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ABSTRACT: In this note we give some properties of the Floor and Ceiling functions
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Notation:

Integers numbers: Z ={ ..., -3,-2,-1,0, 1,2, 3, ...}

Natural numbers: N = {1, 2, 3, ...}

Real numbers: R

L. Introduction: Floor and Ceiling Definitions

Floor Definition
For any x € R we define

|x] = the greatest integer less than or equal to x

Ceiling Definition
For any x € R we define

[x] = the least (smallest) integer greater than or equal to x

Definition written Symbolicaly
Floor

lx]=max{aeZ : a<x}
Ceiling

[xX]=minfae”Z : a=x}

Remark: For any x € R, | x] and [x] exist and are unique

II. Properties of | x| and [x]
[x]=x ifandonly if xe Z
[x]=x ifandonlyif xeZ

x—1l<x]=s[x]<x+1 , xeR
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[-x]=-[x] , xeR
[-x]=-]x] , xeR
[x]-|x]=0 forxeZ
[xX]—|x]=1 forx¢ Z
lx]=n ifandonlyif n<x<n+1forxeR, neZ
[x]=n ifandonlyif x—1<n=<xforxeR, neZ
[x]=n ifandonlyif n—1<x=<n forxeR, ne”Z
[x]=n ifandonlyif x<n<x+1 forxeR, ne”Z
lx+n|=[x]+nand [x+n]=[x]+n forxeR, ne”Z
x<n ifandonlyif |x]<n , xeR, ne”Z
n<x ifandonlyif n<[x] , xeR, ne”Z
x=<n ifandonlyif [x]<n , xeR, ne”Z

n<x ifandonlyif n<|x] , xeR, ne”Z
[\/LXJJ:[\/;J , xeR,x=0

xyl=lxll] , x,y=0
y|_ bl
L:J_E , x=1,y>0

nlx]<lnx] ,neN, xeR

II1. Fractional Part of x

Definition
We define:

{x}=x-x]
{x} is called a fractional part of x
[x] is called the integer part of x
By definition

0=<{x}<1

and we write

x = x|+ {x}

if x=n+60, neZand 0<6<1 then n=|x] and 6= {x}
some properties
forany x, y €R |x+y]=[x]+|y] when 0 <{x}+{y} <1
forany x,y eR |x+y]=|x]+y]+1 when 1 ={x} +{y} <2

nlx]=lnx] © ni{x}<1, neN, xeR
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Notation:
Floor function: floor(x) = |x]

Ceiling function: Ceiling(x) = Ceil(x) = [x]

IV. Floors and Ceilings Applications

Recall that
o (=) 1]
=4 dx
Z2n+1 £1+x2
Entry 1.
Define s by
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1—ivz (1+iv3)
s=1- 5 Y , i=+-1
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18
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3 313 31\3
Then
00 Floor(n/2) -1 k 2,2 n+d k
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Define u by
. 1/3 . 2/3
3 1+iv3
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—(3+(B+@+.)2))
Then
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T=6u-2w+3u*+ - -3ub+ —u’
5 28

+. (40)

Entry 3. fork =1, 2, 3, ..., we have
n+ 1y (o1 (—1)k3*
2 1)" —
- \/—Z“}m(]( ) (41)

— 2n+1 2n+2k+1

Entry 4.
2 rn+l " V3
7r=2zn }[ : ][\/_— : ] =1 (42)
—l 2 V3 ) (n+l n+2
Entry 5.
2 &[n+1 9 6 1
n= Z }3—"( - + ) (43)
343 = 2 2n+1 2n+3 2n+5
Entry 6. fori =+ —1 , we have
n=
iy |22z | ERREIEEEl| ‘/2 V2 (V2evT -i2vT )|y
ZZ3 2 2n+2

Entry 7. for k=1, 2,3, ..., we have

\"/?ﬂ. _i (- l)l_n/kj (1);1/k
T (VT 1) AR
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