Gravitational energy attributed to curved space
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Abstract: Gravitational energy is localized. It is shown that the massless
gravitational energy is enclosed in space, which is curved by matter, according
to Einstein's theory. This solves the problem of the unambiguous localization
of gravitational energy, a problem that Einstein left to the mercy of fate.
Depending on the nature of the curvature of space, this energy can be positive
(gravitational waves) or negative (Schwarzschild space). The density of the
space’s energy is obtained. The emission of massless gravitational waves
reduces the inertial mass of the emitter. In the Schwarzschild case, the receipt
of the gravitational energy from the space by matter increases the inertial mass
of the matter. Since the gravitational mass of an isolated system is determined
by the curvature of space at infinity, the inertial mass of an isolated system
exceeds its gravitational mass by the value of the gravitational energy of space.
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1. Introduction
According to the definition, the gravitational binding energy of a system is the minimum energy
that must be added to it in order for the system to cease to be in a gravitationally bound state. As
is known [1,2]%, the gravitational binding energy of a ball of (inertial) mass M and radius r, is
equal to
U=3yM?/5r,, y=7.4-10" m/kg. 1)
(the radius is defined in terms of the length of the equator: r, =1/2x). This means that the
substance of the ball can be removed to infinity during its explosion if the mass-energy of the
explosive is 3yM? /5r, . During the explosion, this energy is first converted into kinetic mass-
energy, and then disappears in the process of expansion as the speed decreases. Thus, the inertial
mass of the ball decreases up to a constant m,
m=M —-3yM?/5r, 2)
which defines the invariable outer Schwarzschild space of the ball that is described by the line
element [3 (100.14)]
1
1-2ym/r
The constant m is the gravitational mass of the ball. It can be expressed in terms of the initial
density of the ball substance according to the formula [3 (100.24)]
m=4nr’p/3. (4)

dI* =g, dr* +r®(d6° +sin0do’), g, (r)= (3)
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2. Mass of the ball
Formula (4) shows that using 4xr’ /3 as the volume of the ball does not give the correct value
M for the mass of the ball. This is because, in reality, the volume of the sphere with the
equatorial length 2nxr, is greater than 4xr’ /3 due to the curvature of space.

Inside the ball, the metric coefficient g,, (r) is [3 (100.19)]
B 1 3
T 1-r?/R? 8myp
The correct mass of the ball was calculated in [4], taking this circumstance into account:

_qn o 3 enoridr 3R(. > o
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If the mass of the ball is small, thatis M ~m, & =8mypr’ /3=2ym/r, =r, /1 <1, then
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according to (1) and (2). (We denoted here the gravitational radius r, =2ym). If the ball is

compressed to its gravitational radius, =1, then M =3nm/4 ~ 2.36m. For a ball of arbitrary
radius, the binding mass-energy is

U=M—m=%(sinlg—§\/1—?)—m= Sm (sin’f—@/l—?)—m. )

2yE°

3. Mass of the shell
The gravitational binding energy cannot be considered as the energy of the “gravitational field”,
because within the framework of the general relativity, the gravitational field does not exist.
Weyl writes: “Gravity is "leading" (Fiihrung) and not a force” [5]. All gravitational phenomena
are explained by the curvature of space-time. We consider the binding energy as the massless
energy of space, which is curved by matter, according to the Einstein equation. To determine the
energy density of curved space, we calculate the mass M of a spherical shell of small thickness
Ar and the gravitational mass m . Let the density p be nonzero only between the coordinates ,

and r,, Ar=r,—r,. Then, according to the formula [3 (100.19)], the metric coefficient in the

space between these coordinates is
1 1

9 () 1-8myp(r®—1)/3r  1-8myp(r—r, )(r* +rr,+r’)/3r ®)
Considering r—r, < r, we have the mass of the shell:
n n 2
M =I14nr2p g, dr= 4nt, pdr (10)

o JL-8mypr(r—r,)
Using I o :E a+bx and m=4nar’pAr , in accordance with (4) and with [3 (100.24)];

Ja+bx

replacing r, — r, we get the mass of the shell

M =r(l—«fl—SmprAr)/y:r(l—ﬂfl—Zym/r)/y. (12)




