, T,) is a special set linear operator on V.
Now we find out To T = (T, 0 T;, T, 0 T, T3 0 T3, T4 0 Ty)
fromV —> V= (Vl, Vz, V3, V4) where T; 0 Tl, V> Vl, 1<i<4

TioT,0T,0T;(abcd)

= TioT,0T;(bcda)
TioT,(cdab)
Ty (dabc)
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= (adcd).

Thus Ty 0 Ty o Ty o Ty = I;: Vi — Vi. I} the identity special
linear operator on V.

a b d b d b
T2 0 T2 :T2 = .
c d b d b d

Thus T2 (6] T2 = T2 on Vz.

a b c d e

T3OT3 .

f g h i j
_TaOcOe_aOCOe
't 0oh o0 j| |foh o j|

Thus T3 0 T3 =T; on V3. Finally T,0 T4y0 T4 (abc)=T40 T4 (a
ca)=Ty(aaa)=(aaa). Thus T4 0 T4 0 T, = T4 0 V4. Further
wesee ToT=(T;0Ty, T,o0T, T;0T;, Tyo0 Ty is yet another
special set linear operator on V.

Now we proceed onto define the notion of special set
idempotent operator on V = (V, Vo, ..., Vy).

DEFINITION 2.1.9: Let V = (V}, V), ..., V,) be a special set
vector space over the set S. Suppose T = (T}, Ty, ..., T,): V>V
=V, Vs o, V) where T V; - Vi, i <i <n be a special set
linear operator on Vandif ToT=(T;0T;,T,07T,, ..., T,0T,)
= (T, T, ..., T,) then we call T to be a special set linear
idempotent operator on V.

We illustrate this by a simple example.
Example 2.1.21: Let V = (V|, V,, V3, V4, Vs) be a special set

vector space over the set S = {0, 1} where V| = {Z, X Z, X Z, X
2y},
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a, a, a, a, a
1 2 3 4 5
aG a7 aS ag alO

aieZZ;lsiSIO},

2 ]
a, a,

V,=13la, a;||a €Z,;1<i<10
a, a,
L35 Ay

and
Vs={(1111111),(0000000),(1111),(0000),
000),(111),(11111),(00000),(11),(00)}.

Define T = (Tl, Tz, T3, T4, T5) V= (Vl, Vz, V3, V4, V5) —>V=
(V1, Va, ..., Vs) with T;: V; > V;, 1 <1 <5 such that each T; is a
set linear operator of the set vector space V;,i=1, 2, ..., 5. T;:
V| — Vs such that here Ti((abcd)=(aaaa), T,oT;(abc
d)=T;(aaaa)=(aaaa). ThusT,oT;=T,on V,ie., T;isa
set idempotent linear operator on V.

T,: V, > V,, with
a b) (d d
T, -
¢c d) \d d
rop(® b)Y (dd
(0] = .
SR W \d d

Hence T, o T, = T, on V; hence T, is a set idempotent linear
operator on V,. T5: V3 — V3 defined by

a a a a a a a a a a
1 4y 43 dy 5 2 94y d3 d3 dy

T, = ( J = T3( J .
ag a4, ag Ay dy a; 4, ag ag dg
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Thus T3 0 T; = T; on V; i.e. T is also a set idempotent linear
operator on V3. Finally Ty4: V4 — V, defined by Ty(ay, ..., &) =
(ay, ..., &) for every (ai, ..., a)) € V4. Wesee T4 0 Ty =Ty, 1.,
T, is also a set idempotent operator on V4. Thus T o T = (T; o
Tl, T2 (6] Tz, T3 (6] T3, T4 [0) T4) = (Tl, Tz, T3, T4) =T. Hence T: V
— V is a special set idempotent linear operator on V.

Now we proceed onto define the notion of pseudo special
set linear operator on a special set vector space.

DEFINITION 2.1.10: Let V = (V, V), ..., V) be a special set
vector space over the set S. Let T = (T}, T, ..., T,): V.= (V, V5,
v V) =V =V, Vs ..., V) be a special set linear
transformation from V to V where T; = V; — V; where i #] for at
least one T;; 1<i, j <n. Then we call T = (T, ..., T,) to be a
pseudo special set linear operator on V. Clearly SHomy(V, V) =
{Homs(Vil,Viz)...HomS(Vl.n,Vl./)} is only a special set vector

space over S and not a special set linear algebra in general.
We illustrate this by an example.

Example 2.1.22: Let V = (V}, V,, V3, V,) be a special set vector
space over the set S=Z" U {0}; where V, = {S x S x § x S},

{(a b ¢ dj

V2 =

e f g h

Vi = {[Z" U {0}] [x] set of all polynomials of degree
less than or equal to three}

a,b,c,d,e,f,g,heZ" U {0}};

and

V= a,b,c,d,e,f,g,heZ" U{0};.

o o o
5 0@ h 0
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Define a special map T = (T, Ty, T3, T4): V= (Vi, Vo, V3, Vo)
— (V1, V2, V3, Vy) by Ti: Vi - V; foratleastonei#j, 1 <1,j <
4. Let

T:V, > V;

Tz: V2 e V4

T3Z V3 —> V2

T4: V4 e d Vl

be defined on V;’s as follows:

Ti(abcd)=a+bx +cx’ +dx’.

a b c d
T, =
e f g h

oo o ®

Ts ((ap + a;x+ azx2 + a3x3)) = (

4, 4, a, a;
0 0 0 O

and

T, =(abcd).

o o o W
500 - o

T =(Ty, T», T3, Ty) is a pseudo special set linear operator on V.

Now we proceed onto define special direct sum in special
set vector spaces.

DEFINITION 2.1.11: Let V = (V, ..., V}) be a special set vector
space over the set S. If each V; of V can be written as V; =

W @ ...@Wn’; where W' N\W/.= ¢ or zero element if t # k

where i, iy € {1}, iy, ..., i,} and each Wk’ is a set vector subspace
of V.. If this is true for each i = 1, 2, ..., n then
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V=(W @..ew, W e. oW, .  ,We..eW, )

is called the special set direct sum of the special set vector
space V=V, Vs ..., V).

We first illustrate this situation by an example.
Example 2.1.23: Let V = (V4, V,, V3, V) where

Vi={1111),(01),(10),(00),(0000)},

ae{0, 1};,

0
[

Vi ={Zy X Z, X 15}
and
Vi={1+x%0, 1 +x+x5 1+x,x +1,
x2+x,x3+x,x3+x2,1+x3+x2+x}

be a special set vector space over the set S = {0, 1}. Write

Vi={1111),(0000)} ® {(01),(10),00)}=W'&W,.
a
a a
{2k
a a

Vi3 ={Zy x {0} x Zy x {0}} @ {{0} x {0} x {0} xZ,} ®
{0} x Zy < {0} < {0}} = W& W, ® W]

=W ew,;,
a

[ R )

a

and

V4:{1+X3+X2+X,1+X3X2+X,0)+{X2+X+1,1+X2,
1+x,0} +{0, X +x, X +x*} = W'® W/ o W,
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with W' n W =(0), ifi=].
Now
V=(Vi, V,, V3, Vy)
={We W, Wew, Wow,ew wew ew,|

is the special direct sum of special set vector subspace of V.
However it is interesting to note that the way of writing V as a
special direct sum is not unique.

Now we define special set projection operator of V.
Further if

V= (W oW, Wow, Wow, ow,, Wew, ew,))
then W any special set vector subspace of V is

(WtaWj 33“/:) c (Vla V2’ ceey Vn),
ie.; W.‘l c Vi 1 £t <n. So any way of combinations of Wl‘l

1

will give special set vector subspaces of V.

DEFINITION 2.1.12: Let V = (V,, V5, ..., V,) be a special set
vector space over the set S. Let W = (W;, W, ..., W,) < (V1, V>,
wo, V) =V where W, c V; 1 <i <n be a special set vector
subspace of V. Define T = (T;, T,, ..., T,) a special linear
operator on V such that W; is invariant under T; for i = 1, 2, ...,
n, e, T;: Vi = Viwith T(W,) < W; then T is called the special
set projection of V.

We illustrate this by one example.
Example 2.1.24: Let V = (V4, V,, V3, V) where

V]Z {ZSXZSXZ5XZS},

g
2
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anlz}




and

a,eZ,,1<i<12

10°

be a special set vector space over the set S = {0, 1}. Take W =
(W1, Wy, W3, Wy) < V where

W, ={Zsx Zs x {0} x{0}} = Vi,

)
L

a 627} cVv,,

ae{0246810}}

and
a a a a
a a a a
W, aeZ, <=V,
a a a a
a a a a

be a special set vector subspace of V over S. Define a special set
linear operator T on V by T = (T}, Ty, T3, T4): V= (Vy, Va, V3,
V4) —> V= (V], V,, V3, V4) such that T;: Vi—> V,, 1= 1, 2, 3, 4.
Ti: Vi > Viissuchthat Ti(abcd)={(ab00)}, T,: V, > V,

is such that
La bj (a aj
T2 = s
c d a a

T;: V3 —> Vj is defined by

a a a a b b b b
T3 =
a a a a b b b b

be{0,2,4,6,8, 10}}
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T4: V4 — V4 is such that

al a2 a3 a1 a1 al
a a a a a a
4 5 6 1 1 1
T, =
a'7 a8 a9 a1 a1 al
alO a11 a12 al al al

such that a; € Z;o. T = (T}, T, T3, Ty) is easily seen to be a
special set linear operator on V. Further it can be verified that T
is a special set projection operator on V. For To T = (T, o Ty,
T, 0 Ty, T3 0 T3, T4 0 T4) where T; o Ti: V; = V; given by T, o
Ti(abcd)=T;(ab00)=(ab00),ie; TioT, =T, onV,,
i.e., T} is a set projection operator on V;. We see

T,0T,:V, >V, gives

(O (R R

ie.,, T, o T, = T, is again a set projection operator on V,.
Consider T; 0 T3 : V3 — V; given by

o (220 (00 0 y)

such that b € {0, 2,4, 6, 8, 10} and

T bbb b))} (bbbob
‘bbb b)) (bbbb
then by making Tj; is set projector operator on V3; i.e., T3 0 T; =
Ts. Finally T4 0 T4: V4 — V4 gives
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a, a, 4, a, a, a a a,

a a a a a a a a a
4 5 6 1 1 1 _ 1 1 1
Ts0T, _T4 =
a, a, a, a, a, a a, a, a
alO all alZ al al al al al al

there by making T, o T4 = Ty; thus T, is a set projection operator
on V.

Thus T = (T4, T,, T3, T4) issuch that To T= (T, 0 Ty, To 0
Tz, T3 (0} T3, T4 (0} T4) leaVing W = (W], Wz, W3, W4) to be
invariant under T. T(W) = (T(W)), T2(W»), T3(W3), T4(W,4)) <
(W],Wz, W3, W4) =W [ (V], Vz, V3,V4) =V.WeseeToT=T
(Ty, Ty, Ts, Ty).

Interesting results in this direction can be obtained by
interested readers.

2.2 Special Set Vector Bispaces and their Properties

In this section we introduce the notion of special set vector
bispaces and study some of their properties. Now we proceed
onto define the notion of special set vector bispaces.

DEFINITION 2.2.1: Let V = (V; v V,) where V; =
(Vll,Vzl,...,an) andV, = (Vlz,Vf,...,Vni) are distinct special set

vector spaces over the same set S i.e., V, cV,or V, g V;. Then
we call V="V, UV;to be a special set bivector space or special
set vector bispace over the set S.

We give some examples of special set vector bispaces.

Example 2.2.1: Let
V=V, uUV,={V,V,, V], V) U{V,V;, V], V., V}

where
Vll = {Zz X Zz},
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X a b
V, = a,b,c,deZ, ¢,
c d
. a a a a a
V; = aeZ,
a a a a a
. a a a a a a
Vv, = aeZ,
a a a a a a

so that V; = (V/,V,,V,,V,) is a special set vector space over
the set S = {0, 1}. Here in V, = (V?,V,, V., V., V?) we have

Vf =77 X727 X 17 %X 17, V22 ={Zs[x] is set all polynomials in
the variable x of degree less than or equal to 4},

and

a, 3, a,
2 _ . :
Vy=3la, a, a || a €Z,;1<i<9;,
a, a, a

and
a’l a2
a, a,| (a ,
Vo = , a,a,€Z,, 1<1<8
a; ag|\a a
a, a

is a special set vector space over the set S = {0, 1}. Thus V =V,
U Vo= (V,V),VI,V)HU(V?, V], V], V., V) s a special set
vector bispace over the set S = {0, 1}.

Example 2.2.2: Let V=V, U V,= (V,V,,V}) U (V,V;,V})
where
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ol

a,b,c,d € S°=Z7" U{O}},

V, = {S° x 8°},

o o e

V31 = a,b,c,d eS°=7Z"U{0} ¢,

o

V? = {(aaaaa),(aaaa)|acZ U {0} =S},

V; = {S°x 28° x 3S° x 4S°}

and
o
alla
Vi=1lallallaeS®
al|a
_a_

Clearly V, and V, are special vector spaces over the same set

S°. Thus V =V, U V, is a special set vector bispace over the set
S°.

Now we proceed onto define the notion of special set linear
bialgebra over the set S.

DEFINITION 2.2.2: Let V = V; U V; be a special set vector
bispace over the set S. If both V; and V, are special set linear
algebras on the set S, then we call V. ="V, UV, to be a special
set linear bialgebra.

It is important to mention here certainly all special set linear

bialgebras are special ser vector bispaces however all special set
vector bispaces in general are not special set linear bialgebras.
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We first illustrate this by a simple example.

Example 2.2.3: Let
V=V,uV,=(V,V,,VHU(V}, V], V], V)

where
V! ={aaaa),(@a)aeZ={01}},
a a
. a a a
V,=4la a ,( ] aeZ,{0,1}
a a a
a a
and

Vi={0, X+, +x+L,x+ L, x*"+x*+x+1,
X+ +x+ L X+ 1.

Clearly V, = (V},V,,V,) is not a special set linear algebra for
none of the Vi1 ’s are set linear algebras; 1 =1, 2, 3,. Now even if
V,= (V2,V},V;,V;) is a special set linear algebra over the set

{0, 1}, still V = V; U V, is not a special set linear bialgebra
over the set {0, 1}.

In view of this example we have the following new notion.

DEFINITION 2.2.3: Let V =V, UV, where V, = (V,V;,...,V,)

is a special set linear algebra over the set S and V, =
(V]Z,sz,...,anz) is a special set vector space over the set S

which is not a special set linear algebra. We call V ="V, UV, to
be a quasi special set linear bialgebra.

Now we proceed onto describe the substructures.

DEFINITION 2.2.4: Let
V=, uV) =W V), V)OOV, V)
where both V; and V, are special set vector spaces over the set

S. Thus V =V, UV, is a special set bivector space over the set
S. Now consider a proper biset
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W=W, OW,= W W, WYOW W, . .W)SV, UV,
such that W) V' i=1,2and 1 <t <n; or ny and each W' is
a set vector subspace of Vti, i=1,2andt=1 2, ...njandt =
1,2, o, my wecall Wy UWy = (W, ,W)YOW?,.... W) as a

special set vector bisubspace of V="V, U V.
We illustrate this situation by some simple examples.

Example 2.2.4: Let
V=V,uV,={V,V,V.}U{V’, V], V., V)}
where
Vi ={Z, % Z, x Z»},

e

a,b,c,d eZz}

anz}

is a special set vector space over the set S = {0, 1}.

and

V) ={Zo X Zg % Zo},

5 a b c
vV, =
c d f

a,b,e,c,d,f €Z, },

ac”Z,

w<.\)

Il
o 0 o® o
Do o oo

and
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2{(aaaaaj[aaaaaaj }
V, = , ae’Z, .
a a a a ajla a a a a a
Clearly Vo = {V?,V;,V;,V}} is a special set vector space over
the same set S = {0, 1}. We see V =V, U V, is a special set
vector bispace over the set S = {0, 1}. Take W = W, U W, =
(W, W, ,WHU(W, WS, W, W) < V, U V, where W/ cV/
and

VV]1 ={ZLyxZ, x {0}} < Vll ’

)
R

Thus W, =(W,,W,,W))c(V},V,,V;)=V, is a special set vector
subspace of V. Consider W, = (W, W, , W., W;) where

anZ}szl, and

anZ} cV,.

Wi = 1{Zy x Zy x {0}} < V',
a a a
a a

2
aeZ, CV,

o

an%ng,

=
Il
® o ©

and
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Thus W, = (W, W;,W;, W) (V],V;,V;],V;) is a special set
vector subspace of V,. Thus W; U W, = (W, W,,W,)
u(W 12,W22,W32,W42)QV1 UV,=V is a special set vector
bisubspace of V.

We give yet another example.

Example 2.2.5: Let V = V, U V, = (V,V,,V],V))u
(VIZ,VZZ,Vf,Vf) be a special set vector bispace of V over the
set S=Z"u {0} =Z° Here V, = (V/,V),V.,V,) where

.y

V, =2 < 20 20,

V), ={(aaaa),(aa),(aaaaaa)|acZ’

a,b,c,deZ"},

and
V, = {Z°[x] set of all polynomials of degree less
than or equal to four with coefficients from Z°}.

Vi =(V},V,,V,,V,)is a special set vector space over the set
S=Z°. Now
VZ = (V12a V22aV32aV42)

where
a, a, a,
Vi=3la, a, a,|laeZ,1<i<9¢,
a, a, a

9
V; = {n(x* + 1), n(x + 3%+ 9x” + 1), n(x’ + 3x°* + 6x° +9) | n a
positive integer n € Z°},
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W<.\)
Il
oo
SR I S S
o
m
N
(=}

and
V] ={Z°x Z°x Z°x Z°x Z°},

V, = (V2, V;, V], V) is a special set vector space over the set
Z°. Clearly V = (V7, V;,V;,V;) is a special set vector bispace
over the set Z°. Take

W=W,uW,
= {Wll’ WzlaW;,Wi}U {W12= sz,W32=W42}§V1UV2
with
Wll :{(a a] aezo}gvll’
a a
W) =Z°xZ°x {0} c Vi,
W) ={(aaaa),(aa)|acZ’}cV,
and

W, = {n(l+x+x* +x’+x*)|n € Z2°) c V,;
W, = (W/,W,,W,,W,) c V, is a special set vector subspace of
V, over the set Z°.

W, = (W, W, , W, W;)cV,

where
a a a
W?={la a allaeZ’}cV/,
a a a

Wy={n(x’+1)[neZ)cV; ,
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and
W, ={Z°x {0} x Z°x {0} x Z°} < V,.

W, = (W2, W;, W}, W/)cV, is a special set vector subspace
of V, over Z°. Thus

W = W, uWw,

(W Wy, Wy, Wit o {Wr, Wy, W, Wi
ViuV,

ViV, VL Vo (V2 V), V7LV

1N

is a special set vector subbispace of V=V, U V,.

Now we proceed onto define the notion of special set linear
subbialgebra of V=V, U V,.

DEFINITION 2.2.5: Let

V=viuV,= WV, )0 (VL VL0
be a special set linear bialgebra over the set S. Suppose W =
Wi W= W Wy JW YO W W) SV OV, s such
that Wi is a special set linear algebra of V; over the set S for i =

1, 2 then we call W = W, U W, to be a special set linear
subbialgebra of V =V; UV, over the set S.

We illustrate this by some examples.

Example 2.2.6: Let V = (V,V,,V,,V)U(V],V;, V., V))=V,
U V, be a special set linear bialgebra over the set S = {0, 1}.
Here V, = (V/, V,,V.,V,) s a special set linear algebra over the
set S= {0, 1} where V| = {Z, x Z, x Z, x Z, % Z,},
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o

V, ={(aaaaa),(aaaa)|acZ;)

a,b,c,deZS},

and
V, = {Z,[x] all polynomials of degree less than or equal to 10}.

V= (V},V],V;],V)) is a special set linear algebra over the set

S = {0, 1} where
Vlz ={Z1o X Z1o X Z1o X Z1o X Z10},

5 {(a b ¢ dJ
vV, =
e f g h

a,b,c,d,e,f,g,hez9},

V=

O o o ®
[

and
V; ={(aaaaaaaa)|aecZ U {0}}

is also a special set linear algebra over the set S = {0, 1}. Now
take
W= W uWw,

= WL WL WL W o (W2, W) W W

c ViuV,
where

W' cV,WicV),W,cV, and W, cV;,;
similarly
W Vi 1<i<4,

Here
W)= {Zy x Zyx Z, x {0} x {0}} =V}
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)

W, ={(aaaaa)|acZ;

ans}szl,

and
W, = {all polynomials of degree less than

or equal to 5 with coefficients from S = {0, 1} }.
Clearly

W= (W, W, W.,W,)) < (V/,V,,Vi,V)) =V,
is a special set linear subalgebra of V.
W2 = (W12=W22’W32=W42)
is such that
W= {Z1o % Z1o % {0} x {0} x Z1o} < V7,

a a a a a
W;={la a a a a||aeZ,;cV;
a a a a a

and
W, ={(aaaaaaaa)|ac5Z U{0}}c V..

Clearly W, = (W, W;, W, W;) € V,=(V},V,,V;,V)) is a
special set linear subalgebra of V,. Thus

W, U W,

(W117W219W315W41)U(W125W229W325W42)
V1 UVZ
V.

N

V is a special set linear bisubalgebra of V=V, U V..

We give another example of special set linear bisubalgebra.

76



Example 2.2.7: Let V = (V, U Vy) = {V/,V,,V,,V,,V.}U
{V}, V], V] where

w={2%)

V, ={(aaaaa),(@alac?Z Vi ={Z[] of all
polynomials in the variable x of degree less than or equal to 8
with coefficients from Z°}, V, ={Z° x Z° x Z° x Z°} and V. =
{all n x n upper triangular matrices with entries from Z°}. Thus
V= (VII,V21,V31,V41,V51) is a special set linear algebra over the
set Z°=Z" U {0}. Now V,=(V7,V;,V;) where V] = {(aaa)|
a e Z°,V, = {all 10 x 10 matrices with entries from Z°} and
V] = {Z° x 27° x 57° x 77° x 8Z° x 9Z°} is a special set linear

algebra over the set Z°. Thus V = V| U V, is a special set linear
bialgebra over the set Z°. Now consider

a,b,c,deZ’°=7Z" U {0}},

W = W1UW2

(WL W5, W, W, Wb U (W2 W W)
V1 UVz

(Vi, V5, Vi, Vi, Vo) U (VL V;, V)

oo )

Wi={(aaaaa)|ae 5Z° < V,, W,= {Z;[x] all polynomials
of degree less than or equal to 4 with coefficients from Z°} <
Vi, W, = {Z° x {0}x Z°{0}} <V, and W,= {all n x n upper
triangular matrices with entries from 5Z°} < V..

Clearly

Wi = (Wi, Wo, Wi, W, We) € V= (VL V), V5, VL V)

1N

where

an°u{0}}g v/,
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is a special set linear subalgebra of V,. Now W ={(aaa)|a e
7Z° < V7, W; = {all 10 x 10 matrices with entries from 5Z°}
and W.= {Z° x {0} x 5Z° x 7Z° x {0} x {0}} < Vi. It is
easily verified that W, = (W, W, , W) cV,=(V’,V,,V;) is a
special set linear subalgebra of V,. Thus

WiuW, = (W, W, W, W, WHu (W, W, W)}
c V;uV,

is a special set linear subbialgebra of V over the set Z°.
Now we proceed onto define yet another new substructure.

DEFINITION 2.2.6: Let
V=WV VYUV V) =V UV,
be a special set linear bialgebra defined over the set S. Suppose
w = W, uw,
W W e SO (22 )
c V,ur,
= (NI Vv L)

is such that W, = (W ,W, .. .,Wnll) < Vi is also a pseudo special
set vector subspace of V; over S and W, = (WIZ,WZZ,...,VKi ) ©
V, is only a pseudo special set vector subspace of V, over S.
Then we call W=W, UW, cV; UV, to be a pseudo special set
vector bisubspace of V over S. Now if in this definition one of
W, or W, is taken to be a special set linear subalgebra of V; (i =

1 or 2) then we call W =W, oW, cV;, UV, to be a pseudo
special set linear subbialgebra of V over the set S.

We illustrate this set up by one example.

Example 2.2.8: Let
V=V, uUV,={V,V,,V.,V,} U {V,V;,V]}
be a special set linear bialgebra over the set S = {0, 1}, where
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Vi ={Zy X Zy x Z, x 7},

o[}

V, = {All 5x5 matrices with entries from the set {-1,0 1}}
and

a, b, C, de Zzo},

1 _ 2 .
Vv, = . a,e”/,1<1<4;.
3

ay
V, =(V/,V,,V,,V,)is a special set linear algebra over the set S
= {0, 1}.

Now V;} = {Zs x Zs x Zs}, V; = {all 4 x 4 matrices with
entries from Z, = {0, 1}; under matrix addition using the fact 1
+1=0mod 2, is a semigroup}, V; = {Z,[x], all polynomials of
degree less than or equal to 15 with entries from the set {0, 1}}.
Clearly V, = (V],V;,V;) is a special set linear algebra over the

set S = {0, 1}. Thus V, U V, is the given special set linear
bialgebra over the set S = {0, 1}. Take

W = WuWw,
= (W|1:W21,W317W41)U (W129W22aW32)
c ViuV,

where W/ = {(1100),(0111),(1111),(0000)} < V;W,

is just a pseudo special set vector subspace of V;,

B 9

clearly W, is also a pseudo special set vector subspace of V, .

1
a,a,, a,beZzo}g v, ,

Now
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00000 (1L -1 0 11
000O0GO| (L 1 0 0 -1
W,=40 00 0 0,1 1 1 1 -1},
000O0O| ([l -1 010
00000 (00 -10 0
1111 001 1 0 -1
1111 1/{1 0 0 -1 0
111 11,/00 1 0 1fcV,
111 11|10 1 0 1
111 11)01 -1 0 0

W, is only just a pseudo special set vector subspace of V, .

Now
0] 1a, 0
wi =L 0L ey 0,67, le v
4 O s az H O 12 10 (= "4
0[10]]a,

is only a pseudo special set vector subspace of V, . Thus W, =
(W,,W,,W.,,W,)c V, is only a pseudo special set vector
subspace of V; over the set S = {0, 1}. We choose W; = {(1 2
3),(410),(112),(000),(411)} < V] is only a pseudo set

vector subspace of V; over the set S = {0, 1},

W, =

S = O =
S = O =
S = O
S = O O
S O O O
S O o O
S O O O
S O O O
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1 1 1 1|1 11 1{41 0 0 0

01 1 1|1 00OI1 100 5
> ) cV,

0 01 If|{L 00 OI1 0O0O0

000 1/|1 O0O|1 001

is only a pseudo set vector subspace of V, over the set S = {0,
1}. Finally Wf = {x3+ LOo,x +1+x,x+x+x+x*+1,1+
X+ xS x 1) V7, W is only a pseudo
set vector subspace of V; . Thus W, = (W, W,,W;) c V, is
only a pseudo special set vector subspace of V,. So

W = WuWw,
= (WII,WZI,W;,WJ)U (W127W229W32)
c ViuV,

is a pseudo special set vector bi subspace V =V, U V, over the
set S= {0, 1}.

Now we show that V =V, U V, has also pseudo special set
linear bi subalgebras. To this end we define
W = W1 o W2

= WL WL, WL WO {WE, WL W

c ViuV,

as follows : W' = {Z, x Z, x {0} x {0}} < V, is a set linear
subalgebra of V/,

e

is again a set linear subalgebra of V,, W,;={5 x 5 lower

anzo}szl

triangular matrices with entries from {0, 1}} < V, is just a set

vector subspace of V, .
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1 _ 1
W, = aeZ,;cV,

O o o ®

is again a set linear subalgebra of V, . Thus
W= (W, W,,W,,W,) cV,
is a special set linear subalgebra of V. Take
W= (W7, Wy, W)
as above so that W, is only a pseudo special set vector subspace
of V,. Thus W = W, U W, € VU V, is a pseudo special set
linear subbialgebra of V=V, U V,.

Now we define the special bigenerator set of the special set
vector bispace.

DEFINITION 2.2.7: Let

V=VioV,= NV VU0
be a special set vector bispace over the set S. If X =X, v X; =
(XL, X X)) U (X, XS, X0 ) SV UV ie, X, CV,
1<i<2withi=1, 2; 1 <p; <n;and 1<p, <n,is such that each
X! set generates the set vector space V,.1 over S, 1 <i <n; and

1

X set generates the set vector space Vi’ over S, 1 <i <n,, then
we define X = X, UX; = (X}, X,,....X,) U (X}, X;,...,X, ) <
Vi, UV, to be the special bigenerator subset of V. If each X t’ is

finite, 1<i <2 with 1 <t; <njand 1 <t; <n, then wesay V="V,
UV, is bigenerated finitely over S. Even if one of the sets X' is

t
of infinite cardinality then we say V is bigenerated infinitely.
The bicardinality of X is given by
Xl = X v]X3

= (X LIX L X, D) O (X7 LX) XD

In case V =V, UV, is a special set linear bialgebra then the
special bigenerating biset X = X; U X, is such that
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(X, X,,...X ,11[) is a special generator of the special set linear
algebra V; over S and (X}, X:,...,X nzz) is the special set

bigenerator of V, over S as a special set linear algebra then we
call X = X; UX, <V, UV, as the special bigenerator set of the
special set linear bialgebra over S.

We illustrate this by some examples.

Example 2.2.9: Let V =V, U V, = {V/,V,,Vi} U {V},V]}

where
| {a aJ }
V= aeZ,,
a a

V) =7, % Z,and V, = {all polynomials of the form 1 + x, 1 +
x50, x5, x + x5 1 +x + x5 x}. Clearly V| = {VII,VZ',V;} isa
special set vector space over the set S = {0, 1}. Now take

a a
Vi =3la allaeZ,={0,1}
a a

and V; = {(111),(000),(110),(011)}.Vy=(V,V;) is
also a special set vector space over the set S = {0, 1}. Thus V =
V1 U V, is a special set vector bispace over the set S = {0, 1}.
Take

X = X1 U X2

11
- { | J, {(11),(01),(10)},

(X,xz,x+x2,1+x, 1+x21+x+x2)}u

11
1 1[,((110),(111),(011))}
111

C Viu V..
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It is easily verified that X = X; U X, special bigenerates V| U
V,. Now the special bidimension of V=V, U V, is [X]| = |X;| U
1Xo| = (1,6, 1) U (1, 3).

We give yet another example.

Example 2.2.10: Let

V=ViuV,={V,V,,V,,V,}u {V, V], V], V;, V}}
be a special set vector bispace over the set Z" U {0} = S. Here
V! ={SxS},V, ={(aaa)|ace S},

s Dk

a a a a a .
s aeS
a a a a a

and

<
I
O o o o

Now

X = (X1, X5, X5, XDV =V, V;, V3. V)
i.e., V! contains X! as a subset fori=1,2,3, 4. X is a special
set generator of V; over S where X| = {an infinite set of the
form (x, y)};

X,={(11 D} € VI, X! ={G ij}gv;

11111 1
, cV,.
1 1111

and

—_ = =

84



Now X; = (X],X},X},X})is a special set generator of V.
Let X, = (X}, X3, X3, X., X)) e Vo, =(V2, VL., VD) XP eV
1<i<s.

a a a
Vi=<a a allaeS’ =Z"U{0}},
a a a

b
V; ={(aaaaa)|aecS}, V2 :{(a dj a,b,c,d eS"},
c

aefS°®

O o o ®

(I R D )

and
V= {S° (x) = (Z" U {0}) (x), all polynomials in x with
coefficients from S°}. V, = (V],V;, V], V., V.) is a special set
vector space over S°. Now

X = (X}, X3, X3, X5, XD (VL V,, ..., V0)
be the special set generator of V, over S°, where

111
X:=<11 1|V,
111
X;={111D)}cVy,

X; = {infinite set of matrices with elements from S°} < V;,
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~
— e
-
—_— = e e e
~

and

X: = {infinite set of polynomials}.
Clearly X, = (X},X3,...,X}) special generates V,. Now we see
1Xi U Xy =X U Xy = {(e0, 1, 1,2) U (1, 1, 0, 2, 0)}. We see
V =V, U V, is a bigenerated by the special biset X = X; U X,.

We have just seen examples of special set bivector spaces which
are finite dimensional as well as examples of infinite
dimensional.

Now we wish to record if V = V; U V, is a special set
vector bispace and if it is made into a special set linear bialgebra
then we see the special bidimension of V as a special set vector
bispace is always greater than or equal to the special
bidimension of V as a special set linear bialgebra.

We illustrate this by an example as every special set linear
bialgebra is a special set vector bispace.

Example 2.2.11: Let

V=V,UV,=(V,V,,V;,V,))U (V..V}, V], V., V7)
be a special set linear bialgebra over the set S = Z" U {0}. Here
V= (V/,V,,V.,V,) where

s

V, = {SxSxSxS}, Vi={Z"U {0} xZ U {0}}

a,b,c,deZ*u{O}},

and
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1 a’l a2 aS .
V,=<1a, |, a,eS;1<1<6
a, a5 ag

is a special set linear algebra over S =Z" U {0}.
Let

Xl = (X:’XIZ’X;’XL)Q (Vll’V2laV3laVi)

+{(o obfo oo Ty

set generates Vl1 as a linear algebra over Z" U {0}, X} = {(10
00),(0100),(0010),(0001)} V, set generates V, as a
set linear algebra over S=2Z"U {0}, Xi ={(10), (0 1)} < Vi

set generates V, as a set linear algebra over S. Finally V, is

where

generated infinitely by X} = {this is an infinite set}.

So X; = (X, X},X},X}) is a special generator of V, and [X,| =
(X[, X5 [ X5 LI X, D= {3, 4, 2, oo} as a special set linear
algebra. Now let V, = (V7,V;, V., V., V) be given by V)=
{Z°xZ°x7°Y where Z°=Z" U {0} =S,

V) = such that aeZ’{ ,

O v o ®

a a a

5 a a a a a
V;=4|a a a|,
a a a a a

aeZ’},

a a a

V; = {Z°[x] all polynomials of degree
less than or equal to three}
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and

a 0 00
5 a a 00 o
Vi = aeZ’ u{0};.
a a a 0
a a a a

Thus V, = (V7, V7, V], V;,V7) is a special set linear algebra
over the set S =Z°=Z" U {0}. Consider
Xo= (X1, X5, X5, X0, X0) (V7L V5, Vi, V)L V)
where
X;={(100),(010),001)}c V’

generates V' as a set linear algebra over S = Z°,

X = cV;

— = e

is the set generator of the set linear algebra V, .
, (11 111111 5
X3 = > < V3
11 1)1 1111
is the set generator of the set vector space V.,

Xi= {1, x, xz, X3} c V42

is a set generator of the set linear algebra V, over Z°.

X? =

5

—_ e e
—_— = = O
_——_= O O

is the set generator of the set linear algebra V. over Z°.
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Thus X, = (X;,X3,X3,X;,X?) is the special set generator of
the special set linear algebra over Z°. Now |X,| = {3, 1, 2, 4, 1}
is the set dimension of V, as a special set linear algebra over Z°.

We see V =V, U V, as a special set linear algebra is special set
bigenerated by

X = XjuU X,
= {X:,XIZ,X;,XL}U{Xf,X;,Xi,Xi,X?}
c V,uV,

and the special set bicardinality of X = [X;]| U [X3| = (3, 4, 2, )
U@, 1,2,4,1)}.

Now we will find the special set bigenerator of the special
set vector bispace V = V| U V,, i.e.; we are treating the same V
=V, U V, now only as a special set vector bispace over Z° = S.
Now the biset which is the special bigenerator is given by X =
X; U X, where X; =(X;,X}, X}, X}, X)) with X| = {An infinite
set of upper singular 2 x 2 matrices with entries from Z°}

<
V/; X} = {An infinite set of 4-tuples with entries from Z°} <

V,,Xi= {an infinite set of pairs with entries from Z°} <
V,; X, = {An infinite set of 3 x 1 matrix and an infinite set of 2
x 3 matrix with entries from Z°} < V,. X, = (X], X}, X}, X})
set generates V, = ((V/, V), V1, V,) infinitely as a special set
vector space and the special dimension of V; is [X;| =
(X [, X5 [, X5 1] X, ) = (00,00,00,00). Thus we see the difference

between the special set dimensions in case of the special set
vector space V; and the same special set linear algebra V,
defined over the same set special dimension of V, as a special
set vector space over S =Z" U {0}, is |X;| = (00,00,00,00) and the
special dimension of V| as a special set linear algebra over the
setS=2Z"U {0} is (3, 4, 2, o).
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Now we obtain the special set dimension of the special set
vector space Vo = (V7, V], V], V;,V2) over the set Z°. Let X, =
(X;,X3,X3,X5,X) (V] V), V2, V2, V2 where

X} = {is an infinite set of triples with entries from Z°} < V;;

cV?

= Vo

—_ = =

X;

1
—_ = =

1

11111 )
1], cVy,
| 1 1111

X: = {an infinite set of polynomial in x with coefficients from

Z° of degree less than or equal to three} = V,
and

—_ = = =
_——= = O
_— = O O
- o O O

Thus X, = (X}, X3, X3,X;, X?)is a special set generator of the
special set vector space V, = (Vlz,Vf,Vf,Vf,Vsz). Now the
special dimension of V, as a special set vector space over Z° is
IX5| = (o0, 1, 2, 0, 1) > (3, 1, 2, 4, 1) which is the special set
dimension V, as a special set linear algebra over Z°.

Thus we see as a special set linear algebra V, over Z° is
finite dimensional whereas V, as a special set vector space over
Z° is infinite dimension. Thus V = V|, U V, which we utilized as
a special set linear bialgebra over Z° is of special set
bidimension [X| = |X;| U |X;| =(3,4,2,0) U (3, 1,2,4, 1) but
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the same V = V; U V, treated as a special set vector bispace
over the set Z° is of special set bidimension [X| = |X;| U [X;| =
(o0, 0, 00, ) U (o, 1, 2, o0, 1).

Now having defined the special set bidimension we proceed
to define special set linear bitransformation and special set
linear bioperator.

DEFINITION 2.2.8: Let

V=v,uV,=WV),..V,) O (V.00
be a special set vector bispace over the set S. Let W = W; U W,
= W, VV;,...,VK}l)U (VKZ,WZZ,...Wé) be a special set vector
bispace over the set S. Let

T=T, Oy = (I, T)) U (T2, T
be a special set bimap from V, v V, — W, U W, ie,
(1. 1,,....T,): Vi = Wy and (T7,T;},....T,): V2 — W, such
that T':.V'-W' with T'(av))=aT'(v}) for all a € S and
vieV! true fori =1, 2, .., n;, and T':V? — W} such that
T (av})=aT’(v}) true fori =1, 2,.., n, for v. eV’ and for
all o € S. We call

T=T,vD=(1.1,,...T,) V(I'\T},....T,) :

V= (V) Ol
= W Wy W) O W W) =W

a special set linear bitransformation of the special set bivector

space V =V; UV, into the special set bivector space W = W;
W both V and W defined over the same set S.

The following observations are important.

1. BothV =V, UV,and W = W; U W, must be defined
over the same set S.

2. Clearly both V; and W; must have same number of set
vector spaces, likewise V, and W, must also have the
same number of set vector spaces.
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3. IfSHomS(V, VV) = SHOI’I’IS (V}, W]) USHOWZS (Vz, Wz) =
{Homs (V,',W}"), Homg (V; ,Wy),..., Homg(V, ,W, )} v
{Homg(V;*,W;), Homg (V;' ,W,)),..., Homg (V. ,W,)}
then, SHomyg (V,W) is also a special set vector bispace
over the set S.

We illustrate this by the following examples.

Example 2.2.12: Let
V=V,uV,={V,V,,Vi}u {V), V], V], V)]
and
W=W,UW,={W W), W.}u {W> W, W W}
be two special set vector bispaces over the set Z° = Z" U {0}
where V, = (V/,V,,V;) is such that V| = {Z° x Z° x Z°},

1 a b 0
Vv, = a,b,c,deZ
c d
X a a a a .
Vv, = ae’Z
a a a a

is a special set vector space over Z°. Now V,
=(V}, V7, V], V)) is such that V7 = Z° x Z° x Z° x Z°,

a a a

v2_ 1 2 3
T ( J

a, a; ag

and

aieZ°,1SiS6},

a’l aZ
a, a
3 4 .
V= a,€Z°;1<1<8
aS a6
a, a
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and V; = {all 4 x 4 upper triangular matrices with entries from
Z°} is a special set vector space over the set Z°. Define W = W,
U W, where W, = (W, W,,W,) is such that

ol

a,b,ce Z"},

and

aeZ’

O o o ®

is also a special set vector space over the set Z°. Now W, =
(W}, W, , W, , W) is such that

i

2 _ o .
W, =4la; a, ||a, €Z°,1<1<6¢,

a,b,c,d eZ"},

as g
a, a, a3 a4,

W, =40 0 a, a,| suchthatajeZ’1<i<8
0 a; a,

and W, = {all 4 x 4 matrices with entries from the set Z°}.
Clearly W, = (W}, W, , W}, W) is a special set vector space

over the set Z°. Thus V=V, U V, and W = W, U W, are
special set vector bispaces over the set Z°. Now define the

special set bimap
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T=T,uT,=(T,T,, T,) v (T, T;,T;,T;):
V=(V.,V,,V)) UV}, V;, V], V) >
W= (W, W,,W)) U(W, W, W, W)

such that
T : V] > W/
T,: V), >W,
T, : Vi ->W,
and
T : V) > W}

T, : V. ->W;
T : V. > W,
and T42 2V42 —>W42

given by
Tﬁ(abc)=[a bj,
c 0
Tl[ b}=(abcd)
*le d
and
a a
T;(a a a ajz a a
a a a a a a
a a
Now

d
a, a,
a, a, a
2 1 2 3
T, =la, a,|,
a, a, a,
a. a
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a, a, a,
a, a

T32 3 4 — 3-6

a5 A
7 8

7 aS
a b c d a b c d
,]0 e f g||b e f g

T, o |-

00 i j c f c j
00 0 k)\d g jk

Clearly T = T; U T, is the special set linear bitransformation of
V:V1 quint0W=W1 UWz_

Example 2.2.13: Let V=V, U V, and W = W; U W, be two
special set vector bispaces over the set S = {0, 1}. Here
V=V,uUV,={V,V,}U{V), V], V)]
and  W=W,UW,={W, W} U{W’, W, W}
with
V! ={Zyx 7y, x 7, x 7},

. a b ¢
V,=
d e f

Vlz - {[aiJ]4x4’aii € 24}’ sz - {27} and V32 \ {Zg}'

a,b,c,d, e,erz},

W, = (W, W,) where

. a b
W, = a,b,c,deZ,
c d
and
a b
W) ={|c dlla,b,c,d, e fe Z
e f

95



W, = {W}, W), W?} where
\VIZ — {(al az a3 34]
aS aé a7 ax

W, ={(Z7)} and W, = {0, 1,2, ..., 23 = Z,,}.
Define

aieZ4;1SiS8},

T=T,uT=(T,T)V(T,T;,T})
as T':V! > W/ where

I( ) (a J
[[(abcd
: c d ’

T,:V, > W, given by

o2 b c)
d e f
Now T7: V7 ->W7;

a, a, a; a,

T2 3.5 a6 3.7 ag _ a1 a2 3.3 a4
1 - s

a9 a’lO al 1 a12

N

al} a14 alS a16

T):V; >W,; T, (a)=a,
T.: V] >W,; T)(a)=a € Zy
ie., T;(0) =0, T; (1) =(3),
T.(2) =6, T; (3)=9,
T.(4)=12, T;(5)=15,
T;(6) =18 and T;(7) = 21.
Thus
T=T/T,:Vo>W=V, UV, > W, uUW,is
(T, T)) v (T}, T;,T)):
(V,VHU(V], V], V) = (W, WHU(W, WS, W)
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is a special set linear bitransformation of V into W.

Now are proceed onto define the notion of special set linear
bioperators on V.

DEFINITION 2.2.9: Let

V=0, uV,=(V,Vy,...V,) IRV, ..,V
is a special set vector bispace over the set S. Let T=T, U T, =
(LTI O (TR T2V Uy = (R VD) U
V2V V) = Vi U Vasuch that TV, - V/, 1 <i<n; and
Zz :Vf—) Viz, I1<i<n, If T; 0T, =T is a special set linear

bitransformation of V into V then we call T = T; U T, to be the
special set linear bioperator on V; i.e., if in the definition of a
special set linear bitransformation the domain space coincides
with the range space then we call T to be a special set linear
bioperator on V.

We illustrate this by a simple example.

Example 2.2.14: Let V =V, U V, where V, = (V!,V,, V., V})
and V, = (V7,V7,V],V;, V) be a special set vector bispace
over the set Z°=Z" U {0}. Here V| =Z°x Z°x Z° x Z°,

. {a bj
Vv, =
c d
V! = {31 a, a3 a, as:|’{al:|
dg a; dg A9 Ay | | A

and V, = {all polynomials in the variable x with coefficients

a,b,c,d eZ"},

aieZ";lSiSIO},

from Z° of degree less than or equal to 4}. Now
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o

\'%A

Il
(=)
S A o

c
ella,b,c,d,e,feZ},
f

=

V) = {Z° % Z°xZ° x Z2°x Z°},

V; = {all polynomial in x of degree less than
or equal to 6 with coefficients from Z°},

a a

1 2

V; ={(aja;a3a,asa6), |a, a,||a €Z°,1<i<6}

a a

5 6

and
V. = {4 x 4 matrices with entries from Z°}.

V=V, U V, is a special set vector bispace over the set Z°.
Define T=T, UT,: V>V by

T,vT,= (T, T, T, THu (T, T,, T;,T;,T?) :
V=V,uV,
= (V). Vy, Vi, Vo) o (V7L V5, V5, VL V)
— (V,VI,VL,V) U (V, V], V], V., V2)

as T V! > V!, 1<i<4
and T :V? - V2, 1<i<5.
TV > V/

T/(abcd)=(bcda),
T,:V, >V,
defined by

Tzl(a b]z(a CJ,

c d) (b d

T,:V, > V|
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defined by

and

1.x71 1
T,:V, >V,
defined by
Ti (a() +ax+ 32X2+ a3x3 + a4x4) = (alx + a3 X3).

T,= (T, T,, T;, T,) is a special set linear operator on V; =
(V!, V), V., V). Define T, = (T2, T, T;, T, ,T.) from V, — V,
= (V125V225V325V42=V52) by
T : V] -V} ;

a b
T,]0 d
00

S o A

C
[+ =
f

[

T,:V, =V, by
T, (abcde)=(acbed),

T;:V] — V; is defined by
T32 (ap tax + x> +ax’ +agxt +asx’ + a6X6)
= 8,1X6 + alxs + 32X4 + 3.3X3 + 214X2 + asX + dag.

T;:V; — V; is given by

a a

1
2 —
T, (ajaza3asasas)= |a, a,

2

a a

5 6

and
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a’l a’2
2 —
T, a; a,| =(a;aa;3a,as ae).

a5 d

Finally T.:V; — V. is defined as

a,;, a4 a3 ay a; Ay Ay Ay

2|32 %2 %z a8 8n 3y Ay
5

a3 Ay Axp Ay A3 Ay Ay Ay

Ay Ay Ay Ay Ay Ay Ay Ay

Clearly T, = (T}, T;,T;,T;,T;) is a special set linear operator
on V,. Thus T, U T, = (T, T), T, T U(T, T, , T, T, , T7) is a
special set linear bioperator on V=V, U V,

Now we can also define as in case of special set vector
spaces the notion of special set pseudo linear bioperator on V =
V1 Y Vz.

DEFINITION 2.2.10: Let
V=v,uV= ) OOV

be a special set vector bispace over a set S. Let
T= TI UTZ = (]—;1,7—;7"',7—;1) i (7;277'22,"'3712)
. . 1.7/1 1 . ..
be a special set vector transformation such T;:V; =V, (i #j),
1 <i, j <nj for some i and j.

Similarly T?:V? =V}, i #] for some i andj; 1 <i, j <n,
we call this T = T, v T, to be a special set pseudo linear
bioperator on V. Clearly

SHoms (V,V) = {Homs (V. ,V,)...Homg (V,, .V, )}
U{Homg(V},V}) w...oHoms (V, .V, )}

is only a special set vector bispace over the set S.

We illustrate this by an example.
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Example 2.2.15: Let
V=V, uV,={V,V,,V.,V;} U{V},V],V]}

e

V, = {(Z7 U {0) x (Z" U {0}) x Z" U {0} x (Z" L {0})},
V, ={(Z" U {0}) [x], all polynomials of
degree less than or equal to 5}

where

a,b,c,deZ" U {O}} ,

& 3y 3, + . ;
V, = such thata; € Z" U {0}; 1 <i<6}.

a, a; ag

0

a,b,c,d,e,f,g,h,i,keZ" U{0}+},

[ s
oS o o o
S 5 - o
~ = e o

V; ={(Z" U {0}) [x]; all polynomials of

degree less than or equal to 9}
and

S
Il

a,eZ"U{0};1<i<9¢;

thus V=V, UV, = (V,V],V;,V))u(V},V;, V) is a special
set vector bispace over the set S = Z" U {0}. Now define a
special set linear bitransformation T from V to V by

T=T,vT,={T,T,T,,T,} U {T),T;, T};
V:V1 UV2: (Vll,V;,V;,Vi)u(vlzavzza\]}z) -
V=V,uUV,= (V,V,,V.,V)u(V, Vi, V))
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as follows :
T/:V! =V} defined by

(a b
T =(a, b, c,d),
c d

T,:V, > V| by
1 a b
T,(abcd)= ,
c d
T.:Vl >V, by
a, a, a
T! (a,+a,x+a,x* +a,x’ +a,x* +a.,x") :{ o 2}
a, a,

and T,:V, >V by

a a a
1 2 3
Ti|: :|: aIXS + 32X4 + a3X3 + a4X2 + asx + 2.
a a a
4 5 6

Thus T, = (T/,T), T}, T;): Vi — V, is only a pseudo set linear
operator on V. Now define

T : V2 -5V} by

a b ¢ d
0 f
’I‘]z 0 (e) h g :(a+bX+CX2+dX3
i
0 0 0 j

+ex’ + i + gx’ + hx’ + ix® + jx),

T, : V7 -V, by

ao .':11 32
a a a
3 4 5
T22 = (aO + a1X + 3.2X2 + ...+ agxg) =
a, a, a,
a 0 O

and
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a’l aZ a’}
a, a. a
4 5 6
T32 = alxg + azx8 +asx’ + x4x6
a7 a 8 a‘)
a 0 0

10
6 5 4 3 2
+asx +asx” +agX + azx” +agXx” + agXx + ay.

Clearly
T, = (T, T, T]): Va=(V,V;, V)= V,=(V, V., V)

is a pseudo set linear operator on V,.
Thus T=T, U T, = (T\,T,, T, T,)U(T,T;,T;) is a pseudo
special set linear bioperator from V =V,U V,into V=V, U V,.

2.3 Special Set Vector n-spaces

Now we proceed onto generalize the notion of special set
vector bispaces to special set vector n-spaces; n > 3.

DEFINITION 2.3.1: Let V = (V; UV, U ... UV,) where each V;
= (Vf,V;,. . ani,.) is a special set vector space over the same set
S;i=12 .,nandV; 2V, ifi #j ie; Vs are distinct, V; &
Viand V; ¢V, 1 <i, j <n. Then we call V = (V, UV, U ... U
V) = (V Voo VY O (B V20 V2) G U (VY V)
to be a special set vector n-space over the set S. If n = 2 then V

= V; U V5 is the special set vector bispace that is why we
assume n=>3; when n = 3 we get the special set vector trispace.

We illustrate this by some simple examples.

Example 2.3.1.: Let
V = VuV,uV;uV,
= (V,V, V) U (VL V],V V)) U
(V13aV23:V33,V43) o (V145V245V34)
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be a special set vector 4-space over set S =Z" U {0}. Here V, =
(V!, V1, V.) where

{2 )

V)= {S xS xS}

a,b,c,deS},

and
V3l ={(aaaaaa)|aeS}
is a special set vector space over the set S. Now
Vo= (Vlz’vzzavszvvj)

where
V2 =(SxSxSxSxS)
a, a4, a,
V) ={la, a, a,||la €S,1<i<9,
a7 a8 a9
V; ={(aaaa)|acS}
and
al aZ
a, a .
Vi=41 7 t|laeSl<i<8y;
a5 A
a, a

8

V, = (V7,V;,VZ,V)) is a special set vector space over the
set S=2Z"U {0}. Now V3 = (V.,V,,V.,V]) where V;'= {4 x 4
upper triangular matrices with entries from S}, V; = {(Z° U {0})
[x] all polynomials is the variable x with coefficients from S of
degree less than or equal to 4}, V;= {7 x7 diagonal matrices
with entries from S} and

a b

= o

V, = a,b,c,d,e,f,g h,i,jk,1eSt.

