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Abstract

[t is proved that V3 —vV2andV3++V2 ,eandn,m—e ,m+ e, mwe and %,

all are irrational numbers . [t is an argument by contradiction.

Notation and reminder

7 : known as Archimedes constant , is the ratio of a circle's circumference to
its diameter and 3 < < 4.

+oo 1

e=2m=0" known as Euler's number and 2 < e < 3.

N*:={1,2,3,4, ... } the natural numbers .
Z:

={..,—4,-3,-2,-1,0,1,2,3,4, ...} the integers and Z":= 7\ {0}.

Q:= {g : (p,q) € ZxZ"and panq = 1} the set of rational numbers.

R : the set of real numbers.
R\Q:={x e Randx € Q : Q c R} the set of irrational numbers.
pnaq :=max{d € N* : d/p and d/q} the greatest common divisor of p and q.

V : the universal quantifier and 3 : the existential quantifier.
Introduction

Irrational numbers are the type of real numbers that cannot be expressed in
the rational form g , Where p, q are integers and g # 0. In simple words, all

the real numbers that are not rational numbers are irrational. In this paper
s
we show that V3 —v2 and V3 ++V2, eandn, mt—e,m+e,me and?,

all are irrational numbers. It is an argument by contradiction.


https://en.wikipedia.org/wiki/Ratio
https://en.wikipedia.org/wiki/Circle
https://en.wikipedia.org/wiki/Circumference
https://en.wikipedia.org/wiki/Diameter
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Theorem 1.6 € R\ Q. In other words, V6 is an irrational number.

Proof. An argument by contradiction. Suppose that V6 € Q , and as V6 > 0
then 3p,q € N* such that V6 = — P and pAaq = 1, then (\/_) (q) then

6=¥ and 6g2 = p? = p? 1sevenandpEN*=>p15evenorp=2k:k€N*

= 6% = (2k)? = 4k? = 3q* = 2k?and 3A2 = 1 = 2 divides g% and 2 is prime
= 2 dividesqand q € N* = gisevenorq = 2k" k" € N*, hencepaq =2 ,
and we get a contradiction because paq = 1.

Main Theorem 1.4/3 —v/2 € R\ QandV3 +v2 € R\ Q.
In other words, V3 — V2 and /3 + V2 both are irrational numbers.

Proof. An argument by contradiction. Suppose that V3 —v2 € Q, then
3r € Q such that /3 —v2 = rimplies that (\/§—\/7)2 =r2eQ
=>5-2v6=1r2 € Q =2V6= 5—2r2

On the other hand, suppose that V3 ++2 € Q, then 3 r € Q such that
V3 ++2 —rimpliesthat V3+V2)?2=1r2€e Q=5+2v6=1%€ Q
=6 =

€ Q , and we get a contradiction .

€ Q ,and we get a contradiction.

n!
Lemma 2. We have 11m Yo S e —Oand lim n.}}% Sn+1 = L
n-+ n—+oo
nl_ 1 1 1

T n+1 T (n+1)(n+2) T (n+1)(n+2)(n+3)

Proof.¥ n € N*, Y+ SO S

1 1 1

< +
n+1 (n+1)(n+1) n+1)(n+1)(n+1)

=Xk 1(n+1)k B
then 0 < ¥ ;% n+1 < ; and nl_l)rpoo%—O: nl_i)rlloozrtl"inﬂ::l—!!:O.
On the other hand , we have—<2m n+1 n < % —<n I n+1 < 1
,and lim —=1= lim nY}® S e ':1.

n—+oon+l1 n—-+oo

For more details about irrational numbers , we refer the reader and our
students to [1] and to [2].


https://math.stackexchange.com/questions/483488/prove-that-if-the-sum-of-two-numbers-is-irrational-then-at-least-one-of-the-numb
https://math.stackexchange.com/questions/483488/prove-that-if-the-sum-of-two-numbers-is-irrational-then-at-least-one-of-the-numb
https://math.stackexchange.com/questions/483488/prove-that-if-the-sum-of-two-numbers-is-irrational-then-at-least-one-of-the-numb
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Theorem 2. We have lim n.sin(2nn'!e) = 2m.

n—+oo

Proof. Indeed, 11r+n n.sin(2mn!e) = lir+n n. sin(Znn!Z;’n‘ZO%)
n—-+oo co :

= lim n.sin(2an! k-, _+Zm n+1 ))

n—+oo

n!

= 11r+n n.sin(2mw Y= —+ 2 Y42 n+i, )
n—-+oo
we put a, = &=0% € N*and b, = ;rn°°n+1l' — 0 and nb, - 1 whenn - +oo,
then lim n.sin(2Znn!e) = lim n.sin(2ra, + 21b;,)
n—+oo n—-+oo

= lim n.sin(2mh,) = lim n.2mh,. sin(2mby)
n—-+00 Nt oo 2mh,

= lim 2m.nb, M—Zﬂll—zn
n—-+oo 2mby,

Main Theorem 2.¢e e R\ Qand m € R\ Q.
In other words, e and  both are irrational numbers .