4. Density of the gravitational energy
Now, using (11), one can find the gravitational energy density u [kg/m®] contained in the curved
space. It should be taken into account that outside of the shell there is a curved Schwarzschild
space and inside of the shell the space is Euclidean. So, when the radius of the shell decreases by

dr, a new volume of space with the value dV, =4zr?,/g,, dr is curved and, in this case,
gravitational energy is released: dM =u4xr®,/g, dr where g, is from (3). So,

dM 1 2ym ym 1 1 1
1—— 1+ -=- <0. 12
~dr 4ar ﬂ/ g, " 4mr? [ r J 4nr? {,Ig” 2 ZQ”} (12)

5. Binding energy of the ball
Using (12), one can calculate the binding energy of the ball (8) by integrating this space energy
density:

U =—.[0°Ou47zr2 g,dr=M-m. (13)

Only the integral must be divided into two parts, because the metric coefficients g,, inside the

ball and outside the ball are different and equal, respectively
1 1

- g = 14
1-r2 /R’ I 1-2ym/r (14)

gl’l’:
Using (12), we test formula (8):
U =U, +U,, =—[ udzr®fg,dr - [ udzr? grrdr— (smfle; efim 5) m=M —m. (15)

Indeed, the energy coming from the interior space of the baII is equal to

Ui“:_lfor(l_— —N1-r*/R? jdlr———+—smlr T - IRE. (18)
Y

2\1-r*/R? 4y R 4y
The energy coming from the outer part of the space is equal to

1 2ym rr 2ym rr 2
=—= —_— ,/1—— dr:———,f ———m:———»\/l— -m. (17
'[r( 212ym/r2 J Y v r Y oy 5 (17)
Summing up (16) and (17), we obtain (15) or (8), which was to be shown.

6. Cayuaii c1a0oii rpaBUTANNU
Expression (12) for the density of the gravitational energy of a curved space takes a simple form

in the case of a weak curvature of space, 2ym <1:
r
2
u= 12 12 g, 1M z—7m4. (18)
drrcy r r 8xr

Remembering the magnitude of the acceleration of free fall according to Newton's law,

g =ym/r?, we see that this formula is similar to the electric energy density expressed in terms

of the electric field strength, with a significant difference in relation to the minus sign:
u=-g°/8zy, u=gE*/2, 1l4rne, >y, E—4g. (19)



So the acceleration of free fall plays the role of the gravitational field strength. It is interesting to
calculate this density of gravitational energy near the Earth's surface.
Using g = 9.8 m/s%/(c [m/s])?, moxydaem u = — 5.810"° J/m°.
For what follows, it is important that the acceleration of free fall is equal to the curvature
of the world line of a stationary body, for which r = Const . This means that the acceleration is

equal to the physical value of the component of the Christoffel symbol T, . Indeed, the
coordinates of such a line in the function of t are x' ={t, r = Const, #=Const, p=Const}, and the

coordinates of the tangent vector are dx' / dt ={1, 0, 0, 0}. Therefore, the curvature of the world
line, that is, the second covariant derivative,
D’x'  d?x'  _; dx!dx"
=t 2
dt dt dt
has only one non-zero component, T, , and the expression for the free fall acceleration is

It is essential that the gravitational energy of curved space is not determined by the
curvature tensor. The curvature tensor has invariants independent of the coordinate system used.
At the same time, the observed energy changes when passing from one observer to another
observer. The energy, generally speaking, depends on the coordinate system used. The quantities
that depend on both the curvature of space-time and the coordinate system are the Christoffel
symbols. The Christoffel symbols are rightly called the gravitational field strength. It is the
Christoffel symbols of the Schwarzschild coordinates that determine the mass-energy that a
spherically symmetric body receives from the space curved by this body.

: (20)

7. Energy of weak gravitational waves.
The negative sign of gravitational energy is of great importance. Weil writes: “In all attempts to
build a theory of gravity along the lines of the theory of the electromagnetic field, undertaken
before Einstein, this negative sign was the main stumbling block”. [5]. However, the energy of
gravitational waves is positive. A binary star system is losing energy through the emission of
gravitational waves. We show that the reason for the different sign of the gravitational energy in
these two cases is a significant difference in the character of the space-time curvature. Indeed, let
us use the metric tensor of weak gravitational waves [3]

gy ={9¢ =¢%, 9, =-19,, =-1+h,g,, =—1-h}, h=sin(kx-at). (22)

The Christoffel symbols are
r,=0, T\, =-g"99,/2=wh'/2¢? T} =-wh'/2c’ (23)
=0, I}, =-9%0,9,,/2=kn'/2, T}, =-kh'/2. (24)

Here h’ means the derivative of a quantity h with respect to its argument. The physical
components of T}, -symbols are:

r, =1, Jo, =kh'/2, %, =1 /g, =—kh'/2 (25)
In contrast to the Schwarzschild case, we have four field strengths in gravitational waves.

