ON THE CLASSIFICATION OF THE OPERATIONAL SPACES

MATHIS ANTONETTI

ABSTRACT. In this paper, we introduce operational spaces that are a special
case of what is usually called quotient topological spaces with an equivalence
relation of interest. Then we derive some results and conjectures on their
classification and an application to define the convergence of a sequence to-
wards a cycle in the general case. We also provide a perspective on the still
unaddressed conjectures concerning the operational spaces and we argue that
the commonly useless non-uniform almost periodicity is actually useful in this
context to understand the classification of such spaces.

1. OPERATIONAL SPACE

First, let us recall some properties of the quotient spaces that are useful to
understand the sequel.

1.1. Basics on the quotient spaces. Let E be any set, a pseudo-distance is a
function D : E x E — R verifying

Y(u,v) € E? D(u,v) = D(v,u)
Y(u,v,w) € B3 D(u,w) < D(u,v) + D(v,w)
Yu € E, D(u,u) = 0.
For a given D pseudo-distance, we have a natural equivalence relation defined
by
u~ v <= D(u,v) =0.
So we also have a quotient space F' which is the quotient of E by ~ i.e.

F=E/~={UcP(E)|VY(uv) € U u~nuv}.

Theorem 1.1.1. (F,d) is a metric space where d is the natural distance of the
topology induced on F defined by

YU,V € F,d(U,V)= sup D(u,v).
(u,v)eUXV

Proof. Indeed, d is trivially symmetrical and reflexive. Moreover, for U, V,W € F,
we have

V(u,v,w) € U x V x W, D(u,w) < D(u,v) + D(v,w) < sup (D(u,v") +D(v',w)).
v'eVv

So we have
Y(u,w) € U x W, D(u,w) < sup D(u,v) + sup D(v,w).
veV v'eVvV
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Applying the upper bound to the inequality on U x W, we obtain
d(U,W) < d(U,V) +d(V,W).

O
The following property is used extensively in the sequel:
Property 1.1.2. Let U,V € F, for all (u,v) € U x V, we have
d(U,V) = D(u,v).
Proof. Just note that for all (uy,us) € U? and (v, vs) € V2, we have
D(uy,v1) < D(uy,uz) + D(ug,ve) + D(ve,v1) = D(ug,vs).
(Il

1.2. Formal definition. Let (F,dr) be a complete metric space, and (A4, 0) be a
unital magma of unitary operators A : F' — F, i.e. such that

(i) VA € A,Y(u,v) € F?, dp(Au, Av) < dp(u,v)
(i) VBe A, BoACA
(#i1) (Idp : ur— u) € A.

Theorem 1.2.1. The function D4 defined by
2 o . .
V(u,v) € F*, Du(u,v) = max (/{relf.:AdF(Au7v)’,irelf,;\dF(u7AU))

is a pseudo-distance on F.

Proof. Tt’s easy to check with (ii7) that D4(u,v) = Da(v,u), Da(u,u) = 0 for all
u,v € F. For u,v,w € F, we also have using (i) that

V(Al, AQ) S Az, dF(AlAQU,’U) < dF(AlAgu,Alw) —+ dF(Al’lU,’U)

< dp(Asu,w) + dp(Ajw,v).
Hence
1 inf dp(A;A <dp(A inf dp(A )
(1) ot (A1 Au,v) < dp( 1u,w)+A1;1€A F(Aw,v)
We deduce from (i7) that
inf dr(A < inf inf dp(A4A;A < inf dp(A inf dp(A )
Aea o u’v)_Allr.leAAlzneA (A 2u’v)—AllneJa\ # 1u,w)+A12neA r(Azw,v)

Therefore,
D < inf A inf A inf A inf A
4 (u,v) < max </§I€1Adp( U, W) +Ar€1AdF( w7v)7f§r€lAdF( v, W) +f{r€1AdF( w,u))
< inf dp(A inf dp(A inf dp(A inf dr(A
< max (AIGIA F( u,w),/{relA F( w,u)) + max (f{relA r( ,U’w)’}iIEl.A 7 ( w,v))

