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“In 2017, I managed to solve a problem from the “Lviv Scottish book . The 
problem had a prize of “butelka miodu pitnego" (a bottle of honey mead). 
Today, while I was in Warsaw, some representatives from Lviv, Ukraine came 
(by train, as the Ukraine airspace is obviously closed) I was very touched and 
honored to unexpectedly receive the prize in person.” 

Terence Tao 

 

Abstract 

In this article we prove that the infinite series ∑
|sin⁡(𝑛)|𝑛

𝑛

+∞

𝑛=1
 on the Lviv 

Scottish book is bounded , consequently it is convergent. 

Notation and reminder 

ℕ∗ :⁡= {1,2,3,4, … } the natural numbers .     
 

ℤ :⁡= {… ,−4,−3,−2,−1, 0,1,2,3,4, … } the integers . 
    

ℝ ∶ 𝑡ℎ𝑒⁡𝑠𝑒𝑡⁡𝑜𝑓⁡𝑟𝑒𝑎𝑙⁡𝑛𝑢𝑚𝑏𝑒𝑟𝑠⁡𝑎𝑛𝑑⁡ℝ \ ℚ :⁡𝑡ℎ𝑒⁡𝑠𝑒𝑡⁡𝑜𝑓⁡𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙⁡𝑛𝑢𝑚𝑏𝑒𝑟𝑠. 

]0,1[⁡∶= {0 < 𝑥 < 1 ∶ 𝑥 ∈ ℝ} the open interval with endpoints 0 and 1.                                                       
 
|𝑥| ∶= max{−⁡𝑥, 𝑥 ∶ 𝑥 ∈ ℝ} the absolute value of 𝑥.                                                  
 
∀ : the universal quantifier ⁡𝑎𝑛𝑑⁡∃ : the existential quantifier. 
_______________________________________ 

For more details about the infinite series , we refer the reader and our 
students to [4] and to [5]. 
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Introduction 

 

Is the infinite series ∑
|sin⁡(𝑛)|𝑛

𝑛

+∞

𝑛=1
⁡is convergent ? The problem was posed 

on 22.06.2017 by PhD students of H.Steinhaus Center of Wroclaw 
Polytechnica. The promised prize for solution is a bottle of drinking honey, 
see [1] of the Lviv Scottish book. This problem was solved by Terence Tao 
on 29.09.2017 [2] who is honored on 09.08.2023 [3]. In this article we 
show that this infinite series  is bounded , consequently it is convergent.  

Lemma.⁡∀⁡𝑛 ∈ ℕ∗⁡⁡𝑤𝑒⁡ℎ𝑎𝑣𝑒⁡ 0 < |sin(𝑛)| < 1. 
 

Proof.⁡∀⁡𝑛 ∈ ℕ∗we⁡have⁡0 ≤ |sin(𝑛)| ≤ 1, and⁡𝑛 ∉ {
𝑘𝜋

2
∶ 𝑘 ∈ ℤ} ⊂ ℝ⁡\⁡ℚ ∪ {0}, 

thus 0 < |sin(𝑛)| < 1. 
                                                                                                                                           

Main Theorem. The infinite series ∑
|sin⁡(𝑛)|𝑛

𝑛

+∞

𝑛=1
  is bounded.AAAAAAAAAAA 

Proof.⁡⁡Indeed , A⁡∑
|sin(𝑛)|𝑛

𝑛

+∞

𝑛=1
 = ∑ |

sin(𝑛)

√𝑛
𝑛 |

𝑛+∞

𝑛=1
 , and ∀⁡𝑛 ∈ ℕ∗⁡⁡we⁡have⁡ 

0 < |sin(𝑛)| < 1 and √𝑛
𝑛

 ≥ 1⁡, this⁡implies that 0 < |
sin(𝑛)

√𝑛
𝑛 | < 1 , then ∃⁡𝛼⁡, 𝛽⁡ 

∈⁡]0,1[⁡such⁡that⁡𝛼 = min{|
sin(𝑛)

√𝑛
𝑛 | ∶ 𝑛 ∈ ℕ∗}⁡and⁡⁡𝛽 = max{|

sin(𝑛)

√𝑛
𝑛 | ∶ 𝑛 ∈ ℕ∗}  , 

then ∑ 𝛼𝑛+∞
𝑛=1 <∑ |

sin(𝑛)

√𝑛
𝑛 |

𝑛+∞

𝑛=1
< ∑ 𝛽𝑛+∞

𝑛=1 , thus 
𝛼

1−𝛼
<∑

|sin⁡(𝑛)|𝑛

𝑛

+∞

𝑛=1
<

𝛽

1−𝛽
 . 

Consequently we have  ∑
|sin⁡(𝑛)|𝑛

𝑛

+∞

𝑛=1
< +∞⁡. 
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