When using formula (19), which determines the density of gravitational energy, it is natural to
use the sum of component-by-component products instead of the square of the single



acceleration g?, since the product stores information about the different signs of the Christoffel
symbols, unlike the square. So we have a positive energy density in gravitational waves:

U=~ T, +T3, %) /8y =k*h /167y . (26)
Formula (26) coincides with the formula [3 (107.12)], which is remarkable in that it is confirmed
by nature. The binary pulsar PSR B1913+16 reduces its rotation period by 76 millionths of a
second per year, emitting energy in the form of gravitational waves, in accordance with this
formula. However, the formula [3 (107.12)] was obtained within the framework of the concept of
the energy-momentum pseudo-tensor of the gravitational field, which was criticized [4]. The
pseudo-tensor does not give, in particular, the negative value of the gravitational energy for the
Schwarschild space.

8. Conclusion
The problem of localization of gravitational energy is solved. The volume density of the
gravitational energy of the Schwarzschild space is given by formula (12). This solves the
problem of unambiguous localization of gravitational energy, a problem that Einstein left to the
mercy of fate [5]. A body that curves space receives the gravitational energy of the curved space
during compression. Accordingly, the density of the gravitational energy of the space is negative,
since the energy density of the Euclidean space is equal to zero.

The gravitational energy U received by the body from the space increases the inertial
mass-energy of the body, according to formula (13). Thus, the inertial mass exceeds the
gravitational mass by the amount of energy of the curved space.

9. Discussion. The principle of equivalence
The excess of the inertial mass M over the gravitational mass m can cause concern about the
principle of equivalence. However, there is no principle of equivalence in Einstein's theory. This
principle asserts the equality of the gravitational force and the force of inertia. But there is no
gravitational force in Einstein's theory. The body lying on a table presses on the table by the
force of inertia, since its world line is curved by the substance of Earth. And this force of inertia,
by definition, is proportional to its inertial mass. As for the (active) gravitational mass of this
body, its operational definition is problematic. The gravitational mass of a body determines an
additional curvature of space at infinity, while the inertial mass of a body determines the
curvature of space according to Einstein's equation

Gy =Ry —R; /2=8m/T;", (27)
But the gravitational mass is preserved during gravitational contraction, since it includes the
gravitational energy of space, and the law of conservation of inertial mass does not exist with

respect to gravitational interactions. Passive gravitational mass does not make sense in the
theory, since there is no gravitational force.

10. Discussion. The mass defect
The increase in the mass of the shell during compression contradicts the popular belief about the
negative gravitational mass defect. Authors of [6] write: “The mass-energy of the Earth-moon
system is less than the mass-energy that the system would have if the two objects were at infinite
separation. The mass-energy of a neutron star is less than the mass-energy of the same number of
baryons at infinite separation”.



But such statements contradict the obvious fact of the increase in the mass-energy of the
Earth-apple system when an apple falls and get the kinetic mass-energy mv® /2 =mgh. On the

contrary, if the velocity of revolving of Moon around Earth is directed away from Earth, Moon
will move away from Earth, and its speed, and, accordingly, its mass will decrease compared to
the initial values, and not increase, as the authors claim.

Consider now the removal of baryons of a neutron star to infinity. This removal requires
mass-energy. But there is nowhere to take this mass from, except from the star itself. So when
you remove baryons, you have to reduce the mass of the star. The mass has to be taken away
from the baryons and introduced into the curved Schwarzschild space. This mass is spent on
straightening the curved space, on increasing the space energy from a negative value to zero.