—

e
h
k

—. 0o o
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Thus V3 is a special set vector space over the set S. Now
consider V4= (V;',V,, V)

L 9e )

a,b,c,deZ’=7"uU {O}} ,

V) ={(aaaa), aeZ"u{0}=S

[ R H )

and
V; = {all 5 x 5 lower triangular matrices

with entries from S=Z7°=Z"U {0}}.

Vi = (V',V,,V}) is a special set vector space over the set S.

Thus V =V, U V, U V3 U V4 is a special set vector 4-space
over the set S.

We give another example of a special set n-vector space
overasetSn=3.

Example 2.3.2: Let V=V, UV, U V;= (V/,V],V;,V,,VHu
(VZ, V7, V2, V) U(V;,V),V)) be a special vector trispace
overtheset S={01}.V, = (Vl',VZ',V;,Vj,VSI) where Vl1 = {all
3 x 3 matrices with entries from S}, V) = {Sx S xS xS x S x

S}, Vi = {all polynomials of degree less than or equal to 6},

a
Vi= [a e a}: : ae3zZ U0}
a
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and V.= {all 7 x 7 upper triangular matrices with entries from
Si. Vi = (V,V,,V.,V,,V!) is a special set vector space over
the set S. V, = (V7,V7,V;,V;) where V' ={S x S x S x S},
V; = {all 8 x 8 matrices with entries from S}, V; = {(aaaaa),
(aa),(aaaaaaa)|acZ U {0}}and

Vo= (V},V;,V;],V;) is again a special set vector space over S.
Finally V3 = (V],V,,V;) is such that V= {S x S},

)

and V; = {all 5 x 5 lower triangular matrices}. We see Vs is

a,b,c,de S}

again a special set vector space over the set S. Thus V=V, U
V, U V3 is a special set trivector space over the set S = {0, 1}.

Now we proceed onto define the notion of special set n-
vector subspace.

DEFINITION 2.3.2. Let

Vo= (ViubV,ul; ool
= (N V) o V) e (V100 )

be a special set n-vector space over the set S. Suppose

w = WwW,uW,u.uW,

= (W Wy W )0 W2 W) G GO )
c Vyubv,uo..ul,

be such that (mi,%i,...,m)g (I/Ii,l/'zi,...,Vi),

n;

106



ie.; W'V is a set vector subspace of V!, 1<t <n, so that W,
= (W, W,,..,W!) is a special set vector subspace of V; =
(Vf,...,V;); true fori =1, 2, ..., n then we define W =W, U...U

W, to be a special set vector n-subspace of V over the set S.
We will illustrate this by some simple examples.

Example 2.3.3. Let
vV = V1UV2UV3UV4
= (VL V,,Vy) UV, V;, V) U
A A RCICARARTAR )

be a special set 4-vector space over the set S = {0, 1}. Here V| =
(V/,V,,V,) is such that V] =(S x S x S xS),

a a a a a
b
a a a a a

and V; = {all 5 x 5 upper triangular matrices with entries from

(I
[ I R

V, = aeZ U {0}}

o
o

Z" U {0}}; V| is a special set vector space over the set S = {0,
1}. Vo= (V},V;,V]) where

a b ¢
Vi=<d e flab,..ieZ=1{0,1}},
g h i
V;=1{2°xZ°xZ°|2°=27" U {0}}
and
al 32
a a a a a
W=[1 : ﬂ,3 “laiez,=1{0,1}}
’ {34 a5 dg a5 dg
37 a8

107



is also a special set vector space over the set S = {0, 1}.
V, =(V.,V,,V;,V)) where

V) =1{Z2°%xZ72°%x7°%x7°1Z2°=Z7" U {0}},

al a2 a3
3 +
V; =4la, a; a,||aecZ U{0}},
a7 a8 a9

a a a a
sz{ },(aaaaaa)|an°=Z+u{0}}
a

a
alla a a a a
V.={lalja a a a al|laeZ U {0}}
a
a

a a a a a

is again a special set vector space over the set S = {0, 1}.
Finally Vo= {V\', V), V', V/} is such that

Vi ={SxSxSxSxS};

b ¢
d e|ab,c,defeZ Ui{0}}
0 f

aeZ U0}

[T R N
[ I R N
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and
a

V) ={(aaaaaa),|al|acZ U0}
a

is a special set vector space over the set S = {0,1}. Thus V=V,

U V, U V3 U V, is a special set vector 4-space over the set S =
{0,1}. Take

W = WIUW2UW3UW4
= (W,W,,W;) U (W, W;, W) U
(W3,W;,W33,W:)U(Wl4,W;,W;,W:)
c (V. Vy, V) U (VLV;, V) u
(V7 V5, Vi, VY UV, vy, Vi, V)

where W) V) and W/ =S xS x {0} x {0} < V/,

W, = aeZ u{0l}cV,

IR
[ I R

and
W, = {5 x 5 upper triangular matrices with

entries from 3Z° L {0}} c V; .

Thus (W, W, W))c(V/, V), Vi) is a special set vector
subspace of V;. Now

a a a

2 2

W =<a a allae{0,1}cV,
a a a

W2 = {Z°x 2°x {0}} € V!
and
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a a

Wo=4 ° tllaez,=1{0,1}1<i<8} < V;.
a;  ag
a7 aS

Thus W, = (W, W, ,W2)c (V/,V;,V)) =V, is a special set
vector subspace of V, over 5 = {0, 1}. Take

W = {Z°x {0} xZ°{0}} = V/,

a a a
W, =<a a al|laeZ Uu{0}}c V],

a a a

W, ={(aaaaaa)laecZ U{0}}c V]
and

aeZ u{0}icV,

z
Il
O O o o ®

so W3 = (Wf,W;,W;,Wj) c (\/13,V23,V33,Vj)= V; is a special
set vector subspace of V; over the set S = {0, 1}. Finally W' =

{Sx 8 xSx8x {0} =V isa set vector subspace of V/
over S = {0, 1}.

a a a
W)=4:0 a allaeZ u{0}}cV,
0 0 a
over the set S = {0,1}.
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. a a a a N 4
W' = aeZ u{0}}cV,
a a a a

is a set vector subspace of V; over the set S = {0, 1} and

a
W) ={lallaeZ U {0}V,
a
is a set vector subspace of V; over the set S = {0,1}. Thus
W= (WLW,, WL W)H) < (VL VLV, V)=V,
is a special set vector subspace of V4 over the set S = {0,1}.
Hence
W = W,uW,uW;uW,
= (W, W,,W)) U(W, W), W) U (W, W, W, W)
o (Wl4’W24’W34’W:)
(VI V2, V) U (VL V), V) U (VL V,L, V], V)
(VL V)LV V)
= ViuV,uV;uV,=V

N

is a special set vector 4-subspace of V over set S = {0,1}.

Example 2.3.4: Let
V = ViuV,uV;
= (VL VLVLVU (V2 VA VEVE VU
Vi, V5L V5L Vi
be a special set vector 3-space over the set S = Z" U {0}. Here
V,={V,V,,V.,V,} is such that V] = {SxSxS}, V] = {2 x2
matrices with entries from S},

aeS}

I
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and

a a

. a a
Vv, = ,[aaaaaal|aeS}.

a a

a a

V| is a special set vector space over the set S.
Take W, =(W,, W,,W,,W,)c (V,,V.),V,,V,) where

W, = {8x8x{0}} c V,

L |fa a
W, =
a a
. |la a a a a
W, =
a a a a a

W, = {[aaaaaal|laeS}cV,.

aeS}ic Vi,

aeS}cV,, and

Thus W, is a special set vector subspace of V; over the set S.
Now V, =(V},V;, V], V., V}) where V/ = {Sx S x 8 x8§x

S},
a a a a
ij{( ],(aaaaa)aeS},
a

a a a

V; = {3 x 3 matrices with entries from S}, V. = {s[x]
polynomials in x with coefficients from S of degree less than or
equal to 5} and V. = {4 x 4 upper triangular matrices with
entries from S}. Take

W, = (W12aW22’W32’W42’W52)} < (Vf,V;,V;,Vf,V;)
where

W =S xS xSx {0} x {0} < V7,

R {a a a aj
W, =
a a a a

W, = {3 x 3 matrices with entries from 52" U {0}} < V; ,

acZ U0} c Vi,
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W, = {All polynomials of degree less

than or equal to 3 with coefficients from S} < V;
and
W. = {4 x 4 upper triangular matrices with

entries from 3Z" U {0}} < V..

Thus Wy = (W), W, , W2, W, W2) < (V, V], V], V., V2) =V,
is a special set vector subspace of V, over S.

Let V3= (V],V,,V;,V]) where

V;) = {all lower triangular 5 x 5 matrices
with entries from S=Z"U {0}},

V, ={[aaaaal,[aa],(aaa)|ac S},

a € S} and

a a a a a
b
a a a a a

[ R A

V. = {All polynomials in the variable x
with coefficients from S of degree less than or equal to 7}.

Clearly V3 = (V],V,,V,,V,) is a special set vector space
over the set S =Z"U{0}. Take W3 = (W, W;,W,,W,) where

W, = {all lower triangular 5 x 5 matrices
with entries from 3Z" U {0}} < V/,

W23={[aaaa],[aa]|aeS} ng,
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W, = ae3Z ui{0l}cV,)

O O
O 0

and
W, = {all polynomials in the variable x with

coefficients from x of degree less than or equal to 5} = V.

Wi = (W), W;, W, W,) < V5= (V,V],V.,V]) is a special
set vector subspace of V3 over the set S.

Thus W =W, U W, U W3 V|, U V, U Vj is a special set
3-vector subspace of V over the set S.

Now we proceed on to define the notion of special set n-
linear algebra or special set linear n-algebra over a set S.

DEFINITION 2.3.3: Let
V=V, ulV,u..ul,)
= (Vvllal/zl"-',l/nll) v (1/1231/22"'-9[/”3) V..oV (I/lnal/;"'-al/n':)
be a special set n vector space over the set S.
If each V; = ( Vf,V;,...,Vé )is a special set linear algebra
over the set S for each i, i =1, 2, ..., n then we call V = (V; U
V, ... UV,) to be a special set linear n-algebra over the set S.

We illustrate this by the following example.

Example 2.3.5: Let
vV = (ViuV,uV;uUVy
= VLV VL V) U VLV U
AR AR VAR Y00 Vi RURE A AR AR AY
be a special set linear 4-algebra over the set S=Z" U {0}. Here
each V; is a special set linear algebra over S, 1 <1 <4. Now
V, =(V},V,,V;,V,)is such that
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V/ = {All 3 x 3 matrices with entries in S},
V,={(aaaaa)|acS},

a a
X a a a
V. =4la a|, aeS}
a a a
a a

and
V, = {S[x] all polynomials in the variable
x with coefficients form S of degree less than or equal to 4}.

Clearly V, = (V|,V,,V,,V,) is special set linear algebra over
the set S. Now V, = (V7,V;,V.) where V; = {all 4 x 4 upper
triangular matrices with entries from the set S},

a a
5 a a a a
sz{ },a alaeS}
a a a a
a a
and
5 a b
V; = a,b,c,d e S}.
c d

V, is a special set linear algebra over the set S.

Vi=(V.,V;,V;, V], V}) where V] =S xS x 8 xS,
a

a
V,) ={(aaaaaa), a e S},
a

a

V, = {all 4 x 4 matrices with entries from S},

V, = {all diagonal 5 x 5 matrices with entries from S}
and
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a a a

3 a a
V. = ,Ja a a|laeS}.
a a

a a a

Vi = (V,V;,V;,V;,V.)is a special set linear algebra over the
set S. Finally V, = (V/',V,,V;) is such that V' =S xS xS,
a
V) ={(aaaaaa),|a||aeS}
a

and
V; = {all 7 x 7 matrices with entries from S}.

Vi = (V, V), V}) is a special set linear algebra over the set S.

Thus V =V, U V, U V3 U V4 is a special set linear 4-algebra
over the set S.

Example 2.3.6: Let V=V, U V, U V;be a special set linear
trialgebra over the set S = {0, 1}. Here

Vl = (Vll’Vzl’V;Vi’Vsl),
Vo= (V7,V;, V) and V5= (V],V;)
where Vi, V, and V; are special set linear algebras over the set
S=1{0,1}. V,=(V/,V),V.,V,,V)) is given by

V' =SxSx8xS8,

| a b
V, = a,b,c,d e Z,},

c a

a a

| a a a a al|a a a||a a .
vV, = , , aeZ U {0}},
a a a a a|l|a a a||a a
a a
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V, = {All polynomials with coefficients from S of degree less
than or equal to 4} and V! = {All 3 x 5 matrices with elements
from S}. Vi = (V/,V},V;,V,,V!) is a special set linear algebra
over the set S. We take V, = ( V7, V;, V) where

V) =(SxSxSx89),

)

V; ={(aaaaa),(aa),(aaa)|acZ U {0}};

aeZ v {0}}

and

V,= (Vf,Vj,Vf) is a special set linear algebra over the set S =
{0, 1}. Now V3 =(V13,V§) where V/ =S xS xS xS xS and
V, ={(aaaaa),(aaa),(aaaaaa)|aecZ U {0} Thus V;
= (Vﬁ, Vj) is a special set linear algebra over S = {0, 1}. Hence

V =(V, U V,U V;)is a special set linear trialgebra over the set
S={0, 1}.

Now we proceed onto define the notion of special set linear
n-subalgebra.

DEFINITION 2.3.4: Let
Vo= V,ubh,u...ul)
= (R VW ) o700 ) v (W0
be a special set linear n-algebra over the set S. Suppose
w = W, uw,u..uWw,)
= (WL W W) AW W W) G W W)
c (ViuV,u..ul)
= Vandifeach W;= (Wl", WZ’,,Wn’ ) c Viis a special set
linear subalgebra of V; over the set S, fori =1, 2, ..., n, then we

call W =W; oW, U ... UW, to be a special set linear n-
subalgebra of V over the set S.
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Now in case ifin W =W, U ... UW, some of the W;’s are
not special set linear subalgebra of V;’s but only a special set
vector subspace of V;’s, 1 <i <n then we call W= (W, oW, U

L UW) V=V, vV, v UV, to be a pseudo special set
linear n-subalgebra of V over the set S. If in W = (W, oW, v

. UW,) all the W;’s are only special set vector subspaces of
Vi’s for eachi =1, 2, ..., nthen we call W = W; U W,U ... U

W, to be a pseudo special set vector subspace of V over the set
S.

Now we illustrate these concepts by some simple examples.

Example 2.3.7: Let
vV = (V]UVzUV3UV4)
= (Vll’VzlvV;)U(V12’V22>V32)U(V13’V23)U
(\]147V;5V;5V:)

be a special set linear 4-algebra over the set S =Z" U {0}. Here
Vi =(V!, V,,V,) where

ol

V, =SxSxSxSxS,

V, ={(aaaaaa),(aaa)|acS}.

a,b,c,deS},

Take W, = (W,,W1,W,) = (V,,V,,V]) where

vl

W,={(aaaaa)|acScV,

aeS}ng1 ,

and
W.={(aaaaaa),(aaa)|ac 52" U{0}}cV,.
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Clearly W, = (W,,W,,W,) = (V/,V,,V,) is a special set linear
subalgebra of V, over the set S=Z" U {0}.

Consider V, = (V?, Vi, V;) where V= {all 3 x 3 upper
triangular matrices with entries from S},

5 a a a
Vv, = ,
a a a

and V; = {S[x] all polynomials of degree less than or equal to 4

& ® [S- I -]
& ® [S- I -}
o
m
05

with coefficients from S}. Take in V, a special subset W, =
(W2, W2, W) < (V2 V], V]) = V, where W = {all upper

triangular 3 x 3 matrices with entries from 32" U {0}} < V/,

aesS'u{dlicV;

=
Il
N\
o
® o
®
N——
O ©
® ® ©

and W, = {S[x] all polynomials of degree less than or equal to
two with coefficients from S}. W, = (W), W, W) cV, =
(V2,V3,V]) is a special set sublinear algebra of V,. Set V; =
(V;,V;)as V= {set of all 5 x 5 matrices with entries from S}
and V, = {(aaa),(aa) ac S}. In V5 take W5 = (W', W, ) where
W, = {set of all 5 x 5 matrices with entries from the set 5Z" U
{0} V) and W)= {(aaa)(aa)ac7Z U {0}} cV,. Clearly
W, = (Wf , W;) is a special set linear subalgebra of V; over the
set S. Finally assume V4 = (V14, V;,V;,Vf) as V'={SxS xS
xS xS xS},
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Il
O 0 o
o
A~
o e
~—
©
m
2

V; = {All upper triangular 2 x 2 matrices with entries S} and
V)/={(aaaaa),(aaa)|ac S} where
W= (W W, WL W) (VL VEL VL V) = v,

as a special set linear subalgebra of V4. Thus
W = (W1UW2U W}UW4)

= (WL WL Wy) O (W2, W5, W) o

(W2, W3) (W W W W)
C (V] UVzUV3UV4)

is a special set 4-linear subalgebra of V over S.

Example 2.3.8: Let V = (V; U V, U V;) be a special set linear
trialgebra over the set S = {0,1} where V, = (V,, VJ,Vi,V,), V,
=(V7,V))and V5= (V], V,,V;) with

e

V21= {(aaaa),(aaa)ac VARY) {0}},

a,b,c,deZ" U {O}} ,

. a a a a a .
V= , aeZ u{0}
a a a a a

o v o
[N

and
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V, = {all polynomials in the variable x with coefficients

from Z" U {0} of degree less than or equal to 5}.
Take

Wi = (W, Wy, Wy, W, )

vl

is a set linear subalgebra of V!, W,= {(aaa)laecZ U {0}} c

where

an*u{O}}g \A

1 : 1
V, is a set linear subvector space of V, .

,_|fa a a a a
W, =
a a a a a

is a set linear subvector space of V; and W, = {all polynomials

an*u{O}} cV

in the variable x of degree less than or equal to 3} = V, is a set
linear subalgebra of V, . Thus W, = (Wll, W,, W, W, ) cVisa
special set linear subalgebra of V; over the set S = {0, 1}. Now
consider V, = (Vl2 , sz) where

a a a
Vi=1{la a allaeZ U{0}
a a a
and
a a
a
a a
2 a +
\ JJa a|laeZ U{0}
a
a a
a
a a

Take a subset W, = (W2 sz) of V, as

1
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a a a
W=<a a allae3Z u{0}rc V;
a a a

is set linear subalgebra of V; and

W, = ae5Z" Ui}

(I

is a set vector subspace of V; . Thus W, = (WIZ,WZ2 ) cVyisa

special set linear subalgebra of V, over the set S = {0, 1}.
Define V; =(Vl3, \'A ,V;’) where V= {all 4x4 upper

triangular matrices with entries from Z" U {0}}, V)= Z°x Z° x
Z°|Z°=27"v {0}} and

Take W5 = (W,, W;, W, ) < V3= (V. V;,V;) such that

aeZ U0}V,

S o o
o o ® ®
o & o
®» o
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is a set linear subalgebra of V;', W, = {Z°x Z°x {0}} c V; is

again a set linear subalgebra of V; and

a a
W)=1la allaeZ’

a a

is a set vector subspace of V.. Hence W; = (Wf,Wz3 , W;)

< Vs is a special set linear subalgebra of V3.
Thus W = (W1 UWz UW3) c (V] UV2 ) V3) =Visa
special set linear sub trialgebra of V over the set S = {0, 1}.

Now we proceed onto illustrate a pseudo special set vector n
subspace of V over the set S.

Example 2.3.9: Let V=(V, U V, U V; U V,) where
Vi=(V, V),
Vo= (V7. V5 V),
Vi= (V). V) and Vo= (V' V;L V), V)

be a special set linear 4-algebra over the set S=Z" U {0}.

Take
. {(a bj
vV, =
c d

and V,={(aaaa),(aa),(aaaa)suchthata e S}.
Take

W! = 2a 2a)(3a 3a)(7a 7a
: 2a 2a)\3a 3a)\7a 7a

W, is only a pseudo set vector subspace of V. W, = {(a a a a),

a,b,c,deZ" U {O}}

an*u{O}}g v,

(aa)la e S} < V) is again only a pseudo set vector subspace of
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V,. Hence W, = (Wll,Wzl) is a pseudo special set vector
subspace of V over the set S.

Consider V, = (Vf, V22,V32) where V= {all 4 x 5 matrices
with entries in S}, V; = {2 x 7 matrices with entries in S} and
Vi={(aaaaa),(aa)|aecS}) Now take W'= {all 4 x 5

matrices with entries from 2Z" and all 4 x 5 matrices with
entries from 3Z" U {0}} < V/ is a pseudo set vector subspace

of V). W, = {2 x 7 matrices with entries from 5Z" U {0} and
2 x 7 matrices with entries from 7Z" U {0}} < V; is only a
pseudo set vector subspace of V; over S=Z" U {0}. W)= {(a
aaaa)(aa)laec3Z U{0l} <V, is only a set vector
subspace of V.. Thus W, =(Wl2,W22,W32) is a pseudo special
set vector subspace of V, over the set S =Z" U {0}. We take V;
= (Vﬁ, \'A ) where V= {set of all 3 x 5 matrices with entries
fromZ" U {0}} and V, = {(aaaaa),(aaa)(aa),(aaaa)a
€ Z" U {0}}. Consider W;' = {set of all 3 x 5 matrices with

entries from the set 5Z" U {0} and 3 x 5 matrices with entries
form the set 3Z" U {0}} < V. Take W)= {(a a), (aaaa)la

€ Z" U {0}} < V,; Clearly W, is only a set vector subspace of
W, . Take W; = (Wf, w; ) is only a pseudo special set vector
subspace of V.

Finally consider V, = (V14, VAR ,Vf) where V'= {2x4

matrices with entries from Z" U {0} },

a alfa a a a a a
4 _ +
V;,=4la al|ja a a a a allaeZ U{l};,

a a/\a a a a a a
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V' = {set of all polynomial in the variable x with coefficients
from Z" U {0} of degree less than or equal to 9} and V,' = {6x6
upper triangular matrices with entries from Z" U {0}}. Take W,
= (WL WL W WS < (V5 VL V)LV ) where W) = {2 x 4
matrices with entries from 7Z° U {0} and 2 x 4 matrices with
entries from 11Z" U {0}} < V' is only a pseudo set vector

subspace of V,' over the set Z" U {0},

a al(a a a a a a
W/=<la allja a a a a allae3Z"u{0i;cV,,
a ajla a a a a a

W, is only a subspace of V). Take W, = {set of all
polynomials n (x° + x° + 2x* + 3x’ + 5x +1); n € 3Z" U {0} and
m(3x’ + 5x* + 4x” + 3x* — 7) such that m € 72" U {0}} < V34 ;
clearly W34 is a pseudo set vector subspace of V; over the set
Z" U {0}. Hence W, = (Wf,W;,W;,Wf ) is a pseudo special

set vector subspace of V, over the set Z" U {0}. Now W = (W,
UW, UW;UWy) < (Vi uV,uU V3uVy) = Vis a pseudo
special set vector 4-subspace of V defined over the set Z"
v {0}.

Now we proceed onto define the new notion of pseudo
special set linear n subalgebra of V over the set S.

Example 2.3.10: Let V= (V,; U V, U V3 U V,) where
Vi= (Vv Vi),
V2= (Vi Vi),
Vi= (V. v, V)
and Vy= (Vf,V;,V;,Vf)
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be a special set linear 4-algebra over the set S = {0, 1}. Choose
in V, =(V11, V., V, ); V! = {2 x 2 matrices with entries from Z°
=70 {0}, V,={Z°xZ°xZ°xZ°},V, ={(aaaaaa),(aa
a)/a € Z°} so that V| is a special set linear algebra over the set
S=1{0,1}. Let Vo= (V/, V; ) such that V;’= {all 3 x 3 matrices

with entries from Z°} and V= {set of all 2 x 5 matrices with

entries from Z° and the set of all 4 x 3 matrices with entries
from Z°} so that V, is also a special set linear algebra over S =

{0,1}. V3=(V;, V], V;) is such that
Vl3 = {4 x 4 upper triangular matrices with entries from Z°},

V) ={(aaaa),(aa),(aaaaa)acZ’
and
V;’ = {Z°[x] all polynomials in the variable x of
degree less than or equal to 6 with coefficients from Z°}.

Thus V3 = (Vf, V;,V; ) is a special set linear algebra over the
set S = {0, 1}. Now take V4 = (V;', V;, V}', V) where V;'={Z°
x Z°}, V)= {upper triangular 2 x 2 matrices with entries from

Z°}, Vi= {2 x 3 matrices with entries from 3Z" U {0} and 2 x
3 matrices with entries from 52" U {0}} and

]
alla a
Vf=(aaaaa),a,aaan
alla a
_a a_

V,= (Vf, AARAR A ) is a special set linear algebra over the set
S=1{0, 1}.
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Take W = (W, U W, U WU W) with Wy = (W, W, W; )
c (VII,VZI,V;) such that

e

Wy={Z°xZ°x {0} x{0}} = V,, W, ={(aaaaaa),(aaa)
a € 5Z°} < V,. W, is a special set linear subalgebra of V, over

S=1{0,1}. W, = (Wf, Wf) c V, where W= {3 x 3 matrices

an"} cV/,

with entries from 3Z°; 3 x 3 matrices with entries from 5Z°}
c V/, W)= {set of all 2 x 5 matrices with entries from 3Z° and

the set of all 4 x 3 matrices with entries from 5Z°} < V, . Thus
W, = (le, sz) is only a pseudo special vector subspace of V,
over the set S= {0, 1}. W3 = (Wf, W;,W;)g V3 where W, =

{4 x 4 upper triangular matrices with entries from 3Z° and 4 x 4
upper triangular matrices with entries from 5Z2°} <V, W, = {(a
a),(aaaa)|aeZ <V, and W, = {Z°[x] all polynomials of
degree less than or equal to 3 and all polynomials of the form n
A+x+x*+x +x*+x’ +x% such thatn € Z°}} ¢ V; . Clearly

W; =(W13,W§’ ,W;)QV3 is only a pseudo special set vector
subspace of V3 over the set S = {0, 1}. W, =(W14,W;,W34,Wf)
C V,is such that W = {3Z°x3Z°} < V!,

el

W, = {2 x 3 matrices with entries from 6Z° U {0} and 2 x 3

an"}g LA

matrices with entries from 10Z° U {0}} < V,' and
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4 _ o 4
W, = (a a a a a),a ae/Z’,c V,.

Thus Wy = (W, W WL W) e Ve = (Vi ViV V) ) is a
special set linear subalgebra of V4 over S = {0, 1}. Thus W =

(W, U W, U W3 U Wy) is only a pseudo special set linear 4-
subalgebra of V over the set {0, 1}.

Now we proceed on to define the new notion of special set
n-dimension generator of a special set n-vector space over the
set S.

DEFINITION 2.3.5: Let
V=W, uV,u..uV,)
= (W 7al)) (B V5V O (W V)

nn

be a special set vector n-space over the set S. Suppose

X = (XuXu..uXy)
= (X, XX ) U (XXX U U
(X7, X3, X7

& (P Pl2) O (2 2) e (1 )

such that Xf gV,i sl <i<mnandl <t <ny, n,, ..., n, is such

that each X t’ generates V;i over the set S, i =1, 2, ..., n, then
we call X to be the special set n-dimension generator of V over
the set S. If each X; is of finite cardinality, 1 <t <ny, n, ..., n,
i=1,2, ..., n, then we say the special set n-vector space over S
is finite n-dimensional. If even one of the X| is of infinite
cardinality then we say the special set n-vector space over S is
infinite n-dimensional.

We shall describe this by the following example:
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Example 2.3.11: Let V = (V, U V, U V; U V,) be a special set
4 vector space over the set S =Z" U {0} = Z°. Here

V= (Vlla V;’V;’V;)a

Vo= (V7. V3,
Vam (VI V2 V)
and Va= (V. V)

where

W

Vi={(aaaa),(aaa)|aecZ°;V, = {Z°[x]; all polynomials of
degree less than or equal to 5} and

a,b,c,deZ’ =S},

a a
. a a a a .
Vv, = ,Ja allaeZ
a a a a

Vi= (Vll’ VzlaV;,Vi) has a subset
Xi = (X}, X5.X1,X})

(1 0Y(0 1)(0 0y(0 © T
o oflo ofl1 oflo 1)1 SACRRME

{an infinite set of elements which are polynomials},
1111 !

1 1 1 1

R I EEAR

is a special set generator of V; and |X;| = (4,2, o, 2) ... L.

Now V, = (Vl2 , sz) where
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a a a
V’=4{la a a|suchthataeZ’¢,
a a a
a a
5 a a alla a .
V)= , ae’Z
a a ajla a
a a

with a special set generator

e 1

and |X5| = (1, 2) ... IL

—_ =
—_ =

V3= (Vf, Vi, V; ) where

Vi={n(l+x+xX+x+x*+x°)neZ%,
a b ¢

V, =40 d ellab,cdef,geZ;,
0 0 g

V33’= {(aaaaaa)(aa),(aaa)|acZ}. LetX3= (Xf,X;,X;)

be the special set generating Vs, then X5 = ({(1 + x + x> + x> +
x* + x%)}, {an infinite collection of 3 x 3 upper triangular

matrices}, {(1 1111 1), (11), (11D} cVs=(V,V;, V).

Thus |X;|= (1,0, 3) ... IIL
Finally V4= (Vf,V;) where
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a a a

. a a a a a .
V= 0 a a acZ
a a a a a

0 0 a

and V; = {n(1+x +x°), n(x’ + 3x> + x + 3), n(x’ + 7) | n € Z°}.
The special set generator subset X, = (Xf,X;) c (Vf,V;) is

given by
I 11
11 1 11
X4: aO 1 1: ’
11 1 11
0 0 1

(1 +x+x, X +7,x°+ 3+ x + 3} < (V. V7)) and X/ = 3,
3) ... IV.

X4 is the special set generator of V4. Thus we see X =
(Xl U X2 UX3 Y X4) c (V1 U Vz UV3 UV4) =Visa special
set 4-generator of V over S and the 4-dimension of V is [X| =
(|Xl|a |X2|: |X3|: |X4|) = {(47 2, ©, 2)a (la 2)a (la 0073)a (3a 3)}
Thus V is an infinite dimensional, special set 4-vector space
over S.

Now we proceed on to define the notion of special set linear n-
transformation of special set n-vector spaces defined over the
same set S.

DEFINITION 2.3.6: Let V=V, vV, U ... UV, )and W= (W; U
W, v ... UW,) be two special set n-vector spaces defined over
the same set S; such that in both V and W each V;in V and W; in
W have same number of sets which are set vector spaces, i.e., V;

= (Wooa V) and W= (W, ... W) ) true fori=1,2, ..., n

That is
V:(VIUVZ UVH)

= (K VW) o (1. VZ) U UL

and
W=wWw,ow,u..Uuw,)
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=W W) O (W2 ) O O (W)

be such special set n-vector spaces over the set S.
Let T : V — W such that
r=(,vr, v ..uT,)
= (1. 73,..1)) O (0. 15,1 Yo O (T T 0T )
Violv,u ..uV)>W, oW, u... UW,)
where each T; : V; — W is
0T ): V= (B ViV ) > W= (W W)
with T, -V > W ;1 <j<n;i=12 .., n ie,eachT:V,
— W, is a special set linear transformation of the special set
vector space V; to special set vector space W; over S, for i = 1,
2, .on Thenwecall T= (T, vT, v ... UT,): V —> W as the
special set linear n-transformation.
SHOI’I’ZS (V, VV) = {SHomS (V], W]) USHOmS (Vz, Wz) (G2

v SHomg (V,, W,)} where SHomg (V;, W;) = { Homg (Vf,Wf),
Homs(l/zi,VI/;),...,HomS (V,j,Wn’)} true for i =1, 2, ..., n. Thus
SHomgs = (V, W) is again a special set vector n space over the
set S.

We illustrate this by a simple example.

Example 2.3.12: Let
V:(Vl UVzUV3UV4)
= (VILVy) U (V2 V3 V7) U (VL V3) w (VL VL v V)
be a special set 4-vector space over the set S =Z° U {0}.
W=(W,uW,uW;uUW,)
= (WL W)U (W, W2 W7 ) O (W, Wy ) U (W), Wi Wi W)
be a special set 4-vector space over the same set S = Z" U {0}.
Here V, = (V/, V) with

ol

a,b,c,deZ° U {0}}
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and V21 = Sx8, such that V; is a special set vector space over Z°
U {0}. V, = (Vlz, V22,V32) where V) =S x S x S,

a, a, a

V2= 1 2 3
. { }

a, a; ag

Vi=1<la, ||a, €S,1<i<3

aieZ°u{O},1SiS6}

and

is a special set vector space over S. V3 = (Vﬁ, \'A ) where V; =

{All polynomials of degree less than or equal to 3 with
coefficients from S} and

v, =

o O e

b ¢
d el|a,b,c,d,e,f€S+t;
0 f

V3 is again a special set vector space over S.
Finally Vo, =(V;', V5, V;', V) is such that V;’ =S8

{24

V;} = {all polynomials in x of degree less than or equal to 4

a,b,c,deZ’ U {0}} ,

with coefficients from S} and

. {{a b ¢ d]
V, =
e f g h

V, is again a special set vector space over S.

a,b,c,d,e,f,g,heS=27° U{O}} .
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Now W, = (WII,WZI) where W' =S x S x S x S and

X a
W, = a,beS;;
b
W, is special set vector space over Z' U{0}.W,= (Wf, Wi, W, )
a b
0 ¢

W, =SxSxSxSxSxSand W) =S xS xS; W is a special
set vector space over Z" U {0}; W3 = (Wf, W, ) where W’ =S

where

a,b,ceZ U {0}},

x S xS xS and W, = {all polynomials of degree less than or
equal to 5 with coefficients from S}, so that W3 is again a
special set vector space over S. W, = (Wf‘, W, W, Wf) where

. a
W= a,beS;,
b
. a o0
W, = a,b,c,deS;,
b d

W, =SxSxSxSxS,

al az
a a
3 4 .
W)= a, eS,1<i<8;.
as a6
a'7 a8

W, is a special set vector space over S.
Now define

T:(T1UT2UT3UT4)
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=(1.1) v (.1, T7) v (T.T;) U (T T3, T, T} ):
V=(V,uV,uV;UVy
= (Vl.Vi) U (V2. V2. V5 ) U (VL V5) u (VS Vs VL V)
>W=(W,UW,uUW;UW,)
=(W, Wy ) (W2, W3, W U (W, Wo ) u (W) Wy Wy W)

as follows:
1 1 1 1 a b
T, :V, > W, defined by T, [ dj =(abcd).
c
a
T,:V, > W, isgivenby T,(a b) :[b}

thus T, =(T11,T21) :V; = W, is a special set linear transformation

over S.
Now define T, = (T7,T;,T; ) : V2 = Wy by

T(a b c):(z i’]

a, a, a

2{ % 2 93

T, —(al,az,a3,a4,a5,a6),
a, a5 ag

T/ | a, |=(a,,a,,a,).

Thus T,: V, > W, is a special set linear transformation over S.
T3 : V3 —> W3,
Ty =(T0.15) : (V. V3) >(W. W;)
given by
T : V) > W

T13 (ap tax+ ax’ + a3x3) = (ao, a1, ay, a3)
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T, :V; —> W, is defined as

a,

T, | a, | = (a1, a, a3).

a,

Thus T5: V3 &> W;j is a special set linear transformation on S.

T4Z V4 —)W4 i.e.,
To= (T.TLTLT) - (VL Ve VL V) = (W W5 WL W)

is given by

T'(a b) :L‘j;

TV > W TV > W

o o o)

T, : Vi > W}

is given by

1s such that
T, (ag+a;x + ax’ + asx’ + ax’) = (ag, ai, a, a3, a4)
and
4 .xs4 4
T, :V, >W,

a
T4abcd_b
‘“le £ g h) |c

d h

1s such that

gQ + o

Thus T, =(T14,T;,T34,Tf ) is a special set linear transformation

of V4to Wyover S. Thus T = (T, T, T3, Ty): V=(V, U VL, U
V; U Vy) > (W, U W, u W3 U Wy) =W is a special set linear
4-transformation over the set S.
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Now we proceed on to define the notion of special set linear
operator of a special set vector space V over a set S.

DEFINITION 2.3.7: Let
V=,uvu..ult,)
= (K VaV)) O (12 VZ) OO VAN N
be a special set n-vector space over the set S. Suppose T = (T,

uTy v ... UT,) be a special set linear operator on V; i.e.,
r=(r,vrm, v ..uT,)

= (1. 73,..1)) O (T 15T Yo O (5T 0T )
V=4{V,uV,u ... ul,}
= (W 7l)) v (T ) >
V={V, vV, .. UV,}is aspecial set linear n-operator on V

if T is a special set linear tramsformation from V to V. Let
SHomg (V,V) = {SHoms (V,,V;) U ... v SHoms (V,,V,)} where

SHomg (V;, V) = {Homg (I/,i, Vf) ..., Homg (Vn’,Vn’ )}fori =1,
2, ..., N
We can verify each Homg (Vn’ ,Vn') is a set linear algebra

over S. Thus SHoms (V, V) is a special set linear algebra over
the set S under the composition of mappings. Thus SHomg (V,V)
= (SHOWIS (V], V]) L/SHOWIS (Vz, Vz) ... USHOWIS (Vn, Vn) is
a special set linear n-algebra over the set S.

Now we illustrate this by a simple example.

Example 2.3.13: Let
V:(Vl UV2UV3)
= (Vlla V217V315V41) U (V12’V22) o (V13’ V;’V;))

ol

={SxSxSxSxSwhereS=2Z"U {0}},

V, ={S[x] all polynomials of degree less than or equal to four}

where

a,b,c,deZ" U {O}},

137



and

aeZ {0},

o v o ®
o O o ®

V= (Vll, V;,V;,V;) is a special set vector space over the set S.

Consider V, = (Vlz, V22) where

a b ¢
Vi=4{ld e f||a,b,c,def,ghieSt,
g h i
o
a
a a
s a a a a .
V,=1laaaaaal| ||a al, aeZ U{0} =S¢,
a a a a
a a
a
_a_

thus V, = (Vlz, V22) is a special set vector space over the set S =

Z"U {0}. V3= (V., V3, V; ) where

a a a a
/3 1 2 3 4
1 |: :|
a; a, a; ag

V, = {All polynomials in x with coefficients from S of degree

aieS;lsiS8}

less than or equal to 5} and V; = {All upper triangular 4 x 4
matrices with entries from S and all lower triangular matrices
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with entries from S}. Hence V3 = (Vf, \'A ,V;) is a special set

vector space over S. Thus V = (V; U V, U V3) is a special set

vector 3-space over S.
Define
T:(T1 UTzUT3)

= (1.7, T,T)) u (T".T;) v (T, 15, T}
from V=(V,U VU V;)into V=(V, U V, U V;) as follows:
Ty: Vi =V, such that
T = (T. T, 0.1, « (V. V5. Vi, V) into (V) V. Vi, V)
defined by
T : V! = V! where

(a b c d
T, = .
c d a b
T, : V) =V, such that

T, (abcde)=(decab)
T,:V, >V, by
T, (ap +ax + ax® + asx’ + ax’) = (ap + ax” + asx’)

and T, : V, =V, defined as

a a
(a a a a a a
T, =
a a a a a a
a a
and
a a
la a a a a a
T, =
a a a a a a
a a

Thus T, =(T11, T;,T;,Tj) :V|, >V, is a special set linear operator

on V;. Now
T,=(T7.T;): Vo= (V2. V3) into Vo = (V2. V3).
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T,: V,— Vyis TP : V) — Vs such that defined as

a b ¢ a b c
T)|d e f|=|0 e f
¢ h i) oo i
and T, : V; — V; is given by

a
a
a
T;(a a a a a a)=
a
a
a
and
a
a
a
T;| |=(a a a a a a)
a
a
a
a a
, a a a
T,|a a|=
a a a
a a
and

o
o

o
o

Thus T, = (T,2 , Tzz) is a special set linear operator on V..
Now consider T3 = (Tf, T; ,T;) (V= (V13 ,V, ,V;) into V5 =
(Vl3 , V;,V;) defined as follows.
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T,:V, >V, by

T23 (a() +ax + a2x2 + a3x3 + a4x4+ a5x5) = (a() +a;x + 213X3 + a5X5)

and
T, : V] — V; is given by
a b c d a 0 0 0
T 0 e f g _ b e 0 0
100 h i| |[¢c f h 0
0 0 0 j d g i j
and
a 0 0 O a b c d
T b e 00 _ 0 e f
c f h O 0 0 h
d g 1 j 0 0 0 j

Thus T; = (Tl3 , T ,T;) : V3 — Vj is also a special set linear
operator on V3. Hence
T=(T, T2, Ty) = (T, T T.T,) U (T2, T;) U (T, T5.T)

is a special set linear 3-operator on V =(V; U V, U Vj3).

Now we proceed to define the new notion of pseudo special set
linear n-operator on V.

DEFINITION 2.3.8: Let
V=V, ulV,u..ul,)
= (K Val)) OB V2Vl ) O O (W70
be a special set n-vector space over the set S. Take
T=(T,vT,v ..vuT)
= (1. 7..0T)) U (P15 ,0T)) O O (T T T) )

1 n,
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V=, uV,u ..uV,) >V, vV, ..UV

such that T is a special set linear n-transformation on V; i.e., T;:
Vi—=V;wherei#jandn; <n,j i=1 2 ..,n

Then we call T=(T; T, U ... UT,) to be a pseudo special
set linear n-operator on V. Further SHomg (V, V) = {SHoms (V,
Vi) v...SHomg (V,,V;,)} here if i #j; then n; <nj;, 1<j; <n, i=
1, 2,.., n; where SHoms(V, V) = {Special set linear
transformation from V, into Vj,}.

{Homs(V,'.V,;), Homs(Vy.V}),..., Homs(V;,.V,, ) } = SHoms(V;,

ni? " in;

V) where 1<t), t5, ..., t, Sn; this is true for each i, i =1, 2, ...,
n. So that SHomg(V, V) is a special set n-vector space over the
set S.

We now illustrate this definition by some examples.

Example 2.3.14: Let V= (V,; U V, U V3 U V,) be a special set
vector 4-space over the set S = {0, 1}. Here

Vi= (V. V. V),
Va=(V2, V5L V0LV, ),
Vi= (V. V.. V5)
and Vi= (VL VL VLY

are described in the following.

. a b e
Vv, =
c d f
V,=SxSxSxS8,

V, = {All polynomials of degree less than or equal to 5 with
entries from S}.

a,b,c,d,e,feS}

V= (Vll, VZI,V;) is a special set vector space over S.

Now
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%

V;={(aaaaa),(aaa)lacZ U {0}}; V] = {(Z" U {0})x],

polynomials of degree less than or equal to four} and V; = {All

a,b,c,deZ" U {0}},

4 x 4 upper triangular matrices with entries from S}; Clearly V,
= (Vlz, V), V], V; ) is a special set vector space over the set S.

In V3, take
vie )2 b
] c d

V; ={SxSxSxSxSxS},

a,b,c,deS},

a b
V33’= ¢ d||a,b,c,d,e,feS
e f

so that V3 is again a special set vector space over S. Consider V4
= (V. V. Vi, V) here Vi = {(Z" L {0})[x] all polynomials of

degree less than or equal to 8},

0
alla
V)=<allallaeZ" U{0}¢,
alla
_a_

Vi=1{Z°xZ°x Z°x Z° where Z° = Z" U {0}} and V, = {All 4
x 4 lower triangular matrices with entries from S}; V, =
(Vf, AARAR ' ) is a special set vector space over the set S.
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Now V = (V; U V, U V3 UVy) is a special set vector 4-space
over S.DefineT: Vo> V;ie, T=(T/UT,UT; UTy) : V=
ViuV,uV;uUV) > (ViuV,u V3 UV by T, : V> V;
that is

T = (T, T.T) : (V. V). V) = Vi (V. V3, V)
defined by

T : V] > V]
T,:V, >V,
T,:V, >V,
as follows
a b
(a b e
T, =lc df,
c d f
e f
a b
Ti(a b ¢ d)=
2( ) L d}
and

T, (ag+a;x + X’ + ax’ + agx’ + asx’) = (ap, a1, az, a3, ay, as).

Thus T, = (Tl', TZ',T;): Vi — V3 is a pseudo special set linear

transformation of V; into V.
Define T, : V, — V, where

T,=(T).T;.T;.T;):
Vo=(VE V3V V) ) > (VL VIV V) =V
as follows:

T : V) >V, as

Tf[a ij(a b ¢ d)

C
and T, : V; -V, by
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T,(a a a a

o
SN—"
Il
O o o o

and
T, (aaa)=|a|,
2., 2 4
T, :V; > V] by
2 2 3 4 _ 2 4 6 8
T, (ap T aix + ax” + asx” + aux’) = (2 T a1x” +arX + asx’ + asx’)

and T, : V. =V, by

a b ¢ d a 0 0 O
T2Oefg:beOO
‘10 00 h i| |¢c f h O

00 0 j)\d g i1 j

Thus T, =(T12, T, T;,T; ) is a pseudo special set linear
transformation of V, into V.
Define T; = (Tﬁ, T;,Tf) : V3 =V as follows.

T’ : V] =V, such that

,fa b
T =(abcd),
c d

T, :V, -V, defined as

T abede a b e
abcdef)=
? c d f

and T, : V; — V] is defined by
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a0 a1

3 2 3 4 54 _
T, [aotaix +ax +ax” +ax +asx’]=|a, a,
a, a

Thus T; : V5 — V, is again a pseudo special set linear
transformation. Finally T4 : V4 — V; is defined as follows.

_ (4 4 4 4 .
T,= (T, T3, T, 1)) -
_ 4 x74 74 xs4 _ 2 \72 2 32
Vi= (VL V3V V) 5 Vo= (VL V3LV Y))
such that
T': V! > V. is defined by
4 2 3 4 5 6 7 8
T (ap+aix +ax™ +asx” +aX +asx™+agx’ +ax' +agx)
=(ao+a1x+azx2+a3x3+a4x4),

T, : V) = V; is defined as

A
a
T,|a|=(a a a a a)
a
_a_
and
a
T)|a| =(aaa),
a

T, : V; — Vs defined by

Tia b ¢ d)=[2 ZJ

and T, : V, =V, is defined as
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T! =

o o o e
5o O

0
0
0
J

@ = o O

S O o e

S o o o

S 5 h o
—_

—

Thus T, = (Tf, T, T, T, ) is a pseudo special linear
transformation of V,' into V; .
Hence
T:(T1UT2UT3UT4)
=(T.1,.,1}) U (T, T3, T3, T; ) u (T, T3, T
o (T 15T T
ZV:(Vl UVzUV3UV4)
= (VL.VL Vi) U (VA V3LV V] ) U (VL V0, V))
SEVARGR'AR
> (ViuV,uV;UVy

is a pseudo special linear 4-operator from V into V.

Now as in case of special set linear bioperators in case of
special set linear n-operators also we can define n-projection
and idempotent special set linear n-operators.

Now we proceed on to define the notion of special set direct
sum and of special set vector n-subspaces of V.

DEFINITION 2.3.9: Let
V=, ulV,u..ul,)
= (KWl ) (V) ) O O (0]
be a special set vector n space over the set S. Suppose each

V

t

1,2 ..,nand ]l <t;<njthenwecall V=V, oV,uU..UV,)
be the special set direct n union of subspaces.

"is a direct summand of subspaces W;: ®..®W, foreachi=

We illustrate this by a simple example.

147



Example 2.3.15: Let
V:(Vl UV2UV3)
= (VL Vi V)) U (V2 V3) U (V. Va,V5)

o

V,=<(a a a),|a|[a a]laeS=Z"U{0}

where

a,b,c,deZ" U {0} =S} ,

a
V; = {SxSxS},
, a
Vi=<(a a a a)| [[a a a]l|aeS
a
al a2 a3
V;=1{la, a, a,|suchthata, €S; 1<i<9¢,
a, a, a,

V'={SxSxS xS},

V, = {S[x]; polynomials of degree less than or equal to 2}

and
a, a a
s a, a a .
V; = ,[a a a a a a], a,a,€S; 1<1<4;.
a, a a
a, a a

148



t

wefes
)

a,b,c,deS\{5Z° u3z*}} = (W, oW, W, ).

Now we express each V, as a direct union of vector subspaces.

a,b,c,de3Z" U {O}} @

a,b,c,de5Z" U {0}} @

[

V21={(a a a)}(—B a @{[a a]}

= (W, @W,, ®W},) (a € 9).

Vi =({SxSx {0} U {0})® ({0} x{0} x SxS)
- (W, oW, ew).

V12={{(a a a a)}@{(z}@{(a a a)}|aeS}

= (Wllz OW,, ® Walz)

al aZ a3
V)=<a, a, a,||la e€3Z"U{0};1<i<9; ®
a, ag a,
a4, a3, &,
a, a, a,|la,e7S\3Z"U{0}; 1<i<9
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= (Wi @ Wy,).
We represent
Vi'= {SxSx{0}x{0}} @ {{0}x{0}x Sx8}
= (W113 ® W213)

V, ={ax+b|a,be3Z U {0}}
® {axtb|a,be 5Z" U {0}}
® {axtb|a,be S—{3Z"U5Z"}}
= (Wi oW, ®@Wy).

V) =4 ?lla, €927 U0} 1<i<4;®

a]
012 es\97" U0} 1<i<4i®
a3
a4
a a
a a
{[a a a a a a]|aeS}® aeS
a a
a a

= (W133 ® W233 ® W333 ® W433) .

Thus
V:V1UV2UV3UV4
= {(Wlll ® Wzll ® W3117W121 ® W221 ® W3217W131 ® W231 ® W331) Y

(Wllz ® Wzlz ® W312 > W122 ® W222 )
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= (VL Vo vi) U (VE,V5) u (VL V5,05 ).

Now it is pertinent to mention here that where V= (V, U V,
U ... U V,) happen to be a special set linear n-algebra we can
replace in the definition the special set direct n union by special
set direct n-sum.

We shall represent this by one example when V is a special set
linear n-algebra.

Example 2.3.16: Let V = (V, U V, U V3 U V) be a special set
linear 4 algebra over the set Z" U {0}. Take

Vi= (VL Vo, ViV,
Vo= (V. V7).
Vi= (V. V), V)
and Vi= (V. V;).
InV,=(V, V), Vi,V}),

oo

V2'={S><S><S|S=Z+u{0}},

a,b,c,deZ" U {0} } ,

al a2
V, =<la, a,|laeSl<i<6
a’S aé
and
a’l a’2 a3
V,=310 a, a,l|laeSl<i<6;.
0 0 a

Now we see V, is a special set linear algebra over the set S.
Here we write V| as a special set direct summand as follows.
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=4 o Pl el )

= (Wlll OW, ® W311)

is a special set direct summand of V.

V2= (1, 00))} ® {((0, 11))} = (W2 & W2,)

is a special set direct summand of V, .

3
G
I
)

[ -]
S = O
S O O
S O O

is a special set direct summand of V, .

el

|
B

[ i -]
oS o O
oS o O
(=
oS O O

S o O
S o O
S O O
S = O
oS O O



S O O
S = O
S O O
S = O

= (Wli ® W;4 ® W; ® W:4 ® W544 ® W644)

is a special set direct summand of V, .
Thus
Vi= (V. V. VL V)

- ((Wlll OW, & W311) ’ (W122 ® WZZZ)’
(W133 ® W233 ® W; ® W433 @ W; ® W633) ’
(Wi @W,, ® W, ® W), ® Wy, ® W644))

Consider V, = (Vlz, V22) where

V2 = a a
] a a,

a a a, a

al,aeS:Z+u{0}}

and

2 _ + —
V,=4<a a a, a |la,a,a,eZ U{0}=S

a a a, a

be the special set vector space over S.

= (Wllz ® Wzlz)

and
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1100 0010
V=4t 10 of)l@{flo 01 0
1100 0010
00 01
®{(lo 0 01
0001
= (W123 ® W223 ®W323)'
Thus
Vo= (VL V) ={(Wheow,), (Wiew,ew,)l .. I

is a special set direct summand of the special set linear algebra
Va. Now Vs = (V7 V;,V; ) where
a,a, € S} ,

s a a a a
V=
a a a a
a,a, €S

O o o ®
O o o ®
&

and V; = {S x S x S xS} be the special set vector space over S.

e {fi el o o )

= (W113 ® Wzls)
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110 001
\ 110 00 1
Vi =
110 001
110 001
= (W, @ Wy)
and
Vi ={S xS x {0} x {0}} @ {{0} x {0} xS xS}
= (W@ W,,).
Thus Vi= (V. V), V5)

={(Whow), (W ews), (W ew))| i

is a special set direct summand of V;. Hence using I, I and III
we get
V:(Vl UVzUV3)
= {(Wlll ® Wzll ® W311) > (W122 ® szz)a

(W @W;, 0. 0W,,), (W, ®W;, @ W, ®..®W,,)}
o {(W112 @ W212)’ <W123 @ W223 @ W323) } o
{(W113 ® Wzls) ’(W223 ® Wazs): (W133 ® W233) }

to be special set 3-direct summand of V over S.
Now it is pertinent here to mention the following:

1. When we use special set vector n-space the problem of
representation in terms of generating sets or a direct union
of subspaces are no doubt tedious when compared with
special set linear n-algebras. Special set linear n-algebras
yield easy direct summand and a small or manageable n-
generating subsets.