< Da(u,w) + Da(w,v).
]
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We thus denote Ap the metric space induced by the pseudo-metric space (F, D 4)
and obtain the natural distance d4 on this space (see section 1.1). The resulting
metric space (Ap,d4) is called the operational space associated to A with respects
to F' and is convenient for studying properties specific to operators contained in
A. The definition of the distance may recall the reader of the Hausdorff’s distance
which is (see [DieudonnéDieudonnél979], p.61) :

d(A, B) = max ( sup inf d(z,y), sup inf d(z,
(4.) = e (sup if ). sup i o))

However, since we took a inf instead of sup, we obtain a weaker metric and thus dif-
ferent properties. We will need the following technical definition, which represents
a certain form of uniqueness of the limit:

Definition 1.2.2. We say that A is absorbing if for all (u,v) € F?, we have :
(3(Ap)ns (Bo)n € AN Ayu —  wvand Byy — u) = 3A€ Av= Au

n—-+oo n—-+oo

We also need a fixed-point transmission property, which is reflected in the next
definition.

Definition 1.2.3. Ap absorbs B€ A inu e F if :
EI(An)nEN S AN, A»,LBU — u

n—+oo
In the following, we’ll denote Ap,, = {B € A| Ap absorbs B in u}
Properties 1.2.4. Trivially:
Idp € Ap, C A
Vue FYAe A, Au=u= A€ Ap,
These properties justify the following definition.
Definition 1.2.5. Ap is absolutely bipolar in u € F if
(Apy #{Idr}) = (3A € A\{Idr}, Au=u) = (Ar, = A)

Definition 1.2.6. Ap is absolutely bipolar if and only if Ap is absolutely bipolar
i u for all uw € F, the same applies to all other definitions.

In the sequel, we’ll also need the following weaker definition.
Definition 1.2.7. Ap is bipolar in u € F if :
(Apu # {ldr}) = (Apu = A)
1.3. General properties. We have the following conjecture:

Conjecture 1.3.1. (Ap,d4) is complete. It is denoted O(A, F) or Ar for conve-
nience.

This is well-known in the particular case when Ag has a group structure since
it is basically a quotient distance inf 4c 4 d(Az, y) in that case. However, it remains
unaddressed (as the definition of Ar) in the general case to the best of the author’s
knowledge.

The following lemma is important for characterizing this space:

Lemma 1.3.2. If Ag is absorbing, the element U of Ar containing u verifies :

UC Au
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Proof. Let u,v € U € Ap. It is assumed that Ag is absorbing. We have :
inf A = inf A =
/{Iel.AdF( u)”) /{IGI.AdF( Uau) 0

So we have two minimizing sequences (A,u), and (B,v), of elements of F' such

that A,u — wvand B,v — u. Now Ay is absorbing, so we have A € A such
n—-+oo n—-+oo

that v = Au which shows the lemma. O

Property 1.3.3. If Ap is absorbing, we have the following characterization of the
U element of Ap containing u € F':

U = .AF#U

Proof. Let v € U, we have from the previous lemma A € A such that v = Au.
But we also have D4(v,u) = 0 and so we have (A,,), € AY such that A, Au — u
when n — 4o00. So A absorbs A in u, which shows that v € Ag,u. In the other
direction, if we take B € A, and set v = Bu € Ap,u, then we have (4,,), € AN
such that A, Bu — u when n — +o00. So we necessarily have D4(v,u) = 0 and
therefore v € U. O

Corollary 1.3.4. If Ap is absorbing and absolutely bipolar, then :

Au if 3A € A\{Idr}, Au=u
YueUe€ Ap,U =

{u} otherwise
Proof. This is obvious from the definition of absolutely bipolar. O

1.4. The special case of monogenous monoids. A monogenous operator monoid
is defined by A = (AP),en with A: F — F. We then have A° = Idp and

(2) Vn,p € N, A"HP = A AP = AP A",

It is assumed that (F,dp) is complete and that assumption (7) in part (1.2) holds.
This allows to define Ap according to part (1.2). This special case is interesting
because we can uniquely identify any v € F' to (APu)pen allowing better under-
standing of the global properties of u (like the mean of a function for example).
Furthermore, we have the following obvious result.

Theorem 1.4.1. The injection F' — Ap is continuous.

In the sequel, we write that v € F' converges to u* € F' in Ar which means that
the
The following result will prove to be quite confusing later on.