11. Discussion. The pseudo-tensor
Einstein's theory, expressed by equation (18), does not contain the concept of gravitational
energy. Various versions of the pseudo-tensor have been devised to introduce gravitational
energy into the theory. It seemed that success had been achieved. Tolman writes [7, p. 250]:
“This satisfactory result can serve to increase our confidence in the practical advantages of
Einstein's procedure in introducing the pseudo-tensor densities of potential gravitational energy

1 0L
and momentum t; =——| —g%" +095,21|.”
/ 167:{ %% og 9% }
Unfortunately, this expression is wrong. The pseudo-tensor gives a positive value for the
gravitational energy of the liquid sphere, contrary to the our result (13) and to the Tolman
equation [7 (97.10)],

m=IpdVO+I%pde , y<0 (28)

where the gravitational energy J%py/dv is negative due to y < 0. This is shown in [4].
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Crarbs 0TKJIOHEHA )KypHaJIoM «Teopernueckasi u MmaTeMaTu4ecKas Pu3nKa.
M1 NMPUBOJUM CBA3AHHYIO C 9TUM IICPCIIMCKY B O6paTHOM XPOHOJIOTUYCCKOM IMOPAAKE.

From Khrapko Radi
I'my6okoyBakaembiii B.B.JXKapuHos,
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Korna akagemuk DajieeB nucan ykazaHHYIO peakosuierueit crareio [Y®H, 136, 435 (1982)],
Bukwunenuu eme He 0b110. Y akaieMHUKy IPOCTHTENILHO He 3HAmb, 9TO 3TO Takoe: "gravitational
binding energy of a system", "minimum energy", "gravitationally bound state", xors sta
«TpaBUTALIMOHHAS YHEPIUS CBA3U CUCTEMBI» Oblja YK€ HE TOJBKO OIPEeseHa KaKk
«MUHUMAaJIbHAs SHEPTHs», HE0OXOAMMAast Il OCBOOOKICHUS CUCTEMBI U3 «TPAaBUTAIIMOHHO
CBSI3aHHOI'O COCTOSIHUS», HO M BbluncieHa eweé B 1939 rony Yanapacexkapom. AKageMHUKY
IIPOCTUTENIBHO 3TO HE 3HATh, HO PELIEH3EHTY — CTBHIHO, a )YpPHaJly CTBIIHO UMETh TAKUX
penienzenToB! Tem Goiiee, 4TO B cTaThe JIaHbI CChIIKKM Ha Bukunenuro, Yanapacekapa u Jlanra.
[IpaBaa, 3TH CCBUIKH TaHBI BO 6mopotl (hpase cTaThbi, KOTOPYIO PELEH3EHT HE OJ0JIE.

Yro ke KacaeTcsl yka3aHHOW cTaTbu akajeMuka daneeBa, To cojepkaHue e€ moJIpoOoHO
KPUTHKOBAJIOCh B pabotax [1-6].

CyTb KPUTHKH COCTOUT B TOM, YTO IICEBIOTEH30p DWHINTEWHA, HA KOTOPBIN ONUPAETCS
aBTOpP, SIBJISIETCSA HEYIauYHOW KOHCTPYKIHUEHN y’Ke IOTOMY, UYTO JIaeT MOJIO0KUTEIbHOE 3HAaUEHNE
IPaBUTALMOHHON YHEPIMH IBAPLILINIBI0BCKOIO IPOCTPAHCTBA. JTO MOKA3aJl IPAMbBIM
BeryrcienueM Tonmen emé B 1933 roay [7].

Crartbst [1] Obuia HampaBiieHa TUYHO akagaeMuKy DajieeBy 10 IEKTPOHHOI movTe.
Marepuan padot [1-6] 6bu1 HanpaBieH B TM® B Tpex cTaThsiX, KOTOPbIC ObUIM OTKJIOHEHBI 03
paccMOTPEHMUSL:

From: tmph@mi.ras.ru Sent: July 30, 2013 To: khrapko_ri@hotmail.com
YBaxaewmbliit Paguiit Uropesuy, Bama crates "Mud o6 sHepruu rpaBUTallMOHHOTO TOJs" HE
IpesicTaBiIsieT nurepeca i )KypHana TM® u He moxkeT ObITh onyonukoBaHa. OtB. Cekperapb
B.B.’Kapunos