2. But yet we cannot rule out the use of special set vector n-
spaces or completely replace special set n-spaces for we
need them when the component subspaces of V = (Vy, ...,
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V,) takes the formas V; = {(1 111 1),(111),(000), (0

0000),(10T1),(10),(01),(00)} or of the form only a
few polynomials; i.e., a finite set in such cases we see
special set vector n-spaces are preferable to special set
linear n-algebras.

2.4 Special Set Fuzzy Vector Spaces

Now in the following section. We proceed onto define the
notion of fuzzy analogue of these new types of special set vector
spaces.

DEFINITION 2.4.1: Let V= {S,, S,, ..., S} be a special set vector
space over the set p. If n = (n,...,n,) is a n-map from V into [0,
1] where each n;: S; = [0,1],i =1, 2, ..., n; ni(ra;) = ni(a;) for

all a; € S; and re p then we call V; =V, = Vi, V>,

v Vi)p = Vin, Vons ..., Van,) to be a special set fuzzy vector
space.

We illustrate this by an example.

Example 2.4.1: Let V = (Vy, V,, V3, V,) where

8

V,={(Z°xZ°xZ°); Z°=Z7Z" U {0}},

a a a a

a a a a
and V, = {all polynomials of finite degree over Z,} is a special
set vector space over the set S = {0, 1}.

Define 1 = (M1, N2, N3, N4) = V= (V1, Vy, V3, V4) — [0, 1] such
that each ;: Vi > [0, 1];1=1, 2, 3, 4 with

a,b,c,deZz},

aeZ" u{O}}
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Ni: Vi = [0, 1] is defined by

a b ;ifad—bc;to
n ~ {(ad—be)

d
¢ 1 ifad—bc=0
M2: V2 - [0,1]

ifa+b+c=0

N2(a,b,c)=Ja+b+c
1 ifa+b+c=0

Tl3 : V3 d [0,1]

a a a a 1 ifa#0
M3 =7a
1 ifa=0
Na: V4 — [0,1]
—— if degp(x) #0
N4 (p(x)) = § degp(x)
1 if p(x) = 0 or a constant polynomial

Clearly
Vn = (Vl’V23V3aV4 )(m‘m,n},m) = (le, Vznz 5 V3n3, V4114)

is a special set fuzzy vector space.
We define the notion of special set fuzzy vector subspace.

DEFINITION 2.4.2 Let V ={V,, ..., V,} be a special set vector
space over the set S. Let W = (W;, Wy, . W,) <V, V>, ..., V})
=V, that is each W; c Vi i =1, 2, ..., n be a special set vector
subspace of V. Define n: W — [0, 1], i.e., 1 = (1, M., M):
Wi, Wo, ... W,) = [0,1]; that is n;: W; = [0,1], fori=1, 2, ...,n
such that n; (sa;) > ni(a;) for all a; € W for all s € S; 1<i <n.
Then Wy = (W, Wy sW,) = (Wings, Watlz e, Wy is

n

a special set fuzzy vector subspace.

We shall illustrate this by a simple example.
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Example 2.4.2: Let V=(Vi, Vy, ..., Vs) where

V1:

o o e

b ¢
d ella,b,c,de,feZ" U{0}},
0 f

V,={(aaaaa)|aeZ U {0}}, Vs={S[x], all polynomials of
degree less than or equal to if with coefficients from S},

Vi=<la; |[a, a, a; a,]la,eZ" U{0};1<i<5

and Vs = {SxSxSxSxSxS} is a special set vector space over the
set P = {0, 1}.

Let W = (W;, W,,W;3, W4, W5) < (Vy, V2,V3,Vy, V5) =V be
a proper subset of V where

a
W;=4/0 a a|laeS; cVy,
0 0 a

W,={(aaaaa)|ae7Z U {0}} CV,,
W3 = {All polynomials of degree less than or equal to 26 with
coefficients from 97" U {0}} < V3,

Wi=1la,| |a,e€S; 1<i<5; 'V,

1
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and Ws = {S xS x {0} x S xS x {0}} < Vs. Wis clearly a

special set vector subspace of V over the set P.
Define n : W — [0,1] as follows.

n= (nla N2, N3, N4, T]S) W= (Wl’ WZ’ W35 W43 WS) - [091]

such that eachn; : W; > [0,1];1=1,2, 3,4, 5.
N : Wi — [0,1] such that

a a a 1.
—ifa=z0
|0 a a|=1a

0 0 a 1 ifa=0

M2 : Wy — [0,1] such that

S ifaz0
N.[aaaaal =1 5a
1 ifa=0
N3 : W3 — [0, 1]
—— if degp(x)#0
N3 (p(x)) =1 degp(x)
1 if deg p(x) = 0 or a constant polynomial
Na: Wy —[0,1]
2] 1 5
a, if Zai #0
a, +a,+a,+a,+a;
Nalla,||= s
a, 1 if Zai =0
_as_ i=1
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Nns: Ws = [0, 1]
ifb+a=0

1
Ns(ab0cd0)= Ja+b
1 ifb+a=0

Clearly
Wn = (\NV1 ’W2 ’W3 ’W4’W5 )(m,nms,m,ns)

= (Wi, Wana, Wins, Wana, Wsns)
is a special set fuzzy vector subspace.

Now we proceed on to define the new notion of special set
fuzzy linear algebra.

DEFINITION 2.4.3: Let V = (V;, V), ...,V,) be a special set
linear algebra over the set S. Take a n-map n = (n;, 13, ...,7,) :
V=,V ..,V,) = [0]1] such that n; : V; = [0,1] satisfying
the condition n; (avy)> n(vy) for alla € Sandv; e V; 1 <i <n.
Then we call (Vin, Vons ..., Van,) to be a special set fuzzy
linear algebra.

It is important to note that both special set fuzzy vector space
and special set fuzzy linear algebra are the same. Thus the
concept of fuzziness makes them identical or no difference
exist. We call such algebraic structures which are distinct but
become identical due to fuzzyfying them are said to be fuzzy
equivalent. Thus we see special set vector spaces and special set
linear algebras are fuzzy equivalent.
We shall exhibit the above definition by an example.

Example 2.4.3: Let V = (V4, V,, V3, V) be a special set linear
algebra over the set {0, 1} = S, where

Vi=4la; a, a, ag |la €{0,1};1<i<12¢,

a a a

10 11 12
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V,=(SxSxSxSxS),

al aZ

a, a

3 4 .
V;= a,e{0,1};1<i<8

a5 dg

a, a

and V, = {all 4x4 matrices with entries from {0,1}}.

Define n = (N1, M2, N3, Ma) = V = (Vy, Vo, V3, V) = [0,1]
such that eachn; : V; > [0,1];1=1, 2, 3, 4 as follows.

1’]1:V1—)[0,1]
1 12
— if Y a. #0
a, a, a, a, ia. ; i
nm|las ag a; ag |[[=9T
12
A 8 Ay Ay :
1 if »a =0
=
M, : Vo = [0, 1] defined by
if e+a=0
nZ(aabaCadae): a+e
1 ife+a=0

M3 : V3 —> [0, 1] is such that

4, 81 if Zai #0
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Na:Vy—>[0,1]
1

— if |A]#0
Ma(A)= {|A]
1 if|Al=
Here A is a 4x4 matrix. Thus
Vi = (V17V25V37V )(n M) =(Vimi, Vonz, Vans, Ving)

is a special set fuzzy linear algebra.
This is the same as a special set fuzzy vector space.

Now we proceed onto define the notion of special set fuzzy
linear subalgebra.

DEFINITION 2.4.4: Let V = (V,, V,, ...,V,) be a special set

linear algebra over the set S. Let W = (Wi, W, ..., W) < (V1,

Vy oo, Vi) where W is a special set linear subalgebra of V over

the set S. Define n: W= (W, W, ...W,) = [0,1] as follows:
n=n N2 smy) - (Wi, Wo, .. W,) > [0,1]

such that 1 : Wy — [0,1], i=12,...n. W, = (W, Wy,...W,) =

(Win, Wans, ..., Wyn,) is a special set fuzzy linear subalgebra.

Let us now proceed onto define the notion of special set
fuzzy bispaces.

DEFINITION 2.4.5: Let V = (V! V),..V, ) U (V2. V7,0 ) =

Vi UV, be a special set bivector space over the set S. Let the
bifuzzy map .= 11 U 12 = (1, Mol ) (15300t )< Vi
UV, —[0,1] be defined as n, :V;' - [0,1]; 1<isn; and n; :V}
— [0, 1],j =1, 2, ..., n, satisfy the condition 1) (ra’)>n(a))
and ﬂjz.(rajz.)Zn‘f.(af.)for allr € Sand a, €V}, a‘f € ij, i=12,

snpandj=1,2, ..., ny Thus
V,= W, vV, )muq2

= (I/llal/zla"',Vl) U(I/IZ’I/ZZ, al/nz)(

(1l ey )

1 ety )
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- 1 2 2
=W .,V ...,V vl:,,..,.V
( Il >" 2y 27" "wl,) ( Iyf 2" nzﬂfz)

is a special set fuzzy vector bispace.
We illustrate this by the following example.

Example 2.4.4: Let

V=(ViuVy)= (VL V. Vi) u (Vv V5, V)
be a special set vector bispace over the set S = {0, 1}. Here V, =
(Vll, VZI,V;) is given by

o

V), ={[aaaaa]|acZ%

a,b,c,de Z*},

and
al aS
1 a, ag o .
Vv, = a,€Z°;1<1<8;,
a, a,
a, a,

Vo= (V7. V5, V7,V ) where

V? = {3 x 3 upper triangular matrices with entries from Z°},
V; ={Z°xZ2°x Z°,
V; ={laaaaaa]|aecZ°

and

vV, = a,eZ’1<i<6;.
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Define the bifuzzy set
no= mun
= (ni,mbmy) v (nfmimimi)
ViuVy)
= (VLVL V) U (V2 V5,V7 . V))

as follows :
ni:V, = [0, 1] defined by

1(3 bJ iifad;«rso

n d = qJad
1 ifad=0
nh: Vi — [0, 1] is defined by
1 i ifaz0
Nn,[aaaaal=q5a
1 ifa=0
n;: Vs = [0,1] by
al aS
1|8 8| _
m =
a, a,
a, a

1

aa,+a,a, +a,a, +a,a,

if aja; +a,a, +aa, +a,a, #0

1 if aja;+a,a, +asa, +a,a, =0

N : V7 — [0, 1]is given by

) L ifa=0
n (A=A
1 if|A[=0
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where A is the 3x3 upper triangular matrix with entries from Z°.

ns:V; — [0, 1]is defined by

1
—— if abc#0
n§ (abc)= {abc .
1 if abc=0
n2: V2 — [0, 1] is such that
2 L ifaz0
nlaaaaaal={6a
1 ifa=0
n2:V2 - [0,1]is given by
a'1
a, |
EE ——— if atleast one of a,a,a, # 0
un a = <a,a,a; +a,a,a,
a4 1 ifboth a,a,a, =0,a,aa, =0
5
a6
Thus the bifuzzy set

n=mun=(nhne.n) U (nhnining):
(Viu V)= (V. Vo Vi) U (V. V5.V5,V]) > [0, 1]

is a special set fuzzy vector bispace and is denoted by

\ MYV mon

= (Vimu Vo)
1 1 1 2 2 2 2
(Vm},vm,vm)u(v V2.V Vw) .

i T2ng? A’
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Now having defined the notion of special set fuzzy vector
bispace now we proceed on to define the notion of special set
fuzzy vector subbispace.

DEFINITION 2.4.6: Let
V= ov)= (VL0 ) (W0

be a special set vector bispace over a set S. Take
W= W, OWy) = (W W,y ) O (W)

< (Vi UVy) =V to be aspecial set vector subbispace of V over
the set S. Let n = n; U n, be a bimap from W = (W; v W) into

the set [0, 1]; i.e, n,Un, = (7711,77;,...,77,171) u(nf,nj,...,nfz):
W= WO W) = (WL, W) ) O (W25, ) — [0, 1]
such that 77,. VK — [0,1] for each i =1, 2, ..., n, 77,.2 :Wl.2 —
[0, 1] for each i =1, 2, ..., n such that Wi:;} and W:; are fuzzy

set vector bispace of V' and Vi2 respectively. Then we call

Wn= (WuW),m2
(VVII,W;, Wl) (le,sz, Wz)

n

(Wl Wl W )(77 Tl ) (WIZ’W; Wz)

O 5 -y 2)

= (VV1119W129"'9W ) (sz,WZZ, ,WZZ )
h 2

n]iy 01,

the special set fuzzy vector subbispace or bisubspace.

Now having defined a special set fuzzy bisubspace we
proceed onto illustrate it by some example.

Example 2.4.5: Let

V=MViuVy)= (V. Vi,V U (W, V5,V V)
be a special set vector bispace over the set S = Z° = Z" U {0}
where V! =S xS xS,
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X {(a bj
Vv, =
c d
V; — {(al a2 a}}
a, a; a

Vo= (V7. V5, V7,V ) where

a,b,c,de Z"} ,

V] = {3 x 3 upper triangular matrices with entries from Z°},
V; ={SxSxSxSxS},

al aS
a, a
2 6 :
Vi = a,€Z°;1<i<8
4
a, a

and
V. = {all 4 x 4 lower triangular matrices with entries from Z°}.

Now consider the set vector subspaces of these spaces; take

W/ ={SxSx{0}}cV/,

e
w- {02

W, = {all 3 x 3 upper triangular matrices with entries from Z°}
c V), W, ={SxSxSx{0} xS}V,

a,b,c,deSZ‘)}g v,,

an"}g Vi,
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W, = a,eZ’t c Vi

1

O o o ®
O o o ®

and W, = {all 4 x 4 lower triangular matrices with entries from
19Z°} < V.. Clearly
W=(W; uUW,)
= (W, Wy, Wy ) U (W7, W3, W7 W) ) (ViuVy)

is a special set vector subbispace of V over the set S = Z°.

Define a fuzzy bimap
n=mvn
= (n.nhmy) U (nfamimimd):
(W10 W)= (W, W, W, ) U (W7, W, W7 ) — [0, 1] as

N : W, — [0, 1] is defined by

1
ifa+b=0
M (@ab0)=1a+b
1 ifa+b=0
M, : Wi — [0,1] is given by
1 .
. (a b ——  ifa+b+c+d=#0
n, d =Ja+b+c+d
© 1 if a+b+c+d=0

n;: W, — [0,1] is given by
. {a a a} 1 ifaz0
3 =1<6a

a a a

1 ifa=0
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n; W} — [0, 1] is given by

a a a
—ifa=0
m |0 a aj=<6a
0 0 a 1 ifa=0
n;: W, — [0, 1] is defined by
L if abed#0
n; (abc0d)=<abed
1 if abed=0
T]§ :W32 — [0,1] is such that
a a
, |a a € ifa=0
s =48a
a | ifa=0
a a
n; :W; — [0,1] is such that
a, 0 O
,la, a; 0 if ajajaga,, #0
N4 = 43133843y,
a, a, a _
1 if a,ajaca,, =0
a7 a’S a9 a10
Thus
Wn=(W,uW, )m wn,
— 1 1wl 2 2 w2 w2
- (Wl > W2, Wy )(n{mlz,n's) U(Wl > W2, Wi, Wy )(mz,n%»n%ani)

1 1 1 2 2 2 2
= (W' . W' W )u (W W2, W2, W )
( > i A > Ty g g

is the special set fuzzy vector subbispace.
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Now we proceed onto define the notion of special set fuzzy
linear bialgebra.

DEFINITION 2.4.7: Let

V= ov)= (VL0 ) (W0
be a special set linear bialgebra over the set S. Let 1 =1n; U1,
= be a bimap from (V; UV into [0,1], ie, n=n,0mn, =
(7 sty ) (1518, )2 V= (VIO VD) = (VS VW)
(V2. V V) ) = [0,1]. Such that n V' — [0,1] such that

n 1

Vi:]1 is a set fuzzy linear algebra fori =1, 2, ..., n. and 0. :V;}

— [0,1] such that Vzn? is a set fuzzy linear algebra for i =1, 2,

..., Ny, then we call
V= v,

= Vg uVon,
_ 1 1 1 2 2 2

sV <9V p, )(,7]2,7729»47733)
— 1 1 1 2 2 2
(Vlm' ’ VZmZ e Vnmll )U (Vlmz ’ V2'7§ e Vnz'ﬁz )
the special set fuzzy linear bialgebra.

We illustrate this by some simple examples.

Example 2.4.6: Let
V=(ViuVy)= (VL VLV V) U (V, V5,V V)

be a special set vector bispace over the set S = Z° = Z" U {0}

where
a, a, a
‘71 _ 1 2 3
L [ j
a, a, a

V), =SxSxSxS,V, ={(aaaaaa)|acS}, V, ={al5x5
upper triangular matrices with entries from S} and

ai€Z°=S={Z+U{0}},
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a,b,c,deZ"},

aeZ’;,

5
I
I ST ST R

V] =SxSxSxSxSxSand V,= {4 x4 lower triangular

matrices with entries from S}. Clearly V = (V; U V,) is a
special set linear bialgebra over the set S.

Let us define the fuzzy bimap

n = mumn
= (mLmemimy) v (nfnhming)
V.= ViuVy

(VL VLV VL) U (VL V,V5,V) ) > [0, 1]

nl: V! [0, 1] such that

1.
(a, a, ay) ifaja,a, #0
U = 133,38,

1 ifaa,a, =0

N, :V, — [0,1] is defined by

1
—— if abed %0
n, [abcd] =< abed
1 if abed=0
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nh: V! — [0, 1] is defined by

. S ifaz0
m(aaaaaa)=<6a
1 ifa=0
M, .V, — [0, 1] is defined by
a, a, a, a, a,
0 .
1 R 1 if a,aaa,a;,#0
n| 0 0 a, a, a,|=1222,3;3;
0 0 0 a; a, 1 if aasa,,a,a,;=0
0 0 0 0 a,

n?: V2 —[0,1] is defined by
1.
2 (a bj — if bc#0
uf d = 4bc
¢ 1 if be=0

n2:V? = [0, 1] is such that

a
a
iifa;«r&O
M, |a|= {5a
a 1 ifa=0
a
n2: V2 — [0, 1] is defined by
1 .
—— if ace#0
nilabedef]=<ace
1 if ace=0

172



n:: V. — [0, 1]is given by

a 0 00 .
,|b ¢ 00 —— if acbj#0
n = {achj
d e f O ) )
o 1 if acbj=0
g h i ]

Thus m=n; U N (Vi U V) = [0, 1] is a bimap such that

n=(V,uV,)

mYn,

U (VL VL

2 )(nf,n§~-~nﬁz)

= 11: 29
(V VL.V

o )(n{,n‘z~-~n'n1)
_ [~ 1 1 2 2 2
(le,VZmZ,...,V 1 ) U(Vlnf’Vm%""’V , )

1
nm, NNy,

is a special set fuzzy linear bialgebra, here n; =n, = 4.

Now we proceed on to define the notion of special set fuzzy
linear subbialgebra.

DEFINITION 2.4.8: Let
V= ov) = (VL0 ) o (B0
be a special set linear bialgebra over the set S. Take W = (W,
Oy = (W W,y ) O (W2 W5, ) S (Vi UV bea
special set linear subbialgebra of V over the set S. If
n=mnvin:
= (1) (01, )¢

(W OW) = (WL ) O (W) ) = [0,1]
be such that n, :W — [0,1] such that W”l71 is a set fuzzy linear
algebra for every i = 1, 2, ..., n, and 77}2. :sz—) [0,1] is such
that W;ﬁ is a set fuzzy linear algebra for eachj =1, 2, ..., n,

then we call
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W= W uW,)

I/

_ 1 1 1 2 2 2
B (Wlnf ’ WZ!IE ""’Wrwll ) v (erlf ’ W2'7§ "“’ané )
is a special set fuzzy linear subbialgebra.

We illustrate this by a simple example.

Example 2.4.7: Let V= (V,, V}, Vi) U (V7. V3, V7, V;, V7 ) be
a special set linear bialgebra of V over the set Z° =S =27" U
{0}. Here V; =S xS xS,

az

V, ={(aaaaaaa)acZ’

a,b,c,e S}

and

2 _ a b o
V.= a,b,c,deZ’},
! c d
a a
a a
V)= aeZ’;,
a a
a a

V] = {all 4x4 lower triangular matrices},

, {(a a a a a aJ }
Vv, = aeS
a a a a a a
and V. = {all 5 x 5 upper triangular matrices}. Consider

W=(Wi 0 W)= (W, Wy, W, ) U (W7, W3, W), W, W)
c(VivuVy
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be a subbialgebra of V over the set S, where

W, = {SxSx{0}} c V/,

6

a,b,c,e 720} cV,

and
W, = {(aaaaaaa)|aec5Z°c V),
N a b . ,
W= a,b,c,deZ’ c VS,
c d
a a
5 a a . ,
W, = aeldZ’: c V,
a a
a a
W, = {all 4x4 lower triangular matrices} < V;,
) a a a a a a . ,
W, = ae2Z’c V,
a a a a a a
and

W.= {all 5 x 5 upper triangular matrices} ¢ V..
Define n=n; U na: (W U W) > [0, 1] as follows.

n': W' = [0,1] is such that

1
— ifab#0

ni (ab0)=qab
1 ifab=0

ny: Wi — [0,1] is defined by
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. (a b) 1 ifabe#0

N, 0 = < abc
¢ 1 if abc=0
n, W) — [0, 1]is given by
1 Lifa;lfi()
N;(@aaaaaaa)=17a
1 ifa=0

1’ : W2 — [0, 1] s given by

Zab:
m(ch

n2: W2 —[0,1]is given by

1 if ab—bc=0
a b

c d
1 ifab—bc=0

a a
,la a L irazo
n, = 4 8a
a a 1 ifa=0
a a
n2:W2 — [0,1] is such that
a 0 0 0 |
,lb c 00 — if |A]#0
Mg et ool A
o 1 if|A|=0
g h 1 j

where
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a 0 0 0
b ¢c 0 0
A= .
d e f O
g h 1
ni:Wf — [0, 1] is given by
{a a a a a a} — ifax0
Ny = 2a
pasaad | ifa=0
n2: W2 - [0, 1] is such that
fa b ¢ d e
f h i
2 0 g : if afjmp #0
ns 0 0 ] k 1| = afjmp
000 mn 1 if afimp=0
00 0 0 p|
Thus
WT] - (Wl ~ W2 )Tll Ny

1 1 1 2 2 2
=\W ., W ,,.,.W UW,, W ., W
( Iy > i 2T '1 i ? 3’ gy,

nny,

is the special set fuzzy linear subbialgebra.

Now we are bound to make the following observations:

1. The notion of special set fuzzy vector bispace and
special set fuzzy linear bialgebra are fuzzy equivalent.
2. Likewise the notion of special set fuzzy vector

subbispace and special set fuzzy linear subbialgebra are
also fuzzy equivalent.

3. Now using the special set linear bialgebra and special
set vector bispace we may define a infinite number of
special set fuzzy linear bialgebra and special set fuzzy
vector bispace.
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The same holds good for special set fuzzy linear subbialgebra
and special set fuzzy vector subbispaces.

We now proceed onto define the notion of special set fuzzy n
vector spaces and special set fuzzy linear n- algebras; though we
know both the concepts are fuzzy equivalent.

DEFINITION 2.4.9: Let
V=, vuV,uv ...uV,)

= (W) o (R v o (BT

be a special set vector n — space over the set S. Let
n=munu..un,
= (0l ety ) O (13103 0eestl) e O (et ) ¢
V=, uV,uv ...uV,) —>/[0, 1]

such that for each i, 77,.11 :Vl1 — [0, 1] so that V;llmﬂ is a set fuzzy

I,

vector space and this is true for 1<i; <nj; 772 V,z2 — [0,1] such

that that quz is a set fuzzy vector space for each iy, 1<i; <ny
iy
and so on n V" — [0,1] such that that Vi”q_,, is a set fuzzy

vector space for each i,; 1<i, <n,.
Thus
V=, 0V, u..0V,)

= V1771 ... UVnﬂn
=(V1 y! V! )U(V2 V? ,sz)u...u(V” % )

gl > "2y 7 > 2m3 T 2

my..\n,

is a special set fuzzy n-vector space.
We illustrate this by the following example:

Example 2.4.8: Let
V:V1UV2UV3UV4
=(VL VL) (VA V3 ) u (VL Ve, v, V) ) o (VL Vs, )

be a special set 4 vector space over the set S=Z"U {0} where
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V! =S xSxSxS,

g

a,b,c,deS},

V;} = {3 x 3 matrices with entries from S}, V; =S x S x S, V; =

SxSxSxSxS xS, V, = {set of all 4 x 4 matrices with
entries from the set S},

[a a a]laeS

(I

3 a alla a a a a
V)= , aeS;,
a aj|a a a a a
V= {set of 3x3 upper triangular matrices with entries from S},

V) ={SxSxSxS}, V! ={(aaaaaaa)|aecS}.
Deﬁnen=mun2u...un4:V=V1UV2uV3uV4—>
[0, 1] such that n;: Vi —> [0, 1] fori=1, 2, 3, 4.
Now
11 1) . 1 1 y/1

m= (Tlpm,ﬂa) : (VI’VZ’VB) —[0,1]
is such that
M, : V) — [0, 1] is defined as
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1
— ifad#0
ni(abed)={ad

1 ifad=0
m,:V, — [0, 1] given by

. (a b if ad—bc#0
n, d =<ad-bc
¢ 1 ifad—bc=0

n;:V; — [0,1] is defined by

ILa a a aj Lifa:tO
ns =<8a
a a a1 1 ifa=0

Thus Vin, = (V]lnl ,Vzln1 ’Vsln‘ ) is a special set fuzzy vector space.

Now n,: V, — [0,1], i.e.,, n2 = (nf,ni): (Vf,Vf)—) [0,1]

where
n2:V? = [0,1] s such that

a b c T 0

— if aei#

n|d e f|=1aei
g h i 1 if aei=0
ns:V, — [0, 1]is given by
Lifabc;tO
n;(abc)= {abc
1 if abc=0

Thus Vom, = (V2 V? ) is again special set fuzzy vector space.

In; > " 2n3
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1N3:V3; — [0,1] is given by
M- (M memami ) Va= (V2 V5L V5. V] ) > [0.1]

1s such that

n V) —[0,1]is given by

n(fabcdef])=
! ifa+b+c+d+e+f=0
a+b+c+d+e+f
1 ifa+b+c+d+e+f=0

MV, —[0,1]is given by

_ if a;,25,8538,, # 0
M, = 981188338

a,, a,;, a, a
31 32 33 34 :
1 if a,,a,a,;a,, =0

a a

41 42 43 44

ns:V, — [0,1]is defined by

3(a aj iifa;«r&O
n; = 4J4a
1 ifa=0

,la a a a a Lifa:tO
Ny = 410a
“ A 1 ifa=0

Thus Vin; = (an : Viv? : ’qug) is a special set fuzzy vector

m3” 3

space.
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Finally n4: V4 —> [0, 1], i.e.,
ne- (nf>mimi) ¢ (VL V3L V) > [0.1]
is such that

n!:V* > 1[0,1] such that

4[3 bJ Lifac;«r&O
M d =~ jac
¢ 1 ifac=0

4

n;: V) — [0,1] is defined such that

— — ifab+cd=#0
n;‘(abcd)= ab+cd

1 if ab+cd=0

4

n; : Vi —[0,1] is given by

4 Lifa;«tO
n;(@aaaaaaa)=47a
1 ifa=0

Thus V44 :(Vﬁ,;‘ ’V;ng ’V34n§ ) is a special set fuzzy vector space.
Thus

vV = (V]UVzU V3UV4)T]
(Vimi U VoL Vanz U V)

(Vig Voo Vig ) o (Vi V2 ) ©

Ini”> " 2n3

3 3 3 3 4 4 4
(V ?’Vlni’v §’V4n3) Y (Vln?’v 30 3n§')

In 3n 2n,
is a special set fuzzy vector 4-space.

Now we proceed onto define the notion of special set fuzzy
vector n-subspace.
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DEFINITION 2.4.10: Let

V=V, uV,u..ul,)
= (W) o (P20 v o (T

n

be a special set vector n-space over the set S. Suppose
W=W,, Wy, ..., W)
=Wy ) O (W2 WS W) O O (W) )
cVyulv,u..ul,)
ie., W,: c V,I’, I<t;<myandi=1, 2, ..., n, is a special set vector
n-subspace of V over the set S.
Now define a n-map
n=(n, Ui V..U,
= (0l ety ) O (103100l ) O O (et ) -
Wy, Wa, ..., W,) = [0, 1]
such that ;. W; = [0, 1];i=1, 2, ..., nand 772 :W," — [0,1] is

so defined that Wr"q,. is a set fuzzy vector subspace true for t; =

1,2 .., n, I<i<n.
Wn=W,uW,u..UW,),
Wn=mW,oW,u..UuWw,)

1 1 1
= (w'.w. W)
( L2222 m )l sl

myYn\Y..\In,

o (W2 W5 W

" )(’712 T TTy)

U (W)

in )(m” 13 )

= (W Wl YW 2 )

Iy 21, oy 17 ”27732
n n n
v..u\wr o w LW
AR (N

is a special set fuzzy vector n-subspace.
We illustrate this by the following example:

Example 2.4.9: Let V= (V, U V, U V3 U V,U Vs) be a special
set 5-vector space over the set S =Z°=Z" U {0}. Here

Vi= (VL VL Vi), Vo= (V. V3),
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Vi= (V. V2, V9) Ve = (Vi Vi) and Vs =(V/, V5, V5, V;)
where V! =SxSx8xS,

X a b
Vv, = d a,b,c,deS;,
c
. a a a a a a
Vv, = a,beS;,
bbb bbb

V? = {all upper triangular 4 x4 matrices of the form

a a a a
0 bbb
a,beS;,
0 0 a a
0 00D
V; =SxSx8,
a a a
V13= b b bjla,b,ceS},
c c ¢

Vj = SxSxSxSxS,
a a a a a
V33= b b b b bjlabceS;,

¢c ¢ ¢ ¢ ¢

V=S xS xS xS x8S,V, = {all upper triangular 5 x 5 matrices
with entries from S},
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V= {lower triangular 3x3 matrices of the form

a 0 0
a a 0flae;S,

a a a

V; = {SxSxSxSxS},

a b c d

Vi=4{a b ¢ d|a,b,cdeS
a b c

and

a a a a

V.= b bbb a,b,c,deS
c cc ¢
d d dd

where VJl is a special set vector space; 1<1<5; 1 <j; <n;. Now
we define the 5-map

no= (munUununUns)

(i memy o (nt.md) o (ni i) o (ndni)

O (nf,mmioms )

V = (ViuV,uVs;uUV,u Vs) - [0,1]

where n; Vv, > [0, 1];
i=1,2,3,4,51<j;<n;i=1,2,3,4,5.

n : V) — [0, 1] is defined by

—— if abed#0
Ny(@abcd)= < abed

1 if abecd=0
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n,:

LIER

n,:

n -

2,V2

— [0, 1] is such that

1 a b —
N, c d
— [0, 1] is given by

N3

— [0, 1] is given by

n;

S O O e
S o o e
o o o ®

— [0, 1] is such that

if ad # bc

ad —bc
1 if ad=bc

6ab
1 ifab=0

1aaaaaa:Lifab;«éO
b bbbbb

RS if abz0
= qab
1 ifab=0

o & o

1 if abc#0

n; (abc)= {abe

— [0, 1] is such that
a a a

nwlb b b|=
cC ¢ ¢C

— [0, 1] is given by

1 if abc=0

ifa+b+c=#0
a+b+c

1 ifa+b+c=0
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—— if abc+de=#0
ny(abcde)=4abc+de

1 if abc+de=0

n:V; — [0, 1] is define by

a a a a a 1 f b O
— #
2o b b b b|=]abe if abc
c c c c ¢ 1 if abc=0

n!: Vv - [0,1] such that

1

nabede)= larbrordre
1 ifa+b+c+d+e=0

ifa+b+c+d+e#0

n:: Vi — [0, 1] is defined by

a b c d e
0 f h i
4 g 1 if afjmp =0
m|0 0 j k [ |=]afjmp
0 0 0m n 1 if affmp=0
000 0 p
n; :V; —[0,1] is defined by
a 0 0 1.
5 — ifa=#0
n |a a 0|=16a
a a a 1 ifa=0

n3: VS - [0,1] s such that

187



1
—if 0
n, (abcde)=1a naz

1 ifa=0
n;:V; — [0,1] is defined by
a b c d £ abod = 0
if abed #
mla b ¢ d|=1{abed
a b d 1 if abed=0
n;: V. —[0,1]is given by
a a a a
s|b b b b if abed #0
N, = qabc
©ccec 1 if abed=0
d d d d

Thus

Vn= Vimunaun;UnsuUns)
(ViuV,0UV3U VLU V) (M unUnsUmng Uns)
(Vimu Vom U Vans U Vang U Vsms)

1 1 1 2 2 3 3 3
(Vln% ’V2n'2 ’V3n% ) ~ (Vlmz ’Vzni ) ~ (Vln? ’V2n§ ’V3n§ )

(Vi Vi o (Vi Vi Vi Vs

5 )
In; 2y 3n; 4nj
is a special set fuzzy 5-vector space.
Now for this we give a special set fuzzy S5-vector subspace

in the following.
Now take

Wi =(SxSx {0} x {0})c V/,

“ei

a,b,c,de 7Z°} cV,,
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. a a a a a a
W, =
a a a a a a

W/ = {all 4x4 upper triangular matrices of the form

aeS} c Vi,

a a a a

0 bbb X
a,be3Z’; cVS,

0 0 a a

0 0 0 Db

W, =8 x {0} x {0} = V7,

a a a
W'=<b b blla,bce2Z’c V],
c ¢ ¢

W;=(Sx {0} xSx {0}xS) c V,,

a a a a a
W,={b b b b blla,bcellZ’} c V],
c ¢ ¢ ¢ ¢

W'=(SxS x {0} x {0} xS)c V', W, = {all 55 upper

triangular matrices with entries from 13Z°} < V,,

W, = {low triangular matrices of the form

a 0 0
a a 0|lacl2Z°:cV,;,
a a a

W; = {Sx {0} x {0} x {0} xS} c V;,
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a b a b
W;=4a b a bjlabeS;cV;,

a b a b
a a a a
s b bbb . s
W, = a,b,c,de232°; c V,,
c c ¢c ¢
d d d d

here Wji_ c VJ' is a special set vector subspace of V; , 155 <,

1 <i<5. NowdefineaS-mapn=(uUnmun:uUniuns): W
=(WuUuW,uU ...uUWs5)—> [0, 1]byni: W; > [0,1],i=1, 2, 3,
4, 5 such that

M= (s ey ) (W, Wi, Wi ) — [0, 1]

by n;: W, — [0, 1] is given by

1
— ifab#0
Ni(ab00)={ab

1 ifab=0

1112 1W21 — [0, 1] is defined by

n, =Ja+d

l[a b} L ifasd=0
c d 1 ifa+d=0

n.:W! — [0, 1] is such that

la a a a a a Lifal;tO
Mn; =<12a
a 1 ifa=0
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Wi, = (Wll WZ‘nl ,W}lnl ) is a special fuzzy vector subspace.

n’
- (nm3) s Wa= (W5, W) > [0,1]

is given by

n2: W2 = [0,1] is such that

a a a a
1o b b b |Lirab=o0
L 0 0 a a —qab
1 ifab=0
0 0 0D
s : W, — [0,1] is defined by
lifa;fé()
n,(@00)=1a
lifa=0

s = (7, m3m3) - Ws > [0,1];

n’:W? = [0,1] is such that

a a a 1 i b 0
— 1 a+bo+cCc#
n|b b b|=<a+b+c
cC C ¢ 1 ifa+b+c=0

n, : W, — [0,1] is given by

1
— ifa=#0
n(a0ala)= 331 a
1 ifa=0

M : W, — [0,1] is such that
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ifa+b+c=0

c ¢ ¢ ¢ ¢ 1 ifa+b+c=0

Thus W3"I”|3 = (W32,W335

3 . .
1S a special set fuz
I} > " 2m 3n§) P zy

vector subspace.
na=(nf,mi) : Wa=(W', W) >[0,1]
such that

n, W —[0,1] is given by

—— ifa+b+e#0
N @ab00e)=1a+b+e

1 ifa+b+e=0

n; : W, — [0,1] is such that

a b c d e
f h i
0 ¢ ! if a+p0
n,/0 0 j k l|{=qa+p
0 0 0mn 1 ifa+p=0
000 0 p

st Ws = (W, Wi, Wi, W7 ) —[0,1]

n W = [0,1] is given by

a 0 0 1.
s —ifa=z0
nla a 0|=<a
a a a lifa=0
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n3: W3 = [0, 17 is such that

1
—— ifa+b=0
ng(aOOOb)= a+b
1 ifa+b=0
n;: W; — [0, 1] so that
a boa L ifab=0
— #
n|a b b| = ab1 a
a b b 1 ifab=0

ni :W45 — [0, 1] is such that

a a a a
b bbb b faibirerd=0
M, =<a+b+c+d
cccc | ifa+b+c+d=0
d d dd

Thus Wsns = (W5 ; ,W;ng ’W35n§ ’W:ni) is a special set fuzzy

In
vector subspace.
Thus
WT] = (W1 UWzUW3UW4U Ws)n
= (W Wa W o (We W o (W W W)
N2 3nz Inj 2n; Inj 2, 3n3

In
4 4 5 5 5 5
U(Vvlni"wm‘é)U(Wlnf’w2n§’w3n§’w4ni)
is a special set fuzzy vector 4-subspace.
We now proceed onto define the notion of special set fuzzy
linear n-algebra. It is pertinent to mention here that infact the

special set fuzzy vector n-space and special set linear n-algebra
are fuzzy equivalent.
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DEFINITION 2.4.11: Let
V=V, uV,u..ul,)
(VII,VZI, Vl) (Vl2’V22’ V2) U U(Vln,V;, Vn)
be a special set n-linear algebra over the set S. Take n= (n;
un U..un,) a n-map from V= (V; vV, U...UV,) into
[0,1], i.e.,
(m UmU...Un)

=m0ty ) YA My5esm, ) O A 10T, )

( 11 1) ( 2 2 2) ( )
V=V, vuV,u..ul,)

= (Rl OBV ) U O (V00 ) -

[0, 1]; 0= (1w, ) :Vi = [0,1] is defined such that 1, : W,
— [0,1] so that Vfﬂ, is a set fuzzy linear algebra, 1 <i <n, 1 <t

<nyi=12 ..,n
Thus V;n; is a special set fuzzy linear algebra.

Vp= (V,ul,u...uV)

.\,

_ 1 1 1 2 2 2
(Vs Vapoestily ) U (V2P | 0

n

| Z800 224 44
( g g2

is a special set fuzzy n linear algebra.
We shall illustrate this by the following example.

Example 2.4.10: Let
V=V,uV,uV;uUV,
- (V]l,Vzl)u (V12, V22,V32) U (Vl},V;,V;,V:) U (Vf,V;,V;)

be a special set 4 linear algebra over the set S = {0, 1}.

Here
V' - a b
: c d

a,b,c,de Z"}
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. a a a a .
Vv, = ae”Z’;,
a a a a

b ¢
e flla,b,c,d,ef,gh,iecZ },
b

aeZ’;,

[SEE I

V] =Z°xZ°x7°x2°V; =7°xZ2° xZ°,

3 a 0 0
Vv, = a,b,deZ’;,
b d
3 a a a a a .

Vi = a,beZ’;,
bbb b b
a a a
b b b

V.={lc ¢ cl|ab,cdeecZ},
d d d
e e ¢

a a a a a
b b b b bllabceZ’

¢c ¢ C ¢ ¢

\]14

b
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V) = st a,beZ’

o o o W
o o o O
o o o O
o o O O

and
Vi ={Z°%x2°x7°x7°x Z°x Z°}.

N=MmVUN2UN3UnNg:
(nhmy) w (nf.m3mi) w (nldmims) w (nfimdmd)

V:(VIUV2UV3UV4)—)[O,1]
where nl:Vjii—>[O, 1;1=1,2,3,4,1<t,<n;;1<1<4such

that each V' | is a set fuzzy vector space, so that Vin; is a special
tng

set fuzzy vector space; we define for each 1 <t;<n;, 1 <i<4 as
follows:

N : V) — [0,1] is such that

. (a b ! if ad # bc
m, d =<ad-bc
¢ 1 ifad=bc

M, :V, — [0, 1]is given by

. (a a a a Lifa:«r&O
n, a: 8a

aaa 1 ifa=0
n; V) — [0, 1] is defined by
a b ¢ 1 £ abo 0
— if abc#
n|d e f|=1abc
g h i 1 if abc=0
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M,

n;:

LIE

.V2

.V3

V2

3 3
'V

— [0, 1] is given by

N,

O o o ®
O o o ®

— [0,1] is defined by

n;(@bed)=<abc+d

— [0,1] is such that

— ifa#0

1 ifa=0

if abc+d#0
1 if abc+d=0

ifa+b+c=#0

n(abc)={a+b+c

1 ifa+b+c=0

— [0,1] is defined to be

,(a O
nzbd

— [0,1] is given by

,(a a a a a
Tlb bbb b

. — [0,1] is given by

|

1 if ad#0
ad

1 ifad=0

if 3a+2b#0

=43a+2b
1 if3a+2b=0
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a a a_
b b b 1 .
3 —  ifa+b+c+d+e=0
M |c ¢ c¢|=qa+b+c+d+e
d d d 1 ifa+b+c+d+e=0
e ¢ e_
n!:V* - [0, 1] s such that
NP ! if 5a+5b+5¢c#0
—— if 5a+5b+5¢c#
M |b b b b b|=15a+5b+5c
c c c ¢ ¢ 1 if 5a+5b+5¢=0
n!: v} 5[0, 1]is given by
a 0 0 0
0 a a 00 EET if 3a+7b#0
2 =<3a+
b b b0 1 if 3a+7b=0
b bbb
nt: v} - [0,1]is such that
—— ifa+f=0
ny(@abcdef)=qa+f
1 ifa+f=0
Thus

- (Vlln% Vi ) (V2 V2

Vn=V,uV,u V3 U Vit unzunz und

) (VS;, 2;,V3;,V3 )

4 4 4
U(Vln{' ’V2n3 ’ V3r1§ )

227

is a special set fuzzy linear 4-algebra.
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Next we proceed onto define the notion of special set fuzzy
linear n-subalgebra.

DEFINITION 2.4.12: Let
V=V, uV,u..ul,)
(VII’V;’ Vl) (VIZ’V;’ VZ) UL L/(VIII,V;}'I’ Vn)
be a special set linear n — algebra defined over the set S.

Suppose
W= (W], Wg, ee Wn)

=W ) O (W25 W)Y O O (W)
c(ViulV,u..ul,)
be a proper special set linear n-subalgebra of V over S. Define

n= (771, U, U un,,) S (W] , Wg, e, W,,) %[0,]] such
that
Wn=W,OW,u..OUW)

V.o,

=(W W ,W‘,)u(W W ,sz)

gl > 2n m, 23" i,

n n n
u... u(Ww,quf,...,W . )

ity

be a special set fuzzy linear n-algebra then we call Wn to be
the special set fuzzy linear n-subalgebra where

n=(m Un, U...Un,)
= (1ot ) O (B0 sel) O O (0]
is a map such that Wn = (Win;, Won,, ..., W,n,) where W;n; is
a special set fuzzy linear subalgebra, i =1, 2, ..., n

Now we illustrate this by a simple example.

Example 2.4.11: Let V = (V; U V, U V3 U V,) where V| =
(VL VLV VL), Vo= (VL V5, VE, V) ), Vs = (VL V3 ) and Vs
= (Vf, Vi, V;) be a special set linear 4-algebra over the set S =

Z°, where V; =S x S x S, V, = {all polynomials of degree less
than or equal to four with coefficients from Z°}, V,; = {all 4x4
upper triangular matrices with entries from Z°} and
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. a a a a a .
Vv, = a,beZ’ ;.
b b b b b

V] = {3 x 3 matrices with entries from Z°},

aeZ’

5
Il
D o o oo

V7 =S xSxSxSand V;= {5 x 5 lower triangular matrices
with entries from S}. V) =S x S x S x S x S and

3 a a a .
A\ a,beZ’;.
b b b

V=8 xS xS xS, V, = {4 x4 lower triangular matrices with

entries from Z°} and

a,beZ’

5

Il
O O o o W
o o o o o

Consider W = (W; U W, U W3 UW,) 'V where W,
=(W/, W;,W,,W,) <V, is such that W/=S x {0} xS < V/,

W, = {all polynomials of degree less than or equal to four with
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coefficients from 3Z°} < V), W, = {all 4 x 4 upper triangular

matrices with entries from 52°} < V, , and
. a a a a a
W, =
b bbb b

W= {3 x 3 matrices with entries from 11Z°} < V/,

a,be7Z°}g Vj,

ae2Z’tc V?

20

S
Il
® o o o

W, = {SxSx {0} x {0}} < V; and W, = {5 x 5 lower
triangular matrices with entries from S} V., W) =S x S
x {0} x {0} x {0} = V',

R {(a a aj
W, =
a a a
W= {Sx {0} x {0} x {0}} = V', W, = {4 x4 lower

triangular matrices with entries from Z°} < V24 and

an"}g V;,

aeZ’ rc V.

w%
Il
IS

[ oI R
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Define

n=MmuUnuUnsUn:
W:(W1UW2UW3UW4)—)[O, 1]
by the following rule,
1N : Wi — [0,1] is such that
M= (s manmy ) s (W W3 WL W) — [0, 1]
given by

n : W, — [0, 1] is defined by
1
— ifab#0
n, (a0b)=1ab
1 ifab=0

n, : W, — [0, 1] is defined by

. if p(x) is not a constant
M, (p (x)) = § degp(x)

1 if p(x) is a constant

M : W, — [0, 1] is given by

—— if abed +efg #0
= < abcd +efg

c
f
h .

0 1 if abcd +efg=0

S O O .
S o o o

J
n, : W, — [0,1] is defined by

=4qab

1 ifab=0

,la a a a a iifalb;r&O
b b b b b
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Thus
— 1 1 1 1
Wi = (W] WL Wi W )
is a special set fuzzy linear subalgebra.

o= (2 m2mzne ) s W = (W2, W2, W2, W2) — [0, 1]
is such that

1112 :W12 — [0, 1] is defined by

b
2 . ° if abcdg =0
n;|d e f|=-<abcdg
g h i 1 if abedg=0
n2: W2 = [0,1] such that
o
a 1 .
2 — ifa#0
n,|lal=+45a
a 1 ifa=0
_a_
n§ 1W32 — [0,1] is such that
Lifaer;r&O
n;(@b00)=1a+b
1 ifa+b=0

T]i :W42 — [0,1] is given by
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a 00 0 O
d e 0 0 O
mlg h i 0 0=
j k1 m 0
op q r s
1 . .
Tierirmes ifate+i+m+s=0
1 ifa+e+i+m+s=0

Thus Won, = (Wlilz,szng,sz,ang) is a special set fuzzy

3n3
linear subalgebra.

M3t Ws = [0, 1] 3= (n,m3): (W7, W3) = [0, 1]

is given by;

M : W, — [0, 1] is such that

1
— ifab=0

M@b000)= Jab =
| if ab=0

n; : W, — [0,1] is defined by

3 {a a a} iifa;«r&O
L =4 6a
1 ifa=0

Thus Wsn; = (Wl3 W;n% ) is a special set fuzzy linear sub

39
N

algebra.

Define n4 : W4 — [0,1] as follows.
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Na= (nf’ n;ang):(wl4’W;’W;) — [0, 1];

N W — [0, 1] is defined by

1
—ifa=#0
@000y =1a " "
1 ifa=0
n;: W, — [0, 1] is given by
a 0 00 .
/b c 00 — if acfj=0
M, d £ 0 = 1 acf]
e
o 1 if acfj=0
g h i j
n; W, — [0, 1]
a a
a a 1 .
4 — ifa#0
n;|a a|=q10a
a a 1 ifa=0
a a

Thus Wan, = (W4? ,W;ng ,W:n;, ) is a special set fuzzy linear

In
subalgebra of V.
Now
Wn = (Wl uW,uW;uWau WS)T]

(Wimi U Womp U Wans U Wyny)
_ 1 1 1 1 2 2 2 2
B (Vvln{ ’ W2n12 ’ W3n§ ’W4n‘4 ) ~ (Wlmz ’ W2n§ ’ W3n§ ’ W4n§ )

O (Wrawo ) o (Wi W)
n 2m; Iny 2n;

303
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is a special set fuzzy linear 4-subalgebra.

It is important to mention that the notion of special set fuzzy
linear n-subalgebra and special set vector n-subspace are
equivalent. However we can associate with a given special set
linear n-subalgebra infinite number of special set fuzzy linear n-
subalgebras. Secondly the notion of special set fuzzy linear n-
subalgebras and special set fuzzy vector spaces are fuzzy
equivalent.

So even if the models are different in reality by fuzzifying
they can be made identical or equivalent.
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Chapter Three

SPECIAL SEMIGROUP SET
VECTOR SPACES
AND THEIR GENERALIZATION

This chapter has two sections. First section just recalls some of
the basic definitions from [60]. Section two defines the notion
of special semigroup set vector semigroup set vector spaces and
generalizes them.

3.1 Introduction to Semigroup Vector Spaces

In this section we just recall the basic definitions essential to
make this chapter a self contained one.

DEFINITION 3.1.1: Let V be a set, S any additive semigroup
with 0. We call V to be a semigroup vector space over S if the
following conditions hold good.

1. sveVforalls eSandv V.

2. 0.v=0e€eVforalveVand0 8; 0 is the zero

vector.

3. (sts)v=s;v+tsv

foralls;, s; eSandv eV.
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We illustrate this by the following examples.

Examples 3.1.1: Let V= (Z" U {0}) x 2Z" U {0} x (3Z" U {0})
be asetand S=Z" U {0} be a semigroup under addition. V is a
semigroup vector space over S.

Example 3.1.2: Let

V= a, a, a; a,
a; a, a, a
be a set. Suppose S =2Z" U {0} be a semigroup under addition.
V is a semigroup vector space over S.

a, eZ*u{O};lSiSS}

Example 3.1.3: Let V=3Z"U {0} beasetand S=Z" U {0} be
a semigroup under addition. V is a semigroup vector space over
S.

DEFINITION 3.1.2: Let V be semigroup vector space over the
semigroup S. A set of vectors {v;, ..., v,} in V is said to be a
semigroup linearly independent set if

(i) vi #sv;
foranys e Sfori=j; 1 <ij<n.

DEFINITION 3.1.3: Let V be a semigroup vector space over the
semigroup S under addition. Let T = {v,, ..., v,} <V be a subset
of V we say T generates the semigroup vector space V over S if
every element v of V can be gotas v =sv, v; e T; s € S.

DEFINITION 3.1.4: Let V be a semigroup vector space over the
semigroup S. Suppose P is a proper subset of V and P is also a
semigroup vector space over the semigroup S, then we call P to
be semigroup subvector space of V.

Example 3.1.4: Let V = {Q" U {0}} be a semigroup vector

space over the semigroup S = Z" U {0}. Take W = 2Z" U {0},
W is a semigroup subvector space of V over S.
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Example 3.1.5: Take V={(11010),(00000),(11111),(1
0101),(01110),(000),(011),(010),(101)} beaset.V
is a semigroup vector space over the semigroup S = {0, 1}
under addition 1 + 1 =1.

Take W= {(101),(011),(000),010)}cV;Wisa
semigroup subvector space over the semigroup S = {0, 1}. In
fact every subset of V with the two elements (0 0 0) and or (0 0
0 0 0) is a semigroup subvector space over the semigroup S =

(0, 1}.

DEFINITION 3.1.5: Let V be a semigroup vector space over the
semigroup S. If V' is itself a semigroup under ‘+’ then we call V
to be a semigroup linear algebra over the semigroup S, if's (v, +
vy) =svitsvy, v, v, € Vands €8.

DEFINITION 3.1.6: Let V be a semigroup linear algebra over
the semigroup S. Suppose P is a proper subset of V and P is a
subsemigroup of V. Further if P is a semigroup linear algebra
over the same semigroup S then we call P a semigroup linear
subalgebra of V over S.

DEFINITION 3.1.7: Let V be a semigroup vector space over the
semigroup S. Let P cV be a proper subset of V and T a
subsemigroup of S. If P is a semigroup vector space over T then
we call P to be a subsemigroup subvector space over T.

DEFINITION 3.1.8: Let V be a semigroup linear algebra over
the semigroup S. Let P c V be a proper subset of V which is a
subsemigroup under ‘+°. Let T be a subsemigroup of S. If P is a
semigroup linear algebra over the semigroup T then we call P

to be a subsemigroup linear subalgebra over the subsemigroup
T.