Theorem 1.4.2. The following two assertions are true.
(3) Vu € F, (3B € A\{ldr}, Bu=1u) = (Ap, = A)
(4) Ar is absorbing <= Ap is absolutely bipolar

Proof. We start by proving (3). If we have k& € N* such that A*u = u, then for
any i > 1, we have j = i(k — 1) € N such that A7 A'u = A%y = u from (2), which
shows that Ar, = A.

Now let’s prove (4). Suppose Ap is absorbent. Let u € F' be such that Ap,, #
{Idr}, we have p € N* and (k,)nen such that A*» APy — . But we also have

n—-+o0o
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APy —+> APy which implies (since Ap is assumed to be absorbing) that there
n—-+0oo

exists ¢ € N such that u = A9APy = APT9y. Since p + ¢ > 1, we deduce with (3)
that Ap is absolutely bipolar in u. Since this holds for all u € F', Ap is absolutely
bipolar.

In the other direction, assume that Ap is absolutely bipolar. Let’s show that Ag
is then necessarily absorbing. Given u,v € F and (k,,)n, (jn)n such that A*¥»uy — v

and AJny — u, if limJirnfkn = 0, we have u = v passing to the limit. From now on,
n—-+0oo

we’ll assume that IN € N,;¥n > Nk, > 1 (which is equivalent to contradicting
liminfk,, = 0). We then have,

n—-+o0o

AFntin =l Ay = AFn (AT u) — u,
so A € Ap,. Since Ap is absolutely bipolar, there exists & € N* such that v =
Aku. Let h, = [%2|k and i, = k,, — hy,. Then for all n € N, 4, € [0,k — 1] N
N. Applying the Bolzano-Weierstrass theorem, we have an extracted subsequence
(ip(n))n converging to i € N such that

ARy = Aot Tiom) 4y — Afemriy — Ay

But we also have A*¢mu — v. By uniqueness of the limit (since F is a metric
space), we obtain v = A'u. O

In the general case, we can only give the following result on the classification of

Ap.
Theorem 1.4.3. Ap is bipolar.

Proof. If we have i > 1 and (j,), € NY such that A" A’y — u when n — +o0,
then there are only two possibilities :

o If (jn)n is bounded: The Bolzano-Weierstrass theorem provides an extracted sub-
sequence (j,(n))n Which converges to j* € N and is therefore almost constant from a
certain rank, such that A7ty = A7" A*y = u according to (2). Thus, for k = j*+1i,
for all I > 1, we have m = I(k — 1) € N such that A™Alu = A'*y = u according to
(2), which shows that Ap, = A.

o If (jn)n is not bounded : Then we have an extracted subsequence (j,(n))n such
that j,(,) — 400 when n — +oco. Let k € N, so we have a certain rank N € N
such that :

V?’LZN,jSp(n) >k—1
This allows to write :

AT Timk gky oy,
n—-+oo

O

In the isolated case, a better classification is obtained by the following theorem.

Theorem 1.4.4. If E is isolated (i.e. E is discrete), then A is absolutely bipolar.
Proof. Let u € F', we have two implications to show.

(34 € A\{Idr}, Au=u) => (A, = A) : If we have k € N* such that A*u = u,

then for any i > 1, we have j = i(k — 1) € N such that A7A'u = A%y = v from
(2), which shows that Ap, = A.
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(Apy # {Idp}) = (3A € A\{ldp}, Au=u) : If we have i > 1 and (j,),, € NV
such that A/ Ay — u when n — +oo. Since E is isolated, (A" inu), is even-
tually equal to u, say for n > N € N, by a classical argument. We then have
u = A™INy. Since this reasoning is true for all u € F, we deduce that Ap is
absolutely bipolar. (I

We also have funny results such as the following.

Property 1.4.5. Let P € Z[X] be a polynomial of degree d € N with non-negative
coefficients and u € F, (k,)n € (N)N such that Aknuy L u. We have :

n—s-+oo
(Vn e Nk, = P(n)) = APP Oy =y
Proof. (%) : We define the endomorphism on Z[X]
A:Q— QX +1) - Q(X)
and the assertions (for k£ € N)