From: tmph@mi.ras.ru Sent: December 03, 2015 To: khrapko_ri@hotmail.com
I'my6okoyBaxkaemblit Paguit Uropesuu! Bamma crates "[IpaBaa o nceBaoTeH30pe SHEPrUn-
HMITYJIbCa TPABUTALIMOHHOTO TOJISI" HE TIPe/ICTaBIsIeT nHTepeca Jyist )xypHana TM® u ve Oyner
onyonukoBaHa. OtB. Cekperaps B.B.)XKapunos

From: tmph@mi.ras.ru Sent: November 09, 2017 To: khrapko_ri@hotmail.com
I'my6okoyBaxkaemblit Paguit Uropesuu! Bama crates "I'paBuTanioHHbiil 1eeKT Macchl" He
npejcTaBiseT uutepeca uist xkypHana TM® u ve 6yzaer onyonukoBana. Ot. Cekperapb
B.B.’Kapunos
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I'my6okoyBakaembiii Panmii Iropesudy,

Penxonnerus xxypnana TM® paccmoTtpena Bair 0TBET o moBoAy PELUEH3UMU HA CTAThIO
"I'paBuTanIMOHHAs YHEPTHUS, IPUITUCHIBAEMAst HCKPUBJIICHHOMY ITpOCTpaHCTBY". MBI oOpariaem
Barie BHuManwue, 4To yKka3zaHHasi B Ka4eCcTBE OIpeIeNIeHUs SHEepruu nepsas (pasza Bameit crateu
TaKOBBIM He sBIsieTcs. OnpesiesieHne Hepruu B 0011el TEOPHUH OTHOCUTEIBHOCTH
MPEIOIAraeT, 4YTo OMPEAEIEHbI BCE BXOIAIINE B HErO NOHATUS. B Bameit ctatbe He
ompeneneHsl, Hanpumep, "binding energy of a system”, "minimum energy"”, "gravitationally
bound state” u t.11. Kpome Toro, He yka3aH crioco0 BBIYUCICHHUS SHEPTHH.

Mgl HanpasiisieM Bawm, i o3Hakomienus, crateio JI.J[.dagneesa [YOH, 136, 435
(1982)]. Penkosierus coriiacHa ¢ yTBEpKJICHUAMH 3TOM CTaThu M oOparact Baiiie BHUMaHUeE,
yTo Bamm yTBepxkAeHUS IpsIMO MPOTUBONOJIOKHBI eid. Ha 0OCHOBE CKa3aHHOrO peKOoJIerus
MOBTOPSET CBOE 3aKJIFOUEHHE O HEBO3MOXKHOCTH IyOukanuu Bamreli crateu B s)xypHae TMO®.
B 3axiroueHun OTMETHUM, 4TO Ha OCHOBaHMHU MyHKTa 1.3 [IpaBuu /Uit aBTOpOB HAIIETO KypHaa
Penxonnerus npekpaiaer nuckyccuro ¢ Bamu o noBoay Baiueii crarbu.

OtBerctBeHHbIN cekperapp TM® B.B.)Kapunos

From Khrapko Radi

I'my6okoyBaxkaemsiii C.B. Cymiko,

OTO aneJIsIns.

Penxonnerns TM® ncnonp30Bana B KAYECTBE «OT3bIBA PELEH3EHTA» HEumo HEACKBaTHOE:

Peuensus nas TM®
Crates: Gravitational energy attributed to curved space

Aptop(s1): Khrapko R.1.

B o0uieit TeopHH OTHOCHTEIBHOCTH CYIIECTBYIOT Pa3IHYHBIC ONPEACICHHA IHEPTHH.
[Toaromy, 4TOOBI OOCYAATEH HTOT BONPOC, HEOOXOAHMO MPEA/Ie BCEro 1aTh CTPOroe
OIpEJICIIEHHE YHEPIHH. ”CPBOC NPEJUTIOAKECHHE CTATBH, B KOTOPOM dBTOP «4€T
OTnpeaeeHHE», HEYA0BICTBOPHTEIBHO ¢ MATEMAaTHYCCKOI TOUKH 3PEHHSA, TAK KaK HE
onucad GpopmabHblii crocod Buiuncienns dHeprun. [ToaTromy BeIBO/IbI aBTOpA
HEb3s CYMTaTh OOOCHOBAHHBIMH, M 00CYK/1aTh HEIOCTATKH HE HMEET CMbIC/IA.
Cunraro nydmmkaumio crareit B TM® nenenecoodpastoii.