DEFINITION 3.1.9: Let V be a semigroup linear algebra over
the semigroup S. If V has no subsemigroup linear subalgebras
over any subsemigroup of S then we call V to be a pseudo
simple semigroup linear algebra.
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DEFINITION 3.1.10: Let V be a semigroup linear algebra over a
semigroup S. Suppose V has a proper subset P which is only a
semigroup vector space over the semigroup S and not a
semigroup linear algebra then we call P to be the pseudo
semigroup subvector space over S.

DEFINITION 3.1.11: Let V be a semigroup linear algebra over
the semigroup S. Let P be a proper subset of V and P is not a
semigroup under the operations of V. Suppose T S, a proper
subset of S and T is also a semigroup under the same operations
of S; i.e., T a subsemigroup of S, then we call P to be a pseudo
subsemigroup subvector space over T if P is a semigroup vector
space over T.

DEFINITION 3.1.12: Let V be a semigroup linear algebra over
the semigroup S. If V has no subsemigroup linear algebras over
subsemigroups of S then we call V to be a simple semigroup
linear algebra.

DEFINITION 3.1.13: Let V be a semigroup under addition and S
a semigroup such that V is a semigroup linear algebra over the
semigroup S. If V has no proper subset P (V) such that V is a
pseudo subsemigroup vector subspace over a subsemigroup, T
of S then we call V to be a pseudo simple semigroup linear
algebra.

DEFINITION 3.1.14: Let V and W be any two semigroup linear
algebras defined over the same semigroup, S we say T from V to
W is a semigroup linear transformation if T(ca + fB) = cT (o) +
T(P) forallc eSand a, f V.

DEFINITIONS 3.1.15: Let V be a semigroup linear algebra over
the semigroup S. A map T from V to V is said to be a semigroup
linear operator on Vif T (cu +v) = cT (u) + T (v) for every c €
Sandu, v V.

DEFINITION 3.1.16: Let V be a semigroup vector space over the
semigroup S. Let W, ..., W, be a semigroup subvector spaces of
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V over the semigroup S. If V = L"JWI but Wy " W; =gor {0} ifi
i=1

#J then we call V to be the pseudo direct union of semigroup
vector spaces of V over the semigroup S.

DEFINITION 3.1.17: Let V be a semigroup linear algebra over
the semigroup S. We say V is a direct sum of semigroup linear
subalgebras W, ..., W, of V if

1. V=W;+ .. +W,

2. WinW,={0}or ¢ifi=j(l <i,j <n).

DEFINITION 3.1.18: Let V be a set with zero, which is non
empty. Let G be a group under addition. We call V to be a
group vector space over G if the following condition are true.

1. ForeveryveVandg e Ggvandvg €V.
2. 0.v=_0foreveryv €V, 0the additive identify of G.

We illustrate this by the following examples.

Example 3.1.6: Let V= {0, 1,2, ..., 15} integers modulo 15. G
= {0, 5, 10} group under addition modulo 15. Clearly V is a
group vector space over G, for gv = v; (mod 15), for g € G and
v,vi € V.

Example 3.1.7: Let V= {0, 2, 4, ..., 10} integers 12. Take G =
{0, 6}, G is a group under addition modulo 12. V is a group
vector space over G, for gv=v, (mod 12) forg € Gand v, v, €
V.

Example 3.1.8: Let

a, a, a
M,y = {( b Sj

a, a5 a;
Take G = Z be the group under addition. M, , 5 is a group vector
space over G = Z.

a,e{-mo,..,—4, —2,0,2,4,...,00}} .
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DEFINITION 3.1.19: Let V be the set which is a group vector
space over the group G. Let P <V be a proper subset of V. We
say P is a group vector subspace of V if P is itself a group
vector space over G.

DEFINITION 3.1.20: Let V be a group vector space over the
group G. We say a proper subset P of V to be a linearly
dependent subset of V if for any p;, p, € P, (p; #p3) p; = ap; or
p2=a'p; for some a, a' € G.

If for no distinct pair of elements p;, p, € P we have a, a; €
G such that p; = ap; or p; = a;p; then we say the set P is a
linearly independent set.

DEFINITION 3.1.21: Let V be a group vector space over the
group G.

Suppose T is a subset of V which is linearly independent
and if T generates Vi.e., usingt € Tand g € V we get every v €
Vas v = gt for some g € G then we call T to be the generating
subset of V over G.

The number of elements in V gives the dimension of V. If T
is of finite cardinality V is said to be finite dimensional
otherwise V is said to be of infinite dimension.

DEFINITION 3.1.22: Let V be a group vector space over the
group G.

Let W < V be a proper subset of V. H — G be a proper
subgroup of G. If W is a group vector space over H and not
over G then we call W to be a subgroup vector subspace of V.

DEFINITION 3.1.23: Let V be a group vector space over the
group G. Suppose W  V is a subset of V. Let S be a subset of
G. If W is a set vector space over S then we call W to be a
pseudo set vector subspace of the group vector space.

DEFINITION 3.1.24: Let V be a group linear algebra over the

group G. Suppose W; W, ..., W, are distinct group linear
subalgebras of V. We say V is a pseudo direct sum if
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1. W+ . +W,=V
2. WinW,; #{0}, evenifi #j
3. We need W;’s to be distincti.e., W; " W; # W, or W, if i #].

For more please refer [60].

3.2 Special Semigroup Set Vector Spaces and Special
Group Set Vector Spaces

Now in this section we proceed on to define yet another new
type of vector spaces called special semigroup set vector space
over sets.

DEFINITION 3.2.1: Let V = (S}, S5, ..., S,) be a set of collection
of semigroups. Suppose P is any nonempty set such that for
everyp € Pands; € S, ps; € S; true for each i = 1, 2, ..., n.
Then we call V to be a special semigroup set vector space over
the set P.

We now illustrate this by the following example.

Example 3.2.1: Let V = {S,, S, S3, S4}, where

S

is a semigroup under addition modulo 2, S, =7, x Z, x Z, x Z,
is a semigroup under component wise addition, S; = {Z,[x]; all
polynomials of degree less than or equal to 3} is a semigroup
under polynomial addition and

a,b,c,deZ, = {0,1}}

a,b,c,d,e,f,g,heZ, ={0,1}

Q o o o
so-h o o
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is a semigroups under matrix addition modulo 2.
Then V = {S;, S,, S;, S4} is a special semigroup set vector
space over the set P = {0, 1}.

Example 3.2.2: Let V= {S,, S,, S5} where

a, a, a
1 2 3
_ 5t + + _ f1<i<
Si=Z" xZ x7Z',S,=14|a, a; a|la,eZ";1<1<9
a, a, a

and
S; = {Z"[x]; all polynomials of degree less
than or equal to 5 with coefficients from Z"};

clearly S;, S, and S; are semigroups under addition. Thus V =
{Si, S, S;} is a special semigroup set vector space over the set

PcZ'.

Example 3.2.3: Let V = {S|, S;, S5, S4, Ss} where S; = {Z¢ x
Zs} 1s a semigroup under addition modulo 6,

{7

X
y
z

w

a,b,c,dezé}

and

S;= X,Y,Z,WeEZ

S N < X

are semigroups under matrix addition modulo 6.

and
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aeZ

wn
W
Il

S © o o W

oS O O 0w
(=l )
S 0 e
o o o ®

are semigroups under addition modulo 6. V = {S,, S,, S;, S4, S5}
is a special semigroup set vector space over any subset of Z.

Now we proceed to define the notion of special semigroup set
vector subspace of a special semigroup set vector space over a
set P.

DEFINITION 3.2.2: Let V = {S;, S, ...S,} be a special
semigroup set vector space over the set P, that is each S; is a
semigroup and for each s; € S;andp € P, ps; € S;; 1 <i <n. Let
W =A{T,, ..., T,} where each T; is a proper subsemigroup of S;
fori=1 2 .. n If Wis a special semigroup set vector space
over the set P, then we call W to be the special semigroup set
vector subspace of V over P.

Now we illustrate this by a few examples.

Example 3.2.4: Let V = {S|, Sy, S5, S4, S5} where S| = {Zs x Zs
x Zs x Zs}, a semigroup under component wise addition modulo

5,
a a
S, = {[a b] a,beZS}

a semigroup under matrix addition modulo 5, S; = {Zs[x]; all
polynomials of degree less than or equal to six}, is a semigroup
under polynomial addition,

a a a a,
S;s=4la a a, a |la,ae”Z
a a a a
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is a semigroup under matrix addition modulo 5 and

a 0 0 O
b e 00 ..
Ss= ) a,b,c,d,e,f,g,h,1,j,k € Z,
c f 10
d g j k

is again a semigroup under matrix addition modulo 5. Thus V is
a special semigroup set vector space over the set P = {0, 1, 2, 3,
4} =Zs. Take W = (W, Wy, W3, Wy, Ws) where W, = {(aaaa)

/aeZs} Vi,
a a
a a

a subsemigroup of V, ; W3 = {Zs[x]; all polynomials of even
degree with coefficients from Zs} is a subsemigroup of V3,

)

anS} cV,

anS} c Vg

z
Il
K_Jh\
N\
® o
o o
o

a subsemigroup of V, and

Ws = aeZ,; CVs;

O o o ®
0 O
L O O
& O O O

a subsemigroup of Vs. Clearly W = (W, Wy, W3, Wy, Ws) is a
special semigroup set subvector space over the set P = {0, 1, 2,
3,4} < Zs.

Now we proceed on to give yet another example.

Example 3.2.5: Let V= (V,, V,, V3, V,) where
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a b ¢
Vi=4|d e f]|ab,c,def,ghicZ"
g h

i

is a semigroup under matrix addition; V, = {Z" x Z" x Z'} a
semigroup under component wise addition, V; = {Z'[x]; all
polynomials in the variable x with coefficients from Z'} is a
semigroup under polynomial addition and

a, 0 0 O

0 a, 0 O . )
V4= a, eZ;1<1<4

0 0 a,

0 0 0 a,

is again a semigroup under matrix addition. Clearly V = (V|, V,,
V3, V,) is a special semigroup set vector space over the set Z".
Take W = {W, W,, W3, W,} where

a a a
W;=<|a a allaeZ’
a a a

is a subsemigroup of V, under matrix addition, W, = (3Z" x 3Z"
x5Z") is a subsemigroup of Z" x Z* x Z*, W5 = {all polynomials
of even degree in x with coefficients from Z"}is a subsemigroup
under polynomial addition of V3 and

a 0 0 O
0 a 0O
W, = a,be2Z"
0 0b O
0 0 O0Db
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is again a subsemigroup of V4. Thus W = {W, W,, W3, W,}
V is a special semigroup set vector subspace of V.

Now we define the notion of special semigroup set linear
algebra over a semigroup P.

DEFINITION 3.2.3: Let V = (V), V5, ..., V,) be a special
semigroup set vector space over the set P. If P is an additive
semigroup then we call V to be a special semigroup set linear
algebra over the semigroup P.

It is important to note that all special semigroup set linear
algebras are special semigroup set vector spaces but special
semigroup set vector spaces in general are not special
semigroup set linear algebras.

We see by the very definitions of special semigroup set
vector spaces and special semigroup set linear algebras all
special semigroup set linear algebras are special semigroup set
vector spaces; as every semigroup can be realized also as a set.

On the contrary a special semigroup set vector space in
general is not a special semigroup set linear algebra. This is
proved by an example.

Take V =(Vy, V,, Vi) where V, = {Z" x Z"}, V, = {Z" [x]} and

s

clearly Vi, V, and V; are semigroups under addition. Suppose P
={1,2,5,7,3,8, 12, 15} then V is a special semigroup set
vector space over the set P. Clearly P is not a semigroup so V
cannot be a special semigroup set linear algebra.

a,b,c,de Z*} ;

Now we give some examples of special semigroup set linear
algebras.

Example 3.2.6: Let V = {V,, V,, V3, V4} be such that V|, = {Z,
x Zyo}, Vo = {Z1o[x] where x an indeterminate, and Zo[X]
contains all polynomials in x with coefficients from Z,,},
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a a
a a
V3= ae’Z,,
a a
a a
a 0 0 0
b e 00 .
V,= a,b,e,c,f,g,d,h,f,ieZ,
c f g O
d g h i

and
{a b ¢ d ej
Vs = . .
f g h 1 j

are semigroups under addition. Clearly if we take P = Z;, P is
also a semigroup under addition modulo 10. V is a special
semigroup set linear algebra over the semigroup Z.

a,b,c,d,e,f,g,h,i,j € ZIO}

Example 3.2.7: Let V= (V,, V,, V3, V4) where

Vi={Z"xZ"xZ"},

a b
V,= a,c,deZ" },
0 d
0 a -b ¢
-a 0 d -e s
V3= a,b,c,d,e,feZ
b -d 0 f
- e —-f O

and
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V4= a,b,c,d,e,f,g,h,iand jarein 27"

oo o
Q@ - o o
- 5 - o
—. = 09

Clearly Vi, V,, V5 and V, are semigroup under addition and V
is a special semigroup set linear algebra over the semigroup Z".

Example 3.2.8: Let V = (Vy, Vo, V3, V4, Vs) where V| = Zs, V,
=74, V3 =73, V4 = Z1, and Vs = Z;3 are semigroups under
addition modulo the appropriate n, n € {5, 7,3, 12, 13}. Visa
special semigroup set vector space over the set S = {0, 1}.

Remark: When we say V = (Vy,..., V,) is a special semigroup
set linear algebra over the semigroup T, we unlike in a linear
algebra demand only two things

Forevery p; eViandt; e T, tip; e Vi. 1 <i<n

V; is a semigroup

T is a semigroup

We do not have (a + b)p; = ap;+ bp; in general; 1 <i<n;

el S

that is this sort of distribution laws are never assumed in case of
special semigroup set linear algebras over the semigroup T.

Now we proceed on to define the notion of special semigroup
linear subalgebra and special subsemigroup linear subalgebras.
Before we go for these two definitions we proceed onto show
how this new structure varies from other structures.

Example 3.2.9: Suppose V = (Si, S;) = (Z12, Z7) be the
semigroup special linear algebra over the semigroup P = Zg.
Then P = {0, 1, 2, ..., 5}, semigroup under addition modulo 6.
For7 e Zpand 5 €Z¢5.7=11 (mod 12). For4 € Zgand 6 € Z;,
4.6 =24 =3(mod 7) 4.6 =0 (mod 12) if 6 € Z,, and 4 €Zs. So
as an element of one semigroup its impact on the same element
from Zg is distinctly different.
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Thus when we have two different sets (semigroups) they act
very differently on the same element from the semigroup over
which they are defined, or in truth even the elements may
represent the same property but its acting on the same element
from the semigroup yields different values.

This is very evident from the example we give yet another
example before we proceed to work with other properties.

Example 3.2.10: Let V = (Vl, Vz, V3) where V1 = le, V2 = Z9
and V3 = Zg. Suppose V is a special semigroup set linear algebra
over the semigroup P = Zs. Take 6 € Z15, 6 € Zo and 6 € Zs.
Take 4 € P=Zs. Now 4.6 =0 (mod 12) 4.6 = 6 (mod 9) and 4.6
= 0 (mod 8). So for these two semigroups V; and V3, 4 € P acts
as an annulling element were as for V, it gives back the same
element.

This special type of properties are satisfied by many real
models, it may be useful in industries or experiments in such
cases they can use these special algebraic structures.

DEFINITION 3.2.4: Let V = (V;, V, ..., V) be a special
semigroup set linear algebra over the semigroup S. Let W= (W,
Wy ..o W) <V, Vo, ..., V) (W < Vi, W; subsemigroup of V;,
1<i<n). If W is itself a special semigroup set linear algebra
over the semigroup S then we call W to be a special semigroup
set linear subalgebra of V over the semigroup S.

We illustrate this by some examples.

Example 3.2.11: Let V = (Vl, Vz, V3, V4) where V] = Zg, V2 =
Zs, V3 = Zo and V3 = Z5. V is a semigroup set linear algebra
over the semigroup P = Z,. Take W = (W,, W,, W3, W,) where
Wl = {0, 2, 4, 6} - Zg, W2 = {0, 2, 4} C Zé, W3 = {0, 3, 6} g Zg
and W, = {0, 3, 6, 9} < Z1,. It is easily verified W = (W, W,,
Wi, Wy) is a special semigroup set linear subalgebra over the
semigroup P = Z,.
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Example 3.2.12: LetV= (V], Vz, V3, V4, V5) where Vl = Z7, V2
=7Zs,V3=27Z V4=Zg and Vs = Z4. V is a special semigroup set
linear algebra over the semigroup P =7, = {0, 1}. We see V has
no proper subset W which can be a special semigroup set linear
algebra over the semigroup P. For V; and V, have no proper
subsemigroups.

In view of this we define the notion of special semigroup set
simple linear algebra.

DEFINITION 3.2.5: Let V = (Vi, V), ..., V,) be a special
semigroup set linear algebra over the semigroup P. If V has no
proper subset W = (W, W, ..., W,) such that W; is a proper
subsemigroup of V; for atleast for one i, 1<i <n then we call V
to be a special semigroup set simple linear algebra. In a special
set simple linear algebra V we do not have proper special
semigroup set linear subalgebras.

We illustrate this situation by some examples.

Example 3.2.13: Let V = (Vy, V2, V3, V4, V5) where V| =Z3, V,
=77, V3=12s5, V4 =Zs and Vs = Z;, be a special semigroup set
linear algebra over the semigroup P = Zg. We see Vi, V,, V; and
Vs has no proper subsemigroups. So V is only a special
semigroup set simple linear algebra.

Example 3.2.14: Let V = (V, V,, V3, Vy) where V|, = Z,, V, =
Zi3, V3 = Zjg and V4 = Z;; V is a special semigroup set linear
algebra over the semigroup P = Z¢. We see Vi, V,, V3 and V, do
not have any proper subsemigroups, i.c., none of the
semigroups Vi, V,, V; and V4 have subsemigroups. Thus V =
(V1, Va2, V3, Vy) is a special semigroup set simple linear algebra
over Zs.

In view of this we have the following definition.
DEFINITION 3.2.6: Let V = (V;, V5, ..., V,) be a special

semigroup set linear algebra over the semigroup P. In none of
the semigroups V;, 1 <i <n has proper subsemigroups then we
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call 'V to be a special semigroup set strong simple linear
algebra.

Example 3.2.15: Let V = (V], Vz, V3, V4) where Vl = Z5, V2 =
Z53, V3 = Z;; and V4 = Z;5 be the special semigroup set linear
algebra over the semigroup P = Z,. It is easily verified V is a
special semigroup set strong simple linear algebra.

We have the following interesting theorem.

THEOREM 3.2.1: Let V = (V, V), ..., V,) be a special semigroup
set strong simple linear algebra then V is a special semigroup
set simple linear algebra. But a special semigroup set simple
linear algebra need not in general be a special semigroup set
strong simple linear algebra.

Proof: Let V = (Vy, V,, ..., V,) be a special semigroup set
strong simple linear algebra over the semigroup P. This implies
every semigroup V; of V has no proper subsemigroup, 1 <i<n.
So V is also a special semigroup set simple linear algebra.

We prove the converse by a simple example.

Let V= (Vl, Vz, V3, V4, V5) where V1 = Z7, V2 = Zg, V3 =
Zo, V4 = Zy; and Vs = Z;35. V is a special semigroup set linear
algebra over the semigroup Z¢. Clearly the semigroups Vi, V4
and Vs have no subsemigroups but V, and V; have
subsemigroups. Thus V is only a special semigroup set simple
linear algebra over the semigroup Zs and V is not a special
semigroup set strongly simple linear algebra over the semigroup
Zs. Hence the theorem.

Now in case of special semigroup set vector spaces also we
have these concepts which is defined briefly.

DEFINITION 3.2.7: Let V = (Vi, V5, ..., V,) be a special
semigroup set vector space over the set P, where V;, V,, ..., V,
are semigroups under addition. If V does not contain a W =
(Wi, ..., W,) such that W;’s are proper subsemigroups of V; for
atleast some i, 1 <i < n, then we define V to be a special
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semigroup set simple vector space. If none of the semigroups V;
in V has subsemigroups, 1 <i < n then we say the special
semigroup set vector space V is a special set semigroup strong
simple vector space over P.

Now we illustrate this by some examples.

Example 3.2.16: Let V= (Vl, Vz, V3, V4, V5) where V] = Zg, V2
=77, V3=172s,Vy=Zs and Vs = Z;; be a special semigroup set
vector space over the set P = {0, 1, 2, 3, 4}. V is only a special
semigroup set simple vector space over P, for V,, V; and V;
have no subsemigroups.

Example 3.2.17: Let V = (Vy, V,, V3, V4) where V|, = Zs, V, =
Z,, V3 = Z13 and V4 = Z,; be a special semigroup set vector
space over the set P = {0, 1, 2, 3, 4, 5, 6}. Clearly V is a special
semigroup set strong simple vector space over the set P = {0, 1,
2,3,4,5,6}.

DEFINITION 3.2.8: Let V = (V), V5, ..., V) be a special
semigroup set linear algebra over the semigroup S. If W = (W,
Ws,...W,) where W; < V; is such that W; is a proper subsemi-
group of the semigroup V, 1 <i <n and P be a proper
subsemigroup of S. Suppose W is a special semigroup set linear
algebra over P then we call W to be a special subsemigroup set
linear subalgebra of V over P.

We illustrate this by some simple examples.

Example 3.2.18: Let V = (V|, Va, Vi, V4, Vs) where V| = {Z" x
Z ' xZ",V,=2"[x],

%

a,b,c,de Z*} ,

.
a,,a,,a;,3,,a5,a, €2 }

and

224



a b ¢ d
bt e f
Vs = a,b,c,d,e,f,g,h,k,teZ"
c e g h
d f h k

is a special semigroup linear algebra over the semigroup S = Z".
Take W = (W, W,, W3, W4, Ws) where W, = (2Z"x 2Z" x 2Z"),
W, = {all polynomials of only degree with coefficients from

',
a a
W3:{( J an+},
a a
a a a
W4:{( ] an+}
a a a
and
a a a a
a a a a
Ws = aeZ'
a a a a
a a a a

Clearly W = (W;, W,, W3, W4, W5) is a special semigroup linear
algebra over the semigroup 2Z".

Thus W = (W, W,, W3, Wy, Ws) is a special subsemigroup
set linear subalgebra over the subsemigroup P =27Z" c S=27".

We give yet another example.

Example 3.2.19: Let V = (Vy, V,, V3, Vy) where V|, = Zs, V, =
Z7, V3 = Zy and V4 = Zy5, Vi, V,, V3 and V, are semigroups
under addition modulo appropriate n,n € {5, 7, 11, 12}. Vis a
special semigroup set linear algebra over the semigroup S = Z3,
semigroup under addition modulo 3. Now V has no proper
subset W = (W, W,;, W3, W,) such that each W; is a
subsemigroup of V;, 1<1 <4 and S has no proper subsemigroup.
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So we see V has no special subsemigroup set linear subalgebra.
This leads to the concept of a new algebra structure.

DEFINITION 3.2.9: Let V = (Vi, V), ..., V,) be a special
semigroup set linear algebra over the semigroup S. If V has no
proper subset W = (W,, ..., W,) such that each W, is a

subsemigroup of the semigroup Vi; i =1, 2, ...,.n and S has no
proper subsemigroup then we call V to be a doubly simple
special semigroup set linear algebra.

We have the following interesting result.

THEOREM 3.2.2: Let V = (V, V,, ..., V) be a special semigroup
set linear algebra over the semigroup. If V is a doubly simple
special semigroup set linear algebra then V is a special
semigroup set strong simple linear algebra.

Proof: Given V = (V4, V,, ..., V,) is a doubly simple special
semigroup set linear algebra, so V does not contain a proper n-
subset W = (W, W,, ..., W,) such that each W; is a proper
subsemigroup of the semigroup V;; (I <1i < n). So V has no
special semigroup set linear subalgebra and each semigroup V;
has no proper subsemigroup W;, 1 <i < n. Hence V is a special
semigroup strong simple set linear algebra.

Now it is pertinent to mention here that we cannot say if V
is a special semigroup strong simple set linear algebra then V is
a doubly simple special semigroup linear algebra. For we may
have a special semigroup strongly simple set linear algebra but
it may not be a doubly simple special semigroup linear algebra.

For take V = (Vl, Vz, V3, V4) where V1 = Z5, Vz = Z7, V3 =
Z1, and V4 = Zyo. V is clearly a special semigroup set strongly
simple linear algebra over the semigroup Z4, as V has no proper
subset W = (W, W,, W3, W,) such that W; is a proper
subsemigroup of V;, 1 <1i < 4. For Zs has no subsemigroup, Z;
has no subsemigroup, Z;; cannot have a proper subsemigroup
and Z;9 has no proper subsemigroup. But the semigroup V is
defined over Z, and Z, has proper subset P = {0, 2} which is a
proper subsemigroup of Z4 hence we cannot say V = (Vy, Va,
V3, V) is a doubly simple special semigroup set linear algebra.
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Thus every doubly simple special semigroup set linear
algebra is a special semigroup set linear algebra is a special
semigroup set strong simple linear algebra.

Next we proceed on to define the generating n set of a special
semigroup set vector space over a set S.

DEFINITION 3.2.10 Let V = (V,, ..., V,) be a special semigroup
set vector space over the set S. Let X = (X, ..., X,) be a proper
subset of Vi.e., each X; c V, 1 <i <n. If each X; generates V;
over S then we say X is the generating n set of the special
semigroup set vector space over the set S.

We illustrate this by the following example.

Example 3.2.20 Let V = (V, Vo, V3, V,) where V= {(aaa)/a

eZ'},
an+},

a a a
V3={[ j an*}
a a a

and V, = {a+ax + ax’ + ax’ | ae Z+}. Clearly Vy, V,, V3 and V4
are semigroups under addition. V = (V, V,, V3, V,) is a special
semigroup set vector space over the set Z". Take X = {X, X,,
X3, X4} where X;=(111),

< - 11 <. - 111

o) )
Xy = {1+x+x+x} SV =(Vi, V2, V3, Vy), e, Xi Vi i = 1,
2,3, 4. We see X is a 4-generating subset of V over the set Z".

Example 3.2.21: Let V = (Vy, V,, V3, V4, Vs) where V| = {Z; x
Ziy x Ly},
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a,b,c.d,e,f e le},

o

V3:

aeZ,,

[SEEE
[SEEE

V4= {Z,[x], all polynomials of degree less than or equal to 4}
and

Vs = a=b=c=d=f=x€eZ,

o o v O
o o o e
- O a o
S = o O

be a special semigroup set linear algebra over the semigroup S =
Zip. X =(Xy, X2, X5, X4, X5) = {(1000),(0100),(0010), (0

00 Dy},
1 0 0)0 1 0)0 0 1
{o 0 o)(o 0 0}{0 0 oj
0 0 0)0 0 0)0 0 0
10 0)lo 1 0)o o0 1)

2 3 4
,{I,X,X,X,X},

—
—_ =

= (Vla VZ, V3: V4a VS)

—_— = = O
—_— = O
—_— O =
O = =
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is the 5-generating 5-subset of V over the semigroup S = Z,.
The dimension of Vis (4, 6, 1, 5, 1).

Now we define special semigroup set linear transformation for
special semigroup set vector spaces defined only on the same
set S.

DEFINITION 3.2.11: Let V = (V}, ..., V) and W = (W,,...,.W,) be
two special semigroup set vector spaces defined over the same
setS. Let T=(T;, Ty, ..., T,) be a n-map from V into W such that
T: Vi > W, 1<1i j<n. Clearly no two V;’s can be mapped into
the same W that is each V; has a unique W; associated with it.

IfTu+v) =T + T(V); w, v eV, this is true for each i,
i=12T= (T, T, T; Ty then we call T to be special
semigroup set linear transformation of V into W.

We illustrate this by a simple example.

Example 3.2.22: Let V = (V, V,, V3, Vy) and W = (W, W,,
W3, W,) where

ol

V, = {Z" [x]; all polynomials of degree less than or equal to 4},

a,b,c,de Z*} ,

a a

V;= aeZ'
a a
a a

and V,=Z " x Z"'x Z"x Z" x Z" x Z" be a special semigroup set
vector space over the set S=Z". W, = {Z'xZ'x Z"'x Z"x Z"},

W, { ) z}
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R

a,b,c,deZ*}

and

be a special semigroup vector space over the same set S = Z".

Define T = (Ty, T, T3, T4): V—> W as
Ti: Vi > W, defined by
Tl =
c d a a
T, : V, > W, defined by
Ty (2 + aix + ax” + asx’ + asx’) = (ay, a1, az, a3, ay).

T; : V3 > W, defined by

a a a a
a a a a

IR
IR

and T4 : V4 — W3 defined by

al a2 a3
Ts (a1 a2 a3 a4 a5 ag) = . .

4

Clearly T = (Ty, T2, T3, Ty) is a special semigroup set linear
transformation from V to W.

Thus if one wishes to study using a special semigroup set
vector space another special semigroup set vector space
provided both of them are defined on the same set one by using
the special semigroup set linear transformations study them.
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Now we proceed on to define the notion of special semigroup
set linear operator on a special semigroup set vector space V
over a set S.

DEFINITION 3.2.12: Let V = (V}, V5, ..., V) denote the special
semigroup set vector space V over the set S. Let T = (T, T,, ...,
T,) be a special semigroup set linear transformation from V to
V, then we call T to be a special semigroup set linear operator
on V. Thus if in a special semigroup set linear transformation W
is replaced by V itself then we call that linear transformation as
special semigroup set linear operator on V.

We now illustrate it by some examples.
Example 3.2.23: Let V = (Vy, ..., Vs) be a special semigroup

set vector space over the set S = Z4. Here V| = Z4 x Zy x Z4 %
Z4, Vo = {Z4[x] all polynomials of degree less than or equal to

three}.
a b
V3= { j a,b,c,deZ4},
c d
a 0 0
Vs=43|b 0 0]la,b,c,deZ,
c 0 d
and

on

a 0 0 ¢
V5 =
0 d 00O
are semigroups under appropriate addition modulo 4.

Let T = (T, Ty, T3, T4, Ts) be a 5-map from V into V
defined by

a,b,c,deZ4}

T1:V1—)V2
Tz:Vz—)V4
T3ZV3—)V1
T4IV4—)V5
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T5ZV5—)V3

where Ti(abcd)=a+bx + ox’+ dx3, T,:V, -V, is defined by

T, (atbx+cx® +dx’) =

a b

T3[ J=(abcd),
c d

~(a 0 b 0 ¢
0d o0 0O

a 0 b 0 c a b
T5 = .

0 d 00O c d
Thus T is a special semigroup set linear operator on V. How
many such T’s can be defined on V? For we have one set
SH, (V, V) given by (Hom, (Vi, V,), Hom, (V,, V),
Hom, (Vs, Vi), Hom, (Vi, Vs), Hom, (Vs, V3)) for T = (T},
T, Ts, Ty, Ts).

Thus we have many such T’s yielding different sets of
SH,, (V, V).

o o
oS O O
o o O

—
ES

o o o

S O O

[sTa = -l

and

DEFINITION 3.2.13: Let V = (V;, V5, ..., V) be a special
semigroup set linear algebra over the semigroup S. W = (W,
W, ..., W) be another special semigroup set linear algebra
over the same semigroup S. If T = (T;, T, ..., T,) : V -> W
where T; : Vi = W, such that no two V;’s are mapped into the
same Wi and Ty(u + v) = Ti(w) + Ty(v) for all a € S and pv €
Vi, true for i= 1, 2, ..., n and 1<j <n, then we call T to be a
special semigroup set linear transformation of Vto W.

232



Note: If SHomy(V, W) = {Homy(Vi, W, ), Homy(V>, W, ), ...,
Homy(V.,, W, )}, what is the algebraic structure of SHomy(V,

W)}? Is SHomy(V, W) again a special semigroup set linear
algebra over the same semigroup S?

If in the definition we replace W by V then we call T = (T},
T,, ..., Ty) as the special semigroup linear operator of V over
the semigroup S. If SHoms (V, V) = {Homy(V,, V,), Hom
(V2,V,))... Homy(V,, V; )}; is SHoms (V,V) a special semigroup

set linear algebra over S?
This work is left as an exercise for the reader.

Now we illustrate these definitions by some examples.

Example 3.2.24: Let V = (V,, V,, V3, V4) where V| = {Z,0 x Zj
x Z1o % Z1o}, V2= {Zy0[x], all polynomials of degree less than or

equal to 3},
V3={[a b CJ a,b,c,d,e,erm}
d e f
and
a a a
a a a
Vy=4la a al|laeZ,
a a a
a a a

Clearly Vi, V,, V3 and V, are semigroups under addition. V is a
special semigroup set linear algebra over the semigroup Z .
Let W = (W, W,, W3, W,) where

a a a
W1={[ Janm},
a a a
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a a a a a
W,=4la a a a allaeZ,

a a a a a

a b
W; = {[ J a,b,c,deZlo}
c d
and
a 0 b
W;=30 ¢ 0]|a,b,c,deZ,
0 0 d

Clearly W, W,, W3 and W, are semigroups under addition.
Thus W = (W, W,, W3, W,) is a special semigroup set linear
algebra over the semigroup Z;o. Now let us define T = (T, T,
T, T4) from V into W by

T, : Vi > W; given by

<l
T, (abcd)= .
c

T, : V, > W, defined by

a, 0 a
Ta(ag +a;x + ax’ + a3x3) =10 a, O
0 0 a

T; : V3 > W, defined by

a b c a a a
T3 = .
(d € fj [a a a]
T4 : V4 — W, defined by
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a a a
a a a a a a a a

T,|la a a|=|a a a a a.
a a a a a a a a
a a a

Clearly T = (T, T,, T3, Ty4) is a special semigroup linear
transformation V to W. Suppose
SHom, (V,W)={Hom, (V,W;), Hom, (V2,Wy),

HomzlU (V3,W)), Homzm (V4,W))}.
Show Hom, (V,W) is a special semigroup set vector space

over Zjo. We give an example of a special semigroup set linear
operator on V.

Example 3.2.25: Let V= (Vl, Vz, V3, V4, V5) where V] = Zzo a
semigroup under addition modulo 20, V, = Z;, a semigroup
under addition modulo 12, V; = {Z;; a semigroup under
addition modulo 10}, V4 = Z,; a semigroup under addition
modulo 23 and Vs = Zg a semigroup under addition modulo 8.
Now V = (Vy, Va, ..., Vs) is a special semigroup set linear
algebra over the semigroup S = Z, under addition modulo 2.
Now find SHom, (V,V) = {Hom, (Vi, V3), Hom, (Va,

V4), I{On’lZ2 (V3, V]), I‘IOI’IIZ2 (V4, V5), I{OI'IIZ2 (V5, Vz)}

Now we proceed onto define yet another new notion called
special group set vector space over the set S.

DEFINITION 3.2.14: Let V = (V}, ...,V,) where V;, ..., V, are
distinct additive abelian groups. Let S be any non empty set. If
foreveryx e Vianda €S, ax €V, 1 <i <n then we call V to
be a special group set vector space over the set S.

We illustrate this definition by some examples.

Example 3.2.26: Let V = (Vl, Vz, V3, V4, V5) where Vl = Zl()
group under addition modulo 10, V, = Z,¢ group under addition
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modulo 26, V3 = Z;5 group under a addition modulo 15, V, =
Z,, group under addition modulo 12 and Vs = Z;4 group under
addition modulo 14.

Take S = {0, 1, 2, 3, 4} it is easily verified V is a special
group set vector space over the set S. For we see if 4 € S and 10
€ Z15=V;,4.10=40= 10 (mod 15) so 4.10 € Vj3; likewise for
14 € Zysand 3 € S; 3.14=42 =16 (mod 26) s0 3.14 € Zs=V,
and so on.

Now we can give yet another example of a special group set
vector space over a set.

Example 3.2.27: Let V = {V|, V,, V3, V4, Vs, V¢} where V| =
272, V,=52,V3=T72,V4=3Z,Vs=11Z and V4= 11Z.

Clearly Vy, V,, ..., Vg are groups under addition. Take S =
{012345678910}. Clearly V= (V, ..., Vi) is a special
group set vector space over the set S.

Now we can define their substructures.

DEFINITION 3.2.15: Let V = (V;, V3, V3, ..., V,) be n distinct
abelian groups under addition. Suppose V be a special group
set vector over the set S. Let W = (W,;, W, ..., W,) where each
Wi is a subgroup of the group V, 1 <i <n. Suppose W is a
special group set vector space over the same set S then we call
W to be a special group set vector subspace of V over the set S.

We now illustrate this situation by some simple examples.

Example 3.2.28: Let V = (V], Vz, V3, V4, V5) where V] = Zlo,
V2 = Z]z, V3 = 225, V4 = Zg and V5 = Zz] all groups under
modulo addition for appropriate n. (n € {10, 12, 25,9 and 21}).
V is a special group set vector space over the set S = {0, 1, 2, 3,
4} Let W= (Wl, Wz, ceey W5) where W1 = {O, 2, 4, 6, 8} c Zl(),
W2 = {O, 6} C le, W3 = {0, 5, 10, 15, 20} C Z5, W4 = {O, 3, 6}
[ Zg and W5 = {0, 7, 14} [ Zz]. W= (Wl, Wz, W3, W4, Ws) isa
special group set vector subspace of V over the same set S.
Suppose T = (T}, Ty, ..., Ts) where T; = {0, 5} < Zjp =V,
T2 = {0, 2, 4, 6, 8, 10} C le = V2 ,T3 = {0, 5, 10, 15, 20} - Zzs
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=V;, Ty=1{0,3,6} < Zo=Vsand Ts = {0, 3, 6,9, 12, 15, 18}
c Zy = Vs. Clearly Ty, T, ..., Ts are subgroups of Vi, ..., Vs
respectively. Thus T = (T, Ty, ..., Ts) < (Vi, Va, ..., Vs) is a
special group set vector subspace of V over the same set S.

Example 3.2.29: Let V = (V4, V,, V3, V) where

O

a,b,c,deZ},

an},

Vi=(ZxZxZxZ)yand V4=BZ x 5Z x7Z x 11Z x 157).
Clearly V = (V1, V,, V3, V,) is a special group set vector space
over the set S = {0, 1, 2, ..., 20}. Now take W = (W, W,, W3,

W,) where
a a
W] = {( J ae Z}
a a

a proper additive subgroup of Vi,
ae 32} cV,

a a a

a a a
is a proper subgroup of V,, W3 = {Z x {0} x Z x {0}} < V3 is
also a subgroup of V3 and W, = (3Z x 5Z x {0} x {0} x 15Z) <
V4 isa subgroup V4. Thus W = (Wl, Wz, W3, W4) c (Vl, Vz, V3,

V,4) = V is a special group set vector subspace of V over the set
S.

Example 3.2.30: Let V = (V,, V2, V3, V4, Vs5) where V| =Zs, V,
=77, V=211, V4 =17, and Vs = Z5 all of them are additive
groups modulo n where n € {5, 7, 11, 2, 13}. Clearly V is a
special group set vector space over the set S = {0, 1}.
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Now we see V does not contain a proper subset W = (W,
W,, W3, Wy, Ws) such that W is a special group vector subspace
of V that is each of the groups V; in V have no proper subgroup,
the only subgroups of each of these V; is just {0} and V;, this is
true for 1 =1, 2, 3, 4, 5. Thus W does not exists for this V.

In view of this example we are interested to define yet a new
type of special group set vector spaces over the set S.

DEFINITION 3.2.16: Let V = (V,, V>, ..., V) be a special group
set vector space over the set S. If 'V does not contain a proper n-
subset W = (W, Wy, ..., W,) < (Vi, ..., V) = V such that V;’s
cannot have W;’s which are different from V;’s and {0} i.e., if V
has no proper special group set vector subspace over S then, we

call V to be a special group set simple vector space over the set
S.

We have just now given an example of a special group set
simple vector space. Now we give yet another example.

Example 3.2.31: Let V = (V,, V,, V3, V) where V|, =7, V, =
Z19, V3 =7y and V4, = Z59. V is a special group set vector space
over the set {0, 1, 2, 3, 4, 5, 6}. Clearly each V; is a simple
group for they do not have proper subgroups, hence V = (Vj,
V,, V3, Vy) is a special group set simple vector space over the
set S.

Now we give yet another example.

Example 3.2.32: Let V = (Vy, V2, V3, V4, Vs5) where V| =Zs, V,
=Z¢, V3 =77, V4 =Zyg and Vs = Z;;. V is a special group set
vector space over the set {0, 1, 3}. Take W = (W, W,, W3, W,,
W5) where W1 = ZS, Wz = {0, 2, 4} c Z6 = Vz, W3 = V3, W4 =
{0, 3, 6} c Zg = V4 and W5 = {0} Now W = (Wl, Wz, W3, W4,
W;) is a special group set vector space over the set S. We call
this W by a different name for only some groups V; in V are
simple and other groups Vjin V are not simple.

In view of this we give yet another new definition.
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DEFINITION 3.2.17: Let V = (Vi, V3, ..., V) be a special group
set vector space such that some Vs do not have proper
subgroups and other V;’s have proper subgroups i #j (1 <i, j <
n). Let W= (W;, W, ... W) < (V1, Vo, ..., Vi) =V such that
some of the subgroups W; in W are trivial subgroups of V:in V
and some of the subgroups W; in W are nontrivial subgroups of
Vi(i #j); 1 <i, j <n. We call this W to be a special group set
semisimple vector subspace over S provided W is a special
group set vector space over the set S.

We now illustrate this by some simple examples.

Example 3.2.33: Let V= (Vi, Vo, V3, Vy) where Vi =7Z x Z, V,
= Z7, V3 = ZS and

we{

V is clearly a special group set vector space over the set S = {0,
1} Take W = {Wl, Wz, W3, W4} where W1 =27 x 37 c Vl, W2
= Z7: Vz, W3: Z5: V3 and

w3

Clearly W = (W, W,, W3, W,) is a special group set vector
space over the set S = {0, 1}. Thus W = (W, W, W3, W) is a
special group set semisimple vector subspace of V over the set S
= {0, 1}.

Now we define yet another substructure of these special
group set vector spaces over a set S.

a,b,c,deZ}.

a,b,c,de 32} c V.

DEFINITION 3.2.18: Let V = (V,, ..., V,) be a special group set
vector space over the set S. Let W = (Wi, Wy, ..., W) < (V1, V>,

., V) such that each W; < V; is a subsemigroup of V; under the
same operations of W; and if W = (W,,..., W,) happens to be a
special semigroup set vector space over the set S then we call W
to be a pseudo special semigroup set vector subspace of V.
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The following observations are pertinent at this juncture.

1. All special group set vector subspaces of V are trivially
pseudo special semigroup set vector subspaces of V.

2. Pseudo special semigroup set vector subspaces of V is never
a special group set vector subspace of V for atleast one of
the W;’s in W will not be a group only semigroup.

We illustrate this situation by some simple examples.

Example 3.2.34: Let V= (Vy, V,, V3, V4, Vs) where Vi, =Z x Z

x Z,
a b
V2= {[ J a,b,C,dEZ},
c d
a a a
V3={[ j an},
a a a

V4= {Z[x]/ all polynomials of degree less than
or equal to 5 in the variable x with coefficients from Z}
and

V5: a,b,C,d,e,f,g,h,i,jeZ 5

@ o o ©
5 o0 o O

0
0
f

—_— O O O

1

is a special group set vector space over the set S = {0, 1, 3, 5, 4,
9}. Take W = {(W, W3, W3, W4, Ws} < (Vi, V,, V3, V4, Vs) =
Vwhere W, =Z"U {0} xZ"U{0} xZ" U {0} cZxZxZ=

Vi,
{[a bj
W, =
c d

a,b,c,deZ" U {0}} c Vs,
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a a a

a a a
W, = {Z" U{0}[x] / all polynomials of degree less than or equal
to 5 in the variable x with coefficients from Z" U {0}} < V, and

aeZ U {O}}g Vs,

Ws = a€Z+U{0} c Vs.

I S
T R R
S =)
®» © © o

Clearly W = (W4, ..., Ws) < (V1, V2, ..., V5) and W is only a
pseudo special semigroup set vector subspace of V over S.

We see in this example all W; in W are only semigroups and not
subgroups of V;in V.

Example 3.2.35: Let V=(V4, V,, V3, Vg) where V| =Z x Z,

a b
V,= { j a,b,c,deZZ},
c d

a a a a
V3=leandV4={( Jae3Z},
a a a a

V is a special group set vector space over the set {0, 1, 2, 3, 4,
5, 6, 7, 8, 9, 10} Take W = {W], Wz, W3, W4} C (Vl, Vz, V3,
V,) =V where W, = Z'U{0}xZ"U{0}, W3 = {0, 2, 4, 6, 8, 10}

[
{(a bJ
Wz—
c d

a,b,c,de2Z" U {O}} cV,

and
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a a a a
a a a a
W = (W;, Wy, W3, Wy) < V is a pseudo special semigroup set

vector subspace of V but W3 is only a subgroup.
In view of this we define yet another substructure for V.

ae3zZ' U{O} c V.

DEFINITION 3.2.19: Let V = (V,, ..., V,,) be a special group set
vector space over the set S. Suppose W = (W, W, ..., W,) <
Vi, ... V) =V such that only some of the W; < V; are
semigroups and other W; < V; are only groups (so trivially a
semigroup) i #j, (1 <i,j <n), thenwe call W= (Wi, W, ..., W)
< Vto be a pseudo special quasi semigroup set vector subspace
of V over the set S.

We illustrate this by some simple examples.

Example 3.2.36: Let V= (V,, Vo, V3, V4, Vs) where V|, =Z x Z
X2, V=219, V3 =113,

we{

a,b,c,deZ}

and

Vs = aeZ;;

[ R R )
[ RN B )

V is a special group set vector space over the set S = {0, 1, 2, 3,
4, 5, 6} Take W = (Wl, Wz, W3, W4, Ws) where W1 =7°x7Z°x
Z° (where Z°=7"U {0}) € Vi, Wa =V, = Zy0, W3 =Z 3= V3,

w3

a,b,c,deZ’=7"uU {0}} cV,
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and

aeZ’ ' =7"u{0}; CVs.

Z

Il
® o o o ®
® o o o ®

Clearly W = (Wl, Wz, W3, W4, W5) c (Vl, Vz, V3, V4, V5) =V
is only a pseudo special quasi semigroup set vector subspace of
V over S.

It is important to note that all pseudo special semigroup set
vector subspaces of V are pseudo special quasi semigroup
vector subspaces of V, however every pseudo quasi semigroup
set vector subspaces of V need not in general be a pseudo
special semigroup set vector subspaces of V over S in general.

The above example is an illustration of the above statement.

Now we proceed into define the new notion of special group
set linear algebras over the group G.

DEFINITION 3.2.20: Let V = (V}, V), ..., V) be a special group
set vector space over the set S. If the set S is closed under
addition and is an additive abelian group then we call V to be a
special group set linear algebra over the group S, we only
demand for every v e Viands € S, s veVy; 1 <i<n.

We illustrate this by some simple examples.

Example 3.2.37: V = (V, V,, V3, V4) is a special group set
linear algebra over the group G = {Z} where Vi, =Z x Z x Z,

o

V; = {Z [x] all polynomials of degree less than or equal to 4 in

a,b,c,deZ},

the variable x with coefficients from Z} and
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a a a a a
V4={[ J an}.
a a a a a

Example 3.2.38: Let V =(V,, V,, V3, V4, Vs5) where

Vi =219 x Zyg x Ly,

o

a,b,c,d,e,f e ZIO} ,

x 0 0
Vis=4ly z 0] |x,y,z,gh,ieZ,;,
g h i
a b
Vs=4|c d||a,b,c,defeZ,
e f

and Vs = {Z [x]; all polynomials of degree less than or equal
to three. Then V = (Vy, V,, ..., Vs) is a special group set linear
algebra over the group Z,ounder addition modulo 10.

Now we proceed onto illustrate various substructure of a special
group set linear algebra over a group G.

DEFINITION 3.2.21: Let V = (V}, V>, ..., V) be a special group
set linear algebra over the group G. If W = (W,, ..., W,) < (V,
Vs, ..., V) =V be a proper subset of V such that for each i, W;
< Vi is a subgroup of Vi, 1 <i <nthenwe say W= (W,;, ..., W)
is a special n-subgroup of V. If W = (W, ..., W,) < Vis a
special group set linear algebra over the same group G, then we
call W to be a special group set linear subalgebra of V over G.

We illustrate this by some simple examples.
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Example 3.2.39: Let V =(Vy, Vy, ..., Vs) where

ol

V, = {Z[x]; all polynomials of degree less than or equal to five
in the variable x with coefficients from Z},

a,b,c,deZ},

V3= aelp, Vo={ZxZxZxZxZ}

a a a a
V5 = {( J ae Z} .

a a a a
V = (Vi, V,, V3, V4, Vs) is a special group set linear algebra
over the group Z. Let W = (W, W», ..., Ws) < (V1, Vo, ..., Vs)

where
{a bj
W, =
c d

is a proper subgroup of V,, W, = {All polynomials in the
variable x of degree less than or equal to five with coefficients
from 37}, W5 < V3, where

ST - I < B < A
S R < B < N

and

a,b,c,de 22} Vi,

W= aebZ;,

ISR
[ R RE
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Wy ={3Z%x3Z%x3Z%x32Zx372} 2V,

a a a a

a a a a
W= (Wi, Wy, W3, Wy, Ws) < (Vy, Va, ..., Vs) is a special group
set linear subalgebra over the group Z.

and

a eSZ}g Vs,

Example 3.2.40: Let V = (V, V2, V3, Vy) where V| = {Z, x Z,
x Z12}, Vo = {Z5[x] / all polynomials of degree less than or
equal to 5 in the variable x with coefficients from Z,,},

a b
Vs = c d a,b,c,deZ,
a a a a a
V4={[ j ann}.
a a a a a

V = (Vy, V,, V3, Vy) is a special group set linear algebra over
the group Z,. Let W = (W, W,, W3, Wy) where W, = Z;, x {0}
x Zi1; < Vi, W, = {All polynomials in the variable x of degree

less than or equal to 5 with coefficients from {0, 2, 4, 6, 8, 10} }
< VZ:

and

ae le} Vs

and

a a a a a

a a a a a
W4={( j ae{0,2,4,6,8,10}}gV4,

W = (W;, Wy, W3, Wy) < V is a special group set linear
subalgebra of V over Z,.

We define yet another new substructure.
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DEFINITION 3.2.22: Let V = (V,, V>, ..., V) be a special group
set linear algebra over the group G. Let W = (W,, ..., W,) < (V,
Vs, ..., Vi) be a n-subgroup of V, i.e., each W; is a subgroup of
V., 1<i <n. If for some proper subgroup H of G we have W to
be a special group set linear algebra over H then we call W =
(Wi, W,..., W) to be a special subgroup set linear subalgebra
of V over the subgroup H of G.

We illustrate this by some examples.

Example 3.2.41: Let V = (V4, V,, V3, V,) be a special group set
linear algebra over the group Z, where Vi =Z xZ x Z x Z,

s {0
1

V4:

a,b,c,deZ},

and

a,b,c,deZ;.

o ® o 0 ®
o o a o

Take W = (Wh W25 W3: W4) = (Vla VZ, V3a V4) =V where Wl =
27 x27.x27 x27 Vi,

b

d

a a a a
a a a a

a,b,c,de ZZ} < V,,

ae2Z}gV3

and
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o

(e}

a,b,c,de2Z; < V,.

o o
o o a o

Clearly W = (W,W,,W3,W,) < (V1,V,, V3, V4) = V is a special
subgroup linear subalgebra of V over the subgroup 2Z < Z.

Example 3.2.42: Let V= (V, V,, ..., Vs) where V| = {Z¢x Z¢ %

Zex Lex L},
a a
sz {( J 8626},
a a

a a
a a
V4— an6
a a
a a
and Vs = {Z¢x] all polynomials in the variable x with

coefficients from Zs of degree less than or equal to 6}. V = (Vy,
V,, V3, V4, Vs) is a special group set linear algebra over the
group Zﬁ. Take W = (Wl, Wz, ceey W5) c (Vl, Vz, ey V5) =V
where W; = {Sx S xS xS xSwhereS=1{0,2,4}} cV,,

a a

sz
a a
a a a a a
a a a a a
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W, = ae{0,2,4}

[SEE
O O o ®

c V4 and W5 = {all polynomials in the variable x with
coefficients from the set S = {0, 2, 4} of degree less than or
equal to 6} < Vs. W= (W, Wy, W3, Wy, W5) = (Vy, Vo, ..., Vs)
= V is a special subgroup set linear subalgebra of V over the
subgroup H = {0, 2, 4} < Zs.

Example 3.2.43: Let V = (Vy, V,, V3, Vy) where V|, = Z,, V, =
Zs, V3 = 711, and V4 = Z;3 be group such that V is a special
group set linear algebra over the group Z, = {0, 1} = G addition
modulo 2.

We see G has no proper subgroups. Further each V; is such
that, they do not contain proper subgroups; 1 <1i < 4. Thus V
has no special group set linear subalgebra as well as V does not
contain any special subgroup linear subalgebra.

In view of this example we define a special type of linear
algebra.