@Y, By,

G(k) : the coefficients of A*P are non-negative and 7
n——+00

H(k) :VQ € Z4[X],  AMQ =Q™M(0).
G(0) and H(0) are clearly verified with the assumptions.
Let k € N, and assume that G(k) and H(k) are true. Denoting e; = X' the
vectors of the canonical basis of Z4[X], we have
i—1 .
Vi > R i i _ g
i>0,Ae;=(X+1) - X Z <Z>X € Z[X],
7=0
which shows that Ae; has non-negative coefficients. By hypothesis, the coefficients
of A*P in this base are non-negative. We deduce that A**'P = A(AFP) also has
non-negative coefficients. But then (A**1P)(n) > 0 for all n € N which allows to

consider AA"P)(n)

dF(A(Ak+1P)(n)u7u) < dF(A(Ak+1P)(n)u7A(A’“P)(n+1)u) + dF(A(AkP)(n+1)u7 w).
Or

. Thus, the triangular inequality gives

AFLP + (AFP)(X) = (AFP)(X + 1),

A (AP )y ABFPY 1)y g ABSPY ), g(BRFPYm) A(A Py g, AP )

and thus :
dp(ABT Py 0y < dp(u, AA"PMy) 4 dp(AQ Py ) 0.
- ’ ’ n—+4o00
This gives G(k + 1). We also have for all Q € Zy41[X] a certain R € Zy[X] such
that (i)
O ()
= X"+ R
=G5 +
So we get

Ak+1Q _ Q(k+1)(0) + AAkR _ Q(k+1)(0).
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So H(k + 1) is true. Hence, we have shown by induction that
Yk e N, AA Y™y 5y and VQ € Z;,[X], AFQ = Q™ (0).
n—-+o0o

APy g and AYP = PD(0), i.e.

. In particular, we have A(
n—-+oo

APP Oy =y,

O

1.4.6. An important monogenous example: periodic convergence. We take F' C EN
(with E a normed vector space, for example), A =T = {tau? | p € N} defining the
operator shift 7 : F' — F by:

Yu € F, 7Tu= (Unt1)nen

If E is isolated (N for example), we obtain with the theorem 1.4.4 and (4) that Tp is
absorbing and absolutely bipolar. Using the general characterization of operational
spaces, we can deduce that,

{r*u | k € N} if 3p € N*, 7Py = u € N*

{u} otherwise

(5) YueU e Tp, U:{

Informally, 7 are spaces where periodic sequences are merged with all their trans-
lations. This makes it possible to define convergence to a cycle of a sequence with
a separable topology with the following definition :

Definition 1.4.7. We say that u € F converges to v € F if the sequence (TPu)pen
converges tov € F in Tp.

In the non-discrete case, this same characterization property (5) turns out to be
false. To illustrate, assume that F is an K-e.v.n. with K an arbitrary field. Recall
that we can then define |u||¢o v,y = sup||lu;||r and :

ieN

(®*(N,E)=uec EY| ||| g v,y < 400}
We then obtain that ¢>°(N, E) is complete, which gives meaning to the following

result, illustrating the problem.

Theorem 1.4.8. Let E C E, consider F = (>°(N, E) N EN fitted with its natural
distance dp(u,v) := ||u — v|[goe (v, ). If Tr is absolutely bipolar, then E is discrete
(for the induced topology).

Proof. We reason by contrapositive, assuming that E is not discrete. We then
have an injective sequence (ax)reny € EV converging to a € E. We can define the
sequence u = (U, )nen € ENby strong induction (with uy = a),

Ug_on S1 k> 27

Vn e N,Vk € 272" — 1] NN, u, = :
a, si k=2"

It is clear that u € F because (an)nen € F. Let k > 2, we pose for all for n € N,

Co={2|jEN}, Dp={2-2"|j>k+1}, B =((0,2"—1]NN)\(CLUDy).
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We also define By, = B,(C"). In this way, we obtain the partition N = By U

Cy U Dyg. For all n € N,

neN

b= sup ||u; o — e
i€ By,

by = sup |ujpor — UillE
ieB(™

¢ = sup [[u;or — uillp
1€C

d = sup ||u; 1 or — Uil B
i€ Dy,

By definition, we have,
Vn € N*,V’L S Blin)\Blgnil),ui+2k — Uj = Uj_9n gk — Uj—2n and i — 2" € B](Cnil).
This gives,

Vn € N*, sup ||ujior —Uillg = sup |ujgor — willE-
ieBl(cn) iGB,(c"*l)