B I[eﬁCTBHTCHBHOCTH, MEpBOC MPECAIIOKCHUEC CTATHU TAKOBO:
“According to the definition [1,2] (See also
https://en.wikipedia.org/wiki/Gravitational _binding_energy), the gravitational binding energy of
a system is the minimum energy that must be added to it in order for the system to cease to be in
a gravitationally bound state”.
[1] Chandrasekhar, S. 1939, An Introduction to the Study of Stellar Structure (Chicago: U. of
Chicago; reprinted in New York: Dover), section 9, egs. 90-92, p. 51 (Dover edition)
[2] Lang, K. R. 1980, Astrophysical Formulae (Berlin: Springer Verlag), p. 272.

OOparure BHUMaHUE, YTO B CTAaThE MPEICTABICHBI ()yHIAMEHTAILHBIEC PE3YJIbTATHI,
KOTOpPEBIE CYIIECTBEHHO MEHAIOT TEOPUIO I'PABUTALINN:
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(1) I'paBuTanmonHast sHEprus JokanuzoBana. [IpodiaeMa, OT KOTOPOW AUCTAHIIUPOBAIUCH
DUHIITENH, DAJAUHITOH U IPYTHE KJIACCUKHU, pElICHA. DTO MPOTUBOPEUUT YTBEPKICHUIO
Jlannay, Jlugmmuna o Tom, 4TO «HE UMEET CMBICIa TOBOPUTH 00 ONPEICICHHON JTOKATHU3aI[H
SHEPTUH IPaBUTALMOHHOIO MOJI B IPOCTPAHCTBEY. DTO NPOTUBOPEUUT YTBEPKACHUIO Mu3Hepa,
TopHa u Yumiepa o TOM, UTO «HEJIB3S1 ONPEAETUTH JJOKAIU30BAHHYIO SHEPTHUIO-UMITYJIbC JIIsS
IrPABUTALMOHHOTO HOJIS.

(2) BriepBble yTBEp:KAAETCS, YTO 3aKOH COXPaHEHHS MHEPIIMOHHOW MaCChI-OHEPTUH TIPH
IpaBUTAllMOHHOM B3aMMOJCHCTBUM HapyliaeTcs U JedeKT Macchl NoJokuTeneH. MuepunonHas
Macca-3Heprus Tell MPEBBIIIAeT NX TPAaBUTALMOHHYIO MAacCy Ha BEJIMUMHY O€3MacCOBON SHEPTUU
HCKPUBJICHHOTO IPOCTPAHCTBA-BPEMEHHU. JTO MPOTUBOPEUNT yTBEPKIeHUIO MucHepa, Topaa
VYunnepa o ToM, UTO «Macca-3Heprusi HEUTPOHHOM! 3BE3/bl MEHBIIIE, YEM MAcCa-3HEPIUs TOTO JKe
yrciia 6apuoHOB HA OECKOHEYHOM PACCTOSTHUI.

(3) IMonbiTkK D¥iHIITElHA, DAMuHrTOHa, Jlannay, Jludumia BBECTH rpaBUTAIHOHHYIO SHEPTUIO
B TEOPHIO0 DUHIITEHHA C MOMOIIBIO NICEBIOTEH30pa HE YBEHUAIUCH ycrexoM. [IceBnoTeH30psl
JIAl0T MOJIOKUTEIbHOE 3HaU€HUE TPAaBUTAILIMOHHOM SHEPruu JJis MIBapLIINILJOBCKOTO
MIPOCTPAHCTBA.

From tmph@mi-ras.ru

I'myboxoyBaxaewmsrii Pannit Uropesny,

Peaxonnerneit TM® npunsito pemenue o6 oTkiaoHeHnn Bareii ctatey "I 'paBUTalMOHHAS SHEPTHSA,
MIpUMHChIBaeMasi HICKPUBIEHHOMY IIPOCTPAHCTBY" HAa OCHOBaHMM OT3bIBA pelieH3eHTa. OT3bIB
MIpUJIAaraeTCsl.

OrserctBennblii cekperapp TM® C.B. Cymiko,



mailto:tmph@mi-ras.ru