DEFINITION 3.2.23: Let V = (V};, V>, ..., V) be a special group
set linear algebra over the group G. Let W = (Wi, W, ..., W,) <
Vi, Vy, ..., Vi) = V such that for each i, W; c V; is either W; =
{0} or W=V, i.e., none of the V;’s have proper subgroup,; 1 <i
<n. Suppose G has no proper subgroup H < G, i.e., either H =
{0 or H=G. Then we call V= (V;, V>, ..., V,,) to be a doubly
simple special group linear algebra over G.

Example 3.2.44: Let V = (V], Vz, V3, V4, V5, VG) where Vl =
Z3, V2 = Z5, V3 = Z7, V4 = Z]], V5 = Z]3 and V6 = Z]7. Visa
special group set linear algebra over the group G = Z, = {0, 1}
addition modulo 2. Clearly V is a doubly simple special group
set linear algebra over G.
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Now we proceed onto define yet another new algebraic
substructure of V.

DEFINITION 3.2.24: Let V = (V;, V), ..., V,,) be a special group
linear algebra over the group G. Let W = (W;, W5, ..., W,) <
Vi, Vo, ..., Vi) =V be a proper n-subset of V such that each W;
c Vi is a subsemigroup of V,, under the same operations of V,
i=12,...n If W= (W, .., W,) is a special set semigroup linear
algebra over the semigroup H of G, then we call W to be a
pseudo special set subsemigroup linear subalgebra of V over H
cG.

We illustrate this situation by an example.

Example 3.2.45: Let V=(V, V5, V3, V) where Vi =Z x Z x Z

xZ,
V. = a b
? c d

V; = {Z[x], all polynomials in the variable x with coefficients
from Z of degree less than or equal to 5} and

a,b,c,deZ},

V4 =

Q0
Q0

V = (Vy, V,, V3, Vy) is a special group set linear algebra over
the group Z. Let W = (W], W,, W3, W4) c (Vi, Vo, V3, V4)
where W, = Z,x Z,x Z, where Z,=Z" U {0}} c V|,

we {3

a,b,c,deZ’=Z7" u{O}} c Vs,
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W; = {Z°[x] all polynomials in x of degree less than or equal to
5 with coefficients from Z°} < Vs and

W4: an°=Z+u{O} gV4.

[ SRR - -
[ SRR - -

W = (W;, W,, W3, W,) is a special semigroup set linear algebra
over the semigroup Z° < Z. Thus W is a pseudo special
subsemigroup set linear subalgebra of V over the subsemigroup
7°cZ.

Example 3.2.46: Let V = (V,, V,, V3, V4, Vs) where V| = Z4 x

VAR AT
V, = a b
2 c d

V; = {Z6[x] all polynomials of degree less than or equal to 2},

a a a
V4={( j anm}
a a

a,b,c,deZm},

o

and

V5:

(IR I - )
(IR I T )
[ SRR -

oo

m

N

>
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be a special group set linear algebra over the group Z;. W =
(Wi, Wy, W3, Wy, Ws) where W, = {S xS xS|S=/{0,2,4,6,
8,10, 12, 14}} <V,

we{( )

W; = {all polynomials in x of degree less than to 2 with
coefficients from S = {0, 2, 4, ..., 14},

i B

a EZM} cV,,

aeS= {0,2,4,6,8,10,12,14}} cVy

and

aeS=1{0,2,4,6,8,10,12,14}\ c Vs

Z
Il
(S I I

(IR A
(IR

W = (Wh W25 W3: W4a WS) - (Vb V27 seey V5) is a SpeCial
subgroup set linear subalgebra over the subgroup S = {0, 2, 4,
ey 14} ngﬁ.

Now we proceed on to define another new substructure in V =
(V1, Vo, ..., Vo).

DEFINITION 3.2.25: Let V = (V,;, V>, ..., V) be a special group
set linear algebra over the group G. Suppose H = (Hy, ..., H,)
(Vi,V5...,V,) such that each H; c V;, 1 <i <n is a subsemigroup
of the group V; then we all H = (H,, ..., H,) the pseudo special
set subsemigroup linear subalgebra over the subsemigroup P of
the group G if H = (H,, ..., H,) is a special semigroup set linear
algebra over the semigroup P of the group G.

We illustrate this situation by a simple example.
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Example 3.2.47: Let V= (Vy, V,, V3, V4, Vs) where Vi =7 x Z,

e

a,b,c,deZ},
a
J ae Z} s
a

ae’Z

<
W
Il
/_/H
N\
®
®
®

=

Il
oSSR < R < N oo R <)
oSSR < R < N oo e

and Vs = {Z[x] all polynomials of degree less than or equal to 3
with coefficients from Z}. V is a special group set linear algebra
over the group Z. Let H=(H,, Ho, ..., Hs) < (Vy, ..., Vs) where
H, = {Z'U{0} x Z'U{0}} c V),

aeZ" U{O}}g Va,

a a a a
a a a

o

aeZ" U{O}} c Vs,

aeZ U{0}

I

Il
® O o o
® o o o
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< Vyand Hs = {(Z" U {0})[x] / this consists of all polynomials
of degree less than or equal to 3 with coefficients from Z* U
{0}} c V5. H= (H], Hz, ceey H5) c (V], Vz, ey V5) =Visa
pseudo special subsemigroup linear subalgebra over the
subsemigroup Z" U {0} c Z.

Example 3.2.48: Let V = (Vy, V,, V3, Vy) where V|, =Q x Q x
Q, V, = {Q[x] / all polynomials of degree less than or equal to 5
with coefficients from Q in the variable x},

a b
V3= {[ j a,b,c,deQ}
c d
and
a a
a a
V4: aeQ

a a
a a

V is a special group set linear algebra over the group Z. Take W
= (W1, Wy, W3, W,) where W, = {Z xZ xZ" U {0}} < V|, W,
= {S[x], where S =Z" U {0}, all polynomials in the variable x

with coefficients from S of degree less than or equal to 5} < V,,

e

W4:

a,b,c,deS=27" U{O}}g Vs

and

aeZ U{0}=S} < V..

[SEE
I

Clearly each W; is a only semigroup under addition; 1 <1 < 4;
and W = (Wla Wz; W37 W4) - (Vla V2: V3, V4) is a pseudo
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special subsemigroup set linear subalgebra of V over the
subsemigroup S =Z" U {0} contained in the group Q.

Now we having seen some substructures in V we now proceed
onto define the notion of linear transformations and linear
operators.

DEFINITION 3.2.26: Let V = (V,, ..., V) and W = (W3, ..., W,)
be two special group set vector spaces over the same group G.
Let T=(T,, ..., T,): V—> W be defined by T; : V; > W, i =1, 2,
e, 1, such that T; (xp +v) = xTi(w) + Ty(v) for x € G and 1, v
inVyi=1 2 .. n Wecall T to be a special group set linear
transformation on V. Suppose SHomg(V, W) = {Hom¢ (V;, W),
Homg (Vy, W), ..., Homg (V,, W,)} where for each i, Homg (V;,
W) = {all maps T; from V;to W;such that T;’s are group special
linear transformations}. Clearly 6:V; = W 6 (v) = 0 for all v,
eV, for every T, P; from V; to W; we have
(T; + P)(xputv) = T(xutv) + P (xutv)
xTi(w) + Ti(v) + x(Pi() + Pi(v))
x[(Ti + P)(w)] + (T; + Py)(v)
for all v € V;and x € G. Now for every T; € Homg (V;, W)
there exists, —T; € Homg (V;, W;) by

Ty (xptv) = xTi(w + Ti(v)

then
~T; (xutv) = —xT; (1) + (-Ty(v)

so that

Ti+ (- T)xprv) = (Ti=T) (xp) +(Ti=T)(v)
O (xp) + 0(v)
0+0
0 (xptv)
= 0+0.

Thus if for a € G and T; € Homg (V;, W), aT; : V; — W.. Hence
each Homg (Vi W) is a special group vector space over the
group G.

Thus SHom (V,W) = {Homg¢ (V;, W), Homg (V,, W3), ...,
Homg (V,, W,)} is also a special group set vector space over the
group G. Suppose T = (T}, Ts, ..., T,): V —> W be defined by T; :
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Vi — W, such that no two V;’s are mapped onto same W; then
also T is a special group set linear transformation from V to W

and it is also denoted by SHomG (V, W) = {Homg (V, WI.]) ,
Homg (V,, Wl.z), .., Homg (V,, W,)} i.e., Homg (V,, Wl) =
{Set of all group linear transformation from V,, to Wl }, clearly
Homg (V,,, W, ) is an additive group i.e., each Homg (V,,, V. ) is
a special gm;p vector space over the group G. Thus SHomZ v,
W) is also a special group set vector space over the group G.

We first illustrate this situation by some simple examples.

Example 3.2.49: Let V = (Vl, Vz, V3, V4) and W = (Wl, Wz,
Wi, Wy) where V| = Zyo x Zig X Zyo,

a b
V,= a,b,c,deZ, ¢,
c d
a a a
V3: {( ] anlO}
a a a

and V4 = {Z;o[x] all polynomials of degree less than or equal to
5} and Wl = ZIO X ZIO X ZIO X ZIO X ZIO X Zlo, W2 = {ZIO[X] all
polynomials of degree less than or equal to 2},

o

[

a a
a a
W3: anlO
a a
a a

and

b 0
0 Ofla,b,c,deZ,
d o0
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are special group set vector space over the group Z;o. Define T
= (Ty, Tz, T3, T4): V— W defined by

T,:V, > W, where
Ti(abc) = (a+ bx+ex?),

T, : V, > W, defined by

a b 0
a b

TZE (J= 0 0 0f,

¢ c d 0

T; : V3 > W; defined by

a a
a a a a a a
a a a a a a
a a

and T, : V4 — W, defined by
Ty(ap +a;x + ax’ + asx’ +ax’ + a5x5) = (ay, a1, ay, a3, a4, as).
Clearly T = (T, Tp, T, T4) is a special group set linear

transformation of V into W. It is left as an exercise for the
reader to find SH, (V,W)= {Hom, (Vi,W,), Hom, (V2,W4),

Hom, (V3,Ws), Hom, (V4 Wi)}.Is SH, (V, W) is a special

group set vector space over Zo?

Example 3.2.50: Let V = (Vy, V,, V3, Vy) and W = (W, W,,

W3, W,) where
a b
V.= {[ j a,b,c,deZ},
c d

a a a a
V2={( j an},
a a a a

V; = {Z[x] all polynomials of degree less than or equal to 5}
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and

Vi= a,b,c,d,e,feZ

o o o
o o O
s I e )

is a special group set vector space over Z. W, = {Z x Z x Z xZ},

a a
a a

W, = ae’l;,
a a
a a

a b c
W;=<10 d e||a,b,c,de,feZ
0 0 f
and
a a a
Ws;=<la a al|laeZ

a a a

be a special group set vector space over Z. Define T = (T4, Tp,
Ts, T4) where
Ti: Vi > W, is defined by

T[* ®—@abed
lcd_(ac):

T, : V, > W, is given by

—
[\S]
7~ N\
SIS
SIS
SIS
SIS
N——
Il
® M o oo
® o o oo
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Ts: V3 = Wiis such that

a0 al a2

2 3 4 5\
Ts(aptaix +axx” +ax+tasx tasx’)=| 0 a, a,
0 0 a

and T, : V4 —> Wy is given by

a 0 0 a a a
T4|b d O|=|a a a].
c e f a a a
T = (Ty, Ts, T3, T4) is a special group set linear transformation
from V to W.

Now we proceed on to define special group set linear
operator on the special group set vector space over a group G.

DEFINITION 3.2.27: Let V = (V;, V), ..., V,,) be a special group
set vector space over a group G. Let T = (T, ..., T,) such that T;:
Vi>V,i=1 2, .., n ifeach T; is a special group vector space
over G, then we call T to be a special group set linear operator
of Vover G.

We illustrate this by some examples.

Example 3.2.51: Let V = (Vy, V,, V3, V4, Vs) be a special group
set vector space over the group Z where Vi =7Z xZ xZ x Z,

-

V3 = {Z[x] all polynomials of degree less than or equal to 6}
and

a,b,c,deZ},

V4:

[
[

259



Define T = (T}, T, T3, T4) from V to V by T;: V| > V,
defined by
Tixyzo)=x+y,y+tzz+0,o+X),
T, : V, > V,is given by
[a bJ [a a}
T2 = )
c d a a
T; : V3 > V;is defined by

Tg(a0 +ax+...+ a6X6) = ap + ax*+axHagx®

and T4 : V4 — V, is given by

a a 2a 2a

a a 2a 2a
T4 = .

a a 2a 2a

a a 2a 2a

It is easily verified that T = (T, T,, T;, T4) is a special
group set linear operator on V.

Example 3.2.52: Let V =(V,, V,, V3, V4, V5) where

V2:Z5XZSXZSXZS,

c
f|la,b,c.,d,ef,ghicZ, ¢,

i

V3:

Qe o e
- o o
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and
a 00 0
ve=1® ¢ O O bedef.ahijez
d e £ o] oS HERLISS
g h i j

V is a special group set vector space over the group Zs. Let T =
(T, Tz, Ts, T4, Ts) where

T.:V, = V, is defined by

a a 2a 2a

a a 2a 2a
Tl = s

a a 2a 2a

a a 2a 2a

T, : V, > V, is given by
TZ(XyZW):(X+®7Ya29X_O))J

Ts : V3 — Vs is such that

[ I
[ R
[ R

a b ¢
T3def=
g h i

T4:V4— V4 is given by
T aaaa_2a2aZa2a
4aalala 2a 2a 2a 2a
and Ts : Vs — Vs is defined by
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Ts

= o0 o o

- o o
® O S oW
S =)
S =)
» o o ©

._..
— O O O

Qe o o o

T = (Ty, T,, T3, T4, Ts) is a special group set linear operator
on V.

Suppose for V = (Vy, ..., V,) we define T = (T, ... T,)) by
Ti: Vi—> V, 1#)); 1 <1,j<nie., notwo V;’s are mapped on to
the same Vj and V; is mapped onto V; with j # i then we define
such T to be a quasi special group set linear operator on V.

We illustrate this by a few examples.

Example 3.2.53: Let V =(V4, V,, V3, V) where

ol

V, = {Z[x] all polynomials of degree less than or equal to 3},

a,b,c,deZ},

ae’Z

<
w
Il
O Mo o W

O o o

and
a a a a a
V4= {[ j ae Z}
a a a a a
be the special group set linear operator on the group Z. Take T =

(Tl, Tz, T3, T4) where Tli V1 4 Vz, Tz: Vz d Vl, T3: V3 e d V4
and T4: V4 — V; defined by
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a b ) 3
T, ={a+bx+cx"+dx’},
c d

) 3 a b
T, (a+bx+cx™+dx’) = ,
c d

Ts

[
[
N——

a a a
a a a

(IR
(IR

and

a a a a a
T4 =
a a a a a

[ SR B )
[N SR S E )

It is easily verified that T is a quasi special group set linear
operator on V.

Example 3.2.54: Let V = (V1, V,, V3, V4, Vs5) where

S

V, = {Z4[x] all polynomials of degree less than or equal to 5
with coefficients from Z; in the indeterminate x};

a a a
0 1 2

V3:
a, a, a;

a,b,c,deZ7},

aieZ7;0SiS5},
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b g
p d||p,a,b,c,d,geZ,
d ¢

and Vs = Z; x Z; x Z7 x Z; be a special group set vector space
over the group Z;.

Define T = (T, Ty, T3, T4, T5) : V> V by

T,:V, —)V5,
T,: Vz—)V3,
T3 : V3 —)V4,
T4 : V4—)V2
and Ts: Vs>V,

where
a b
T, [ J =(abcd).
c d

a a a
T2 (ao +ax+ a2X2 + a3x3 + a4x4 + a5X5) = ( 0 ! 2\] .
a

a a a a’O a1 a2
0 1 2

T [ j =la, a; a,
a, a, a

a, a, a;

and

T(abcd)—(a b]
; - c d)

Clearly T = (Ty, Ty, T3,T4, Ts) is a quasi special group linear
operator on V.
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Now we proceed onto define the notion of inverse of a
special group linear operator on V.

DEFINITION 3.2.28: Let V = (V, V), ..., V}) be a special group
set vector space over the group G. Let T = (T}, ..., T,) be a
special group set linear operator on V for each i, i.e., Ty V; —
V, if their exists for each T, a group linear operator T :V; —
Vi such that 7}’10 T,=T o T,.’1 =1, I; is the group identity map
on V. This is true for i=1, 2, .., n. If T' = (T]"I,Tz"l,...,Tn"l)
then we call T ™ the special group set inverse linear operator
onV:andToT ' =T oT=(I, L, ..., ).

We illustrate this by a simple example.

Example 3.2.55: Let V = (Vy, V,, V3, V,) where

{[a bj

V1:

c d
Vo=ZXZXZXZXLZ,
a a a a a

V3: a,beZ
b bbb b

V, = {all polynomials in the variable x with
coefficients from Z of degree less than or equal to 6}.

a,b,c,deZ},

and

V is a special group set vector space over Z. Take T = (T, Ty,
T;, T4) defined by

T, : Vi > V,is defined by
a b d c
Tl = .
c d b a
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T, : V, > V,is given by
T,(abcde)=(edcba).

T; : V3 = V;is defined by
T aaaaa_bbbbb
3bbbbb_aaaaa
and T, : V4 — V,is defined by

T4{ag+ax + ax® +ay + a4x4+a5x5+a<,x6}
= {a()X6+ a1x5 + 32X3 + a3x3 + 214X2 + asx + 8.6}.

It is easily verified that T = (Ty, T,, T3, T4) is a special group
linear operator on V. Define T ™' = (Tl’l I, T T, 1) on V by

T]’I:V1—>V1 defined by
T a b) (d ¢
Ple d b a)
T,': V, = V, is given by
T,'(abcde)=(edcba).
T,': V3 — V3 is defined by
T_laaaaa_bbbbb
b bbbb)laaaaa
and T,': V4 — V, is given by

- 2 4
T, "(ap+a;x + ax” + a3x® + ax +a5x5+a6x6)
2
= (apx*+a;x’+a X +asx’+ a;x*+asx-+ag).

Now
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oS}

o b d ¢ a b
T1 (6] Tl = T1 = .
c d b a c d
., a b L (d ¢ a b
T oT =T = .
c d b a c d

Thus T, o Tfl = Tfl o T, =1 (identity on V)

T,0 T, (abcde)=Tyedcba)=(abcde).
T,' oT,(abcde)=T,'(edcba)=(abcde).

Thus T, '"oT,=T,0 T, =1, (identity on V).

a aa_T_lbbbbb
b b *la a a a a

on
c o

T3_l (6] T3 (

Thus T; 0 T,' = T, o T3 =I5 (identity on V3).

Tso0 T, ! (ap tax + ax’ + asx° + a4x4+a5X5+a6x6)
=Ty (aox6+a1x5+azx3+a3x3+ a4x2+a5x+aé)
= (ao +ax + 32X2 + 3.3X3 + a4x4+a5x5+a6x6).
Now

-1 2 3 4 5 6
T, 0 Ts(ap+ax + ax” + azx” + asx +asx +aegX')

= T;l (30X6+3.1X5+3.2X3+a3x3+ a4X2+35X+36)

=(ag+tax+ ax’ + asx’ + a4x4+a5X5+a6X6).
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Thus T, "oT,=Ts0 T, =1, (identity on V).
Thus T' = (TI’I,TZ’ LT T, 1) is the special group set

inverse linear operator on V.

Now we proceed onto define the quasi special group set inverse
linear operator on V.

DEFINITION 3.2.29: Let V = (V,, V>, ..., V) be a special group
set vector space over a set G. Let T = (T, ..., T,) be a quasi

special set inverse linear operator on V. We call T' =

operator of Ton Vif T o T!=T'0oT= a, ..., 1,); ie., each
T T,=To 7! =lifori=12,..n

1 1

(YI’I,TZ’I,...,T ’1) to be a quasi special set inverse linear

We illustrate this situation by an example.
Example 3.2.56: Let V = (V,, V,, V3, V4) where

Vi=ZxZxZxZ,

a b
V,= a,b,c,deZ;,
c d
al aZ a3
Vi=4<la, a, a | l|a,eZ
a, ag a,

and V4, = {Z[x] | all polynomials of degree less than or equal to
8 with coefficients from Z in the variable x}. Clearly V is a
special group set vector space over the set Z. Now define T =
(T], Tz, T3, T4) onV by

T,:V| = V,, is such that

T, (abcd) [abj
1lfapca)= .
c d
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T, : V, > V, is defined by

T[* ®-@bed
Cd—(ac).

T; : V3 = V, is defined by

agx + a9x8)

and T4 : V4 — V; is defined by

al a2 a3
To(a +ax+... +ax’)=|a, a; a,|
a, ag a,

It is easily verified that T is a special group set linear operator
on V. Define T = (TI’I,TZ’I,T;I,T;l) from V to V as follows:

T': V, — V, is defined by
L, (a b
T =(abcd).
c d

T,' : Vi — V, defined by

T (abcd) (a bj
abncC = .
? c d

Now
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—T(abcd)—(a bj
! - c d)

Thatis Tj0o T' =1, : V, >V,

T'oT,=T"' (Ti(abcd)=T" (a
C

So T o T, =1, : V; = V,. Consider

a
C

b—bd
d—(ac).

b
T,o0 T, (abcd)ZTz( d) =(abcd)

Thatis T,o T,' =1;: V| = V. Now

5 a b o
T, oT; =T, | T,
c d

L
T, (abcd)=

c d
So T,' 0 T, =1L: Vo, — V,. We see

T;' : V4 — V3 defined by
a1
T, (a1 +ax+ ... +agx’) = | a,

a,

and T, : V3 — V, is defined by

a  a, a4
-1 _ 2
T, |a, a; a;|=(a+axtax +
7 a8 a’9

Clearly

270

a, 4,
a; a4
a, a

LT 33X7 + agxg).



T;0 T;l (a; +ax + ...+agx9)

a, a, a,

— _ 9
=Ts|a, a; a,|=a Tax+.. +agx.

a1 aZ a3 a1 a2 a3

-1 —_7-1
T, 0Ts]a, a; a, | =T, | Ti|a, a; a
a, ag a, a, ay a,
al a2 a3

_ -1 7 8
=T, (aitax+.. +agx tax)|a, as ag

a; 4

Thus T,' 0 T3: V3 = Viand T, o T; = I;. Finally

T;l OT4 (al +ax+ ... +agX7+aQX8)

a1 a’2 a}
—1 7 8
T, |a, a; a;|=a Tax+..+agx +agx.
a, a; a,
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a’l a2 a’3
_ 7 8y _
=Ts(a taxxt...+agx +tax)=|a, a; a
a7 a8 a9

Thus T4 0 T,':V3 — Vjis such that Ts 0 T,'=I;: V3—>V;. Thus
we have verified T = (TI’I,TZ’ LTLT, 1) is the special group

set quasi inverse linear operator of T. Thus
ToT'=T'oT=(, L, L L)=1

On similar lines one can always define the notion of inverse
for any special group set linear operator on a special group set
vector space as well as inverse of special group set linear
transformation on a special group set vector spaces V and W
defined on the same set S.

We define the notion of direct sum in case of special group set
vector spaces defined over a set S.

DEFINITION 3.2.30: Let V = (V,, ..., V,) be a special group set
vector space over the set S. We say V is a direct sum if each V;
can be represented as a direct sum of subspaces i = 1, 2,..., n.
that is

V=W &.eW W . eW.,. . A We.ew")
where each V; = (Wli OW,)®..® W,’) is a direct sum, i.e., each

v; € Vi can be represented uniquely as a sum of elements from
(VKi,VI/Zi,...,Wf) and W[j mW; = (0) if p #q. This is true for

1,

eachi,i=1 2, ..., n.
We represent this by some examples.

Example 3.2.57: Let V = (Vy, V,, V3, V,) where
{a b]
V1 =
c d

272
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V, = {Z[x]; all polynomials of degree
less than or equal to 4}, V; =Z x Z xZ

and
a,  a,
a; a,
Vi=4la; a,||a e€Z:1<i<10
a; 8
a9  dy

be a special group set vector space over the group Z.

Let
| a 0
W, = a,deZ
0 d
| {0 ej }
W, = e,ge’
g 0

be a special group vector subspaces of V. We see

and

1 1 1 1 0 0
Vi=W @&W, and W NW, = 0 ol

Consider W, = {all polynomials of degree one or three with

coefficients from Z i.e., ax + bx’; a, b € Z} < V.. W is a

special group vector subspace of V,. W, = {all polynomials of

the form ap + a;x> + ax* | ag, a;, @, € Z} < V, is also a special
group vector subspace of V,. We see V, = W) @ W, and
W AW, =(0). W= {Zx {0} x Z} < V; is a special group

vector subspace of V3 and
W; = ({0} xZ x {0}} Vs
is a special group vector subspace of V;.
Further V3= W/ ® W, and W) " W, = (0).
Take
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a, a,
a, a,

W'=40 0 ||aeZl<i<d;cV,
0 0
0 0

0 O
0 O
W) =1<la, a,||aeZl1<i<6; cV,
a, a,
a5 A

is a special group set vector space over Z. For V, = W/'® W,
and

Win W)=

1

S O o o O
S O o o O

Now we show this representation is not unique. For take

. a 0
W1 = c Vlv
0 0

| (O bJ
sz nga

00
1 (0 0]
W3: ng
c 0
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and

L (00
W4 = ng.
0 d

W/, W), W, and W, are special group subspaces of V; and
Vi=Waewew ew,
with
| L (0 0Y) . .
W N W = ifi#].
! 0 0
Take the space V,, let

W ={a+bx|a,beZ}cV,,
W, ={ax’+cx’ |a,ceZ} c V,

and W, ={dxs|d e Z} c V..

It is easily verified W, W, and W, are special group vector

subspaces of V,.
Further

Vo= W W, @W,
and WfﬁWj2 ={0}ifi#j.1<j,1<3. So V, is a direct sum of
W2, W, and W, .

Now consider V3,
W'=Zx {0} x {0} c V5,
W, = {0} x Z x {0} < V3 and
W, = {0}x{0}xZ = V;

are special group vector subspaces of V3 such that
Vi= W e W, ow,
with
W AW = {0}x{0}x{0},

ifi#j; 1<i,j<3.
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Consider V,, take

a, a,
0 O
W = HEL |y
! % ciza ®
0 O
0 O
0O O
a, a,
W)=430 0]la,a,eZ; CV,
0
0
0 O
0 O
4 a, e’
and W, =4/ 0 O _
1<1<4
a, a,
a, a,

We see Vo= W' @ W, ® W, with

W AW = ifizj;1<i,j<3.

S O O O O
S O O O O

Thus we see V = (Vy, V,, V3, V) is the direct sum of

V = (WewW,ewW,ew, Wew,ew,,
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WaeW,eW,, Wow,ew,) I

Thus the representation of the special group set vector spaces as
a direct sum of special group set vector subspaces is not unique.
Further one of the uses of finding the direct sum, is we can get
many sets of special group set vector subspaces of V. For
instance in the representation of V given in I. We have 108
proper special group set vector subspaces of V.

W= (W, W,, Wy, W,),
WZ:(WIZ’ WZZ ’W32)
W;=(W,W,,W,)and
W= (W, W, W,

Now having seen the direct sum and special group set
vector subspaces we can define special group set projection
operators and special group set idempotent operator.

Let V= (Vy, V,, ..., V,) be a special group set vector space
over a set S. If T = (T4, ..., T,) is a special group set linear
operator on V we call T to be a special group set linear
idempotent operator on Vif T o T =T, i.e., T; o T; = T; for every
1=1,2,...,n.

Now for us to define the notion of special group set
projection linear operator on V we in the first place need, some
proper special group set vector subspace of V. Let W = (W,
W,, ..., W,) be a special group set vector subspace of V, i.e.,
each W; ¢ V; is a special group vector subspace of V;i=1, 2,
RN 1 Y i.e., W= (Wl, Wz,...,Wn) c (Vl, Vz, N Vn) LetP = (Pl,

Py, ..., P,) be a special group set linear operator on V such that
P: V>V, thatis P;:V; > V;issuch that P;: Vi > W, c V;;i=1,
2, ..., n; that is P; is a special group projection operator on V; for

each i and P; o P;=P; for each i, 1 <1 <n. We call P = (P, P,,
..., Py) to be the special group set projection operator of V.
Clearly Po P=P.

Now we illustrate this by an example.
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Example 3.2.58: Let V= (V, V,, V3, V4, Vs) be a special group
set vector space over the set Z where V| = ZxZ,

a
ol
vl )

and Vs = {Z[x] all polynomials of degree less than or equal to
three with coefficients from Z}. Take W = (W, W, W3, W,,
WS) - (Vla V27 V35 V4: VS) where

a,beZ},

a,b,deZ},

a,b,c,d,e,er}

Wi={(@,0)|aeZ} cV,,

w3
Wa- {0 y a,bez} v,

a b ¢
W4 =
{(O 0 0

and Ws = {a, + ax’ | ag, a; € Z} < Vs. Clearly W = (W, W,
W3, Wy, Ws) is a special group set vector subspace of V. Define
P=(Py, Py, ..., P5) from V to V by P;: V| — V; where Py(a, b)
= (a, 0). P, : V, > V, is defined by

beZ} c V,,

a,b,ce Z} cVy
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P3;: V; — V;is given by

o e

P, : V4 — V,is such that

a b c a b c
Py =
d e f 0 00
and Ps: Vs = Vsis defined by
P5 (ao +a;x + a2X2 + a3x3) =apy+ a3x3.
Now it is easily verified that P = (P, Py, P3, Py, P5) is a
special group set linear operator on V which is a projection of V

onto W. It is further evident P o P =P. For P, 0 P, (a, b) =P (a,
0):(3,0); i.e.,P1 OP] :Pl'

sl NRAHEN

Hence P, o P, =P,.

So P3OP3:P3.

a b ¢ a b ¢ a b ¢
P4 0 P4 = P4 = ,
d e f 00 O 0 0O
thus P, o P,= P, and Ps o Ps (ap +a;x + ax’ + a3x3) = Ps(ag +
3.3X3) =(ag+ a3x3); hence Ps 0 Ps=Ps.
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Thus P o P = P. Hence P is an idempotent special group set
linear operator on V.

It may so happen that we have V = (V,, V,, ..., V,) to be a
special group set vector space over a set S. Suppose

V=(Weo. oW, We. oW, . . We.oew)

is the direct sum of special group set vector subspaces of V over
the set S. Suppose in addition to these conditions we assume t; =
tb=...=t,=t. Let
Wi= (WL W, W) eV Wa= (W), W, W) e,
and so on;
W= (W W, ., W) e V.
If Py, P,, ..., P, be projection operators of V to W, V to W, ...,

V to W, respectively. We have P; o P;=P;and P; o P; =0 if i # .
Further if

P = (PP, .. P),
Py= (PP}, ... P})

and soon ...

then P, +... + P,
= (P +P} +...+ PP +P; + +P P +P] +..+P")
= (Il, Iz, ey In)

We see

PloP/ =0;ifi=j, 1<r<n.
and PioP/ =P ifi=j,1<r<n.
As in case of vector spaces in the case of special group set
vector spaces we would not be in a position to define precisely
the notion of eigen values eigen vectors etc. We to over come
this difficulty make use of subspaces and their direct sum
concept. We also wish to state that we need to write each and

every special group vector space as a sum of the same number
of subspace that is each V; is expressed as
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Vi=(We.ew)
fori=1, 2, ..., n then also we can have the above mentioned
results to be true.
If they (V;’s) are of different sums we cannot get the above
mentioned results.
We shall illustrate this by some examples.

Example 3.2.59: Let V = (V,, V,, V3, V4) where

Vi=ZxZxZ,

a
V2: a,beZ 5
b
a b
V3= a,b,c,deZ
c d

and V, = {Z[x]; all polynomials of degree less than or equal to
three in the variable x with coefficients from Z} be a special
group set vector space over Z. Take the substructures in V; as

W/=ZxZx {0} cV,

and
W,= {0} x {0} xZc V,,
Vi=Waew,,
where W/ and W, are special group set vector subspaces of V.
Consider V,, take

Wi {(Oj aez} cv.
o (I

as special group set vector subspaces of V,.

and
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1e.,
0
W N W) = ( J
0
In V; define
b
W, = a a,beZ cV;
00
and

c,deZ} c Vi

W, and W, are special group set vector subspaces of V; and
V3= W @®W, . In the special group set vector space V, take
W14 ={ag+ ax’ |ag,a, € Z} € Vy

and
W, ={ax +ax’ |aj, a3 € Z} € V.

Clearly V,= W@ W, and W' W, = {0}.
Thus
V= (V], Vz, V3, V4)
=(WeW,, WeWw,, Wew,, Waew).

Take W, =(W,, W, W, W) and W, = (W,, W, , W, , W,).

Let P, : V into Wy, a projection; i.e., a special group set
linear operator on V.
P=(P/,P},P’,P) defined by

P! : V| = W;is such that
P/ (abc)=(a,b,0)
P! o P (abc)
P! (ab0)=(ab0)
thatis P' o P! = P.

1
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Consider P} : V, — W,is defined by
p2 |2]_|2
" lb] [0
p2op2 | |=p2|®|=|?
P bl o] o

Plo P’ =P.

W€ S€C

Now P13:V3—>W3 is defined by
;la b a b
P, =
c d 0 0
Pl o p?| 2 b=P3a b=a b
e dl o ool jooo

PPoP =P.

also

Finally P': V,— W, is defined by
P14 (ao +ax + 32X2 + a3x3) = (ao + aQXZ).
Thus

P14 0 P14 (ap+ax+ ax> + a3x3) = P14 (ap + azxz)

= ay + ax’.
Thus P o P/ = P*. So we see P, o P, =P,
PV (W, WL, W, WhH.
Now take P, : V=(W,,W,,W,, W, ) where

PZZ(P;:P;’P;:P;) . (Vla V25 V3, V4) - (W213W225W235W24 ):

283



defined by
P, :V,—> W,; P, (abc)=(00¢)

o)

P, o P (abc)="P, (00c)=(00c).
Thus

P,oP, =P.

Consider

P'oP) (abc)="P' (00c)=(000).
Also

P, oP' (abc)="P, (ab0)=(000).
Thus we get

le OPI1 :Pll OPZ1 =91:V1—>W1.

Now consider P; : V, = W, ; defined by

SO

3
o
S
1
o o
[ I
Il
3T,
1
o o
[
Il
1
o o
[

which implies
P} o P} = P;.

Now

a a 0
and

0 0
Pro P2 |=p2| (=] .

b b 0

Thus
P12 0 P22 = P22 0 P12 =62:V2—>V2

that is
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P, : V;— W, is defined by
,la b 0 0
P; = ;
c d c d
b 0 0 [0 O
Plop |t =P = :
c d c d| |[c d

Thus
P, oP =P
Now
b b] [0 0
pop |t C|=p|® V|-
c d 0 0] |0 0
b 0 0] [0 0
P'o P; : =p = :
c d c d 00
P'oP) =P o P =0;:V;— V;;
such that

a b 0 0
63 = .
c d| [0 0
Finally P, : V4 — W, is defined by

P24 (a0+a1x+azx2+a3x3)=a1x+a3x3.

4 4 2 3 4 3
P'oP/(aptax+ax +ax)=P (ax+a;x)=0
4 4 2 3y _ p4 2\ _
P/ o P’ (ag+tax +ax”+a3x’) = P; (ap+ax") =0.

Thus
P, oP'=P'oP =0,:V,>V,

defined by
64 (a() +ax + 32X2 + a3x3) =0.
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Thus we see
Py +Py= (P + PP} + PP +P) P +P}) : V>V

P! +P, (abc) = P (abc)+ Pj(abec)
— (@b0)+(00c)
= (abo).

Thus P! + P, =1,: V> V.

(P2 +P2) m

,la ,[a] [a] [O a
P, + P, = + = .
b bj |0] |b b
Thus P’ + P; =1, : V, = V, (identity special group operator on

V).
Now

Hence (P13 +P; )=I3. I; : V3 — V; (identity special group

operator on V3).

Finally
P14 + P24 (ap+ax + ax’ + a3x3)
= P14 (ap tax + ax’ + a3x3) + P24 (ag+ax+ ax’ + a3x3)

=ap+ 32X2 +ax+ a3x3 =atax+ 32X2 + a3x3.
thatis P + P/ =1;: V4 — V4. Thus P, + P,= (I}, I, I, 1).

Now we give yet another example.
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Example 3.2.60: Let V = (Vy, V,, V3) where V| = Z; x Zy; x
Z1y X Z1s, Vo = {Z15[x] all polynomials in the variable x with
coefficients from Z,, of degree less than or equal to 6} and

a b ¢
Vs;=4/d e f]]|a,b,c,def,ghicZ,
g h i

V = (Vy, V,, V3) is a special group set vector space over the set
Z]o. Now let

W= (W, W, W) eV
(W), W, W, )V
and W3 =(W, W, W, ) eV

W,

Such that
V=(W;+ W+ Ws)
= (W +W, + WL W+ W7 +W, W+ W, + W)
=(V1, Va3, Vi)

that is V; = (Wli + W, +W3i) , 1 <1< 3. For the special group
vector space Vi,
W) =Zi2x Zi; x {0} x {0},
W)= {0} x Zj,x {0}
and W, = {0}x{0}x{0}xZ;»;

clearly W/, W, and W, are special group vector subspaces of
Vi.Here Vi = W@ W,®W,, with W "W;=(0000)ifi=],

1 <1, j < 3. Now consider the special group vector space V,,
take

W12 ={aptaix |ap, a; € Zp} < Vs,
W22 = {azx2 + ax’ | a, a3 € Z1p} < Vy and

2 4 5 6
Wi = {a;x" +asx’ + agX’ | ay, as, ag € Zip} < Va.
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Clearly W, W; and W, are special group vector subspaces of
Vo with Vo= W @ W, @ Wy where W N W} =0ifi=j;1

<i,j<3.
Finally take
a b ¢
V;=4/d e f||a,b,cdef,ghicZ,
g h i
with
0 b
W' =40 0 f||becfeZ,;,
0
2 0 o]
W; =410 e 0Ol|aeicZ,
_0 i_
and
fa 0 O]
W, =3d 0 0fldgheZ,
0

as special group vector subspaces of V;.
Clearly V3= W) @ W, @ W, with

(=]

00
W AW ={0 0 0[;i=j. 1<i,j<3.
00

(=]

d,g,heZ,

(¢ =T = T
=
[e)
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V= (W oW, oW, W ew, oW, W, ow, ®Ww;).
Vi=Wew,ew,
Vo= W ®@W,®W, and V;= W OW, O W, .

Define
Py = (PP, P’), P,=(P,,P;,P;) and Ps= (P}, P, P])
on V by
PV (W, W, W)

where

PV, > W,

P’:V, > W and

PV, > W
defined by

Pl [(xyzo) =(xy00),
PP lag+ax+ ...+ aex’] = (ap + a; X)

and

3,
@ o ®
s> o o
- o
I
o O O
oS o o
S o

Thus P, = (Pll, P, Pf) is a special group set projection operator
from V into (Wll, w2, W ) .
Now consider P, = (le, P;,P; ) where
P,:V—> (Wzl, W, W;) defined by
P:V, > W, as
P,(xyz®)=(002z0).
P;:V, —> W, defined by

P22 (a() +ax+...+ 36X6) = 8.2X2 + 213X3
and
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P, :V, > W, defined by
a b ¢ a 0 0
Py|d e f|=(0 e 0].
¢ h il [0 o0 i

Thus P, I(le, P;,P; ) is a special group set projection operator
of V =(V,V,,V3) into the special group set vector subspace W,
=(W3. W5 W)

Now Py = (P, P}, P}): V> W5 = (W, W, W) where
P} :V, > W, is defined by
P’(xyzm)=(000 o)
P; :V, > W, is defined by
P} (ag+ax + ... +ax®) = a;x’ + asx’ + ax’)

and
P} :V, > W, by

a b ¢ 0 0 O
P33 d e fi=|d 0 0
g h i g h 0

It is easily verified
Py= (PP, P)) 1 V> W= (W), W), W)
is a special group set projection operator of V into W;.
Now consider
Py +Py+Py=(P +P, + P, P} +P; +P] P’ +P; +P)): V> V.
(Pl1 +P) +P31) xXyzwo)

= P (xyzo)+Pi(xyzo)+ P, (xyzo)
= (xy00)+(00z0)+(0000)=(Xxyzon);
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Thus (Pl1 +P) +P31) = I,, that is identity map on V|, i.e., I;: V,

— V is the special group set linear operator which is an identity
operator on V.

Now consider P} +P; + P} : V, — V, defined by

(P?+P] +P}) (ag+ax + ... +aex’)
= P12 (aptax+...+ a6xé) + P22 (apt+ax+...+ aéx6) +
P} (ap+ax+.. + aex’)
=(ap + a;x) + (ax* + a3x’) + (asx* + asx’ + agx’)
=(atax+t..+ a6x6),
that is
(Plz +P22 +P32) =L :V,—> V,.

Now consider
P’ +P +P): Vs> Vs

(P’ +P)+P)d e f

1

a b c a b ¢ a b ¢
=P'|d e f|+P)|d e f|+P)|d e f
g h i g h i g h i
0 b c a 0 0 0 0O
=10 0 f|+]|0 0|+/d 0 O
0 0 0 0 i g h 0
a b
=|d e f|;
g h i
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thus
(Pl3 +P23 +P33) =13:V;—> V.

Thus
P, +P,+P;

(P'+P} + P, P’ +P; + P} P +P; +P;)
(Il, Iz, 13)1 V-o>V.

Thus we see the sum of the projection operators from a direct
sum of subspaces is a special group set linear identity operator
onV = (Vl, Vz, V3)

Now consider the composition of
PloP ,j#t; 1<i<3.

PloP'(abcd)=Pl(ab00)=(0000)

and
Pllonl(abcd)= Pf(OOcd)=(OOOO).
Thus
P'oP, =P, oP' =0,
Also
P,oP,(abcd)=P,(000d)=(0000)
and
P3'oP21 (abcd)= P31(00c0)=(0000).
So
P,oP, =P, oP, =0,.
Likewise

P? 0P (ag+ax + ... +ax") = P’ (axx* + asx’ + aex’) = 0,.
Now
P} 0P (ap+ax + ... +ax®) = P] (ap + a;x) = 0.
Hence
P} oP’= P} 0 P =0,.
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a b c 0 00
PPoP/||d e f||=P'|d 0 0
g h i g h 0
0 00
=10 0 0].
0 00
Also
a b
P/ oP’|d e
g h i
a b c 0 0 0
PO O f|=|0 0 0
0 00 0 00

Thus we have
P/ oP'=P 0P =0;. 0;: Vs> V;
such that 85(x) = 0 for all x € V; so
P; 0 P = (01, 0,, 0).
wherej#k, 1<k, j<3.

These concepts can be extended to special group set linear
algebras defined over the group G. As mentioned earlier when
we use special group set linear algebra in the place of special
group set vector spaces we see the cardinality of the generating
set becomes considerably small in case of special group set
linear algebras apart from that all properties defined for special
group set vector spaces can be easily extended to special group
set linear algebras.
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Infact while using the set vector spaces or group vector
spaces or semigroup vector spaces or special set vector spaces
and so on we do not have the means to transform these algebraic
structures to matrix equivalent. But when we want to use them
in problems in which the notion of matrix is not used we find
these structures can be easily replaced by the conventional ones.

Now we proceed onto describe the fuzzy analogue of these
notions.
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Chapter Four

SPECIAL FUZZY SEMIGROUP SET
VECTOR SPACE AND THEIR
GENERALIZATIONS

This chapter has two sections. Section one defines the notion of
special fuzzy semigroup set vector spaces and gives some
important properties related to them. Section two defines the
new concept of special semigroup fuzzy set n-vector spaces and
special group fuzzy set n-vector spaces and describe some
properties about them.

4.1 Special Fuzzy Semigroup Set Vector Spaces and
their Properties

In this section we introduce the fuzzy structures defined in the
earlier chapters.

More specifically we define the new notion of special fuzzy
semigroup set vector spaces and describe some of its properties.

DEFINITION 4.1.1: Let V = (S, S,, ..., S,) be a special semigroup
set vector space over the set P.u: V — [0, 1] is said to be a
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special fuzzy semigroup set vector space (special semigroup set
fuzzy vector space) if the following conditions hold good.

M= (,U], o, ..., ,Un).’V: (S], Sz, cee sy Sn) 9[0, ]]
is such that for each i,

il S,‘ %[0, ]],
1 <i <n satisfies the following conditions:

1. pi(xi+ yy) 2min {(x), (i)}
2. s xi) 2> pi(xy)

for all s € P and for all x;, y; in S; for every i, 1 <i <n. We
denote the special semigroup set fuzzy vector space by

V= (Sp, s S = (8,S55.,S, )

- (Slﬂl ’Sz,uz ’“"Sﬂﬁn)‘

(ot

We illustrate this by a simple example.

Example 4.1.1: Let V = {S,, S,, S3, S4} be a special semigroup
set vector space over the set S = {0, 1} where

{2 %)

Sz = {Zz X Zz X Zg X Zz},
S; = {Z,[x] all polynomials of degree less than or equal to 5}
and

a,b,c,deZ, = {0,1}},

a b
c d
Ss= ¢ a,b,c,d,e, f,g,heZ,={0,1}}.
e
g h
Define
N =M M2 M3 Na): V=(S1 5283 S4) > [0,1]
by
ni: Sy —[0,1]
N2: Sy = [0,1]
113: S3 - [0,1]
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and N4: Sq— [0,1].

where

1
b —ifa=0
1 ifa=0

% ifa+b+c+d=#0

1 ifa+b+c+d=0

—— if p(x) is not a constant
ns[p(x)] = | degp(x)

1 if p(x) = constant

l ifa+b#0
6

N4
1 ifa+b=0

Qe o o
5 o e o

Thus Vn = (Sm, 35S, 2S5, 2 Sun, ) is a special semigroup set fuzzy

vector space.

Now we proceed onto define the notion of special semigroup set
fuzzy vector subspace.

DEFINITION 4.1.2: Let V = (S, S, ..., S,) be a special
semigroup set vector space over the set P. Take W = (W;, W,
Wi ... W)< (Vi, ..., V) be a special semigroup set vector
subspace of 'V over the same set P.

Define n=(n;, 0y, ..., n,): W—>[0,1] as n.: W; = [0,1] for

every i such that (Wh71 Wy WipseisW,, ) is a special semigroup

set fuzzy vector space then we call
w,= (W, W /4

Ly 270 20y 277 332702 ”’Yn)
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to be a special semigroup set fuzzy vector subspace.
We shall illustrate this by an example.

Example 4.1.2: Let V = (S1, Sy, S3, S4, Ss5) where S; = {S xS
xS|S=2°=Z"U{0}},S,={[aaaaaa]|aeS},

s={¢ 3

S, = {all polynomials of degree less than or equal to 5 with
coefficients from Z°} and

a,b,c,de 2Z°},

aeZ’

[
[

be a special semigroup set vector space over the set S. Choose
W= (W], Wz, ey W5) such that Wl = (S x S X {0}) c Sl, W2 =
{[aaaaaal|ae3Z°} S,

e

W, = {all polynomials of degree less than or equal to 5 with
coefficients from 3Z°} < S, and

ae 620} cSs,

W; = ae7Z°

o o o ®
o o o ®

be a special semigroup set vector subspace of V over the set
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S =Z°. Define
n= (nla N2, «-es nS) W= (Wla W25 ceey WS) - [051]
such thatn; : W; > [0,1] fori=1, 2, ..., 5 is defined as follows:

N : Wi — [0,1] is defined by

1. .
E if a+bis even

m(ab0)= % if a+bis odd
1 ifa+b=0

M, : Wy — [0,1] is such that

1 if ais odd,a=0
N(aaaaaa)=

1 if ais even or 0
1n3: W3 — [0, 1] is given by
1.
a a —ifaz0
113( j: 5
1 ifa=0

N4 W4 — [0, 1] is such that

N4(p(x)) = { deg p(x) if p(x) # a constant

1 if p(x) = constant polynomial

N5 : Ws — [0,1] is defined by
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a a %ifais even a#0
a a 1y
Wy a7 2 ifais odda=0
a a 1 ifa=0
Wn = (w,w2,w3,w4,ws)(m,m _____ = (Wi s Wy e W)

is a special semigroup set fuzzy vector subspace.

DEFINITION 4.1.3: Let V = {V;, V5, .., V,} be a special
semigroup set linear algebra over the semigroup S, S a
semigroup under addition. If n= (n;, 12, ..., n): V=(V,, ..,
V,) — [0, 1] is such that n;: V; = [0, 1]; ni(a; + b)) > min(ni(ay),
ni(by)) and ni(sa;) > ni(a;) for every a;, b, € V;and forall s € S
and this is true for every i = 1, 2, ..., n, then we call

V’] = (Vl’Vz""’Vn)(m”Mﬂ”) = (V Vzr]z""’th)

1, 2
be a special semigroup set fuzzy linear algebra. It is pertinent to
mention here that if 'V, is a special semigroup set fuzzy linear
algebra is the same as the special semigroup set fuzzy vector
space. Thus the notion of special semigroup set fuzzy vector
space and special semigroup set fuzzy linear algebra are fuzzy
equivalent.

However we illustrate this by a simple example.

Example 4.1.3: Let V= (V,, V,, V3, Vy) where V; = {S xS x S
x S such that S = Z° = Z" U {0}}, V, = {all polynomials of
degree less than or equal to 5 with coefficients from S},

and V4 = {All 3 x 3 matrices with entries from S} be a special
semigroup set linear algebra over the semigroup S = Z° = Z*
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v {0}. Define = (M1, N2, M3, Na): V =(V1, Vo, V3, Vy) - [0,1]
such that n;: V; - [0,1] for every i = 1, 2, 3, 4. n;’s are defined
in the following way

Ni: Vi — [0,1] is such that

1
— if ab+cd is even
mabcd)=42

1 if ab+cd is odd or zero
No: Vo, = [0,1] is given by

% if deg p(x) is even

n2 (p () = % if deg p(x) is odd
1 if p(x)is constant

1n3: V3 = [0,1] is defined by

l if ais even
a a a a a) i
1ﬂlSaaaaa Eifaisodd
1 ifa=0
N4 : V4 — [0,1] is such that
if trace sum is even

if trace sum is odd

= o o

ifa+e+1=0
Thus
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V..V, .V, ,V,

In; 2> "2np% "3n3° T4ny )

Vo= (V,V,,V,,V,)

(nim2.m3.M4) (

is a special semigroup set fuzzy linear algebra. Clearly V, is
also a special semigroup set fuzzy vector space.

Next we proceed on to define the notion of special semigroup
set fuzzy linear subalgebra.

DEFINITION 4.1.4: Let V = (V;, V5, ..., V,) be a special
semigroup set linear algebra over the additive semigroup S.

Let W= Wy, W, ... W) c(V1, V>, ..., V) be such that W is
a special semigroup set linear subalgebra of V over S. Now
define 1= (11, M2, .., ) : W= (W1, W, .., Wy) = [0,1] by n:
W; — [0,1] for each i such that W, = (W /4 ) is also a

tiy 2=+ ",

special semigroup set fuzzy linear algebra then we call W, to be
a special semigroup set fuzzy linear subalgebra.

We shall illustrate this by an example.

Example 4.1.4: Let V= (Vy, V,, V3, V4, Vs) where

a a a a
V1:{|: :|aez6}7
a a a a

[a a a

a a a
V,=4la a a|laeZ,;,

a a a

la a a|

V; = {all polynomials in the variable x with coefficients from Z
of degree less than or equal to 4}, V4 = {3 x 3 matrices with
entries from Zg} and Vs = {Zs x Zs x Zs x Zs} be a special
semigroup set linear algebra over the semigroup S = Z.
Consider W = (Wl, Wz, W3, W4, W5) c (Vl, Vz, V3, V4, V5) =V
where
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a a a a
W1:{|: :| ae {03254}9
a a a a
addition of matrices modulo 6} < V|,
[a a a
a a a
W,=4la a a||ae{0,2,4};
a a a
a a

a

addition of matrices modulo 6} < V,,

W; = {all polynomials in x of degree less than or equal to three
with coefficients from Zs} < Vs,

W, = {upper triangular 3 x 3 matrices with entries from Zg}
cVy
and
Ws={Z¢xZsx {0} x {0}} < V5;

W = (W, Wy, W3, Wy, Ws) is a special semigroup set linear
subalgebra of V over the semigroup Z.

Take
n =My N2 N3, N4> Ns): W=(W, Wy, ..., Ws) = [0,1]

where n; : W; = [0,1] fori=1, 2, ..., 5 such that

ni: Wi — [0,1] is defined by

a a a a lifa;tO
n =42
1 ifa=0
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MN2: Wy — [0,1] is such that

1 if a=0
9

M2
1 if a=0

[ R

O o o o e
O o o o ®
Il

13 W3 — [0,1] is given by

(p(0) = | degplx) | PO T ot

1 if p(x) = constant polynomial

N4 : W4 — [0,1] is defined by

lifa+d+e¢0
N4 2

S O e

a a
d el|=
0 f 1 ifa+d+e=0

Nns: Ws — [0,1] is given by

1
—ifa+b=0
nNs(@ab00)=+2

1 ifa+b=0

Thus

W= (WI=W27W3’W4’W5) :(W W, W. )

(Tll J]zw’ﬂs) Iy ? 2 Sns

is a special semigroup set fuzzy linear subalgebra.

