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ABSTRACT

Since the 19th century when von Lindemann set out a proof of the transcendental properties of the mathematical constant Pi, mathematicians

have taken the view that squaring the circle using a straight edge and compass is not possible. 

I. Introduction

 The problem of the exact rectification of a circle cannot be solved by classical geometry.

 A German mathematician von Lindemann in 1882 has shown that the mathematical constant π is not an algebraic number.

 The rectification is an impossible construction to realize, as a consequence that the π is transcendental number.

II. Approximations to Pi

Some approximations to Pi (via squaring the circle):

 A. Kochański (1685):

π ≈
40

3
- 2 3 = 3.1415333 ...

the exact value of pi  is

π =
40

3
- 2 3 + 4 tan-1

1 - sin 1
2

40
3
- 2 3

1 + sin 1
2

40
3
- 2 3

 J.Gelder (1849), S. Ramanujan (1913):

π ≈
355

113
= 3.141592920 ...

the exact value of pi is

π =
355

113
- 4 tan-1

1 - sin 355
226



1 + sin 355
226



 S. Ramanujan (1914):
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π ≈ 92 +
192

22

1/4

= 3.14159265258 ...

the exact value of pi is

π = 92 +
192

22

1/4

+ 4 tan-1
1 - sin 1

2


2143
22


1/4


1 + sin 1
2


2143
22


1/4


 E.W. Hobson (1913), R. Dixon (1991), F. Beatrix (2022):

π ≈
6

5
(1 + ϕ) = 3.141640 ...

the exact value of pi is

π =
6

5
(1 + ϕ) - 4 tan-1

1 - sin 3
5
(1 + ϕ)

1 + sin 3
5
(1 + ϕ)

Remark: ϕ =
1+ 5

2
 .

III. Miscellaneous approximations of Pi

π ≈ 3 ⟹ π = 3 + 4 tan-1
1 - sin(3 /2)

1 + sin(3 /2)

π ≈ 10 ⟹ π = 10 - 4 tan-1

1 - sin 5
2

1 + sin 5
2

π ≈ 2 + 3 ⟹ π = 2 + 3 - 4 tan-1

1 - sin 1

2

+
1
2

3

1 + sin 1

2

+
1
2

3

π ≈
9

5
+

9

5
⟹ π =

9

5
+

9

5
- 4 tan-1

1 - sin 9
10

+
1
2

9
5

1 + sin 9
10

+
1
2

9
5

IV. Pi formulas

Define cn by
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cn = (-1)n -
k=1

n

(-1)k  2 n + 1
2 k

 cn-k , c0 = 1 , n = 1, 2, 3, ...

cn = {1, 2, 16, 272, 7936, 353 792, 22 368 256, ...}

we have

Entry 1.

π = K + 4 tan-1
4 - K s

4 + K s

where

K =
40

3
- 2 3

s =
n=0

∞ cn

(2 n + 1) !

20 - 3 3

24

n

Entry 2.

π = 10 - 4 tan-1
10 s - 4

10 s + 4

where

s =
n=0

∞ cn

(2 n + 1) !

5

8

n

Entry 3.

π =
22

7
- 4 tan-1

11 s - 14

11 s + 14

where

s =
n=0

∞ cn

(2 n + 1) !

11

14

2 n

Entry 4.

π = 2 2 + 4 tan-1
2 - s

2 + s

where

s =
n=0

∞ cn 2-n

(2 n + 1) !

V. Endnote

Entry 5.

π = 3 + 4 tan-1
1

28
- 4 tan-1

29 tan(3 /4) - 27

27 tan(3 /4) + 29

π = 3 + 4 tan-1
1

29
+ 4 tan-1

14 - 15 tan(3 /4)

15 + 14 tan(3 /4)

Entry 6.

π =
22

7
- 4 tan-1

1

3163
+ 4 tan-1

1582 - 1581 tan(11 /14)

1581 + 1582 tan(11 /14)
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π =
22

7
- 4 tan-1

1

3164
- 4 tan-1

3163 tan(11 /14) - 3165

3165 tan(11 /14) + 3163

Entry 7.

π = 3 + 4 tan-1 1 -
2

1 + cot(3 /4)

π =
22

7
- 4 tan-1

2

1 + cot(11 /14)
- 1

Entry 8.

π = 3 + 4 tan-1 1 -
4

2 + cot(3 /8) - tan(3 /8)

π =
22

7
- 4 tan-1

4

2 + cot(11 /28) - tan(11 /28)
- 1

Entry 9.

π = 3 + 4 tan-1 -1 +
2

1 +

3

4 ·1 -

9

4 ·3 -

9

4 ·5 -

9

4 ·7 -

9

4 ·9 -
...
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