So we have,
Vn € N*,bn =byp_1= bo,
with by = |Jugr — upl|lg = ||lax — wo||p. We deduce that b = by. We also have,
¢ = max <sup||u2j+2k — Ui || B, SUP||Ugi ok — Ugg ||E> = max(c), ¢?)),
jzk Jj<k
where clearly,

1) = supl|ug) 1or — ui || = sup|lugs — ugs || & =0,

i<k i<k
. by definition of u. We deduce that ¢ = ¢!). Furthermore, we have,
Vj > k+ ].,u2j_2k = U2j—1+(2j—1_2k) = Ugj—1+(2j—1_2k) = U9j—1_9k,
where Vj > k,ugj_or = ug. From this we deduce that d = sup|lug — uaillp =
ji>k
suplla; — uo||g. We obtain,
i>k
Htaquu — || = sup||u;or — ui||p = max(b, ¢, d) = max(by, ¢V, d).
€N
But clearly max (b, d) = sup||la; — uo||r and,
jzk

¢ = supl|ugi 421 — sl = supl|uge — uzs || & = supllax — ;&
jzk izk Jizk

. Finally (remembering that uy = a),

k
Jtau®*u — ulle= = max(supllar — a;lz, suplla; — allz) = 0
j=k >k k——+o0

On the other hand, u is clearly not periodic. To see this, simply note that,
Vk > 2,¥i € B™ 3j <n,u; = a;

Thus, since (a,)nen is injective, we have,
Vk € N*, uir gy = Qk 7# Uk -

So TF is not absolutely bipolar. O
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2. A NON-UNIFORM ALMOST PERIODICITY

2.1. Motivations. The definitions we’ve introduced can be used to classify opera-
tional spaces, but we may wonder what they really mean. In the end, if u,v € U €
Ap, then :

. .
lnf a F (Au, 'U) - Hlf dl-'« (14’07 u) - ()
SO there eXiS‘S (A’I’L)’VH (B’I’L)TL Such ‘ha‘ :

A,u — wvand Bpv — wu

n—-+oo n—-+o0o

Therefore :

A,B,u — u

n—-+oo

Thus, either v = u, or there exists N € N such that
Vn > N, An, By # Idp.

For a monogenic monoid, for example, we get C,, = A, B, € (A\ {Idr}) such
that C,u — u. If A = T, this is exactly the characterization of a non-uniform
almost-periodic sequence presented below.

2.2. Definition and first approach. We say that a sequence u = (up)neny € F
is almost-periodic of period k = (k,)nen if :

kng, 5 v and Vn € N, k,, > 1.

n—-+oo

T

We assume that we can always define the operational space Tr. We then have
the following properties.

Properties 2.2.1. Let P € Z[X] be a polynomial of degree d € N with positive or

zero coefficients and u € F, (ky)n € (NN such that 7% u E}r u. We have the
n—-+0oo

following results:

e (¥) k, = P(n) = u is periodic of period P(?(0).

o () k, =2" = Jv € F,7F0 5 wandv non-periodic.
n—-+oo
Proof. (%) : This is a direct consequence of the property 1.4.5.
(#%): the proof is the same as for the theorem 1.4.8 except that we need to
consider a distance instead of the /> norm. d

The reader may wonder why such a consideration is interesting. Indeed, we
already know very well uniform almost-periodicity (that differs a bit from non-
uniform almost-periodicity) [Muchnik, Semenov, and UshakovMuchnik et al.2003]
[BesicovitchBesicovitch1926]. However, we showed that non-uniform almost-periodic
functions (or sequences) are related to the classification problem of operational
spaces. That is why these non-uniform definitions almost inexistent in the litera-
ture are of interest here.
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2.3. Conjectures. There are still many conjectures to prove concerning those
spaces. For instance, does the following result holds in the monogeneous monoid
case 7

Conjecture 2.3.1. Let P € Z[X] be a polynomial of degree d € N with positive or

zero coefficients. There exists u € F such that A*"u %)_ u and u ¢ Au.
n—-+0o0

Or can we find a general classification depending on A? Or is it possible to
exploit the properties of those spaces to prove other conjectures, such as the Collatz
conjecture 7

3. CONCLUSION

We established the classification of the operational spaces in some obvious cases
and paved the way towards a better understanding of such spaces. However, some
questions remain unaddressed such as : How to generalize those spaces as topolog-

ical spaces 7 Do the results still hold in a certain form for those topological spaces
?
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