However it is pertinent to mention here that the notion of
special semigroup set fuzzy vector subspace and the special
semigroup set fuzzy linear subalgebra are fuzzy equivalent.
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Now we proceed on to define the notion of special group set
fuzzy vector space.

DEFINITION 4.1.5: Let V = (V}, V,, ..., V) be a special group
set vector space over the set S. Let 1= (11, 02, ..., ;) -V =(V,

. V) = [0,1] be such that n; : V; = [0,1] for each i, 1 <i <n
satisfying the following conditions

1. mi(a;+ by 2min{ni(a), mi(by)}
2. (= @) = n(a)

3. m(0)=1

4.

ni (ra;) 2 ni(ay) for all v € S and for all a;, b; €V, true
foreachi=1,2, ..., n

Thus (V,-,,I ) is a group set fuzzy vector space, 1 <i <n. Now

Vo= (Vo) omomy = (Vi VooV, )

is a special set group fuzzy vector space.
We illustrate this by a simple example.

Example 4.1.5: Let V = (Vl, Vz, V3, V4, V5) where V1 = Zl()
additive abelian group modulo 10. V, = Z;5 x Z;5 x Z;5 is again
a group under component wise addition modulo 15, V; =Z, V4
=714 xZyy and Vs = Z7 x Z; x Z7 x Z; is a special set group
vector space over the set S = {0, 1}. Define

N =M1, M2, N3, M4, Ns): V= (V1, Vo, V3, Vi, V) = [0, 1]
byni: Vi—>[0,1],1<i<5as

Mn1: Vi = [0,1] is defined by

%ifae{2,4, 6, 8}
m@=<1ifa=0

%ifae{1,3,5,7,9}
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MN2: Vo, = [0,1] is given by

ifa+b+cefl, 2,8}

if a+b+ce {4,6,10,12}

M@= e brce 3,711

W= A= n|— |~

ifa+b+ce{5,9,13,14}

1 ifa=0ora+b+c=0

13: V3 = [0, 1] is such that

é if ae{2,4,6,8,10}
Mm@ =41 ifa=0

%ifae{1,3,5,7,9,11}

N4 V4 — [0,1] is given by

ifa+be{2,4,6,8,10,12}
ns(a,b)=<1 ifa+b=0

% ifa+be{l,3,5,7,9,11,13!

ns: Vs > [0,1]
% if a+b+c+de {2,4, 6}
ns(abcd)y=<1ifa+b=0

% ifa+b+c+de{l, 3,5}
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Thus

Vn = (VI,VZ,V3,V4,V5) Vv,

=(V_,V, ,.. )
(mm»nmms) ( ;> 7 2m, 2772 T,

is a special set group fuzzy vector space.

Now we proceed on to define the notion of special group set
fuzzy vector subspace.

DEFINITION 4.1.6: Let V = (V,, V,, ..., V) be a special group
set vector over the set S. Let W = (W, W, ..., W) <c(Vi, V>, ...,
V) =V, (W:; cV, 1 <i <n) be a special set group vector
subspace of V over the set S. Let n=(n;, 12, ..., n): W= (W,

o W) = [0,1] be such that n; :W; — [0,1] gives W, to be a

group set vector subspace for eachi =1, 2, ..., n. Then
Wy = (Wln. ’W2772"“’Ww7n)

is defined as the special set group fuzzy vector subspace.
We illustrate this by an example.

Example 4.1.6: Let V = (V,, V,, V3, V4, Vs) be a special set
group vector space over the set S = {0, 1, 2, ..., 10} where V| =
27, V,=37Z,V3=47Z, V4= 57 and Vs = 7Z. Now take W =
(W1, Wy, W3, Wy, Ws) < (Vy, Va,, V3, Vg4, Vs), a special group
set vector subspace of V where W, =14Z c V|, W, =6Z C V,,
W3 =12Z < V3, W4, = 10Z < V4 and W5 = 21Z Vs. Define n =
(M1, N2, N3, N4, Ms): W = (W, Wa, W3, Wy, Ws) — [0, 1] by

1N : Wy — [0,1] such that

1

—ifa=#0
m() =

1 ifa=0

N2 : W, — [0,1] defined by

lifa:«tO
n(@)=16

1 ifa=0

307



13 : W3 — [0,1] is such that

1.

—ifa=0
n(@=42

1ifa=0

N4 : W4 — [0,1] is such that

lifa:tO
s (@) =49

1 ifa=0

and ns : Ws — [0,1] is defined by

1.

—ifa=0
ns(@)=17

1 ifa=0

Thus Wy = (W, , W, s W

In, > 5n5) is a special group set fuzzy

vector subspace.

We will now proceed on to define special group set fuzzy linear
algebra.

DEFINITION 4.1.7: Let V = (V,, V>, ..., V,,) be a special group
set linear algebra defined over the set S. Let n= (n,, ..., n,) be
a map from Vinto [0,1], thatis n= (1, 1n, ... ) V=V, ...,

Vo) = [0, 1]; such that n;: V; — [0,1] for each i; V, is a group
set fuzzy linear algebra, 1 <i <n. Then V), = (Vm, Vo ,...,Vm]”)

is a special group set fuzzy linear algebra.
We illustrate this by an example, we also observe that the notion

of special group set fuzzy linear algebra and special group set
fuzzy vector space are fuzzy equivalent.
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Example 4.1.7: Let V = (V,, V,, V3, V,) be a special group set
linear algebra over the set Z" U {0} = S. Here V, = {set of all 2
x 2 matrices with entries from Z}, Vo, =Z xZ xZ X Z,

ae’Z

<

w

I
S )

and V, = {Z'[x] all polynomials of degree less than or equal to 7
with coefficients from Z}. Now define a map

n= (nb N2, N3, T]4) (V= (Vla VZ, V3’ V4) - [091]
by ni: Vi— [0, 1] such that V, is a group fuzzy linear algebra
fori=1, 2, 3, 4 as follows:

ni: Vi — [0, 1] is defined by

lifaiseven
a b _ )]
M q] S ifais odd

1 ifa=0

M,: Vo = [0, 1] is such that

1. )
—ifa+b+c+dis even

no(abed)= % ifa+b+c+dis odd
1l ifa+b+c+d=0

13: V3 = [0, 1] is defined by
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i if ais even
12

ns 1 . .
— if ais odd
12 3

O o M o ®
Il
|

1 ifa=0

Finally n4 : V4 — [0,1] is given by

1
— if de X) 1S even
7 g p(x)

mwm:%ﬁmwwmwd

1 if p(x)is constant

In; > "2ny° "3my°

Thus V.= (V WV, LV, LV, ) is a special group set fuzzy

linear algebra.

Now we proceed on to define the notion of special group set
fuzzy linear subalgebra.

DEFINITION 4.1.8: Let V = (V}, V,, ..., V) be a special group
set linear algebra over the set S. Let W = (W, W,, ... W,) < (V,
Vs, ...,V,) =V be a special set linear subalgebra of V over the
set S. Let n=(n;, ..., n,) : W = [0,1] be such that n; : W; —
[0,1] for each i; i = 1, 2, ..., n. W_is a group set fuzzy linear

in;

subalgebra for every 1 <i <n. So that W, = (Wl,, Wy s W, )

niy,

is a special group set fuzzy linear subalgebra.
It is interesting to note that the notion of special group set fuzzy
vector subspaces and special group set fuzzy linear subalgebras

are fuzzy equivalent.

We how ever illustrate special group set fuzzy linear
subalgebra.
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Example 4.1.8: Let V = (Vy, V), V3, V4, Vs) be a special group
set linear algebra over the set S = 2Z" U {0} where V, =Z x Z
x Z, V,={All 5 x 5 matrices with entries from Z}, V;=[aaaa
aaal|aeZ},

(SR

and Vs = {Z[x] polynomials of degree less than or equal to 9
with coefficients from Z}. Take W = (W, W,, W3, Wy, Ws)
(V1, Vo, ..., Vs) thatis W; c V;, 1 <i<5, where W, =Z x {0}x
{0} < V,, W, = {all 5x5 matrices with entries from 3Z} contain
as a group set linear subalgebra of V,, W; = {[aaaaaaa]|ace
52} c Vs,

aeTZ; cV,

=
|
O o o

and Ws = {All polynomials in x of degree less than or equal to 5
with coefficients from Z} < Vs. Thus W = (W, Wy, ..., Ws)
c V is a special group set linear subalgebra of V over the set
2Z" U {0}. Now define 1= (11, N2, N3, N4, Ms): W = (W, Wy,
Wi, W4, Ws) — [0, 1] by ni: W; — [0, 1], 1 <1 <5 such that
W, 1s the group set fuzzy linear subalgebra fori=1,2, ..., 5.

Define n;: W; — [0, 1] by

l if ais even
7
M (@00)= %ifais odd

1 ifa=0

311



N2 : W, — [0,1] by

N2 a, 3, a3 3y 45| =

1. .
1 ifa, +a,+a,;;+a,+a, is even

1. .
) ifa, +a,+a;;+a,+a,, is odd

l ifa +a,+a,+a,+a,=0

Define n;: W3 — [0,1] by
.. .
— if ais even
19

ns(aaaaaaa)= %ifais odd

1 ifa=0

N4: W4 — [0, 1] is defined by

lifais evenor 0

M it ais odd
4

[

ns : Ws — [0,1] is given by
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% if p(x)is odd degree

ns(p(x)) = % if p(x) is even degree

1 if p(x)is constant

Thus

Wn = (WI,WZ,W3,W4,W5)( Wi, )

=(W, ,W,_,...
M.M2M3-Mg M5 ) ( In 2 720,200 TUSns

is a special group set fuzzy linear subalgebra.

It is important mention at this juncture when we define various
special group set substructures most of them happen to be fuzzy
equivalent.

4.2 Special Semigroup Set n-vector Spaces

In this section we proceed on to define the new notion of special
semigroup set n-vector spaces, special group set n-vector spaces
and their fuzzy analogue.

Now we proceed on to define special semigroup set n-vector
spaces, special group set n-vector spaces and their fuzzy
analogue.

DEFINITION 4.2.1: Let
V= ov)= (VL) o (BT

be a special semigroup set vector bispace over the set S if both
Vi and V, are two distinct special semigroup set vector spaces
overthesetS, V,zVy, ViagVior VoV,

We illustrate this by a simple example.

Example 4.2.1: Let
V=MViuV)= (VL VL VLV U (VL V5LV VL V]
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where

ol

V), =SxSx8S, V] ={laaaaa]|acS},

a,b,c,deZ’ u{O}} ,

a

V, = {|a|laeS}. V] =SxSxSxS,
a
V)= aeSy;,

0 0

V; = {set of all 3 x 3 matrices with entries from S}, V; = {All
polynomials of degree less than or equal to 3 with coefficients
from S} and V. = {all 4 x4 lower triangular matrices with

entries from S}. Thus V = (V; U V,) is a special semigroup set
vector bispace over the set S=Z"U {0}.

Now we proceed to define the notion of special semigroup set
vector subbispace of V over the set S.

DEFINITION 4.2.2: Let
V= ov) = (V0.0 ) (BT

be a special semigroup set vector bispace over the set S. Take
W= W, OWy) = (W W),y ) O (W2 W)

criov)= (V1) o (R0

=5 Vg,
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that is VI/tigI/,i,' i=12and 1 <t; <n;and 1 <t; <n, is such
that W' is a semigroup set vector subspace of Vt’ . Then we call
W =W; UW,;to be a special semigroup set vector subbispace
of V over the set S.

We illustrate this situation by a simple example.

Example 4.2.2: Let
V=ViuVy)= (VL Vi) U (V, V5,V V), V7))
where V!' = {All 5x5 matrices with entries from S =Z" U {0}},

V), ={[aaaaaaa]|acS],

a
a
al|laeS;.
a
a

V; = {set of all 4x4 lower triangular matrices with entries from
S}, V7 = {set of all polynomials of degree less than or equal to
4 with coefficients form S}, V. = {Sx Sx S x S x S} and

aeS

U1<.\,
Il
I I I
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be a special semigroup set vector bispace over the set S =Z" U
{0} =Z°. Take

W=(Wi 0 W)= (W, Wy, W, ) U (W7, W3, W), W, W)

< (VL Vv U (V2L V5, V,V) V7))

where W, = {all 5x5 matrices with entries from 5S} < V,, W,

={(aaaaaaa)|ae 7S} cV,,

S
a a

W,=1la a|lae7S;cV,;
a a
_a a_

a,bellS}gi,

) a a a a a
W=
b b bbb

W, = {set of all 4x4 lower triangular matrices with entries from

3Z°U{0} <V, , W, = {set of all polynomials in the variable x
with coefficients from 128} <V, W, = {S x S x S x {0} x
{0}} <V, and

a
a
W’=<la||aellS;cV;.
a
_a_
Clearly
W=(Wi 0 W)= (W, Wy, W, ) U (W7, W3, W), W, W)
c(ViuVy)cV
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is a special semigroup set vector bisubspace of V over the set S.

Now having seen an example of a special semigroup set vector
subbispace we now proceed onto define the notion of special
semigroup set linear algebra.

DEFINITION 4.2.3: Let
V:(VI qu) — (I/lI’Vzl, Vl) (KZ,V;, VZ)
be a special semigroup set vector bispace over the set S if each

Vi is a special semigroup set linear algebra over S then we call
V=V, UV to be a special set semigroup linear bialgebra.

We now illustrate this definition by a simple example.

Example 4.2.3: Let

V=MViuV)= (VL VL VLV U (VL VEL VL VL VY
where V! =S xS where S=Z"U {0} =Z° V,= {set of all 3
x 3 matrices with entries from Z°}

a,b,c,deZ’},
| {a a a a a} 0}
Vv, = aeZ
a a a a a
is such that V, = (Vll, V;,V;,Vj) is a special semigroup set

linear algebra over Z°. Now let V, =(V7, V5, V7, V;, V) where

=S xS xS x8S,V)= {all 4 x4 lower triangular matrices

a
b
c
d

with entries from Z°}, V; = {set of all polynomials of degree
less than or equal to 7 with coefficients from S},
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a,beS

o o o o

O O o ®

and
a a a a a
V:.=4b b b b bjlab,ceS;.
c c c¢c ¢ ¢

Clearly V =V, U V, is a special semigroup set linear bialgebra
over S.

Now we proceed onto define the notion of special semigroup set
linear subbialgebra of a special semigroup set linear bialgebra.

DEFINITION 4.2.4: Let
V= ov) = (VL0 v) o (B0
be a special semigroup set linear bialgebra defined over the
additive semigroup S. Suppose
W=, oWy =(W W), W) O (W)

< (Vi UV3) be such that W; is a special semigroup set linear
algebra over the semigroup S of the special semigroup set
linear algebra V,, i=1, 2. Then we call W = (W; U W) to be a

special semigroup set linear subbialgebra of V over the
semigroup S.

We illustrate this by an example.

Example 4.2.4: Let
V=(ViuVy) = (VL Vi) U (V, V5,V V)

where V| = {set of all 2 x 2 matrices with entries from Zs}, V,
= ZS X ZS X ZS;
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a, a, a,

a

<
(i8]
Il
N
W

6 .
a,e”Z,,1=12,3,.,12;,
a, ag, a,

a12

V; = {All polynomials in the variable x with

coefficients from Zs of degree less than or equal to 6}
and

a a a a a
Vi={b b b b b|labceZ,
c ¢ ¢ ¢ ¢

be a special semigroup set linear bialgebra over the semigroup

Zs.
Choose
W= (W uWy) = (W, Wy, W) U (W, W), W, W, W)

c(ViuVy

where W, = {set of all 2 x 2 upper triangular matrices with

entries from Zs} < Vl1 s
W, ={ZsxZsx{0}} = V,,

| {{a a a}
W, =
a a a

W12: {Z5x{0} x Zsx{0}x Zs} < Vlz’

anS}ng;
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2 _ 2
W, = aeZ;y CV,,

O O o ®
O o o ®
O o o ®

W, = {all polynomials of degree less than or equal to

four in the variable x with coefficients from Zs} < \/32 ,

a a a a a
W,=4<a a a a al|laeZ,

a a a a a

W= (W; UW,;) < (V; UV, CV is a special semigroup set
linear subbialgebra of V over the semigroup S.

Now we proceed on to define the notion of special semigroup
set linear bitransformation of a special semigroup set vector
bispace V=V, U V,.

DEFINITION 4.2.5: Let

V= (VI UVg) _ (Kl, Vzl, Vl) (Kz, sz, Vz)
be a special semigroup set vector bispace over the set S.
Suppose W = (W; UW) =(W, Wy, W) ) « (W05, )

be another special semigroup set vector bispace over the same
set S. Let T = T] L/Tg.' V= V] L/Vg > W= (W] UWZ) be a
bimap such that each Ty V; > Wy, i = 1, 2 is a special
semigroup set linear transformation of the special semigroup
set vector space V; into the special semigroup set vector space
W, i =1 2 then we define T = T; UT, to be a special
semigroup set linear bitransformation from V into W. If in the
above definition V=W thenwe call T=T, 0T, : V=V, UV,
= V=V, UV,to be a special semigroup set linear bioperator
onV.
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As in case of special set vector spaces we can define pseudo
special set linear bioperators on V. Also if the special
semigroup set vector bispaces are replaced by special
semigroup set linear bialgebras we get the special semigroup
set linear bioperators or special semigroup set linear
bioperators and so on.

We illustrate this definition by some examples.

Example 4.2.5: Let
V=ViuVy)= (V. V), Vi) U (V. V.V, V)
and W = (W, U Wy) = (W, W, W, ) U (W7, W3, W;, W, ) be
two special semigroup set vector bispaces over the same set S =
Z°. LetT= T1 o T2 e d W1 o W2 where T1 : Vl e W1 with
T=(T.T0.T;) : Vi= (V. V..V ) > W= (W, W,,W,)
and
T, =T 15,1517 ) Vo= (VL V3L VL ;)
SWo=( W2, W, W, LW, ).
We have

i

V, ={SxSxSxSxSxS},

a,b,c,deZ°=27" U{O}},

V, = {All polynomials in the variable x of degree less than or
equal to 5 of with coefficients from Z°}.

W, = {SxSxSxS},
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b ¢
d ella,b,c,defeZ},
0 f

aieZ°;1SiS6}.

V) ={SxSxSxS xS}
a,b,c,d,e,f,g,heS;,

V. = {S(x) is the set all polynomials of degree less than or

equal to 8 with coefficients from S}
and

Now in W,, W = {all polynomials of degree less than or equal
to 4 with coefficients from S},

5 {[a b ¢ d}
W, =
e f g h

a,b,c,d,e,f,g,heS},

a, a, a,
2 _ . :
W, =4la, a; a ||a eS;1<1<9
a’7 3'8 a’9

and
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2 J| %2 B .
W, = a,eS;1<1<8
a’3 a7
a, ag

Now
T=T\UT=(T.T,.,T;) U (T.T;,T;,T; ) : V=V, UV,
into W = (W, U W,) is defined as follows
Ti=(T.T,.T): Vi= (V. V. V) ) > (W, W), W)
and
T,=(T,T;. 1.1} ):
Vo= (VI VL VE V) ) = (W)L W5, Wi W) = Woy

such that

T : V] > W, is defined as

m(* °) @b e
=(a, b, c, d).
! d

C

T, : V, — W, is given by

T, (a,b,c,d, e, )=

(R e
S A o
= 0o O

and T, :V) — W, is such that

1 2 3 5y | 3o
T2 (30+31X+32X + azx +a4x)—
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To= (T T3, T ) Vo= (V2 V2, Vi, V) —
Wy = (W, W3, Wy, W, )

1s defined as
T :V} — W, is such that

T} (abcde)=(a+bx+cx’+dx’ +ex’)

T, : V; — W, is given by

(a ¢c e g
b d f n)’

Q o o
5 o o o

T; : V] — W, is defined by
aO a1 a’2
2 8
T, (agtax+..+ax)=|a, a, a;
a

a a

6 7 8

and T, : V] — W, is defined by

Thus
T=T,UT=(T.T,,T;) U (T".T;,T;,T; )
V:V1UV2—)W:W1UW2
is a special semigroup set linear bitransformation.
Now if
T=T,uT,: V=V, UV,
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= (Vv V) U (VL V5, V2 ) >

W= (W, U W) =(W), Wy, W) ) U (W, W, W)

is such that
Ti: Vi>W; Ty : Vo> Wy

Ti= (T, T T ) 1 (VIS Vieoa Vi ) = (WL WL W )
i=1,2, T, :V, > W, ;i=1,2,1<k<n,
Here

SHom (V,W) = SHom (V;, W) U SHom (V,, W)
= {Hom (V{,W]), Hom (V;,W,),..., (Vs ,W, )} U {Hom
(V2.W?), (V5.W5) L ... Hom (V7. W, )}

is again a special semigroup set vector bispace over S.

Now we will illustrate by an example the special semigroup set
linear bioperator on a special semigroup set vector bispace V.

Example 4.2.6: Let
V=(ViuVy=(V,V,,Vi.V}) U (V. V5, V0, V)

be a special semigroup set vector bispace over the set S = Z"

U {0} =Z°
. {a b]
Vv, =
c d

Here
Vl

2

a,b,c,deZ"},

= {SxSxSxS},

a
b

V), =<l c||a,b,c,deeS},
d
e
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V, = {Upper triangular 3x3 matrices}. V;’ = {SxSxSxSxSxS},

a, a, a
V2 = 1 2 3
. { }

a, a; ag

V; = {all polynomials of degree less than or equal to 4},

ai681ﬁis6},

a,b,c,d,e,f,g,h,i,jeZ°

=

Il
- 0Q 0 o ®
—. 5 =h . o

and
V. = {All 4x4 lower triangular matrices with entries from Z°}.

Define the special semigroup set linear bioperator on V by

T=T,UT,
=(T.T.T.T) U (T, 1.1, 17, T ) :
V=ViuVy= (VLVL VLV O (V2 V5V V) VY ) >
V=V,uV,= (V,VL, VL V) U (V2 V2LV VYY)

as follows:

T : V! = V| is defined by
fa b b a
T, = ,
c d d ¢
T, : V, — V, is given by
T, (a,b,c,d)=(bcda),

T, : V, — Viis such that
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=

0o & o ow
Il

S I ST O

and T, : V, — V, is defined as

a b ¢ a d f
T,/0 d e|=|0 b e
0 0 f 0 0 ¢

and T? : V) — Vs such that
T’ (abcdef)=(aaaddf),

T, : V; = V; is defined by

T. : V] — V; is such that
T32 (ao +ax + azxz + (cl_v,X3 + a4x4) = (a() + 32X2 + a4x4),

T; : V. — V. is given by

el
-~ 0Q 0 o ©

—. =5 = o o
Il
o & o o o
o o o o
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and T :V.; — V.is defined by

0
0
f

wn
Qe a o @
5o o O
—_— O O O
[
o o o O
(¢} (¢} o O
O O O

1

Thus we see
T=T\UT=(T T,,T.T,) v (T.T,.T;,T;,T;)
v=V,uV,»>V,uV,=V
is a special semigroup set linear bioperator on V.

Further it is still important to note
SHom(V,V) = {SHom(V,,V;) U SHom (V,,V,)}
= {Hom (V,, V), Hom (V,,V;) , ..., Hom (V] .V, } }
U {Hom(V;,V}), Hom(V;, V) , ..., Hom (V7.V} )}
is only a special semigroup set vector bispace over S as even if
each Hom (V:‘,V:i)is a semigroup under the composition of
maps yet S over which they are defined is not a semigroup.
Thus it is pertinent at this juncture to mention the following.
Suppose V=V, UV, = (V). V,,..V) ) U (V7. V5., V2 ) be
a special semigroup set linear bialgebra over the semigroup S
and if SHom; (V,V) = SHom(V,V,) U SHomy(V,,V,) denotes
the collection of all special semigroup set linear bioperators on
V= V1 o V2 then
SHomy(V,V) = SHomy(V,V;) U SHomy(V,,V,)
= {Hom, (V}, V), Hom, (V,,V;) , ..., Hom, (V, .V} )}

U {Hom, (V?,V}), Hom, (V;,V7) , ..., Hom (V. V. )}

is a special semigroup set linear bialgebra over the semigroup S.

From the notion of special semigroup set linear bialgebra we
can have pseudo special semigroup linear bioperator which may
not in general be a special semigroup set linear bialgebra. As in
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case of special semigroup set linear algebras we can define the
new substructure in special semigroup set linear bialgebras also.

Further as in case of special semigroup set linear algebras
(vector space) we can also in the case of special semigroup set
linear bialgebras (vector bispaces) define the notion of special
semigroup set projections and the notion of special semigroup
set direct union / direct summand. These tasks are left as simple
exercises for the reader.

Now we proceed onto generalize these notions to special
semigroup set linear n-algebras (vector n-spaces), n>3.

DEFINITION 4.2.6: Let
V=V, uV,u..ub,
= (K VaV)) (B ViVl ) O (V0

be such that each V;is a special semigroup set vector space over
the set S for i =1, 2, ..., n. Then we call V to be the special
semigroup set vector n-space over S, n > 3. For if n = 2 we get
the special semigroup set vector bispace, when n = 3 we also
call the special semigroup set 3-vector space as special
semigroup set trivector space or special semigroup set vector
trispace.

We illustrate this by a simple example.

Example 4.2.7: Let
V=(ViuV,uVi;uUV,
= (VL VL Vi) U (VL V5 ) U (VDL V3L Vi V) ) o (Vi V)
be a special semigroup set 4-vector space over the set S = Zg
where V| = Zs x Zs x Zs, V)= {Z4[x] all polynomials of degree
less than or equal to 5 with coefficients from Z},

4 B

\/12 = {Z6XZGX Z6><Z§},

a,b,c,deZ } ,
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V; = {all 5x5 lower triangular matrices with entries from Z},
V] = {Zsx Zs}, V;= {all 7x2 matrices with entries from Zg},

V;=1/b]| |a,bceZ ¢,

V, = {all 4x4 upper triangular matrices with entries from Zg},
Vi ={Zsx Zsx Zsx Zsx Zg}

and
a a a
4 _
V,=4la a a|laeZ
a a a

It is easily verified that V = (V; U V, U V3 U V,) is a special
semigroup set vector 4-space over the set Zg.

Now we proceed on to define the notion of special semigroup
set vector n-subspace of V.

DEFINITION 4.2.7: Let
V=V, uV,u..ub,
= (W 1al)) (R V5V O O (W VT
be a special semigroup set vector n-space over the set S. Take
wW=w,ow,u..UuWw,
=Wy ) O (W) O O (W)
clV=r,uvr,u..ulV,
if each W; is a special semigroup set vector subspace of V; for i

=1, 2, ..., n, then we call W to be the special semigroup set
vector n-subspace of V over the set S.

We shall illustrate this situation by an example.
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Example 4.2.8: Let
V=(V,uV,uV;UV,y

=(V. V1) U (V2 V3V V5 ) u (VL V5L V5, ) ) o (VL V)
be a special semigroup set vector space over the set Z,,; where
Vl1 =712 XZis X723, \/21 = {all 3x3 matrices with entries from
Z12}, V] = (all 4x4 lower triangular matrices with entries from
715}, V22 =712 X Z13 X Z12X 212, V23 ={[aaaaaaal]|ae€”Zpy}
and

a,b,c,deZ,

oo o ©

a
b
c
d

a, ele;lsiS8},

V23 RVALS VAR VALY VAVY VALY VALY R

V)= aeZ

12

(IR R

and V,; = {all 5 x 5 upper triangular matrices with entries from

Ziy). Vi'= {Z;y xZy;} and V, = {all 7 x 7 upper triangular
matrices with entries from Z;,}. Take

W=W, UW,UW;UW,)c(ViuV,U V30U Vy)
where

W= {W.W,} <V,
(W2 W W =W, e Vs,
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Wi = {W, W;, W, W} < Vs
and
W= {W W, | cVy
with W = {Z;; x Z, x {0}} < V|, W, = {3 x 3 matrices with
entries from {0, 2, 4, 6, 8, 10}} = V,, W = {all 4 x 4 lower
triangular matrices with entries from {0, 2, 4, 6, 8, 10} } V12 ,

W, ={ZixZinxZipx {0} < V,, W, ={[aaaaaaa]|ac
{0,2,4,6,8,10}} < V7,

2
aeZ, cV,,

, {a a a a}
W =
a a a

W, = {Z12x {0} x Z3x{0} x Zi3 x {0}} < V5,

O o o ®

anlz} c V),

[

w; = a€{0,2,4,6,8,10}+  V:

ST <R < R <

and W, = {all 5 x 5 upper triangular matrices with entries from
{0,2,4,6,8,10}} cV,,W'={SxS|s=1{0,3,6,9}} cV, and
W, = {all 7 x 7 upper triangular matrices with entries from S =

{0,3,6,9}} = V. Thus
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W=(W;, U WU W; U W,
= {(WLW} O W2 WL W We o (WL WS WL W U
AR A R=RAAR A SURLAR AR R
(V. V2 VeV o (v vy
=(V;uV,uV;uVy)=V

is a special semigroup set vector 4-subspace of V over the set
le.

Now we proceed onto define the new notion of special
semigroup set n-linear algebras or special semigroup set linear
n-algebras n > 3. For when n = 2 we have the special
semigroup set linear bialgebra.

DEFINITION 4.2.8: Let V = (V, vV, U ... UV,) be a special
semigroup set n-vector space over the semigroup S instead of a
set S, n-algebra then we call V to be the special semigroup set
linear n-algebra.

Thus if in the definition of a special semigroup set n-vector
space over the set S, we replace the set by a semigroup we get
the new notion of special semigroup set n-linear algebra over
the semigroup S. 1t is still important to mention that all special
semigroup set n-linear algebras are special semigroup set
vector n-spaces, however in general all special semigroup set
vector n-spaces are not special semigroup set linear n-algebras.

We illustrate this by an example.

Example 4.2.9: Let
V= (V1UV2U V3U V4U VS)
= (VLVLVIE O (Va2 U VLV VL)
RAAR'ANRURAARARA
be a special semigroup set n-linear algebra over the semigroup S
=7°=7" U {0}, where

Vll = {SXSXS},
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L A

V,={(aaaaaa)| ae S},

a,b,c,deS},

Vi =

I
o
Mm
95}

V,; = SxSxSxS,

Vv aeS;,

Il
® o o o ®
® o o o ®

aeS},

V; =Sx8xSxSxS,

e
Il
/_j_\
7\
o e
o ®
o ®
o e
o o
o o

V., = {all 4 x 4 lower triangular matrices with entries from S},
V! = {Sx S xS}, V, = {all 7 x 2 matrices with entries from
S}, V= {all 3 x 6 matrices with entries from S}, V;= S x S x

S x Sand V; = {6 x 3 matrices with entries from S}.

Clearly V is a special semigroup set linear n-algebra over
the semigroup S.
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DEFINITION 4.2.9: Let V = (V, UV, U ... U V,) be a special
semigroup set linear n-algebra over the semigroup S. Take

W=w,uow,u..uUuw,)
WII,W;, WI}U{WIZ,WZZ, Wz}u U{VVln’VVZn’ Wn}
=S LN AN 48 VR R SN (s ORI R | AN /A

be a proper subset of V. If W = (W, W, U ... UW,) is itself a
special semigroup set n-linear algebra over the semigroup S
then we call
W=mw,ow,u..uUuWw,)
SR LN AN 48 NOR] (/2 /SN /o3 SURNOR AN AN 4
to be the special semigroup set linear n-subalgebra of V over
the semigroup S.

We illustrate this by a simple example.

Example 4.2.10: Let V = (V, U V, U V; U V, U V;5) be a
special semigroup set linear 5-algebra over the semigroup Z;s

where V| = {VII,VZI,V;} with Vll = {Z5x Zs}, V21 = {(ay, ay,

a3, a4, as) | 8 € Zy5}, 1 <1< 5},

V,= {V]Z,sz} where

c
f||a,b,c.d,e.f,ghicZ;
i

= o o

a

V) =1{ld

g

and V; = Zisx Zisx Zisx Zis, V3= {V},V;,V;, V|
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where
3 _
V1 = Zi5xZLy5x1;s,

a a a a a
Vi={|b b b b bllabeceZ,’,
c ¢ ¢ ¢ ¢

V, = {4x4 lower triangular matrices with entries for Z;s}
and

a, a,
V, =1{la, a,l|la, eZ;l<i<6;.
a3 a6
V.= {V14,V24 } such that
2]
a2
Vi=1la,||aeZ;1<i<l15
a4
L35 ]

and
V24 =Z15x Lisx Lysx L5 X Zys.

Vs={V;.V;,V;} where
V15 ={Z\sxZ\sxZ\sxZs},

;1<1<12

a 15°

¢ 3 ||la, e’
a9 a4, 3y ap

and

V; = {5 x 5 lower triangular matrices with entries from Z;s}.

Take

W= {W. W, W} cV,
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where W) =Z;5x {0} V], W, ={(aaaaa)|aecZs c V,
and

Wi

Il
I
o
Mm
N
N
<

W, a special semigroup set linear subalgebra of V; over Z;s.
W, = (W}, W;}
where
a a a
W2

2
a a a|laeZ;; 'V,

a a a

and W; = {Z;5s x Z;5 x {0} x{0}} < V7. Thus W, is also a
special semigroup set linear subalgebra of V, over Z;s.

Wi = {W, W, W, W} <V,

with
W =Z;sxZ;5x {0} < V/,
a a a a a
W, =<a a a a allaeZ,;cV,,
a a a a a
a 0 00
3 a a 00 3
W, = aeZrCV;
a a a 0
a a a a
and
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W3 is again a special semigroup set linear subalgebra of V; over
the semigroup Z5. Wy = {W14,W24 } with

w/! aeZs,r <V,

Il
O O o o ®

and
W, = {Z;sx {0} x {0} x {0} x Zjs} = V,
so that W, = {W14,W24 } is a special semigroup set linear

subalgebra of V4 over the semigroup Zs.
Finally
Ws={W, W, W}
where
W= {0} xS xS (where S={0,3,6,9,12} cZ;5)c V,,

a a a a
W, =<a a a allaeZ,; cV,
a a a a
and
a 0 0 0 0
a b 0 00
W, =4{la b ¢ 0 0||ab,cdeZ,; cV;
a bcd O
a b ¢ d a
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and Ws is a special semigroup set linear subalgebra of Vi.
Hence W =W, U W, U W3 U W, U W5 is a special semigroup
set linear 5-subalgebra of V over the semigroup S = Z;s.

Now as in case of special semigroup set linear algebra we can
also define in case of special semigroup set linear n-algebra the
notion of pseudo special semigroup set linear sub n-algebra. We
shall define special semigroup set linear n-transformations both
in case of special semigroup set vector n-spaces and special
semigroup set linear n-algebra.

DEFINITION 4.2.10: Let
V=W, vuV,u..ul,)

=y ot ool
be a special semigroup set vector n space over the set S and
W=w,ow,u..uUuw,)
R UANCAREN 43 NOR| AN AN ) WUNNNORT AN/ AN 4

be another special semigroup set vector n-space over the set S.
A n-map
T=(T,vT,uv..uUT,)
={0\5...1,} (...} ool

is said to be a special semigroup set linear n-transformation of
Vito Wifeach T; = (II’I,TZ",...,T”’i) is a special semigroup set

linear transformation of V; into W; for i= 1, 2, ..., n, ie,
T.:V,—>W,; 1<i<n;15j; <n;is aset linear transformation

of the vector space V into W 1<j<m;i=1 2, .., n. Nowif

we replace the special semigroup set n-vector spaces V and W
by special semigroup set n-linear algebras then we also we have
the special semigroup set linear n-transformation of special
semigroup set n-linear algebras. We denote the collection of all
special semigroup set linear n-transformations from V into W
by SHom (V, W) = {SHom (V;, W;) o SHom (V>, W,) U ... U
SHom (V,, W,)}.
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= {(Hom(V,', W), Hom(V},W,), ..., Hom(V,, , W, ) } v
{Hom (V7 W?), Hom(V;}, W), .., Hom (V) W} )} U ...
{Hom (V" ,W,"), Hom(V;',Wy'), ..., Hom(V; W' ) }.

We will illustrate this situation by a simple example.

Example 4.2.11: Let
V=(V,uV,uV;UV,y
AR UL AR RURAARARA NUR AR AL
and
W=(W;uUW,uW;UW,)
R AR A RURL AR A NURL AR AR A RVRE AR AL

be special semigroup set vector 4-space over the set S = Z" U

{0}.
V! ={SxS xS},

1 {(a bj
Vv, =
c d
V12 — {(al aZ a3 a4j
a, a, a, a,

and V; =S xS xS xS. V' ={3x23 matrices with entries from
St, V; =S xSxSxSx8S, V, = {4 x 4 diagonal matrices with

entries from S}, V' =S xS xS xS xS xSand V) = {S[x] all
polynomials of degree less than or equal to 5}.

i

a,b,c,deS},

a, €S; ISiSS}

a,b,ceS}, W, =SxSxSx8,
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W;? = {all polynomials of degree less than or equal to 7 with
coefficients from S},

W, = a, eS;1<i<4y,

W, = {3x3 upper triangular matrices with entries from S}, W,
= {all polynomials of degree less than or equal to 4 with
coefficients from S}, W; = {4 x 4 lower triangular matrices with
entries from S}.

a a a

W4 = 1 2 43
L [ J
a, a; ag

and W, = {6 x 6 diagonal matrices with entries from the set S}.
Let

a, €S 1Si£6}

T:T1UT2UT3UT4
={1.0,} v {117} U {T'. . T} U {T.T,}:
V=V,uV,uV;uV,—> W, uUW,,u WU W,

T : V! = W, is such that

T@b@—ﬁ ﬂ
: _Oc'

T, :V, = W, is given by
fa b
T, i (abcd).

2 3 4 5 6 7
(a; T ax + a3x” t a4Xx” +asx” +agx’+ as;x° + agx’)
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and
T, : V; = W, is defined by

a
T, (abcd)= b.
c
d
T :V; — W, is such that
a b c a b c
T'|d e f|=|0 e f/,
g h i 0 0 i

T, : V, = W, is given by
T, (abcde)=a+bx+cx’ +dx’ +ex’

and
T, : V; — W, is such that

S O O e
S O o O
S o O O
o o o O
O o o ®
o o o o
o o O O
0 o o O

T : V' — W is such that

T4(bdf)abc
abcderl)=
‘ d e f

and
T, : V,} = W, is defined by
T, (po + pix + pax’ + psx’ + pax*+ psx’) =
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p, 0 0 0 0 0
0O p 0 0 0 0
0O 0 p, 0 0 O
0 0 0 p, 0 O
0 0 0 0 p, O

0 0 0 0 0 p,]

Thus T = (T, U T, U T3 U Ty): V > W is a special semigroup
set linear 4 — transformation of V into W. Note if in the special
semigroup set linear n-transformation; V into W we replace the
range space W by V itself then that specific special semigroup
set linear n-transformation from V into V will be known as the
special semigroup set linear n-operator on V. We shall denote
the special semigroup set linear operator of a special semigroup
set linear n-algebra V into itself by

SHom (V, V) = {S Hom (V;, V;) U SHom (V,, V) U ... US
Hom (V,, V,)}

= {(Hom (V},V}'), Hom (V,,V;), ..., Hom (V,,V, )) U
(Hom (V7,V7), Hom (V;,V7), ..., Hom (V. ,V: U ..U
(Hom (V}', V'), ..., Hom (V}, Vi )} .

Clearly SHom(V, V) is again a special semigroup set linear n-
algebra over the semigroup. However if we replace the special
semigroup set linear n-algebra V by a special semigroup set
vector n-space then we see SHom(V,V) is not a special
semigroup set linear n-algebra it is only a special semigroup set
vector n-space.

We shall give one example of a special semigroup set linear n-
operator of V.

Example 4.2.12: Let V =(V; U V, U V;) where
Vl = {Vlla Vzl: \/31: V4l} s
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Vo ={V}, V], V;}
and
Vi={V).V;}
defined by V| = {SxSxSxS|[S=2"=Z"U {0}}, V)= {set
of all 3 x 3 matrices with entries from S},

a’la’Z
a;a,
1 _ 0. 1

Vi=14lasa, ||a,€Z°;1<1<10;,

a; ag

[ 39 ayg |

V, = {set of all polynomials in the variable x with coefficients
from S of degree less than or equal to 9}, V/ =S xS xS, V, =
{all 4 x 4 low triangular matrices with entries from S} and

V2 — al aZ a3 a4 aS
? a'6 a'7 ag a9 alo
V) =SxSxSxSxSxSand V, = {all 5 x 5 upper triangular

matrices with entries from S}, be a special semigroup set vector
3-space over the set S.

aieS;lsiSIO}.

DeﬁneT=T1uT2u T3
={T.T.T. T} v {T.T.T;} U {T).T;}:
V:V1UV2U V3
= (V. vivib o (vi v v o vV
V=Viu Vo0 Vi = {VVL V. VOV Ve v OV vy

as follows:
T,: V>V,
where
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T:V, >V ;1<j<n,i=1,2,3
T : V! - V] is such that
T/ (abcd)=(aaaa),

T, :V, >V, is defined by

a b c a a a
T,|d e f|=|a a al,
g h i bbb
T, : V; >V, is given by

a, a, a a
a, a, a a
T, |la, a,|=|a a
a, a a a
a, a, a a

and
T, : V, =V, is defined by

T, (a+a; x+...ax) =a’+ax’ +ax’ + ax.
T’ :V? > V? is given b
21V — V] is given by
T (abc)=(bca)

and
T, : V; = V] is defined by

a 0 00 a 0 00
T2chO_aaOO
ld e f O a aa 0]

g h 1 j a a a a
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T, : V] — V! is defined by

4, a, az a, a5:|:|:a6 a; g Ay a’lOi|

9
T : V) = V/ is given by
T'(abcdef)=(aaaaaa).

T, : V; =V, is defined by

a b c d e a a a a a
0 f g h i 0 b bbb
|0 0 j kK 1[=]{0 0 ¢c c ¢
00 0m n 0 0 0 ddd
0000 0 p|] [0 0 0 0 ¢

Clearly T=T, U T, U T3: V > V is a special semigroup set
linear 3-operator of V.

We can also define special semigroup set pseudo linear n-
operators on V. Now in case of special semigroup set n-vector
spaces we can define the notion of direct sum of special
semigroup set vector n-spaces. Also we can define the notion of
special semigroup set linear n-idempotent operator and special
semigroup set linear n-projections on V.

Now we proceed onto show by an example how a special
semigroup set vector n-space is represented as a direct sum of
special semigroup set vector n-subspaces.

Example 4.2.13: Let
V:(V1UV2U V3UV4)
SRR A RVELAR'A SURL AR A NURAARVARAH
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be a special semigroup set linear 4-algebra over the set Z°=S =
Z"U {0}. Here V| =S xS xSxS§,

wofes

V, = {all polynomials in x of degree less than or equal 5 with
coefficients from S}, Vi =S x S x S and

a, a, a

V2= 1 2 3
T { }

a, as ag

a,b,c,deS},

aieS;lsiS6},

a,eS;1<1<6

and
V, =SxSxSxSxS.

[

V) =SxSxSxS

a,b,c,deS},

and

Vi=1{la,||a, €S;1<i<3

We now represent each semigroup set linear algebra as a direct
sum of semigroup set linear subalgebras.

Vi =S x {0} xS x {0} @ {0} xS x {0} x {0}
@ {0} x {0} xS x{0}

347



=W ew,ow,.

o e D

= Vvllz ®W212 ®W3l2-

%

V] = {all polynomials of degree less than or equal to 3 with

coefficients from S} @ {all polynomials of degree strictly
greater than 3 but is of degree less than or equal to 5}

=W,®W,,.

Now
a, a, a
V22={(01 02 03] al,az,aSGS}(@
0 0 O 5 5
a,,a5,a,€S;= W, ®W,,.
a, as ag
a, a, 0 O
V) = 0 0|la,a,eS} ®<|a, a,|la,a,eS; @

0 0 0 0
0 0
0 0]|a,a,eSp=W OW, ®@W,, .
as 3

V) = {Sx {0} x {0} x{0} xS} ®
{{0} x Sx {0} x {S} x {0}} &
{0} x {0} x S x {0} x {0}
=W, OW, ®oW,,.
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o (P | S K P
(¢ ol=stotle oless]

= W141 ®W241 ®W341 (_DW:I'

beS} @

V) =Sx {0} x {0} xS®
{0} xSx {0} x {0} &
{0} x {0} x Sx {0} = W, @ W;, @ Wy,

a, 0
VAR a,; |a,a,eSy ® 440 rla,esS
0 a,
= W @ W,,.

Thus
V=WV,uV,uV;UVy)
= (Wlll ® W211 ® W311 > W112 ® Wzlz ® W312 > Wlls ® Wzls)
i (W121 ® W221 ® W122 ® W222 o W131 ® W231 ® W331 >
W132 ® W232 ® W332) o (W141 ® W241 ® W341 ® le ’
Wi @ Wy, @ Wy, Wi @ W)

is a special semigroup set direct sum representation of the
special set semigroup linear 4-algebra over the semigroup S =
7°=7"u {0}.

However we can represent in the same way the special
semigroup set vector n-space as direct sum. When we get a
representation of special semigroup set vector n-space as direct
sum we can define special semigroup set linear operator on V
which are projections P and these projection are defined as
follows:

P:Vo (W, UW,U...UW)
are such that P o P =P.
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The interested reader is requested to construct examples.

Now we proceed onto introduce special group set vector n-
spaces and special group set linear n-algebras.

DEFINITION 4.2.11: Let
V=V, uV,u..ul,)
=y ot ooy
be such that each V; is a special group set vector space over a

set S and each V,’ is a group set vector space over the same set

S, l_<t,_<n,,l=1, 2, ., N

Then we call V to be a special group set n-vector space
(special group set vector n-space) over the set S.

We shall illustrate this by an example.

Example 4.2.14: Let
V=(WV,uV,uV; UV,
A RURLAR R URLAR'A VR L AR AR AR A

where each Vj1 is defined as

ol

V, =SxSxS, VV =SxSxSxS,

a, a, a

v2— 1 2 3
. [ }

a, a; a

V; = {all 3 x 3 upper triangular matrices with entries from Z},
V) =S xSxS,

a,b,c,deS= Z},

a, €S; 1Si£6},
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S
I

a,b,c,deS;,

o o o o

Vi=8SxSxSxSxS,

V, = {all 4 x 4 lower triangular matrices with entries from Z},

and
al aZ
V) ={la, a,|l|a,eZ 1<i<6
aS a6

Thus V = (V; U V, U V3 U Vy) is a special group set vector 4
space over the set S.

It is interesting to observe in the definition when n = 2 we
get the special group set vector bispace and when n = 3 we get
the special group set vector trispace.

Now we proceed onto define the notion of special group set
vector n-subspace W of a special group set vector n-space V
defined over the set S.

DEFINITION 4.2.12: Let

V=V, ulV,u..ul,)
S LLNUANSR /48 VR | AN /5NN 5 ORI U2 /AN AN

n

be a special group set vector n-space defined over the set S. Let
W=W,oWw,u.. uw,)

={w oy o oy
c(V,v..ul,)
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ie, Wy cV;foreveryi, I <i <nand W,i c V,i is such that W,i
is a proper subgroup of V!, 1 <t;<m, i =1, 2, ..., n. Then we

call W to be a special group set vector n-subspace of V over S if
W= W, .. uW,)is itself a special group set vector n-space
over the set S.

We shall represent this by a simple example.

Example 4.2.15: Let
V:(Vl UVQUV3UV4)

SRR A NURL RN AR NURL R UR A AR AR A

be a special group set vector 4-space over the set Z,, where

{3

V21 =ZiXZinX 2, V; = {all 7x2 matrices with entries from

VAV V12 =2 X Zinx Ly x Ly,

6

V; = {all 2 x 9 matrices with entries from Z,,}, V; = {(aaaa

a)|ae Zp}, Vf =Z12xZ12, V23 = {all 3x3 matrices with entries

a,b,c,dele},

a,b,dele},

from Z,,}, V;'= {all 4 x 4 lower triangular matrices with entries
from Z,}, V24 =Zpx Lipx Ly x 2y,

and
V' = {6 x 3 matrices with entries from Z,,}.

Consider a proper subset

W=(W,uW,uW;uW,

352



:{WII,WZI,W;} U{le’WzZaW32’W42} ~
(W2 W ofw), wy, wy
cViuV,uVs;uV,

where
Wl = a b
! c d

is a subgroup of V|, W, = Z;, x Zj; x {0} CV, is a subgroup

a,b,c,d€{0,2,4,6,8,10} =T c zu} <V

of V), W, = {all 7 x 2 matrices with entries from T < Z;,} <
V, is again a subgroup of V;, W/ = {Z;x Z;;x {0} x {0}} <
V; is a subgroup of V/,

anlz} cV;

is a subgroup of V,; , W, = {2 x 9 matrices with entries from the
set P={0,6,9} = Z;p} V; is asubgroup of V;,W; < V. is
such that W) = {(aaaaa)|ac {0,6,9} cZp}c V, isa
subgroup of V;, W} =Z;,xP|P=1{0,3,6,9} cZ;,} < V; is
a subgroup of V., W, = {all 3 x 3 matrices with entries from
the set B = {0, 6} < Z,} < Vj, W14= {all 4 x 4 lower
triangular matrices with entries from T = {0, 2, 4, 6, 8, 10} <
7} C V14 is a subgroup of V14 R W24 =ZpxZinx {0} x {0} <
V,' is a subgroup of V,', W, = {all 6 x 3 matrices with entries
from T = {0, 2,4, 6,8, 10} < Z1,} < V, is a subgroup of V; .

Thus W =W, U W, U W3 U W, is a special group set vector 4-
subspace of V over Z,.

Now we proceed onto define the new notion of special group
semi n-vector spaces which are simple.

353



DEFINITION 4.2.13: Let
V=V, uV,u..ul,)

S LLNUANSR 48 VR | /AN /5NN o ORNOZ /AN AN
be a special group set vector n-space over the set S. If each of
the groups VJ’ are simple for 1 <j; <m;, i =1, 2, ..., n, then we
call V to be a special group set simple vector n-space. If in the
special group set vector n-space each V, (1<jism, i =1, 2, ..,

n) does not have proper subgroups then we call V to be a
special group set strong simple vector n-space.

We denote these concepts by an example.

Example 4.2.16: Let
V:(V1 UVzUV3)

_ {Vllavzl} U {Vlz,sz} V) {Vf,V;,V;}
where
V! =Zu Vi =7,

5 a 0
Vi = ae’Zs,,
0 0
5 a 00 0
Vv, = ae’Z,,,
0 0 0 a

V) =Zs, V; =Zy;and V; = Z;, be a special group set vector n

space over the set S = {0, 1}, n = 3. We see each Vjii has no

subgroup so V is a special group set strong simple vector 3-
space over the set S = {0, 1}.

Now we proceed onto define the notion of special group set
linear n-algebra over a group G.
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DEFINITION 4.2.14: Let V =V, UV, U ... UV, be a special
group set vector n-space over a group S under addition (instead
of a set S) then we call V to be a special group set linear n-
algebra over the group S. If n = 2 we call it the special group
set linear bialgebra when n = 3 we call V as the special group
set linear trialgebra.

We shall illustrate this definition by an example.

Example 4.2.17: Let
V=(V,uV,u ViU V,4U Vs)
AR UL SRR A NUR AR A SR AR NV
NRVRERY

be a special group set linear 5-algebra over the group G = Z (the
integers under additions); where V| = {ZxZ x Z}, V, = {all 3
x 3 matrices with entries from Z}, V; = {all 2 x 5 matrices
with entries from Z}, V; = {all 4 x 4 upper triangular matrices
with entries from Z}, V; =ZxZxZxZxZ, V; =ZxZ, V,
= {7 x 2 matrices with entries from Z}, V; = {all polynomials in
Z[x] of degree less than or equal to 5}, V'= {Z x Z x Z x Z},
V, = {7 x 7 lower triangular matrices with entries from Z}, V;’
=7Zx7ZxZ, V,={(aaaaaaa)|acZ}, V=1{all9x9
diagonal matrices with entries from Z} and V.= {all 3 x 5

matrices with entries from Z}. It can be easily verified that each
Vjii is a group under addition 1 <j;<n;,i=1,2,3,4,5. Thus V

= (VU VU V3 U V4 U Vs) is a special group set linear 5-
algebra over the group Z.

Now we proceed onto define their substructures.

DEFINITION 4.2.15: Let
V=V, ulV,u..ul,)

=Wy ol ool
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be a special group set linear n-algebra over a group G. Let
W=w,ow,u..uw,)

={w ) oA O o
cViubr,u...ul,)

where W; c Vi for i =1, 2, ..., n such that each W; is a special

set group linear subalgebra of V; i.e., each component W/’ -

V. is a group set linear subalgebra of V,; 1 <ji<n; i =1, 2,

wn Thenwecall W= W, oW, ... uW,)c(V, vV, v
U V,) =V to be the special group set linear n-subalgebra of V
over the group G.