Proof. An argument by contradiction . First , we prove that e is irrational .
Suppose that e € Q ,andas e > 0,then3ap,q € N* such thate = S and

prnq = 1 . Then, lim n.sin(Znnle) = lim n. sm(Znn'—)
n-+oo n—+oo

we put a, = n's n € N*, and it is clear that a,, is strictly increasing and

{a, : n = q} c N*,then n.sin(2ra,) =0 : n > q,

this implies that lim n.sin(2ma,) = 0, and we get a contradiction according
n—+oo

to [Theorem 2] . Thus, e is an irrational number. Another proof presented
by Dimitris Koukoulopoulos and was found by Fourier in 1815 is available
at [3, Théoreme15.2]. Second , we prove that m is irrational. A simple
proof that m is irrational made by Ivan Niven in 1947 is available at [4] and
Lambert’s proof of the irrationality of m in 1760 is available at [5].

The sine function ( or sin(x) ) is defined , continuous , odd and 2mw—periodic
on Rand V 6 € R we have sin(6) = 0 © 0 € {krr : k € Z}. For more details
about sine function and its properties, we refer the reader and our students
to [6, page 101].


https://math.stackexchange.com/questions/483488/prove-that-if-the-sum-of-two-numbers-is-irrational-then-at-least-one-of-the-numb
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(lim sin(n! (T —e) + X7,- !I) =
n—+oo m!
n!
11r+n sin(n!(mr+e) — Y- 'I) =0
n-— m.
Th :
eorem 3. We have | lim sin (n'ne - l!) — 0
n-+o
n!
knl_1)r+noosm(n'pe—p Y=o ) =0
Proof. First,
lim sin(n! (T —e) + X} - —) = lim sin(n!lmr — nle + Y} - —!,)
n—-+oo n—-+oo :
n n!
= lim sin(n!'m — X} 2,—+ X% _ l)
n—-+oo !
o0 n!
= lim sin(alm = ThZn )
= llrJP —sin(XH2 41 n!) = —sin(0) =0.
n—-—+oo
Second,
lim sin(n!(m+e)—Yh- 0 ) = llm sin(n!m+ nle — Y% o—)
n—-+oo m!
— I +00 i_ n n
nl—l>r-}l:loo sin(n!m + Y52 . m=07-)
- nl_l)l’_}l_’loo sm(n' T+ Zm =n+1 n!)
= llrp sin(Xh2.41 n!) = sin(0) =0.
n—+oo
Third,
lim sm(n'ne—nz ll) = lim sin(n. 0 n — T Y= )
n-+o n—+oo |
= lim sin (n o 1 n') = sin(O) =0.
n—+oo

Fourth, let p € N* we have

n!

lim sin (n'pe—p ¥ _;) = lim SIH(P Z+°° a —D. Y= )

n—+oo n—-+oo

= lim sin (p I n!) = sin(O) =0.

n—+oo
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Main Theorem 3. 1 — e E R\ Qand n+e€ R\ Qandme € R\ Q
and %E R\ Q. In other words, 1t —e, m + e, me and% all are irrational

numbers.

Proof. An argument by contradiction . First, suppose thatt — e € Q , and
asm— e>0,thendp,q € N*suchthatm — e = g and pag =1.

Werecall that, Vn € N*: nl(mr—e) + Z%zoﬂ >0.

Then, III_P sin (n' (n—e) + Y0 lll) = 11r+n sin (n' + Y- ) we put
n—-+oo . n—+oo
a, = n'p + Y :n € N*, and it is clear thata, is strictly increasing

and {a,, : n>q}CN* then lim ané{kn:kEZ}CR\QU{O}
this implies that lim sm(an) # 0, and we get a contradiction according

n—+oo

to [Theorem 3].

Second, supposethatt+ e € Q,andasmt+ e > 0,then3Ip,q € N* such
thatm + e = gandp/\q= 1.

We recall that, Vn € N* : nl(m+e) — Z%:o% >0.

| |
Then, lim sm(n'(n+e) e On') = lim sin(n'g— e On) we put
n—-+oo n—+oo q
a, = nt2 — n= On n € N*, and it is clear thata, is strictly increasing

q
and{an'n>q}CN* then lim a, ¢ {km: k€ Z} c R\ QU {0},

this implies that 11r£1 sm(an) # 0, and we get a contradiction according
n—-—+0oo

to [Theorem 3].

Third, suppose that me € Q , and as me >0, then Ip,q € N*such
that me = S and panq = 1.

l mo — ny 1P _ l!
Then, lim sin (n e — . Y= !) lim sin (n el 2 ) !)

n—-+o n-+oo
= —1)n+1 ¢ IE
nliToo( 1™ . sin (n.q) )
we put a, = n!s :n € N*, and it is clear that a, is strictly increasing
and {a, : n = q} € N*, then lim a, ¢ {kn: k €Z} c R\ Q v {0},
this implies that lim sm(an) ;t O and 11m (—1)™*1 sin(a,) # 0, and we

n—+oo

get a contradiction according to [Theorem 3]
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Fourth, suppose that %E Q , and as §>0, then I p,q € N*such
that% = S and pnq = 1, then qr = pe and Vn € N* : nlgmr = nlpe.

n! n!

Then, lim sin (n! pe — P-Z%:oﬁ) = lim sin (n! qm — p-2%=og)

n—-+oo n—-+oo

b n o nl )
| nl—l>r-|1:loo > (p 2m=0 m! ’
we put a, = p. Z%:o% :n € N¥, and it is clear that a,, is strictly increasing

and {a, : n € N} c N*, then 1ir+n a, € {kmr: k€ Z} c R\ Q U {0},
n—->4+o0o

this implies that lirP sin(a,,) # 0and lir+n —sin(a,) # 0, and we get a
n—-+oo n—-+oo

contradiction according to [Theorem 3].

Vs . .
Thus, we conclude that m — e, m + e, me and ~ all are irrational numbers.
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