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According to the Riemann rearrangement theorem, when a sequence
converges, the sum can be changed by rearranging the order of the
sequence. However, the result cannot be changed simply by rearranging
the order of any sequences. In the case of the alternating harmonic series
exemplified by Riemann, even if the result was the same by chance, the

sum of the series was obtained by ignoring the sum of lim ¥27-t —— —=In2.
n—»oo
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Among series in mathematics, the harmonic series is an infinite series written as follows:
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The sum of this series is divergent.

However, the n fractional sum of this series from k= n+1 to k=2n converges to In2,

1 1 1 1 1
; Z _ L hm2 @
oo ¥ ntl Ttz Tanmst ot o2t oot o n )

k=n+1

if n is a sufficiently large number. We can compute the series that converges

z 1l o5 ifn=1
L= =05 if n=1,
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1 11 ,
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The sum of this series can be derived from an alternating harmonic series. With this result, we may
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have an approximate value of a harmonic series H, as follows
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The alternating harmonic series is defined as follows, and the sum is In2 as proven by Leonhard

Euler?.
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Bernhard Riemann proved that rearranging the order of this sequence S changes the result. This is

called the Riemann series theorem or the Riemann rearrangement theorem, i.e.,
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By using the X notation, it is shown as
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This is called the conditional convergence of the alternating harmonic series.

However, this is only a half correct, because, fundamentally, rearranging the order of a series does

not change the sum.
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Strictly speaking, the Riemann sequences of the above, Agr?oxk:l(zk_lxz(n_l),dtk) and

. 1 1 . .
lim Zﬁﬂ(m';) are not the same sequence, because the former has three terms in a set in
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turn, but the latter is just another expression of the alternating harmonic series, i.e.,

2 Euler presented the value in his paper “1 — mx + m(m+n)xA2 — etc”, 1788, p. 45 B3I
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Riemann ignored the third term (—ﬁ) of the equation (7). The correct relationship between the
Riemann sequence and the alternating harmonic series is consisted with adding %(Zﬁ;‘#kl:) from

the first term to n* term to eliminate the third term of the equation (7) as follows.
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Therefore, the Riemann rearrangement theorem is inconsistent, but misleads us to the so-called

conditional convergence.

It is clear that we see from the above equation (9), we can compute as follows,
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If we look at the additional term %( Zn-1 kl:) to the Riemann sequence, it results the alternating
harmonic series. We can identify that the term Y271 (ﬁ) apparently converges between % and 1
if nis bigger enough or tends to infinity,

1<Z 1 < 1
2 = k+1 ' (11)

k=n

Riemann ignored this value of (11), but he happened to get the right result of the conditional

convergence of iln 2. We can see the below if ntends to infinity from the equation (9),
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If we subtract %(Zﬁ’;yf kjr—l) from both sides of the above equations (9) or (12), we have from the

equation (7)
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From (13) and the equation (12), we can find that
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If we rewrite the above (14) as a general term, we have
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where a, b and ¢ are natural numbers.

Another example of a similar rearranged alternating harmonic series is given as follows BI16
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This can be rewritten by using summation notation Z,

n 2n—-1
> (5 + 7 - ) - Mm
oo Z\ak—3 T dk—1 ~ 2k noe 21 2k +1
k=1 k=n
_<1+1 1>+(1+1 1>+ +<1 + 1 1)+ 17)
B 3 2 . 5 Z 4 4n —3 4n —1 2n

B (2n+1 toors Yt Tt )



+
Ul =
|
AN =
+
N -
|
|
+
Il
5
V]

Il

[y

|
N[ -
+
W] =
|
B

In the above series, compared to n = 1 of the alternating harmonic series, i in the first parenthesis
is the sequence to be eliminated. And when n = 2, % and % are to be removed. Thus, the sequence

of the above (17) represents the series (16) in general.

And, we have from (15) and (17),

2n-1

1'2 ! —1'(1 T U S 1)—112 (18)
n‘i?ok 2k+1  noe\Zn+1' 2n+3 ' 2n+5 an—-3 " an-1) 2~
=N

As a result, the Riemann rearrangement theorem, which states that when the sum of a certain series
converges, the sum of the new series made by rearranging the order of the series is different from

the sum of the original series, is incorrect.

By changing the order of the alternating harmonic series, the newly added summation term

lim Zi’;glfw for the rearranged series provides with ian, if n is a sufficiently large number.
n- oo
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