We will illustrate this by a simple example.

Example 4.2.18: Let
V=(V,uV,uV;UV,)
= (VLV} O (Ve VI VIV o ViV o
(Vi VALV VLV

be a special group set linear 4-algebra over the group Z where
V! =27 xZx Z x Z,V) = {all 2 x 2 matrices with entries from Z},
V, = {Z(x), all polynomials of degree less than or equal to 8},
V? =Z xZ xZ, V; = {3 x 7 matrices with entries from Z}, V;
={(aaaaaa)|aeZ},V, = {4 x 3 matrices with entries from
7Y, V] =Z x Z, V; = {4 x 4 upper triangular matrices with
entries from Z}, V'={Z xZ xZ xZ x Z}, V; =3 x 3 lower

triangular matrices with entries from Z}, V34 =372 x57Zx11Z,

=
I
® o ® o o
o
Mm
N
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and V. = {5 x 2 matrices with entries from Z}. Take

W= (WU W0 W0 Wy) = (W, W, W, } U
AR AR AR A VR AR A VR ATAR AR AR AR AL
g(VlquuV3UV4)

be such that W' =Z x Z x {0} x Z = V' is a subgroup of the
group V!, W, = {2 x 2 matrices with entries from 3Z} is again
a subgroup of the group V,, W, = {all polynomials in x of
degree less than or equal to 4 with coefficients from Z} is again
a subgroup of the group V, . Thus W, = {Wll,Wzl,W;} c Viis
a special group set linear subalgebra of V, I{VII,VZI,V;} . Now
W =Z x {0} x {0} is a subgroup of V], W, = {4 x 3 matrices
with entries from 7Z} is a subgroup of V;, W, = {(aaaaaa)|
a € 197} is a subgroup of the group V;, W; = {set of all 4 x 3
matrices with entries from 11Z} < V; is a subgroup of the
group V; . Thus W, = { W, W, W)W, } is a special group set
linear subalgebra of the special group set linear algebra V,. W,
= 11Z x 11Z is a subgroup of the group Z x Z, W, = {4 x 4
upper triangular matrices with entries from 2Z} is a subgroup of
the groupV;. Thus W; = {Wf,Wj} C V; is again a special

group linear subalgebra of V; over Z.

Consider
W= 1{7Z x2Z x3Z x 5Z x 7Z} < V',

W, is a subgroup of the group V' .
W,'= {3 x 3 lower triangular matrices with entries from 11Z}
is a subgroup of the group V' .
W/=6Zx 10Zx33Zc V;

is a subgroup of V',
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ael2”Z

=
Il

O v O o

is a subgroup of V,; and W; = {5x2 matrices with entries from
6Z} is a subgroup of V. . Thus
LZER A AR AR AR AR VA=A VLR A ARAR AR ARAN

5
is a special group set linear subalgebra of V4. Thus W = (W, U
W, U WU W) (ViU VU ViU Vy) =V isa special group
set linear 4-subalgebra of V over the group G = Z.

Now we proceed onto define the notion of pseudo special group
set vector n-subspace of V.

DEFINITION 4.2.16: Let
V=V, ulV,u..ul,)
=y ot ooy
be a special group set linear n-algebra over a group G.
If
W=wWw,oW,u.. W,
S LA ARSN AN SORT /R ANNN /6 WORNORT AN/ AN 4!

c(V;uv,u..ul,)
such that each Wj’ fa Vj’ is a subgroup oij’;, 1<ji<n,i=1 2,
v, nand if S < G be only a proper subset G and if W = W; v
W, v..uW,cV, oV, u.. UV,is a special group set
vector n-space over the set S then we call W =W, v ... UW, to
be a pseudo special group set vector n-subspace of V over the
subset S < G.
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We shall illustrate this by a simple example.

Example 4.2.19: Let
V=(V,uV,uV;uUV,UVs)
A RVRL RN A VR LARA SR LARAR AL NV
(V. V3,VE V2]
be a special group set linear 5-algebra over the group Z where
V! ={ZxZxZ},
V, = {all 3 x 6 matrices with entries from Z},
V) =3Zx5Zx7ZxZ,
V; = {Z[x] all polynomials of degree less than or equal to 5},
V; = {6 x 2 matrices with entries from Z},
V) = {11Zx2Z x3Z x 11Z x 137},
V, = {all 3 x 3 upper triangular matrices with entries from Z},
Vi={ZxZxZxZ},
V,' = {all 4 x 4 lower triangular matrices with entries from Z},

V34 = {all polynomials in x of degree less than or equal to 7
with coefficients from Z},
V) =ZxZxZxZx11Zx13Z,

V; = {7 x 7 upper triangular matrices with entries from Z},
V; = {2 x 3 matrices with entries from Z} and

V. = {5 x 2 matrices with entries from Z}.

Take
W:(Wl UWQUW3UW4UW5)

L AR RURL AR AR A VR AR A RURATAR AR YA
RAAR AR AR
Q(V1UV2UV3UV4UV5):V
with W/ =Z x Z x {0} < V/ is a subgroup of V', W, = {all
3x6 matrices with entries from 2Z} < V) is a subgroup of V,,
W = {30Z x {0} x {0} x 10Z} is a subgroup of V], W, = {all
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polynomials of degree less than or equal to two with
coefficients from Z} is a subgroup of V;, W; = {6 x 2
matrices with entries from 3Z} is a subgroup of V], W] =
{{0} x 4Z x {0} x 227} is a subgroup of V', W, = {all 3 x 3
upper triangular matrices with entries from 57} is a subgroup of
V), W'={Z x {0} x 3Z x {0}} is a subgroup of V', W, =
{all 4 x 4 lower triangular matrices with entries from 7Z} is a
subgroup of V;, W = {all polynomials in x of degree less

than or equal 3 with coefficients from Z} is a subgroup of V;,
W =Z x {0} x {0} x {0} x {0} x 13Z is a subgroup of V.,
W, = {7 x 7 upper triangular matrices with entries from 9Z} is
a subgroup of V;, W; = {2 x 3 matrices with entries from 13Z}
is a subgroup of V; and W, = {5 x 2 matrices with entries from
14Z} is a subgroup of V;. Thus W = (W, U W, U W3 U W, U

Ws) < (ViU VU V3 U ViU Vi) is a pseudo special group set
vector 5-subspace of V over the set S = {0, +1} < Z.

Now we proceed onto define yet another new substructure.

DEFINITION 4.2.17: Let V = (V, UV, U ... UV,) be a special
group set linear n-algebra over the group G. Suppose W = (W,
uWw,u..uW,)c(V, vV, u... UV,) where each W; c V; is
a special group set linear n-subalgebra over a proper subgroup
Hof Gthenwecall W= W, v.. W)V, vV,u... UV,
to be a pseudo special subgroup set linear n-subalgebra over of
V over the subgroup H c G.

We illustrate first this definition by an example.

Example 4.2.20: Let V = (V, U V, U V3 U V4, U Vs) be a
special group set linear algebra over the group Z, where

Vi={V,V,,Vj} with
V! =ZxZx2Z,

V, = {all 3 x 3 matrices with entries from Z} and
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V, = {3 x 5 matrices with entries from Z}.
V,= {VIZ,V;} where
V? =3Z x7Z x Z and
V; = {2 x 6 matrices with entries from Z}.
Vi={V\, V), V;, V), Vi | with
V] = {2 x 5 matrices with entries from Z},
V, =ZxZxZx3Z,
V; = {6 x 2 matrices with entries from Z},

V. = {all polynomials in the variable x with coefficients from Z
of degree less than or equal to 5} and

ae’/;.

(Jl<‘n
I
SR I I SR

Vi ={V;',V;} with
V'={(aaaaaa)|aeZ}and
V) = Zx3Zx27x57xZ
and
Vs={V;,V;, V], V;} with
V) =ZxZxZxZx3Z,
V; = {all 5 x 5 upper triangular matrices with entries from Z},
V) ={(aaaaa)|aeZ}and

V; = {2 x 9 matrices with entries from Z}.

Take
W, =3Z x3Z x3Zc V| is a subgroup of V,,

W, = {3 x 3 matrices with entries from 5Z} — V,
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is a subgroup of V, and

W, = {3 x 5 matrices with entries from 72} < V,
is a subgroup of V; .

W2 = {6Z x {0} x 5Z} < V}

is a subgroup of V;' and

W, = {2 x 6 matrices with entries from 7Z} < V;,

W, = {2 x 5 matrices with entries from 8Z} ¢ V;
is a subgroup of V',

W, =3Zx {0} x {0} x3Z} c V,

is a subgroup of V5,

W, = {6 x 2 matrices with entries from 10Z} < V;
is a subgroup of V;,

W, = {all polynomials in the variable x with coefficients
from Z of degree less than or equal to 3} < V,

is a subgroup of V;,

W, = acl0Z;c V]

ST R < B <

is a subgroup of V.,

W'={(aaaaaa)|ac2Z}cV,
is a subgroup of V;* and

W, = {3Z x {0} x {0} x {0} x 5Z}
is a subgroup of V;'.

W, = {0}x3Zx{0}x{0}x3Z
is a subgroup of V;,
W, = {all 5 x 5 upper triangular matrices
with entries from 77}
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is a subgroup of V),
W, = {(aaaaa)/ae2Z}c V;
is a subgroup of V; and
= {2 x 9 matrices with entries from 10Z} < V;
is a subgroup of V; .
Thus
W=V=W;uW,uW;uUW,uU Ws)
= (WL WL W O{ W2 W5 oW W, We LW, W
URAAR AN RCEL AR AR AR A
V=(V,uV,uV;UVy

is a pseudo special subgroup set linear 5-subalgebra over the
subgroup 2Z < Z.

It is important to observe the following:

If the group over which the special group set linear n
algebra V defined does not contain any proper subgroups then
we define those special group set linear n-algebras as pseudo
simple special group set linear n-algebras.

We in this context prove the following result.

THEOREM 4.2.1: Let
V=V, uV,u..ul,)
i ARV /48 INOR| /R 7SN ol SO OR | AN /A
be a special group set linear n-algebra over the group Z,. (The

group of integers under addition modulo p, p a prime}. Then V
is a pseudo simple special group set linear n-algebra over Z,.

Proof: Given V=V =(V, U V, U ... U V) is a special group
set linear n-algebra defined over the additive group Z,. Thus Z,
being simple Z, cannot have non trivial subgroup so even if W
is proper subset of V such that if

W=W,uW,u...uUW,)

363



= {WL Wy, W o WE WL W o
{W",W“,...,W; }
such that each W 1 <ji<n;i=1,2, ..., n happens to be a

subgroup of VJ‘ still the absence of subgroups in Z, makes V a

pseudo simple special group set linear n-algebra over Z,. Thus
from this theorem we have an infinite class of pseudo simple
special group set linear n-algebras as the number of primes is
infinite.

We shall illustrate this by a simple example.

Example 4.2.21: Let
V:(Vl UV2UV3UV4)
R A RVRL SRR A VR ARA RUR AR
be a special group set linear 4-algebra over the group Z;. Here
V! =Z;x 7,
a
V), =4|b|la,b,ceZ,

C

Vl2 =7Z7x Z7x 73, V22 = {2 x 2 matrices with entries from Z;},

= [2 x 5 matrices with entries from Z,, Vl3 ={Z1x Z7x Z7%
Z;}, V, = {4 x 4 upper triangular matrices with entries from
Z;}, V'= {5 x 5 lower triangular matrices with entries from Z,}
and V, =Z;x Z;x Zyx Z7x Zs.
Take

=(W UW,uUW3;UW,)

= {WLW} U (W2 WL Wi o (WL W o (W W

where W, =Z;x{0} < V| is a subgroup of the group V,,
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is a subgroup of the group V,, W) =Z;x {0} x Z; < V] isa
subgroup of the group V;,

is a subgroup of the group V;,

5 {(a a a a aJ
W, =
a a a a a
is a subgroup of the group V;. W, = {Z;x {0} x Z;x {0}} <
V; is a subgroup of the group V;,

an7} c V!

a a a a
wi=2 2z lew
0 0 a a
0 0 0 a
is a subgroup of the group V,
a 0 0 00
a a 0 00
W'=4la a a 0 0|laeZ,;cV,
a a aa 0
a a a a a

365



is a subgroup of the group V,' and W, = Z;x {0} x Z;x {0} x

{0} <V, is a subgroup of the group.
ThOUghW:(WlUWzUW3UW4)g(V1UV2UV3U

V4) = V still as Z; has no subgroup W cannot be a pseudo

special subgroup set linear 4-subalgebra of V so V is itself a
pseudo simple special group set linear 4-algebra.

Now we proceed onto define the notion of special group set
linear n-transformation.

DEFINITION 4.2.18: Let
V=V, ulV,u..ul,)

=to Lo oy

and ’
W=w,oWw,u.voW,) =
(ww..wy | olwewy ko om

be two special group set vector n-spaces over the set S.
(T, vl,uv..uTl,)

= {10, T) VR LT o O

V=WV, uV,u..UV,) > W=W,UW,U... UW,)
where T; : V; = Wii.e.,

T (ViVissV)) = (W W)

such that T; is a special group set linear transformation of V;
into W; over the group S for everyi, i =1, 2, ..., n.
That is
T, V,>W;;

Ji’
1 <j<n,i=12, .., nwhereTi= (Tl',Tz’,,Tn') then we call

T=(T, vT, v..uT,) to be a special group set linear n-
transformation of 'V into W.
We shall denote the collection of all such special group set
linear n-transformation V into W by
SHom(V, W) = {SHom (V;, W;)} < {SHom (V,, W)} U ... U
SHom(V,, W,)}
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= {Hom (V.W"), Hom(V,,W, ) ,..., Hom(V, W, )}
C{Hom (V3 W), ..., Hom (V. W)} U ... U
{Hom (V;",W,"), Hom (V;',Wy"), ..., Hom (V. W, )}

Clearly S Hom (V, W) need not in general be a special group set
vector n-space over S. Infact SHom (V, W) can in general be a
special set vector n space over S.

Example 4.2.22: Let V=(V,uU V,UV;U V) and W= (W, U
W, U W3 U W,) be two special group set vector spaces over the
group S = {0, 1}. Here

Vi={V.Vj}, Vo= (VP V7 Vi,

Vi={V) V..V ve= (VLY
with

V! =ZxZxZxZ,
V, = {all 2 x 3 matrices with entries from Z}, V} =Z x Z x Z,

V; = {all polynomials in the variable x with coefficients from Z
of degree less than or equal to 4},
V? = {3 x 3 upper triangular matrices with entries from Z},

V; = {3 x 3 matrices with entries from Z},
V, =ZxZ, V; = {9 x 1 column vector with entries from Z},
Vi=ZxZxZxZxZxZ,

V, = {3 x 2 matrices with entries from Z},

, a b
W, = a,b,c,deZ;,
c d
al a2
W2'= a, a,|la,eZ; 1<i<6,,
a5 ag
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2 _ . :
W,=+<la; ||a,€eZ; 1<1<5;,

W, = {{3 x 2 matrices with entries from Z},

W, = {all polynomials in x degree less than or equal to 8 with
coefficients from Z},

W; - {[bj a,beZ},

W= {3 x 3 lower triangular matrices with entries from Z}

. a b c
Wi =
d e f

Now definethemap T=T, VT, UT; UT,: V=V, U V,UV;
UV, W=W,uUW,uU W;uU W,as follows;

and

a,b,c,d,e,er}.

T:(T1UT2UT3UT4)
={1.1,} v {T.T,.T}} U {T). T, T;} U {T/.T)}:
V —> W by

T : V! - W/ given by

. a b
T (abcd)= ,
c d
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T, :V, > W, is defined by
a
,(a b ¢
T! ~|b
d e f
c

T : V) — W/ is given by

5 a b
T (abc)= :
0 ¢
T, : V; — W, is such that

T, (a0 +ax + ax’ +ax’ +axx’) = | a,

and
T, : V. — W, is defined by

a b c a d
T, |0 d e|=|b e
0 0 f c f
T : V) - W, is given by
a b c
T'|d e f
g h i

= {a+bx+cx’+dx’ +ex’+ X+ gx®+ hx’ +ix"},

[, :V,; - W, is defined by
T, (a,b) =
2 b|
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T, : V; - W, is such that

T; =a; tax+ a3x2 + a4x3+a5X4+a6x5+a7x6+agx7+agxg,

T': V' = W, is given by

a 0 0
T' (abcdeN=|b d 0
c e f
and
T, : V) — W, is such that
al a4
T24 a, a;|= (al % a3J.
a, a, a,
a;  ag

Thus T =T, u T, U T; U T4 is a special group set linear 4
transformation of V into V.

It is important at this stage to make a note that if W in the
definition is replaced by V itself i.e., The domain and the range
space are one and the same then we call the map T: V —» V
which is a special group set linear transformation from V into V
is defined as the special group set linear n-operator on V.

Now if

SHom (V,V) = {S Hom (V,, V) U SHom (V,, V) U ... US
Hom (Vy, Vi)}

= (Hom (V},V}}, Hom (V;,V;), ..., Hom (V.V} ))u
(Hom (V7,V}), Hom (V;,V; ), ..., Hom (V. V. U ... L
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(Hom (V}, V'), ..., Hom (V}, Vi)

then we see SHom (V, V) is a special group set vector n-space
over the sets over which V is defined.

We illustrate this by the following example.

Example 4.2.23: Let
V:(Vl UVQUV3UV4)
= VLV Vi U VRV UV VL VLV UV VLV
where
V! =ZxZxZxZ,

oo

V, = {set of all polynomials in the variable x of degree less
than or equal to 6}, Vi =3Z x Z x 8Z,
V, = {3 x 3 upper triangular matrices with entries from Z},
V) =Zx2Zx3Zx4Z x 5Z,

V, = {all 4 x 4 upper triangular matrices with entries from Z},

a,b,c,deZ},

V; = {all polynomials in the variable x with coefficients from Z
of degree less than or equal to 5},

a a a a
Vj= b b b bjla,bceZ;,

c c c ¢

a

. b

V= a,b,c,deZ;,
c
d

V) ={ZxZxZxZxZxZ}
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and V; = {all 6 x 6 lower triangular matrices with entries from
7}, be the special group set 4-vector space over Z.

Now define
T:(T1UT2UT3)
=(1.10,.1) v (T.T;) v (T. 0. T, T} ) u (T, T, T )
V:(V1UV2UV3UV4)

=(VL VL)) U (VEV3) o (VL VLV, V) ) u (VL Vs, )

>V=V,uV,uV;UV)y
as follows:
T': V! - V] is defined by

T/ (abcd)=(aadd);

T,: V, = V, is defined by
. [a bJ (d cj
T, = ,
c d b a
T,: Vi = V] is given by

T31 (ao+a1x+a2x2+a3x3+a4x4+a5x5+a6xé)
=aox6+a1x5+a2x4+a3x3+a4x2+a5x+a6),

T’ : VP — V] is defined by
T xyz)=(x x+y+z z),

T,): V; — V; is given by

a b ¢ a 0 0
T220d6=0d0,
0 0 f 0 0 f
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T): V) — V; is such that
T (xyzot)=(x+y+z o, 3y,2y,2),

T,): V, — V; is given by

- e o
S O O &
o O o o
o 5 O o
—_— O O &

c
f
h
0

)
S O O .
S O o o

—

T,): V; - V, is defined as
T) (@ +ax+a,x’+a;X +a X' +asX°) = ag+ ax’ + asx,

T,: V; — V, is given by

a a a a) (¢ ¢ ¢ ¢
T)/b b b b|=|a a a al,
c c c ¢ b bbb
T': V' — V! is given by
a) (a
b d
' (=] |,
c b
d c

T,: V, — V, is such that

T, (abcdef=(aaafff)
and
T;: V} — V; is given by
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a 00 00 0)(a 000200
bc 0O0O0GO[|bbooOO0OO
wld e £ 00 0] fdddooo0
lgeh i j 0O |gggg 00
k 1 mnopoO| |k k k k k0
g r s tuv)lqdqaqaqqq

Thus we see T = (T, U T, U T;u Ty) : V>V is a special group
set linear 4 operator on V.

Now we can proceed onto define the notion of pseudo special
group set linear n-operator on V.

DEFINITION 4.2.19: Let
V=, uV,u..ul,)
(I/ll,l/zl’ ) (1/12’ 1/22, I/nZZ) UL U(I/ln, I/zn, Vn)
be a special group set vector n-space over the set S.
Let
T=(T,vT,u..uT,)
= (f, 7T o o1y, 1T,
V=V, vuV,u..ul,)
= (v ) o ) o o v )
>V=V,uV,u..ul,)

is such that T;: V; - V; is given by T]’ : Vj’ —)Vk’ Jji #k for

atleast one ji; 1 <j, k <m, i =1, 2, ..., n be a pseudo special
group set linear operator on V,, true for each i. Then we define
T = (T, T, .. UT,) to be the pseudo special group set
linear n-operator on V.

We illustrate this by a simple example

Example 4.2.24: Let V= (V; UV, UV; UV, be a special
group set vector 4-space over the set Z" {0} = S where
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Vi= (VL VL VLV ) Vo= (VL V5, V),
Vi= (V. V5) and V= (V' V5, V) V)L V)

with
V! =SxSxSxS,

| a b
Vv, = a,b,c,deS;,
c a
a1
1 a2 .
Vv, = a,eS; 1<i<4;,
a’3
a4

V, = {all polynomials in the variable x with coefficients from S
of degree less than or equal to 5}, V/ =S xS xS xS xS xS,
V; = {all 3 x 3 upper triangular matrices with entries from S},
V; = {all 6 x 2 matrices with entries from S}, V' =S xS x S
xS xS xS, V; = {all 4 x 4 lower triangular matrices with
entries from S}, V' = {SxSxSxSxSxS xS}, Vi={5x2
matrices with entries from Z U {0}} Vi'= {2 x 3 matrices with
entries from Z U {0}}, V,= {7 x 1 column matrix with entries
from S} and V54 = {set of all polynomials in the variable x with

coefficients from S of degree less than or equal to 9}. V is
clearly a special group set vector 4-space over the set S.

Let
T:(T1 UTQUT3UT4)

- (Tll’Tzl’Tsl’Ti) v (le’Tzz’T;)
O (1T (T T T
=V=(V,uV,uV;UV,y

375



= (VL VL VL V) O (VL V3L Ve ) o (VL V) w
(VL VLV VLV ) 5 V=(Viu VU Vo vy

be defined as follows.
T,:Vi> V, 1 SiS4;T1:V1—>V1,i.e.,

T= (T TLTLT) £ (W VA VL) - (Vi VAV V)
such that
TV Vi,
T,:V, >V,
T, : Vi -V, and
T,:V, > V|
are given by;

—a+bx+cx’+dx°

o o o o

and
T): (@ +aiX + aX° + asx’ +a, X' + a5 x")
= (o, a; + @y, a3 + ay, as).
2 2 2 . _ 2 2 2 _ 2 2 2
Now Ty (T, T3.T5 ) : Vo= (V2. Vi, Vi ) > Vo= (V7 V5, V5

1s defined to be from
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T : V! = V),
T, : V; > V] and

T, : Vi — V,; are given in the following:

T, : Vi -V}
a b ¢
T'(abcdef)= [0 d ,
0 0
a b ¢ T
5 a 0 c 0doO
T,10 d e|= ,
0 e 0f 0 e
0 0 f
and
a b
c d
,le f ..
T, b =(atb,ct+d,etf,g+hitjk+])
g
]
k 1

T;=(T.15): Va= (V. V;) > (V. V3)
are such that
T : V>V,
and T, : V, — V; are defined by

T) (abcdef)=

o o o ®
o - o O
o ©o o o
o o o o

and
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a 0 00

T, boe 00 =(a,b+c,d,e f+g h+i).
d e f 0
g h i

Now
T,= (T, T, T, T, T ) :
V4= (V147 V;,V;:V::V;) = V= (V14, V;aV;’V:,V;)
is defined by;
T : V' = V, is such that

T' (abcdefg)=

@ = o o o o o

T, : V; — V! is defined by

=a+bx+cx’ +dx’ +ext + i + gx’ + hx’ +ix*+ jx°

el
-0 O O ©
—. =5 - o o

T, : V; = V! is such that
| b e =(a,b,c,d, e, f,a+1);
3 d e f 2 2 2 2 b b

T, : V; — V/ is given by
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T, |a; | =a, +aiX +aX° + a3x’ + ax’ + asx’ + agx’

and T, : V! — V; is such that

4 2 3 4
T, =a, tax +ax” +asx” + asx

+asx’ +agx’+ax +agx’+ax’ =|a, a,

Clearly
T:(T1 UT2UT3UT4)
=(T.0.T.T,) U (T 1.1 ) u (T, T3 ) u
(T4, 15, T, 1.1 ) :
V=(ViuV,uV;UVy)>V
is a pseudo special group set linear 4-operator on V.

The following observations are important: If
V=(ViuV,u..UV,)

= (Vo V0o Vi) U (VL V3 V2 ) U U (VL VSV

is a special group set vector n-space over the set S. The

collection of all pseudo operators from V into V denoted by

SHom(V, V) = SHom(V,, V;) U SHom(V,, V,) U ... SHom
(Va, Vi) = {Hom(V}, V! ) Hom(V},V}) ... Hom (V. V] ]}

U {Hom(V7, V) Hom(V;, V7 ) ... Hom (VZ, V] )} U ..U

1
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{Hom(V]“, V]f) Hom(Vz“, Vlfz) ... Hom (V;‘ , Vl;‘ ) } is again a

special group set vector n-space over the set S . Here (i i )

..
is a permutation of (1, 2, ..., ny), (jl,...,jnz) is a permutation of

(1,2, ...,1n;) so on (pl,...,p“" ) is a permutation of (1, 2, ..., n,).

As in case of special group set vector n-spaces we can in
case of special group set linear n-algebras define special group
set linear n-transformations, special group set linear n-operators
and so on. Further we can define special projections of these n-
spaces.

We now define the fuzzy analogue of these notions.

DEFINITION 4.2.20: Let V = (S;, S ... , S,) be a special
semigroup set vector space defined over the set P. Let = (1, ...,
n): V. — [0, 1] be such that n;: S; = [0, 1]; 1 <i <n,
ni(a; + by) = min{n(ay), ni(b)}
ni(ca) = n; (a) forall c € P
and for all a;, b; € S, true fori =1, 2, ..., n. Then we call
Va=VVs,sV,) Vi Vansss Vo, )

oy = D VonoeeaVl,

to be a special semigroup set fuzzy vector space.
We illustrate this by some examples.

Example 4.2.25: Let V = (Vy, V,, V3, V4, Vs) be a special
semigroup set vector space over the set {0, 1, 2, ..., o} = S
where V|, = {Z°x Z° xZ° | Z°S=Z7Z"U {0}},

V,= a,b,c,deS;,

o o o ®

V; = {all 3x3 matrices with entries from S},
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such that a,b e S}

a a a a
V4:
{[b b b bj

and

such that a,b,c,d €S} .

<

W

Il
o 0 & o 9
o a o a o

Define n = (M1, M2, N3, M4, N5):V = (V1,V2,V3,V4,Vs) — [0, 1] by
Nni: Vi—> [0, 1]; 1 £1 <5 as follows:

N : Vi —> [0,1] is given by

—— ifx+y+z=#0
nl(XJY9 Z): X+ty+z

1 if x+y+z=0

N2: Vo = [0, 1] is defined by

a

b ———i———ifa+b+c+d¢0
up =4Ja+b+c+d

Z 1 ifatb+c+d=0

13: V3 = [0, 1] is such that

a b ¢ ¢ .0
ifat+e+i#
mld e f|=Ja+e+i
g h i 1 ifa+te+1=0

N4 : V4 — [0,1] is defined by
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a a a a| 4b12 if 4b+2a#0
e b b b tea

1 if 4b+2a=0

Mns: Vs — [0,1] is given by

a b
c d
if 3a+2c#0
Ns|la b|=1<3a+2c
c d 1 if 3a+2¢c=0
_a b_

Clearly
VT] = (V19 VZ, V3’ V4, Vs)n = (V V21,]2 ,...,Vsns )

In,>

is a special semigroup set fuzzy vector space.
Example 4.2.26: Let V = (Vy, V,, V3, V,) where

V= ZsxZsxZsxZsxZs,

a,b,c,deZ ¢,

o o0 o ®

V; = {Zs[x] all polynomials of finite degree with coefficients
from Zs} and V, = {all 4 x4 upper triangular matrices with
entries from Zs} is a special semigroup set vector space over the

set S= {0, 1}.

Define n =M1, N2, M3, Na): V = (V1 V2 V3 Vy) > [0,1] by

ni: Vi—> [0,1],1=1, 2, 3, 4 such that

M : Vi = [0,1] defined by
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1
—if 0
nl(a,bacyd,e): a naz

1 ifa=0
N Vo2 = [0, 1] is given by
a
b ifa+d=0
Ly =qa+d
¢ 1 ifa+d=0
d

13: V3 = [0, 1] is such that

n3(p(x)) = m if p(x) # constant

1 if p(x) is a constant

N4: V4 — [0,1] is defined by

a b c |
0 e f g —— ifa+e+h+j=0
N4 00 h i =Ja+e+h+]j
) 1 ifate+h+j=0
00 0 j
Clearly
V= (Vi Vo, Vi Vo) o= (Vi Vag oo Vi, )

is a special semigroup set fuzzy vector space.

Now we proceed on to define the notion of special semigroup
set fuzzy vector subspace.

DEFINITION 4.2.21: Let V = (V}, V), ..., V) be a special
semigroup set vector space over the set S. Suppose W = (W,
Wy e W) < (Vi, Vo, oo, Vi)y Wi Vi (1 <i <n)is a special
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semigroup set vector subspace of 'V over the set S. Now define
n=(n, M2 ..., M) - W [0, 1]; W= W, W, ..., W,) = [0,
1] such that n;: W; = [0, 1] where W, = (Wm,W,]Z,.. w ) is a

2,

special semigroup set fuzzy vector space then we call W, to be a
special semigroup set fuzzy vector subspace of V.

We illustrate this by a simple example.

Example 4.2.27: Let V = (Vy, V,, Vi, V4, Vs) be a special
semigroup set vector space over the set S = {0, 1} where V; =
{Z°x Z° xZ°x 2° x Z° | Z°=Z " U {0}}, V, = {all 4 x 5
matrices with entries from Z°},

V3:

a

b
a,b,c,d,eeZ’

c

d

V, = {all 4 x 4 lower triangular matrices with entries from Z°}
and Vs = {Z°[x] all polynomials in the variable x with coeffici-
ents from ZO}. Take W = (Wl, Wz, W3, W4, W5) c (Vl, Vz, V3,
V4, Vs) =V where W, = {2Z° x 3Z° x 47° x 57° x 6Z°} < V|,

W, = a,,b,,c.,d,,e3Z°,1<i<5;cV,,

acZ’ cV;,

=
Il
S
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W,y = a,b,ceZ’ 'V,

o o o ®
o o &0 O
o MO O
& O O O

and W5 = {all polynomials in Z°[x] of degree less than or equal
to 11 with coefficients from Z°} < Vs . Clearly W = (W, W,
W3, W4, Ws) is special semigroup set vector subspace of V over
the set {0, 1}.
Define n = (M1, N2, N3, N4, Ns) © W = (W, W2, W3, W4, Ws) —
[0, 1] as follows:
ni:W;—>[0,1;i=1,2,3,4,5.

ni: Wi — [0, 1] is defined by

; ifa+b+c+d+e#0
m(abcde)=<a+b+c+d+e
1 ifa+b+c+d+e=0

M, : Wy — [0,1] is such that

1
ifa, +d,+b,+p, #0
a,+d, +b,+p, 17820 TP
1 ifa, +d,+b,+p, =0

13 : W3 — [0,1] is given by
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l ifaz0
ns3
1 ifa=0

o o ® o
|
S

N4 : W4 — [0,1] is defined by

a 0 0 0
a a 00 S ifa+b+c=0
N4 =Ja+b+c
b b a0 1 ifa+b+c=0
c ¢ b a
Clearly W = (Wlm W, s Wa ,Wm) is special semigroup

set fuzzy vector subspace.

Now we proceed on to define the notion of special semigroup
set linear algebra.

DEFINITION 4.2.22: Let V = (Vi, V5, ..., V,) be a special
semigroup set vector space defined over the set S. Let n= (n;,
Moy, M) V=V, Vo ..., V) = [0,1] such that n; : V; = [0,
1];i=12, ..., n

ni(ai + b)) = min{mi(ay, 1mi(by)}

ni(ra;) = ni(ay) for all a, b; € Vyand for all r € S; 1<i<n.
Then V), = (V | |4 ) is a special semigroup set fuzzy

I 2" 2my 22> "

linear algebra.
We illustrate this by an example.
Example 4.2.28: Let V = (Vy, V,, V3, V4, Vs) where V| = {Z;, x

Z1n x 21}, Vo = {all 3 x 3 matrices with entries from Z,}, V3 =
{Z,[x] be all polynomials of degree less than or equal to 7},
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V.= a,b,c,d,ecZ,

o o o o o

and Vs = {all 2 x 5 matrices with entries from Z,} be a special
semigroup set linear algebra over Z,.

n= (nla N2, N3, N4, nS): V= (Vl V2 V3 V4 VS) - [O’ 1],
Ni: Wi—>[0,1]; 1 <i<5.

ni: Wi — [0, 1] is such that

—— ifa+b+c#0
mabec)=<a+b+c

1 ifa+b+c=0

M, : Vo, > [0,1] is defined by

a b ¢ 1 . .
— if 2a+3b+4i=0
M |d e f|=<2a+3b+4i
g h i 1 if 2a+3b+4i=0

1n;: V3 > [0,1] is given by

n3(p(x)) = m if p(x) # constant

1 if p(x) is a constant

N4 : V4 — [0,1] is given by
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ifa+te#0

ate
1 ifa+te=0

N4

o o o o ®
I

M5 : Vs — [0,1] is defined by

1
if 2a, +b. %0
ns{al a, a3 a, as}: 2al+b5 1 5

b b, by b, b 1 if2a,+b,=0
1 57

v

2n,°

V.

LU

V.

4ng > T 5ms

Vo= (V,

In, » ) is a special semigroup set

fuzzy linear algebra.

It is important to state that like most of the structures defined in
this book; we see special semigroup set fuzzy vector space and
special semigroup set fuzzy linear algebra are fuzzy equivalent.
Now we proceed on to define special semigroup set fuzzy linear
sub algebras.

DEFINITION 4.2.23: Let V = (V;, V5, ..., V) be a special
semigroup set linear algebra over a semigroup S. Let W = (W,
W, ..., W,) be a special semigroup set linear subalgebra of V
over the semigroup S.

Deﬁne W = (W], Wg, veey Wn) 9[0, ]], n= (77], m, ..., 77n)
(Wi, Wy, ..., W) > [0,1]; where n; : V; > [0,1];i=1, 2, ..., n.
such that

Wy= W, Wo, oo W)= (W, Wapy s W)

niy,

is a special semigroup set fuzzy linear algebra then we call W),
is a special semigroup set fuzzy linear subalgebra.

We now illustrate this by a simple example.
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Example 4.2.29: Let V = (Vy, Vs, V3, V4, Vs) where V| = {Z° x
Z° x 7Z°x Z2° x Z°}, Vo, = {Z°[x] is a polynomial of degree less
than or equal to 12 with coefficients from Z°}, V; = {all 5 x5
lower triangular matrices with entries from Z°}, V, = {3 x 6
matrices with entries from Z°} and

V5: aecZ’

(IR A

be a special semigroup set linear algebra over S = {1, 2, ..., 10}.
W = (W, Wy, W3, Wy, Ws) < (Vy, V2, V3, V4, Vs) = V where

W, ={Z°x2Z°x {0} x {0} x 3Z°} < V|,
W, = {all polynomials in x with coefficients from Z° of degree
less than or equal to 7} < V»,
W; = {all 5x5 lower triangular matrices with entries 3Z2°} < V3,
W, = {3 x 6 matrices with entries 5Z°} < V4
and

Ws = aec3Z°: Vs,

[ R R )

W is a special semigroup set linear subalgebra of V over the set
S={0,1,2,...,10}.
Define n: W — [0, 1]; by

N =M M2, M3, N> Ms): (W, W, W3, Wy, Ws) =W — [0, 1],
1<i<s.
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ni: Wi — [0, 1] is defined by

1

—ifb#0
Mm@ab00c)= b1 ”

1 ifb=0

Nn2: W, — [0, 1] is given by

—— if p(x) is not a constant
na2(p(x)) =4 degp(x)

1 if p(x) is a constant

Nn; : W3 — [0,1] is defined by

fa 0 0 0 O]
b b 0 0O 1 )
—  ifa+b+c+d+e#0
njc ¢ ¢ 0 O|=qa+b+c+d+e
d dd do 1 ifa+b+c+d+e=0
le ¢ e ¢ ¢

N4 : W4 — [0,1] is such that

a, a, a, a, a; a
ns|b, b, b, b, b, b, |=4a +b;+c;
c, C C €, C5 C 1 ifa, +b;+c,=0

ifa,+b,+c,#0

Nns : Ws — [0,1] is given by

— ifa#0
ns

1 ifa=0

S I -
I
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W= (W, Wy, Wy, W, W) o=
(W

In; >

W

20,

A\

3y

W,

4ng > T5ms )
is a special semigroup set fuzzy linear subalgebra.

It is pertinent to mention here that the notion of special
semigroup set fuzzy vector subspace and special semigroup set
fuzzy linear subalgebra are fuzzy equivalent.

Now we proceed on to define the fuzzy notion of special
group set vector spaces defined over the group G.

DEFINITION 4.2.24: Let V = (V,, V>, ..., V) be a special group
set vector space over the set S. Let 1= (15, 1M2,..., n,): V= (V1,
Vo oo, V)= [0, 1] such that n: V; - [0, 1];i=1<i< n.
ni(a; + by >min{ni(ay), n1(b)}
ni(—a;) = ni(a); ni =0
ni(ra;) 2 ni(a;)
forall a, b; € Viandr € S. If this is true for every i; i =1,2,...,n.
Vy = (VW0 v, V. v

n)(”]”]?.""’nn) _( Iy 27 2y 200 mzn)

is a special group set fuzzy vector space.
We shall illustrate this by a simple example.

Example 4.2.30: Let V = (V| V, V3 V4 Vs) to be special group
set vector space over the set Z° where Vi = {Z xZxZ xZ x Z
x Z}, Vo = {all 3 x 3 matrices with entries from Z},

V3= a,b,c,d,ecZ;,

o o o o o

V4= {all 3 x 5 matrices with entries from Z} and V5= {all 5 x 5
lower triangular matrices with entries from Z}.

Define n = (M1, N2, M3, N4, Ms) = V= (V1,Va, Vi, Vi, Vs) - [0,1];
1<i<s.
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Mni: Vi = [0, 1] is such that

ifa+tc+f#0

m(abcde)=qa+c+f
1 ifa+tc+f=0

N2: Vo > [0, 1] is defined by

a b c 1 ) )
——— ifa+b+d+i#0
Mmld e f|=<a+b+d+i
g h i 1 ifa+b+d+i=0
1n3: V3 = [0,1] is given by
1 .
——if5a+7d+e=0
N3 =4J5a+7d+e

1 if Sa+7d+e=0

o o o o e

N4: V4 — [0, 1] is such that

a, a, a, a, a 1 .
bl e ———  ifa;+b;+c; #0
Ma|b, b, b, b, by|=1a5+bs+c;
C, C, ¢ ¢, C 1 if a;+bs+c;=0

Nns: Vs —> [0, 1] is given by

= O O

ifa+p=0
=Ja+p

1 ifa+p=0

ns

—-
B —w O O O

—_ 0 0o o O

~ e o o e
T O O o O
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Thus V, = (V

n ,VZHZ,...,VSnS) is a special group set fuzzy

vector space.

Now we proceed on to define the notion of special group set
fuzzy vector subspace.

DEFINITION 4.2.25: Let V = (V}, V,, ..., V}) be a special group
set vector space over the set S. Let W = (W;, W, ..., W) < (V1,
Vs, ..., Vi) <V be a proper subset of V which is a special group
set vector subspace of V over S.

Let n= (77], m, ..., 77,1) W= (W], Wz, ey Wn) 9[0,]] such
that n;: W; = [0, 1] for every i and W, = (W W2,]2,...,Wm7n) be

I

a special group set fuzzy vector space, then we define W, to be a
special group set fuzzy vector subspace of V.

Now we will illustrate this situation by a simple example.

Example 4.2.31: Let V = (V, V,, V3, V4, Vs) be a space over
the set S = Z where
Vi=SxSxSxSxS,
V, = {all 3 x 3 matrices with entries from S},
V3 = {all 5 x 2 matrices with entries from S = Z}
Vs={(aaaaaaa)|aeS}
and

Vs=1<la;||a,eS=Z 1<i<5;.

Take W = (Wl,Wz, .. .,W5) c (Vl,Vz,V3,V4,V5) =V where
Wi =SxSx {0} x {0} xScV,,

W, = {all 3 x 3 upper triangular matrices with
entries from S} < V,,
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a,beS;c Vs,

=

Il
O o o o
oo o o o

Ws={(aaaaaa)|aec 55} cV,
and

W5 = aeS; cVs.

[ I

Cleaﬂy W= (le W25 W3a W49 WS) < (Vla V29 V39 V49 VS) =V
is a special group set vector subspace of V over S.

Define n = (N1, N2, M3, N> Ms) : W = (W, W, W35, W4, Ws) —
[0,1]; as m;: W; — [0, 1] for every i such that

ni: Wi — [0,1] is defined by

——ifa+b+c=0
m@b00c)=1a+b+c

1 ifa+b+c=0

M, : Wy — [0,1] is given by

ifa+d+f#0

b ¢
up d e|=9a+d+f
0 f

1 ifa+d+f=0

S O e

13 : W3 — [0,1] is given by
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2 bl
a b )
ifa+b=0
nsla b|=45a+b
a b 1 ifa+b=0
N4 : W4 — [0,1] is given by
lifa;«tO
ms(aaaaaa)=4a
1 ifa=0
N5 : Ws — [0,1] is such that
e
a
iifal;tO
Nsfa|=1q5a
a 1 ifa=0
_a_
Thus Wy, = (W, , W, , W, W, W, ) = (Wimi, Wona, Wi,

Wun4, Wsns) is a special group set fuzzy vector subspace.

Now we proceed on to define the notion of special group set
linear algebra V defined over the group G.

DEFINITION 4.2.26: Let V = (V,;, V,, ..., V) be a special group
set linear algebra over the group G. Let n: V=V, Vs, ..., V)
— [0,1] be such that n=(n;, M2,..., M): Vi, Vo oo, Vi) = [0,
1] such that n;:V; — [0,1] for each i, i = 1, 2, ..., n; satisfying
the following conditions
ni(a; + by = min{ni(ay), ni(b)}
ni(— a)= mi(ay; n; (0) = 1
ni(ra;) 2 ni(a;)
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for atleast one pair of a;, b; € V; and for some r € G, true for
eachi,i=1 2 .., n Wecall V,, = (le’ 2,72,...,Vm7”) to be a

pseudo special group set fuzzy linear algebra.
We illustrate this by some simple examples.

Example 4.2.32: Let V= (V}, V,, V3, V4, V) be a special group
set linear algebra over the group Z,s where V| = Z g x Zg x Zjs,
V, = {all 4 x 4 matrices with entries from Z;s}, V5 = {all 5 x5
lower triangular matrices with entries from Zg},

Vi= a,b,c,d,ecZ;

o o o o o

and

Vs = a,b,c,d,e,feZ,

- 0o oo o ®
- 0o o0 o e

Define n =M1, N2, N3, N4> M) = V = (V1,V2,V3,V4,Vs) — [0,1];
such thatn; : V; > [0,1],i=1,2, ..., 5.

N1 : Vi — [0,1] is defined by

——ifa+b+c#0
n(abc)y=<a+b+c

1 ifa+b+c=0
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M2: Vo, = [0, 1] is such that

1

—— ifd+f+j+m=0
=<d+f+j+m

N2

b
£
! 1 if d+f+jrm=0
n

o =~ _ o

a
(§
C
m p

Ns: V3 > [0, 1] is defined by

1
=da+d+b+g+k
1 ifa+d+b+g+k=0

ifa+d+b+g+k=0

- O O

n3

~ e o o o

— 5 o o (e
—-

5B - O O O

T O O O O

N4 Wy — [0, 1] is given by

ifatc+e#0

=<a+c+e
1 ifatc+e=0

N4

o o o o o

ns : Ws — [0, 1] is defined by

1

= ja+b+c+d+e+f
1 ifa+b+c+d+e+f=0

ifa+b+c+d+e+f#0
UE

- o o0 o o
- o o 6o o e
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Clearly V, = (V vV, . VsV, ,V ) is a special group set

Ing > "2my >3m0 Tdny 2
fuzzy linear algebra.

It is pertinent to record at this juncture the notion of special
group set fuzzy vector space and special group set fuzzy linear
algebra are fuzzy equivalent. However we wish to state they
become the same under the fuzzification.

Now we proceed on to define the notion of special group set
fuzzy linear subalgebra.

DEFINITION 4.2.27: Let V = (V}, V,, ..., V}) be a special group
set linear algebra defined over the group G. Let W = (W;, W),
W)V, Vy ..., Vi) = Vsuch that W; cV,i=12,..,n
be a special group set linear subalgebra of V over the same
group G. Let n.:(n;, nz...., 1)) - W= (W, W, ..., W,) = [0,1]
be defined such that n; : W; — [0,1] and
Wy = (W Wap s,

Lip 2770 21,2 i, )
is a special group set fuzzy linear algebra, then we call W to be
a special group set fuzzy linear set subalgebra.

We illustrate this by some an example.

Example 4.2.33: Let V = (V, V,, V3, Vy) be a special group set
linear algebra over the group R. Here V; =R x Rx R x R; R the

reals under addition, V, = {all 4 x 4 matrices with entries from
R},

Vi=1la, || aeR;1<i<5

and V, = {all 2 x 7 matrices with entries from R}. Choose W =
(W],Wz, W3, W4) where W] =R x {0} X {0} x R c Vl; Wz =
{all 4 matrices with entries from R of the form
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a a a a
b bbb
a,b,c,deR; cV,,
c ¢c c ¢
d d dd
a
a
Ws;=<lal|laeR} CV;
a
a

and
a a a a a a a
W4:

{b b b bbb bj
so that W is easily verified to be a special group set linear
subalgebra of V over the real. Define

N =M, N2, M3, M) : W= (W, W, W3,Wy) - [0,1];
ni:Vi—=>[0,1];i=1,2, 3,4 as follows.

a,b ER} C Vg,

11 : Wy — [0,1] such that

ifa+b>1

a+b
a+b ifa+bxl

1 ifa+b=0

m@0o0b)=

N2 : Wy — [0,1] is defined by

a a a a 1 ,
bbb b| |arbrord @ArPrerd=l
nz c c ¢ ¢ a+b+c+d ifa+b+c+d<l
d d d d 1 ifa+b+c+d=0

399



13 : W3 — [0, 1] is given by

ifa>1

s ifa<l

ifa=0

R

© o o ®
Il

N4 : W4 — [0,1] is given by

22
b b
a a a a a a a _ b b a
m[b bbbbob b} = if 2<1#0 fe, —21
a a b
1 ifa=0and b=0

Thus W, = (W W, s Wi ,W4m) is a special group set fuzzy

In, 2
linear subalgebra.
It is to be observed that the notion of special group set fuzzy
vector subspace and special group set fuzzy linear subalgebra
are also fuzzy equivalent.

Now we proceed on to define yet another new notion.

DEFINITION 4.2.28: Let
V= (V], Vg, ey Vn)

= (KWl ) O(RV5 V) G O (W10
be a special semigroup set n-vector space over the set a S. If
n=(mumnmu..un)

= (7711’ 77;”77:1]) v (7712’ 77;”7732) v.. v (771’1’ 77;""’77;: ) ;
V= (V], Vz, veey V,,)
= (KWWl ) OBV sV ) O O (VW0 V))

— [0, 1]
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such that for each i, 77; VJ’ — [0, 1]; (1 <j; <n; 1<i <n) then
V,= (Vlm V.Y V,mn) is a special semigroup set fuzzy n-vector

space; when n = 2 we get the special semigroup set fuzzy vector
bispace. If n = 3 we get the special set fuzzy vector trispace.
If we replace the special semigroup set n-vector space V by
a special semigroup set linear n-algebra V and define n = (n; v
o) V=0,V o, V) = [0, 1]; we get the special
semigroup set fuzzy linear n-algebra. Infact both these concepts
are fuzzy equivalent.

We illustrate this by an example.

Example 4.2.34: Let
V=(WV,uV,uV; UV,
=(VL VL vi) u (VEV3) o (VL Ve, v, V) ) u (VL Vs, W)
be a special semigroup set vector 4 space over the semigroup S
=7°=27" U {0}, where
V) =27° xZ7° xZ°,

v, = a,b,c,deZ°},

oo o ®

V; = {all 3 x 3 matrices with entries from Z°},
VP =Z°xZ°x7°x7°xZ°
and
V,; = {5 x 2 matrices with entries from Z°},
Vf = {2 x 6 matrices with entries from Z° },
V] = {2 X 20X 20
V; = {Z°[x] all polynomials in the variable x with coefficients

from Z° of degree less than or equal to four}
and
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a,b,c,d,eeZ’

=

Il
o oo o ®
o A o o

V! = {6 x 3 matrices with entries from Z°},
V) ={Z°xZ7°
and
V' = {2 x 7 matrices with entries from Z°}.
Define
n=MvnUnsUn)
= (ni.memy) U (nfm3) U (ndmimind) w (ndnsmd)
V=(V,uV,uV;UVy
= (VL Vi) U (V2 V3) (VL VL vs, V) ) U
(Vv VL V) = (0. 1]
such that n;i VJ1 ->[0,1];1<ji<n;i=1,2,3,4. Now

N : V! — [0,1] such that

1 — if x+y+z=#0
mn (Xyz)=4x+y+z

1 ifX+y+Z:0

nh: V) — [0,1] defined by

a
| b ;if2a+b+c+3d¢0
N, =4J2a+b+c+3d
(Ci 1 if 2a4+b+c+3d=0
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n,: Vi — [0,1] is given by

a b ¢ )

1 ifc+e+g=#0
n,|d e f|l=qc+e+g

g h i 1 ifc+e+g=0

n; :V, — [0,1] defined by

1
= dat+d+e+h+i
1 ifa+d+e+h+i=0

ifa+td+e+h+1#0

=

[
-8 0 O 9 ©
—. 5 - o o

nZ:V? = [0,1] such that

nxyzou)=
1
x+2y+3z+4w+5u

if x+2y+3z+40+5u=0

1 if x+2y+3z+40+5u=0

n: V2 = [0,1] such that

.. =<a+l1
g hoij kol | ifatl=0

s(a bcde f L ifas120
Ui

n3: Vi — [0, 1] defined by

3 lifx;tO
n,(Xyzo)={x
1 if x=0
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n}: V2 = [0, 1]is such that

1 (b () = | degp() T PL) # constant

1 if p(x) is a constant

nii\f — [0, 1] is such that

a a
b b |
3 ifa+d=0
n4 c c|=132a+2d
d d 1 ifa+d=0
n': Vi — [0, 1] is defined by
[a b c]
d e f .
.08 hi ifa+td+g+h+g+r=0
n| . Kol =Ja+d+g+h+g+r
! 1 ifa+d+g+h+g+r=0
mn o
P q T
n Vi 1[0, 1]is given by
ifx+y=#0
N (xy)=4x+y
1 ifx+y=0

n; :Vy — [0,1] is given by

404



4(abcdeng ! ifa+n=0
ne =<{a+n

hoij k1T mmn 1 ifa+n=0

Clearly n=(my Un, Unz UmMg) : V> [0, 1] is such that
V,= (V UV, uV, UV, ) is a special semigroup set

In
fuzzy vector 4 space.

Now we proceed on to define the notion of special semigroup
set vector n-space over a set S.

DEFINITION 4.2.29: Let
V= (V], Vg, ceey V,,)

(VII,VZI, Vl) U(Vlz,VZZ,...,Vé) UL U(V1naVzna Vn)
be a special semigroup set n-vector space over a set S. Let
W= (W], Wg, ceey Wn)
=(W L) O (W2 W) O O (W)
cVyulVu..uV,) =V

be a special semigroup set vector n-subspace of V over the set
S. Let

n=(mvn .. un)
= (1) (1 setl) C O (0 1] ) -
W=, W, ... W,)
(VVII’WZI, Wl) u(le,sz’ WZ) UL U(VVlnﬁwzn? Wn)
> [0 1]
defined by 77", :Vi —=[0,1]; 1<j <n;i=12, ..,nlIf

W (WUW Y. UW)(quqzu un,) (VVW UW U UVV’W )
is a special semigroup set fuzzy vector space then we call Wn to

be a special semigroup set fuzzy vector n-subspace.
We illustrate this situation by a simple example.

Example 4.2.35: Let V = (V;, UV, UV; UV, UVs) be a
special semigroup set vector 5 space over the set Z,, where
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Vi = (VL VLV), Vo= (V2 V5), Vs= (V2L V5,V V)),
Va= (V. V3). Vs= (V5. V3. V5,V,, V7))
is such that V| = Zy x Zy,

V,=1|b||a,bceZ,,

V31 = {all 3 x 3 matrices with entries from Zy}, V12 =70 X Zao
x 2o X Zno, V22 = {all 4 x 4 matrices with entries from Z,,}, Vf

=Zoy X Loy x 2y,

v, = a,b,c,deZ,, ¢,

o o o o

3 a a a a a
V= a,beZ, ¢,
b b b b b
V, = {all 2 x 6 matrices with entries from Z}, V;' = Z,o x Zs9 x
Z0 % Zao % Zao; V5 = {all 2 x 2 matrices with entries from Z,},

V= Zao x Za9 x Zy0, V;= {all 5 x 5 upper triangular matrices
with entries from Zy},

a,beZ, ;,

S

Il
® O o O o W
oo o o o o
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V. = {Zy[x] all polynomials in the variable x with coefficients

from Z} and V.= {all 4 x 4 symmetric matrices with entries

from Z,o}. Take
W:(Wl UWzUW3UW4UW5)

= (WL WL W) U (W2 W3 ) o (W), W5, W3, W) ) u
(AR A U AUAR AR AR AR A
c (VlUVZUV3UV4UV5)

is given below;
W =Zyx{0}c V/,

1 1
W,=<la||laeZy; C V,,

W, = {all 3 x 3 upper triangular matrices with entries from Zy}
S Vi, W = Zy x Zy x {0} x {0} < V), W= {all 4 x4

upper triangular matrices with entries from Z,)} < V;,

W =Zyx {0} x {0} = V],

WA a,beZ, t < V,,

o o & @

a,be{0,2,4,6,38,10, 12,14,16,18}}

R a a a a a
W, =
b bbb b
c V33, W43= {all 2x6 matrices with entries from {0, 5, 10, 15}

S 27y < Vj, VV]4: Zyo x Zoo X Zpo x {0} x {0} < V]4, W; =
{all 2x2 upper triangular matrices with entries from Zy! = V',
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W= Zy x Zy x {0} = V], W, = {all 5x5 diagonal matrices

with entries from Zyy} < V25 ,

a,be{0,5,10,15\ c Z,, ; = V;,

[ SR R - I
oo o o o o

W, = {all polynomials in x of degree less than or equal to 4
with coefficients from Z,)} <V, and W. = {all 4 x4 symmetric
matrices with entries from Z,} < V.; is clearly a special

semigroup set vector n-subspace of V over the set Zy. Take 1 :
W — [0, 1] . Define
n=MYUn2UnsUndns)
= (n.mymy) U (nfm3) w (nd i)
U (nf.nsni) w (nfnsmiemioms)
W:(W1 UWzUW3UW4UW5)
= (W, Wy, Wi ) U (W2, W3 ) o (W), W5, WE, Wi ) o
(W W) o (W W3 WL WL We ) — [0, 1]

as follows; n;i :Vjii = [0,1;1<5<n;1=1,2,3,4,5is given

by

N : W/ —[0,1] such that

1.

—ifa#0
ma 0)=1a

1 ifa=0

M, : Wi — [0, 1] is defined by
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1 ifa=0
3

a 1 ifa=0

My : W, — [0,1] is given by

ifc+te+f#0
ns

S O e
S a o

c
e| =4c+e+f
f 1 ifc+e+f=0

n; : W) — [0, 1] such that

1
— if ab#0
n’(ab00)=1ab

1 ifab=0

M, : W, — [0,1] is defined by

1
=<qab+cf+hi
1 if ab+cf+hi=0

if ab+cf+hi#0
n,

~ = 0 o

c
f
h
0

S O O e
o o o o

n, : W, — [0,1] is such that

1
— ifaz0
N (@00)=17a

1 ifa=0

W, — [0,1] is given by
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1
=Jab+a’+b’
1 if ab+a’+b*=0

if ab+a’+b>#0

o o & o

ni ZW33 — [0,1] is such that

ns[a a a a a)_ g%;ﬁabio
3 - a
b b bbb | ifab=0

n: W2 = [0,1] is such that

.
3{3 b c d e f} if ag+fl#0
= <ag+fl

N4 .. =
h k 1
£ b 1 ifag+fl=0
N W —[0,1] is defined by
Lifabc;ztO
N (abc00)=<abc
1 if abc=0

ns: W, —[0,1] is given by

4(3 bj ! if ac+b#0
n, 0 =<ac+b
¢ 1 ifac+b=0

n’: W’ > [0, 1] is such that

———if3a+5b#0
N (ab0)=1{3a+5b

1 if 3a+5b=0
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n; : W, — [0, 1] is defined by

if abc+de#0

= qabc+de
1 if abc+de=0

N,

W
S O O o W
S O O o O
S a o o O
o O O O O

S O o O O

n;: W, — [0, 1] is given by

if 6a+3b#0

=4J6a+3b
1 if 6a+3b=0

N3

o o o o o o

O 0 0 o

n; : W, — [0,1] is given by

n; (p (x)) = < degp(x) if p(x) # constant

1 if p(x) is a constant

n:: W, — [0,1] is given by

if ad+bc#0

[

=Jad+bc
1 if ad+bc=0

S O o e
S O o O
S o O O
o o o O

Clearly W, = (Wlm UW,, UW, UW, U WSnS) is a special

semigroup set fuzzy vector 5-subspace.
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Now we proceed on to define the notion of special semigroup
fuzzy linear n-algebra.

DEFINITION 4.2.30: Let
V=W,V .., V)
= (KWl ) (Vi) ) O (W00
be a special semigroup set linear n-algebra over the semigroup
S. Suppose
n=(muno..un)
ol (/1 WO R S o OO U
W= W, W, .. W,)
=W W) ) O (W2 W W) O O (W W)
cVyvhu..uV,)=V

be a special semigroup set vector n-subspace of V over the set
S. Let

n=(munu..un)
= (77|1’ 77;”77:1]) u(ﬂf’ﬂj”ﬂi) U u(nln’ ’7;”77:”)
V= (V], Vg, veey Vn)
= (KWl ) (VW) O (V00
— [0, 1]

where n;: Vi — [0,1] is a such that V, is a special semigroup

177
set fuzzy linear algebra true fori =1, 2, ..., n. and

77’/ :Vf —=2/0,1]; 1<), <ny;i=12 ..,n
We call V,, = (Vm N Vm,”) to be a special semigroup set
fuzzy linear n-algebra.

It is important at this juncture to mention that the notion of
special semigroup set fuzzy vector n-space and special

semigroup set fuzzy linear n-algebras are fuzzy equivalent.

However we shall illustrate by an example a special semigroup
set fuzzy linear n-algebra.
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Example 4.2.36: Let

V=(Vy, Vy, V5, Vy)

= (VL Vi Vi) U (VL V3LV V) ) O (VL V) o

(Vi VAL VEL VLV
be a special semigroup set linear 4-algebra over the semigroup S
=7°=27"0U {0} where V] =Z°xZ°x Z°x Z°, V= {Z°[x] all
polynomials in the variable x of degree less than or equal to 5},
V, = {all 7 x 2 matrices with entries from Z°}, V7= Z° x Z°x

7°x 7°x Z°x Z°, V; = {all upper triangular 5 x 5 matrices with
entries from Z°},

a a a a a a
Vi={b b b b b bllabceZ’,

¢c ¢ ¢ ¢ ¢ ¢

V; = {all 2 x 6 matrices with entries from Z°},

\A a,b,c,d,e,feZ°},

- o a6 o W
- 0o a6 o
- 0o a6 o W

V, =Z°xZ°x Z°,
V' = {Z°[x] all polynomials in the variable x with coefficient

from Z°}
V,} = {all 3 x 3 lower triangular matrices with entries from Z°},

V' = {3 x 7 matrices with entries from Z°},
V., = {7 x 2 matrices with entries from Z°} and
ViI=Z'xZ°x7°x 7"
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Define
N =M1, N2, N3, N4, N5)
= (ni,memy) v (nfmimim) v (n)md)
(nfa nzangani’ng): V= (Vla VZ, V3, V4)
= (VL ViVl U (VL V3LV VF ) O (VL V) o
(V' V. Vi VLV ) > 10, 1]
such that, n;:V; —> [0, 1], 1 <1< 4;
n V5[0, 1 1<ji<n 1<i<4.
Now

nl: V! [0, 1] such that

1
—— if abed #0
n} (abcd)= < abed

1 if abed=0

n.: V! — [0,1] defined by

1, (p(x)) = m if p(x) # constant

1 if p(x) is a constant
M, :V, — [0,1]is given by

o b
c d
e f 1 . :

) - if abcdef + ifklmn # 0
Ny | g h| = 7abedef +ifklmn

i 1 if abedef + ifklmn =0
k 1

_m n_

n2: V2 = [0, 1] such that
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B 1 if def 20

def

2 =
m@bedeD=qdef e bes0
abc

1 if abc=0or def =0 or abc +def =0

n;:V, — [0, 1] given by

(a b ¢ d e
0 f h
e T 8 _ if achjl # 0
10 0 h i j|=<aehjl
0 0 0 j k 1 if aehjl=0
000 0 1]
M : V; — [0, 1] defined by
a a a a a a 1.
—— if abc#0

ngbbbbbb:abc
c c cC Cc ¢c ¢ 1 if abc=0

n: :V, —[0,1] is given by

1 .
,la b c d e f bhlfagbh;tO
=Ja
g h i j k 1 8 )

1 if agbh=0

n : V) — [0,1] defined that

if abcdef # 0

= 4 abcdef

1 if abcdef =0

n

- o a0 o
o oo o o
- 0o o o o e
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n; .V, — [0, 1] is defined by

—— if abc#0
n; (abc) =< abc
1 if abc=0

n, V' — [0, 1]is given by

if p(x) # constant
degp(x)
4 =
N, (p(x)) % if k #0 and p(x) =k
1 if k=0

n;:V, — [0, 1]is such that

if abde #0

S

0
0| = < abde
f

0
c
e 1 if abde=0

[= Ve

n::V, — [0, 1] is defined by
b
i

P q

=nl
~ o

s

[ B ¢

- i (@)

= B =

< B 0
Il

L ifajv=0
ajv
1
bku
1 ifajv=0, bku=0, gmt#0
gmt

1 if ajv=0, bku=0, gmt=0

if ajv=0 and bku # 0
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n; : Vi — [0, 1]is given by

a h
b i
ST e ifahegntdk=0
n, |d k |=qJah+gn+dk
e 1 1 if ah+gn+dk=0
f m
g n

n:: Vi —[0,1] is defined by

—— if abed %0

ng (abcd)=qabcd
1 if abed=0

Thus V,, (Vm Vs VsV, ) is a special semigroup set
fuzzy 4-linear algebra. The notion of special semigroup set
fuzzy vector n-space and special semigroup set fuzzy linear n-
algebra are fuzzy equivalent. Like wise the notion of special
semigroup set vector n-subspace and special semigroup set
linear n-subalgebras are fuzzy equivalent. Now we leave it for
the reader as an exercise to define these notions and construct

examples.

Now we proceed on to define the notion of special group set
vector space defined over a set S.

DEFINITION 4.2.31: Let V= (V, UV, U ... UV,)
(VII,VZI’ Vl) U(VIZ,V;’...,Vni) U U(Vln,Vzn, Vn)
be a special semigroup set n-vector space over the set S. Let

n=(m v mu..un)= (’711’77;"“”7»111 ) u(nf,nf,...,nj )u

O () ) V= (Vi Vo V) = (KWW ) U
(Vlz, V;,...,Vf) ... U (Vl”, V;,...,V';) — [0,1] is such that

n n
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n:Vi = [0, 1] where V, is a special group set fuzzy vector
space, i = 1, 2, ..., n; here 77; VJ’ = [0,1] with | <j; <n; i=
1,2 ..n WecalV, = (Vlm ,Vz,h,...,Vm?”) to be a special group

set fuzzy vector n-space.
We shall illustrate this by an example.

Example 4.2.37: Let

V=(WV,uV,uV;UV,u Vs

= (V. V;) U (V7. V3. V7)) U

(V2 Vo Ve Vi) U (VL Vs ) u (Ve ;)

be a special group set vector 5-space over the set Z;s. Here V/
=75 X Zs, V21= {all 4 x2 matrices with entries from Z,s},
Vf =Zis X ZisxZis x Zys, V22 = {Z5[x] all polynomials in x of
degree less than or equal to 15 with coefficients from Z;s}, V.

= {all 4 x 4 matrices with entries from Z;s}, V;' = {all 5 x5
lower triangular matrices with entries from Z,s}

V) = Zisx Zisx Zisx Zisx Zys

a b
a b
a b
V. =4la b|labeZ,},

a b
a b
a b

a b c d

V43= e f g hj|ab,c,def,ghijkleZ,;,
i j k1
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V14= Zis x 215 x Zys, V24 = {all 4 x 4 diagonal matrices with

entries from Z;s} Vl5 = {all 3 x5 matrices with entries from
Z]5} and

a,beZ;

c o M o o

Define
N=MmuUnunumnuU ns)
= (nmamy) w (nm3) w (i) w (nfndad)
(nf,n;,ng,ni,ng) :V=(ViuV,UV;U VU Vs)
= (V. V) U (V2. V5, V7)) U (V2L V5,5, V)
U (VLVE) U (VL VE) > [0.1;
ni: Vi - [Oa1]3 1 51555

n V. > [0,1];1<ji<n, 1<i<5.
Now
N : V! — [0,1] defined by

1
— if ab#0
n(ab)=qab
1 ifab=0
Vv, — [0, 1]is given by
1 —__ ifabed +efgh =0
n, = 4 abcd + efgh

1 if abcd +efgh =0

o o o o
5 0. h o
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n?:V? — [0,1] is defined by

Lifabc;tO
abc
2 =
1’]1(3de) é if abo=0, d 0
1 ifd=0,abc=0

n2:V2 - [0,1] such that

1 ) if p(x) =2k, k a constant
X

2 =
M, (p(x)) - if k#0and p(x) =k
1 ifk=0

n?: V2 —[0,1] is defined by

o

if afkq0, dgim=0
afke q gj

=

— if afkq=0, dgjm 0
dgjm
a I if afkq=0, dgjm=0

[¢]
5 . - o
= A e o

n’: V2 5 [0, 1] is given by

- o O

if abdgk =0
abdgk

1 if abdgk=0

n

~ e o o o
—_ 5 o o O
—
5B e O O O
T O O o O
Il
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:V; — [0, 1] is defined by

1
— if ae#0
n(abcde)= ae
1 if ae=0
:V,; — [0, 1] is given by
0 b
a b
a b )
3 ifa+b=0
n;la bl =<a+b
a b 1 ifa+b=0
a b
:V, = [0, 1] is such that
1.
a b c d - ifaz0
3 =
mje fog =l o
i j k1 b

1 ifa=0andb=0

11Vt —0,1]is given by
1

nf(ab0)= ab+bc+ca
1 if ab+bc+ca=0

ifab+bc+ca#0

:V, = [0,1] is such that

if ad+bc#0

N, = Jad+bc
1

if ad+bc=0

S O O e
o o o O
S o0 O O
oo o O
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M, :V;, — [0,1] is defined by

a b c d e
Wlg hoij k(=

Il m n p q
;. if ab+hi+pq=0
ab+hi+pq
- if ab+hi+pq=0 and cd+gh+mn#0
cd + gh + mn

1 if ab+hi+pq=0 and cd+gh+mn=0

n:V? —1[0,1]is such that

a
a
. |a if 4a+2b0
n, =<14a+2b
: 1 if4a+2b=0
b
b
Thus Vo = (Vi s Vars Vo> Van,» Vs, ) i a special group set

fuzzy 5-vector space. One of the major advantages of fuzzifying
these concepts is many a times these notions become fuzzy
equivalent, there by overcoming some disadvantages in
practical application. These new algebraic structures find their
application in computer engineering, web testing / processing,
in fuzzy models, industries, coding theory and cryptology.
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Chapter Five

SUGGESTED PROBLEMS

This chapter suggests 66 problems so that the reader becomes
familiar with these new concepts

1. Let V=(V,, V,y, Vi, Vy) where V, = Z'[x], V, = Z" x Z*

NVA
a b
Vi = {[ J a,b,c,dez*}
c d
a a a a
V4={[ jan*}
a a a a

be a special semigroup set vector space over the set {2, 4, 6,

...}. Find a generating 4-subset of V. Is V finite or infinite?
Find a proper special semigroup set vector subspace of V.

and

2. Obtain some interesting properties about special semigroup
set vector spaces.
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Find the applications of the special semigroup set vector
spaces to industries.

LetV= (V], Vz, V3, V4) where V= Zg, V,= Z6, V3 = Zg and

V4 = Zy,, clearly Vi, V,, V5 and V4 are semigroups under

modulo addition. V is a special semigroup set vector space

over the set S = {0, 1, 3, 5}.

a. Find the n-generating subset of V.

b. Find proper 4-subset of V which is a special semigroup
set vector subspace of V.

c. Is V a special semigroup set linear algebra over S?
Justify your claim.

Let V = (Vi, Vo, V3, V4, Vs) = (Zs, Z7, L33, Z19, Z11) be a
special semigroup set linear algebra over the additive
semigroup = {0, 1}. Is V a doubly simple special semigroup
set linear algebra or is V a special semigroup set strongly
simple linear algebra? Give the generating 5 subset of V
over S. Is V finite 5-dimensional?

Let V = (Vy, Vo, Vi, Vy) = (Z¢, Z7, Zs, Zy) be a special
semigroup set vector space over the set S = {0, 2, 3, 4},
Find a 4-generating subset of V. What is 4-dimension of V
as a special semigroup set vector space over the set? How
many special semigroup set vector subspaces V has? Can V
have more than one 4-generating subset? Justify your claim.

Let

anG},(Zéxzéxzﬁ),

ae’Z

o
m
N
(=)
%f_/
o [S-RE < I < R )

O o o
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{Z¢ [x]; all polynomials of degree less than or equal to 5})

(V1, Vi, V3, V4, Vs) be a special semigroup set linear

algebra over the semigroup S = Z.

a. Does V have special semigroup set linear subalgebras
over S?

b. Is V a special semigroup set simple linear algebra over

Z?

Can V have special subsemigroup set linear subalgebra?

Find a n-generating subset of V?

Can V have more than one n-generating subset?

What is the n-dimension of V?

Is V a doubly strong special semigroup set linear

algebra over S = Z¢?

Is V a special semigroup set strongly simple linear

algebra?

©mo ao

=

8. LetV= (Vl, Vz, V3, V4, V5) where
{(a b]
V] =
c d

V; = {Z; [x]; all polynomials of degree less than or equal
to three with coefficients from Z;},

a,b,C,d€Z7}, VZ = {Z7 X Z7 X Z7 X Z7}5

a a
V4= a aeZ,
a a
a a
and
a 0 b
Vs=43/0 ¢ 0]|a,b,c,deZ,
b 0 d
are semigroups under addition. Thus V =(Vy, V,, ..., Vs)is a

special semigroup set linear algebra over the semigroup Z.
a. Find a 5-generating 5-subset of V.
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b. How many 5-generating 5-subsets of V can be found in
V?

c. Is V aspecial semigroup set simple linear algebra?

d. Is V a special semigroup set strongly simple linear
algebra?

e. Is V a doubly simple special semigroup set linear
algebra?

f.  Can V have special semigroup set linear subalgebras?

Let V=(Vy, Vs, V3, V4, Vs),

(3

(Z"xZ " xZ'x Z'x Z"), {Z"[x], all
polynomials of degree less than or equal to 3},

a a a a a
a,b,c,deZ*}, a a a a al|laeZ"},
a a a a a

a,beZ’

[
c o o o &
o o o o o
c o o o o
c o o o o

be a special semigroup set vector space defined over the set
Z'. Let W= (W,, W5, W5, W,, Ws) where

aeZ';,

oo

m

N

Y

%r_/

F

Il
o o o o ®
O o o o ®
O O o o
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W; = {Z" [x] all polynomials of degree less than or equal to
4 with coefficients from Z'}, Wy =(Z" x Z" x Z'x Z") and

a b c d e
b f g h i
Ws=<c g j k 1]| theentriesare fromZ"}
d h k m n
c i I n p

be a special semigroup set vector space over the same set S
= Z". How many different types of special semigroup set
linear transformations (T;, T,, T3, T4, Ts) = T can be got
from V to W. If U = (U; U,, ..., Us) is a set linear
transformation from W to V can we find any relation
between U and V?

10. Let V = (Vy, V,, V3) and W = (W, W,, W;) where V, =
{Z1sx Zis x Zys},

a b e
Vz =
c d f
and V; = {Z,5 [x] all polynomials of degree less than 5} is a

special semigroup set vector space over the set Z;s. W =
(Wl, Wz, W3) where

a,b,c,dele}

a b
W, = {( J a,b,cele},
0 ¢
a a
W,=4la a|laeZ;
a a

and W3 = {Z]5 X Z]5 XZ]S XZ]S X Z]5 XZ]5} is again a
special semigroup set vector space over the set Z;s. Find
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special semigroup linear transformation from V to W. How
many such special semigroup linear transformations be
made from V to W? Let SH, (V, W) denote the collection

of all such special semigroup linear transformations from V
to W. What is the algebraic structure enjoyed by SH, (V,

W)?

11. Let V=(Vy, V,, V3, V,) where

a b
V= { [ j a,b,c,deZ*} ,
c d
a 0 0 0
b e 00 .
V2: aabacadaeafagapag,hez s
c f g O
d q ph

V;=1{Z"xZ" x Z"} and V4 = {All polynomial of degree

less than or equal to 2 with coefficients from Z'}. V|, V,, V3

and V4 are semigroups under addition. Thus V is a special

semigroup set vector space over the set S =Z".

a. Find T = (T, T,, T3, T4), a special semigroup set linear
operator on V.

b. If SHomy(V, V) = {Homy(Vy, V,), Hom(V,, V4), Hom
(V3, V1), Homy(V4, V3)}. What is the algebraic structure
of SHomy(V, V)?

c. IfCS (Homy(V, V)) = {SHomy(V, V)}, what can we say
about the algebraic structure of CS (Homy(V, V))?

12. Let V= (Vl, Vz, V3, V4, V5) where V1 = le; V2 = Zl4 5 V3 =
Zis; V4 = Z; and Vs = Z;, are semigroups under modulo
addition. V is a special semigroup set vector space over the
set S = {0, 1}. Find SHom (V, V) = {Hom, (V;, V,), Hom
(Vz, V3), Homs (V4, V5), HOl’l’lS (Vs, V]), Homs (V3, V4)} Is
Homy (V, V) a special semigroup set vector space over S =
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13.

{0, 1}? What is the structure of CS (Hom; (V, V)) =
{SHom (V, V)}?

LetV = (Vl, Vz, V3, V4, V5) where

c
f |la,b,c,d,e,f,g,h,ieZ" },

a
V1: d
g i

= o o

Vo ={Z"xZ x Z"x Z" x 27}, V3 = {Z" [x]; all
polynomials of degree less than or equal to 5},

a a a a a
V4s=14b b b b bllabeceZ"
c ¢ ¢c ¢ ¢

and
a 0 00
b e 00 e
Vs = a,b,c,d,e,f,g,h,i,je Z
c f g O
d h i j

V1, Va, V3, V4 and Vs are semigroups under addition. V is a
special semigroup set linear algebra over the semigroup Z".
Let W= (W, W), W3, W4, W) where

a,b,ceZ’},

=
Il
o o o o o

o o o o ®
o o o o o
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14.

15.

a a a
W,=<b b bl|labeceZ },

c ¢ ¢C

W3 = {2Z" x Z" x 3Z" x 52" x 72"}, W4 = {Z'[x]; all
polynomials of degree less than or equal to 5}
and

0 a a a

b 0 ¢ ¢ .
Ws = a,b,c,deZ ¢,

b ¢ 0 d

b c¢c d O

W = (W, W,, W3, W4, Ws) is a special semigroup set linear
algebra over the same semigroup Z'. Define T = (T}, T, Ts,
T4, Ts) from V to W such that T is a special semigroup set
linear transformation of V to W.

If SHomT V, V)= {Homr Vi, W), HomZ+ (Va, W3),

Homz+ (V35 W4), Homz+ (V4a Wl)a Homz+ (V55 WS)}:
prove SHom_, (V, V) is atleast a special semigroup set

vector space over the set zZ.

Obtain some interesting results about SHomy(V, W) and
SHom; (V, V).

LetV=V= (VI, Vz, V3, V4) where Vl = {ZIO X ZIO X ZlO};
a b ¢
V,=4|d e f|la,b,c,def,ghicZ,;,
g h i

V; = {Zo[x]; set of all polynomials of degree less than or
equal to 7} and
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16.

17.

18.

19.

a b c d

V= 0 0 e f p,q,g,b,a,bc,de,f € Z
0 0 g h|| 7777 77 0
0 0 pgq

V1, Va, V3, V4 are semigroups under addition.
Define T = (Ty, T,, T3, T4) from V to V.
Suppose SHornZIO VvV, V) = {HomZlo V1, V), HomZlo (Va,

V), HomZIO (Vs, V3), Homzlo (V4, Vo). Is SHomZlO (V,V)a

special semigroup set linear algebra over the semigroup
Z,9? What is the algebraic structure of { SHom, (V,V)}?

Let V= (Vy, V), V3, Vy) be a special semigroup set vector
space over the set S. Suppose W = (W, W,, W3, Wy), a
proper 4-subset of V and W, c V,, W, c V,, W3 c V5 and
W, c V, are subsemigroups and W = (W, W,, W3, Wy) is a
special semigroup set vector subspace of V. Define P = (P,
P,, P;, P,) from V into W such that each P; : Vi > W;; 1 <i
<4 is a projection. Prove P. P =P.

Let V= (Vy, V,, ..., V) be a special semigroup set linear
algebra over a semigroup S. If W = (W, W,, ..., W) be a
proper subset of V which is a special semigroup set linear
subalgebra of V over S. If P = (P, Py, ... , P,) is defined
such that P; : V; > W, where each P; is a projection of V; to
Wi, 1 £1 < n. Show P is a special semigroup set linear
operatoron Vand P. P =P.

Obtain some interesting results about the special semigroup
set linear operators which are projection on V.

Let V=(Vy, ..., V). Ifeach Vi= W/ ®---®W, ;1<i<n
then we write V = (W, (—Bm(-Bthl , W (—DWC-DWfZ, c s
W' ®---®W_) and call this as a special semigroup set

direct sum of the special semigroup set linear algebra.
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Using this definition, write V = (Vi, V,, V3, V,) where V| =
{Z+><Z+>< VARWAR Z+}

o

Vi={(aaaa)|aecZ}and V,= {3Z"x2Z" x 5Z'} asa
direct sum of special semigroup set linear subalgebras.

a,b,c,de Z+} ,

20. Let V=(V4, V,, V;) where
a b c
Vi=4/d e f||ab,c,def,ghiecZ U{0};,
g h i

Vo={Z"U {0} xZ U {0} x Z"U {0}}
and

Vi = a,b,c,d,e,f,g,h,i,je Z" U {0}

= o o O

- o o
—_ o o o

e o o &

are semigroups under addition. V = (V,, V,, V3) is a special
semigroup set linear algebra over the semigroup Z* U {0}.

a b c 0 00 0 0 0
v=I{lo o o|)l@l(|d e f|)l@i(|0 0 0
0 0 0 0 0 0 g h i
=W OW,dW,.
Va={(Z U t0px g x 0h)| @ {(101x 27 L10}x 2" Lo}
=W oW,/
and
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21.

a 0 00 0 0 0O
b 0 0 0 0 c 0O
V3: @

d 0 00 0 e 0O

g 000 0 h 00

00 00

0000 R
) =W W, ®W,

00 f 0

0 0 1 j

Now W = (WII,WZZ,W;) is a special semigroup set linear

subalgebra of V over Z" U {0}.
a. Define special semigroup set linear projection P, from
V to W show P, o P, =P;.

b. Let R = (WZI,WIZ,WZ3 ) be a special semigroup set
linear subalgebra of V over Z" U {0}. Define a special

semigroup set linear projection P, from V into R.

Let V= (Vy, V,, V3, V,) where

a b ¢

Vi=<|d e f||ab,cdef,ghiecZ U{0};,
g h i

Vo=1{Z"U {0} xZ U {0} xZ U {0} xZ U {0}},

V_abcdef
*llghij k.l

and

a,b,c,d,e,f,g,h,i,jk,leZ" U {0}}

aeZ Ui}

<
S
Il
.

[ R I
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22.

23.

24.

25.

be a semigroup. Write V as a direct sum of special
semigroup set linear subalgebras. Define projections using
them.

Obtain some interesting results about the direct sum of
special semigroup set linear algebras.

Let V = (V4, V,, V3, V) be a special semigroup set linear
algebra over the semigroup Z° where V; = {Z° x Z° x Z° x
Z° x Z°} where Z° =Z" U {0}, V, = {Z°[x] | all polynomials
of degree less than or equal to 4 with coefficients from Z" U
{0} =2°.

a b ¢
V;=4</d e f||a,b,c,def,ghiecZ =Z"U{0}
g h

i

V4: an°

(IR -
(IR -
(IR -

Find special subsemigroup linear subalgebra over some
proper subsemigroup of Z°. Write V also as a direct sum.
Define SHom , (V, V) = {Hom_, (Vi, V2), Hom , (V,, V),

Hom , (V3, V3), Hom_, (V4, V4)}. Can SHom , (V, V) be a

special semigroup linear algebra over Z°? Justify your
claim.

Find some interesting properties of special set vector
spaces.

Find a special set vector space of dimension (1, 2, 3, 4, 5).
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26. Given V = (Vl, Vz, V3, V4, V5) where Vl = {So x S% x S° | S°
=37" U {0},

V.= a b

? c d
v, = {(al a, a, a4]
aS aﬁ a7 aS

Vs={(aaaaa)(aaaaaaa)|aecZ U{0}}

a,b,c,des5Z" U {0}} ,

a, eZ*u{O};lSiSS},

and
a b c d
a a a
0 e f g C s
V,=4q]a a a|, 00 h i a,b,e,c,d,e,f,g h,i,je Z" U {0}
a a a
00 0 f

is special set vector space over the set S°=Z" U {0}. Find
at least two distinct special set vector subspaces of V. What
is the special dimension of V? Find a special generating
subset of V.

27. Obtain some interesting properties about the special set
linear algebra.

28. Does there exist a special set linear algebra which has no
special set linear subalgebra?

29. LetV= (Vl, Vz, V3, V4, V5, V6) where V1 = {(1 1111 1),
000000),(110110),(101010),(1111),(0000),
(1110),(0110)},

a a a a
1 2 3 4
V2 =
a; a, a; ag
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30.

31.

32.

a,b,c,deZz{O,l}},

a, a,
a, a, )
V, = aeZ, ={0,1} 1<i<8!,
a5 ag
a, a

V5 = {all polynomials in the variable x of degree less than
or equal to 8 with coefficients from Z,} and V¢ = {Z, x Z, x
Z,x Z,x Zrx Z,} be a special set vector space over the set S

= {0, 1}.
a. Find a special generating subset of V.

b. What is the special dimension of V?

c. Find atleast 5 distinct special set vector subspaces of V.
d. Define a special set linear operator on V.

Give some interesting properties about special set n-vector
spaces defined over a set S.

Give an example of a special set n-linear algebra which is
not a special set n-vector space defined over a same set S.

Let V.=V, UV, UV UV, where Vi = (V). V), V, =
(V2. V2 Ve ), Va= (V)L V2, V1LV V] ) and Vi =(V, V)
defined over the set S =3Z" U {0}. Take

ol

V, = {S x S x S}, so that V, = (Vll,Vzl) is a special set

a,b,c,din S},

vector space over S. V= {5 x 5 matrices with entries from
St VZ={SxSxSxSx8S}, V.= {setofall 4 x 2 matrices
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33.

with entries from S}.V; = {(aaaa), (aaa)|a e S} and V.
= {all polynomials in the variable x with coefficients from S
of degree less than or equal to 4};V, = (Vlz, sz,Vf,Vf,VSZ)
is a special set vector space over S.

Takein Vi, V' = {Sx Sx S x S}, V; = {3 x 3 matrices
with entries from S}, V; = {4 x 4 upper triangular matrices
with entries from 5},

a a

3 a a a a
Vv, = ,la allaeS
a a a a

and V. = {S [x]; all polynomials in x with coefficients from
S of degree less than or equal to 5}, V; is a special set
vector space over S. Finally define V;'= {S x S x S} and
V,' = {3 x 3 upper triangular matrices with entries from S};

V, is a special set vector space over S. Thus V=V, UV,
U V3 U V,is a special set vector 4-space over S.

a. Find 3 special set vector 4-subspaces of V.

b. Find special set generating 4-subset of V.

c. What is special set 4-dimension of V over S?

Let V=V, UV, uUV;uU V,be a special set 4-vector space
defined over the set {0, 1} = S, where V| = (Vll, Vzl) , V! =
{2 x 2 matrices with entries from S}, V7 = {S x Sx S x Sx

S}, Vo= (V7. V;,V7) with

a b
V> =1<c¢ dllabecdefeZ U0},
e f
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V; = {S [x]; polynomials of degree less than or equal to 7
over S = {0, 1}}, V] = {7 x 3 matrices with entries from S

= {0, 13}, V= (V. V1. V;, V) where

V)= a,b,e,c,d,ecS=1{0,1}¢,

o o o o ®

V, = {set of all 5 x 5 upper triangular matrices with entries
from S= {0, 1}},

A

a a a a
a,b,d,f,geS={0,1} and ,
b df g

[
0@ - o o

V= {SxS xS} Vi=(V,V;,V;) where V' = {set of all

4 x 4 lower triangular matrices with entries from the set {0,
1}}, Vi ={SxSxS xS} and

acZ U0}

IR
IR

a. Give 3 distinct special set fuzzy vector 4-spaces of V.
b. Find at least 2 proper special set vector 4-subspaces of
V.
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34.

35.

c. Find at least 4 proper special set fuzzy vector 4
subspaces of V.

d. Define a special set linear 4-operator on V.

e. Define a pseudo special set linear 4-operator on V.

Obtain some interesting results about special set fuzzy n-
vector spaces.

For the special set linear bialgebra V =V, U V, given by V,
=(V), V3,Vi. Vi) and Vy = (V7, V5, V], V], V]) defined

over the set S =Z" U {0} where V| = {5 x 5 matrices with
entries from S},

<

Il
o ®
o ®
)
m
w2

o
o

V, = {S[x] set of all polynomials of degree less than or
equal to 5}, V7 = {SxS xS xS}, V; = {set of all 4 x 4
lower triangular matrices with entries from S}, V; = {all
polynomials of degree less than or equal to 3},

V)= aeZ’

[ I R )

and V. = {set of all 5 x 7 matrices with entries from Z°}.

Obtain 3 different special set fuzzy linear bialgebras
associated with V.
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Find 5 different special set fuzzy linear subbialgebra
associated with a proper set linear subalgebra W = W,
Y Wz.

36. Define a special set trialgebra and illustrate it by an
example.

37.Let V=V, UV,uVy= (V, V), Vi) U (V7. V], V], V7))
v (Vﬁ,V;,V;’,Vj,V;) where V)= {3 x 3 matrices with
entries from S=7°=Z7" U {0}}, V, = {2 x 6 matrices with
entries from S = Z°=Z7Z" U {0}}, Vi = {S xS xS xS},
V= {[aaaaa]|ae S},

[

V? = {4 x 4 lower triangular matrices with entries from S},

V; = {7 x 2 matrices with entries from S}, V) =S x S x S,
s a a a a a
V2 = a,b €S ,
b b bbb

a d
V.=3|b el|a,b,c,de,feSt,
c f

and
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38.

39.

40.

V. ={[aaaaaaa)|ae S} beaspecial set linear trialgebra

over S=Z°=Z7Z"0 {0}}.

Find a special set fuzzy linear trialgebra V.

If W is a special set linear trisubalgebra of V find the
special set fuzzy linear trisubalgebra Wn.

Define a special set linear trioperator on V.

Find a pseudo special set trivector subspace of P of V and
find its fuzzy component, Pr.

Find a pseudo special set linear trioperator on V.

Let V=V, UV, UV; U V,be a special set vector space
over the set S=Z" U {0} where

a
V= a,[a a a a]aeS,

a

{{a b} (a a aJ

VZ = >

c djla a a

V; = {all polynomials of degree less than or equal to 4 with

coefficient from S} and V4 = {5 x5 upper triangular

matrices with entries from S}.

Find Vn the special set fuzzy vector space.

Find a special set vector subspace W of V and find Wn the
special set fuzzy vector space.

Find at least 4 distinct special set fuzzy vector space.
Find 3 distinct special set fuzzy vector subspaces of W.

a,b,c,d,eZ°=S=2" u{O}},

Obtain some interesting results about special set fuzzy
vector spaces.

Given V = V; UV, U V3 is a special set trilinear algebra
over the set S = {0, 1} where V; = {S xS xS xS xS}, V,
= {All 5 x 5 matrices with entries from S} and V; = {3 x 8
matrices with entries from S}.
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41.

42.

43.

a. Find Vn the special set fuzzy linear trialgebra.

b. Find a special set linear trisubalgebra W of V over S =
{0, 1}, Find Wn the special set fuzzy linear
trisubalgebra.

c. Find a special set pseudo trivector space W of V and
find Wn.

d. Define a special set linear operator on V.

Find a special set pseudo linear operator on V.

f. Find atleast 3 special set linear subalgebra and their
fuzzy analogue.

@

Obtain some interesting properties about the special
semigroup set vector n-spaces.

Give an example of a special semigroup set vector 6-space.

Let V=V, UV, UV; UV, be a special semigroup set
vector 4 space over the set S =Z" U {0} where

| a b
Vv, = q such thata, b, ¢, d, € S},
c

V, = {2 x 6 matrices with entries from S}, V; =S x S x S x
S x S and Vj = {7 x 2 matrices with entries from S, i.e., V;
= (V. Vi, Vi, V}) and Vo = (V/}, V7, V5 ) where V7 = {4 x
4 upper triangular matrices with entries from S} V7 =S x S
xS xS xSand V] = {7 x 3 matrices with entries from S}.
Vs = (Vﬁ, \'A ) where V= {all polynomials in the variable

x such that the coefficients are from S and every polynomial
is of degree less than 5}, V,= {4 x4 lower triangular

matrices with entries from S}, V, = (Vf, AARR VAR YN ,V;)

where V'= {3 x 3 upper triangular matrices with entries
from S}, V/=SxSxSxSxS§,
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44,

45.

a a a a a
Vi=3b b b b b|lab,ceSs,

c ccc ¢

V)= a,beS

o o o o o o

and

V54 = {ao +ax+ta X2 + a3 X3 | ap, 41, A2, A3 € S}
Find three proper special semigroup set vector 4-
subspaces of V.
Find a proper generating special semigroup set of V.
Write V as a direct sum.
Find SHom (V, V).
Define a pseudo special semigroup set linear 4-operator
onV.
Can V be made into a special set linear n-algebra?
Define on V a special semigroup set linear 4- operator P
such that P> = P. Is P a projection on V?

oo

g =

Prove SHom(V, V) is a special group set vector n-space
over a set S if V is a special semigroup set vector n-space
over the set S.

Is PSHom(V, V) a special semigroup set vector n-space

where PSHom(V, V) denotes the collection of all pseudo

special semigroup set linear n-operator of V, V a special

semigroup set vector space over S.

a. What is the difference between SHom(V,V) and
PSHom (V, V)?

b. Which is of a larger n-dimension SHom(V,V) and
PSHom (V, V)?
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46. Let V = V] UVZ UV3 and W = W1 UWZ UW3 be two
special semigroup set vector trispaces over the set {0, 1}.
Here

V=V,uV,uUV;
= (VL Vi) u (V2L V5V) ) U (VL V5L Y5)
and
W=W;, uUW,uUW;
= (WL W) U (W2, W) W) O (W), Wy, W)
with V/ = {SxSxSxS/S=Z"U {0}, V, = {all 3 x3
matrices with entries from 2S}, V7 = {S xS xS}, V; =

{all 4 x 4 upper triangular matrices with entries from S}.

Vi = a,b,c,de5St,

o o o ®

V) =S xS xS xS xS, V, = {all 3 x3 lower triangular
matrices with entries from S}.

a

3 I a b
V; =4<|b||a,bceS;. W =
c d

C

a,b,c,deS},

W, = {all polynomials in x of degree less than or equal to 8
with coefficients from S},

w{o )

W, = {5 x 2 matrices with entries from S}, W, =S xS x S
x S,

a,b,ceS},
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and

47.

(‘—Ant—ln.sl

b
0 d|la,b,c,d,feS},
0

a eS 1§i£6}

W, = {(a a a)|aeS}.

Find SHom(V, W): Is SHom(V, W) a special semigroup
set vector trispace over S?

Find SHom(V, V).

Find SHom(W, W).

Does there exist any relation between SHom(V, V) and
SHom(W, W)?

What is the tridimension of SHom(V, V) and SHom
(W, W)?

Find two special semigroup set vector trisubspaces V'
and V2 of V.

Find two special semigroup set vector trisubspaces W'
and W? of W.

Find SHom(W', V).

Find SHom(W?, V?).

Is SHom(W', V') same as SHom(V', W")? Justify your
claim.

Find a special semigroup set linear projection of V into
V..

LetV=V,uV,uV;u V4Where

Vi= (VL VL V), Vo= (V7L V5, VE V) ),
Vi= (V). V) and Vo= (V' VL Vi, V)

be a special semigroup set linear 4-algebra over the
semigroup Z,. Here
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ol

V, ={ZnxZinxZi}, V; ={SxSxSxSxS|S={0,2,
4,6,8,10} < Z;s},

i

V; = {all polynomials in the variable x with coefficients

a,b,c,dele},

a,b,ce le},

from Z;, of degree less than or equal to 4}, V32 ={ZyxZp,
x Zia% Lz},

Vv, = such thata,b,c,de Z,, ¢,

o o o

d
V' = {Z1y xS x Z;3x S x Z1px S} where S = {0, 2, 4, 6, 8,
103},

such that a,b,c,d,e,f €S},

- 0o o0 o e

Vi ={ZuxZp}, V, =

® o o o o
o
m
N
IS
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V) = {Zfz[x] , i.e., only polynomials of degree less than or

equal to 3 is taken) and V, = {2 x 7 matrices with entries

from Z,}.
Find atleast 4 distinct special semigroup set linear 4
subalgebras of V.

b. Find SHom (V, V).

c. Find PSHom (V, V).

d. Find a special semigroup set 4-generator of V over Z,.

e. Write V as a direct sum.

f. Based on (e) find a special semigroup set linear 4

projection of V.

48. Let V=V, UV, UV; UV,UV;sbe a special group set
vector 5 space over the group Z,5 where

Vi= (Vi VAV, V= (V2 V2 V2 VE), Vs = (VL V),
Vi= (Vi Vi, Vi V) and Vs = (V) V3, V5)

ol

V=

with

a,b,c,deZlS},

a,b,c,deZ; ¢,

o o0 o ©

V) ={Zi5x Zi5s x Zy5},

a, a, a

V2 = 1 2 3
L [ J
a, a; ag

a, ele,lsi£6},
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ve= |t Z.,1<i<8
2 = a4, €4y5,151500,
as;  aq
a, a

V; = {all 3 x 3 lower triangular matrices with entries from
Zist, V. ={(aaaaaa)|acZs}, V; ={ZisxZi5sxZ5x
Zis}, V, = {all 4 x 4 upper triangular matrices with entries
from Z,s}, V14 = {Z5sx Zs}

a, a, a; a
VAR 1 2 3 4
t { J

a; a, a, ag

aieZIS,1Si315},

a'1 a'2

4 _ .

Vi =41la, a,||a,€Z, 1<1<6¢,
aS a6

V; = {all 8 x 2 matrices with entries from Z;s}; V' = {Z;5
x Zis x Zisx Zys x Zys x Z15}, V, = {set of all 2 x 7 matrices

with entries from Z;5}, and V; = {(aaaa)|a e Z;5}. Vis

also a linear algebra.

a. Find for the special group set vector 5-space. The
dimension of the special generating set. Find the special
group set linear 5-algebra as a generating set and find
its dimension.

b. Find a special group set vector 5 subspace of V.

c. Find a special group set linear 5-algebra of V over Z;s.
Find SHom(V, V). Is it a special group set linear 5
algebra over Z5? Find PSHom(V, V). Is PSHom(V, V)
also a special group set linear 5-algebra over Z;s?

d. Define for V as a special group set linear 5-algebra a
pseudo special subgroup vector 5-space of V.
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49.

50.

51.

52.

Obtain any interesting property about special group set
linear n-algebra defined over a group G.

Find for the special group set linear n-algebra V=V, U V,
U V3 where

Vi= (V. Ve Vi). Vo= (V. V;) and Vs = (V7 V3, V7))
with V! = {Z, xZ,}; V) = {Z,[x]; all polynomials of
degree less than or equal to 4}, Vi = {all 5 x 5 matrices
with entries from Z,}, V7 = {Z, x Z, x Z,}, V; = {all 4 x 4
upper triangular matrices with entries from Z,}, V) = {Z,

x Zy x Zyx 23}, V;, = {all 3 x 3 matrices with entries from
Z,} and

s {a b ¢ dj
vV, =
e f g h

over the group Z, = {0, 1} under addition modulo 2.
a. Find 2 special group set linear n-subalgebra.

a,b,c,d,e,f,g,hezz}

b. Is V simple?

c. Is 'V pseudo simple?
d. Find SHom (V, V).
e. Find PSHom (V, V).

Give some interesting properties about special semigroup
set fuzzy linear algebra (vector space).

LetV = V] o V2 o V3 o V4 where
Vi= (VL VL V), Vo= (V7 V3)
Vi= (V). V3, V5,V ) and Vi = (Vi V5)
with V! = {Z xZ} V, = {all 3 x 3 matrices with entries
from Z},

V, =<{lblla,bceZ},
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53.

V)= {Z xZ xZ xZ}, V;= {all 5 x5 upper triangular
matrices with entries from Z}, V; ={Z xZ x Zx Z x Z x Z}

a,b,c..k,leZ;,

—_—. 5 - o o

=08 o o o

V; = {Z[x] all polynomials in the variable x with
coefficients from Z of degree less than or equal to 4}, V, =

{All lower triangular 4 x 4 matrices with entries from Z}.
V! =Z xZxZand

Vi=

2

a,beZ

O o o ®

c o o o

be a special group set linear 4-algebra over the group Z.

a. Define two distinct special group set fuzzy linear 4-
algebras.

b. Find three proper distinct special group set fuzzy linear
4-subalgebras for three distinct special group set linear
4-subalgebras W, U and S.

c. Determine a special group set fuzzy linear 4-
subalgebras n which can be extended to V?

d. Can all special group set fuzzy linear 4-subalgebras
Wn be extended to Vn? Justify your claim.

Obtain some interesting properties about special semigroup
set n-vector spaces (linear algebras).
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54.

55.

56.

57.

58.

59.

Prove every special group set vector n space in general is
not a special group set linear n-algebra and every special
group set n-linear algebra is a special group set n-vector
space.

Show every special group set vector n-space over a set is
always a special semigroup set vector n-space and vice
versa!

Give examples of special semigroup set vector n-spaces
which are not special group set vector n-spaces.

Is every special group set vector n-space special semigroup
set vector n space? Justify your claim.

Let V and W be two special group set vector 4-space
defined over the same set S. Find SHom (V, W). Find a
generating 4-set of SHom (V, W).

Let
V=V, uV,uV;uUV,uUV;
= (Vv Vi) U (Ve v;) u (WL VaL 7))
O (VA V) U (Vi VL VEV])
be a special group set vector 5-space over the set S = Z,
where V| =7Z xZ, V, = {all 3 x 3 matrices with entries
from Z},
a
V, =</ blla,bceZy,
c

V=7 xZ7ZxZxZ,V;= {all 2x 2 upper triangular matrices

with entries from Z}, V; = {all 4 x4 lower triangular
matrices with entries from Z},
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a a
b b

a,beZ},

S
I
—
7\
o &
o o
o o
o o

a,beZ;,

oo o & & o o
oo o & & o o

V! =ZxZxZxZxZ,V, = {all 3 x3 lower triangular

matrices with entries from Z}, V' = {(aaaaa)|a e Z},

a,b..geZ;.

S
I
0Q = o Ao o W

V. = {all 2x2 matrices with entries from Z} and V; = {Z[x]
all polynomials of degree less than or equal to 10}.

a.

b.
C.
d

Find the special group set 5-dimension of V.

Find a special group set generating set of V.

Find SHom (V, V). Is SHom (V, V) finite dimensional.
Find at least 3 proper distinct special group set vector 5
subspaces of V. W, Uand T.

Define n:V — [0, 1] so that Vn is a special group set
fuzzy vector 5-space.
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Will Wn, Un, Tn be special group set fuzzy vector 5
subspaces where non V is restricted to Wn, Un and
Tn, be special group set fuzzy vector S5-subspaces
where n on V is restricted to W, U and T. Similarly if
Wn, Un, and Tnr be three distinct special group set
fuzzy vector 5-subspaces of V; can their extensions to V
be such that Wn',, Un'y and Tn't where ', n'w and ' ¢
extended to V be a special group set fuzzy vector 5
spaces.
Find T € SHom(V, V) so that T is a special group set 5-
projecton on V.
Write V. = V; UV, U ... U Vs as a special group set
direct 5-sum of V.
Suppose the set Z is replaced by the set S= {0, 1, 2, ...,
10} cZ. Will V =V, UV, U..UV;s be a special
group set vector 5 space over S?
What is (V’s) special dimension when V is defined over
S=1{0,1,2,...,10}?
Will SHom (V, V) as a special group set 5-vector space
over S be finite or infinite? Justify your claim.
Prove by illustrative example V has more than one
special group set direct sum as special group set vector
5-subspaces?
. Showif T: V>V, U:V—>VbothToUand Uo T are
defined.
Find T and U from V into V i.e., in SHom (V, V) such
that
i. ToU=UoT

ii. ToU#UoT

iii. ToT=TandUoU=U

iv. UoT=TandToU=U

v. ToT=(0).
Find n: V — [0, 1] so that Vn is a special group set
fuzzy vector 5-space.
Find for W < V two maps 1; and mn, (1;#nz) such that
Wn; and W), are two distinct special group set fuzzy
vector S-subspaces such that 1y " 1: W — [0, 1] is an
empty intersection on the subset of [0, 1].
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60.

61.

62.

63.

64.

65.

Find some applications of these new structures to industrial
problems.

Prove if V=V, U V, U...U V,is a special group set vector
space over a set S by changing the set S to another set T the
space can be changed from infinite (finite) special group set
n-dimension to finite (infinite) special group set n-
dimension.

Give examples of simple special group set vector n-spaces.
Give examples of pseudo simple special group linear n-
algebras. Hence or otherwise show the pseudo simple nature
is dependent on the group over which the special group
linear n-algebras are defined.

Is it true all simple special group set linear n-algebras are

pseudo simple special group set linear n-algebras? Are these
two notions entirely different / distinct?

Let V=V, U Vy= (V/,V,V;) U (V7 V3.V, V] ) where

V! ={(aaaa)|acZ},

a
vi={"l]aez
) = aeZy,
a
a
a a a
V,=4<a a allaeZy,
a a a

454



S
Il
o o o o
o o o o
)
m
N

Vi={(aaaaaa)|acZ}
and

V.=

S O O .
oS O v O
S PO O
OO O O

o

m

N

be a special group set linear the group bialgebra over Z.

a. Is V simple special group set linear bialgebra?

b. Is V apseudo simple special group set linear bialgebra.

c. Find SHom (V, V).

d. Is SHom (V, V) a simple special group set linear
bialgebra?

66. Let V=V, UV, U Vs = (V,V,,V},V,) U (V. V5, V5)
v (Vf, VZS) be a special group set linear trialgebra over the

group Zpq, where V!' = {Zp4 x Zoyx Zn4}, Vi = {(set of all 2

x 2 matrices with entries from Z,,},

a,b,c,deZ,, ¢,

oo o ©
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V, = {Z[x]/ polynomials of degree less than or equal to 6
with entries from Zz4},V12 = {Zyy x Zn4}, V22 = {all 3 x3
lower triangular matrices with entries from Z,4} and

V13

Vi = a,b..heZ,;,

5o e o

a
c
e
g

= {224 X 224 X 224 X 224} and V23: {all 5 x5 upper

triangular matrices with entries from Z,4}.

a.

b.

Find two distinct special group set linear trisubalgebras
Wand U of V.

Find V,, W, and U, the special group set fuzzy linear
trialgebra and special group set fuzzy linear
trisubalgebra.

Show SHom(V, V) is also a special group set linear
trialgebra over Z,4.

Is V a simple special group set linear trialgebra?

Is V a pseudo simple special group set linear trialgebra.
If Zy4 is replaced by S = {0, 1} = Z, will V be a pseudo
simple special group set linear trialgebra?

Will V as a special group set vector trispace over Z, be
a simple special group set vector trispace?
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