Fundamental Theorem of Algebra

Edgar Valdebenito

September 12, 2023

abstract

One of the immediate consequences of Cauchy’s integral formula is Liouville’s
theorem, which states that an entire (that is, holomorphic in the whole complex
plane C ) function cannot be bounded if it is not constant. This profound result
leads to arguably the most natural proof of Fundamental Theorem of Algebra.
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1. Introduction: Fundamental Theorem of Algebra

Definition: A function f is analyitic on an open subset R c C if /' is complex differentiable everywhere on R ; f is entire if it is analytic on all of
C.

Theorem 1.1 (Liouville). If £(z) is analyitc and bounded in the complex plane, then f(z) is constant.
Theorem 1.2 (Fundamental Theorem of Algebra). Let p(z) be a polynomial with complex coefficients of degree n. Then p(z) has n roots.
Proof. It is sufficient to show any p(z) has one root, for by division we can then write
P@) = (2 —20) &) (1
with g(z) of lower degree.
Note that if
p@)=anz" +a,_1 2" + ...+ a @)

then as |z|— o0, |p(z)] — 0. This follows as
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Assume p(z) is non-zero everywhere. Then 1/p(z) is bounded when |z| = R.

Also, p(z) # 0, so 1/p(z) is bounded for |z| < R by continuity. Thus, 1/p(z) is a bounded, entire function, which must be constant. Thus, p(z) is

constant, a contradiction which implies p(z) must have a zero (our assumption).

2. Some formulas for Pi

The number Pi is defined by
(=1

”=4i— 4)

n:02n+l

Entry 1. Define P(z) by



P(z) =219 +32215 + 16214 — 896 213 + 92212 + 3488 71! +
240210 —7682% + 32628 — 144027 + 24026 — 38425+ 9224 - 3223 + 1622 + 1

Then

P(z) =0 = z = {{z; > —30.5141}, {z - —5.89618}, {z3 > —1.8269}, {z4 > —1.13565}, {z5 > —0.118916 — 0.27328 i},
{zg > —0.118916 + 0.27328 i}, {z7 — —0.0948143 — 0.430469 i}, {zg > —0.0948143 + 0.430469 i},
{zo - 0.0138181 — 0.484924 i}, {z;o — 0.0138181 + 0.484924 i}, {z;; — 0.0687008 — 0.460176 i},
{z1» > 0.0687008 + 0.460176 i}, {z3 — 0.368954}, {z14 — 0.872912}, {z;5 - 2.32587}, {z15 — 4.06756}}

Entry 2. The root u = z;3 = 0.3689 ... via radicals
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Entry 4. Define Q(w) by
Ow) =w® + 16 w* + 32 w3 + 92 w12 + 384 w!l + 240 w10 +
1440 w® + 326 wd + 768 w7 + 240 wb — 3288 wS + 92 w* + 896 w3 + 16 w? — 32w + 1
Then

Ow) =0 = w = {{w; > —2.71036}, {w; > —1.14559}, {w3 > —0.429946}, {ws > —0.317352 — 2.1257 i},
{ws > —0.317352 + 2.1257 i}, {wg - —0.245848}, {w; - —0.0587148 — 2.06051 i}, {wg — —0.0587148 + 2.06051 i},
{wy = 0.0327717}, {wig — 0.169601}, {wy, — 0.487995 — 2.21556 i}, {w> — 0.487995 + 2.21556 i},

{wy3 = 0.547376}, {w14 > 0.880551}, {wys > 1.3388 — 3.07668 i}, {w;¢ - 1.3388 + 3.07668 i}}

Entry 5. The root v = wg = 0.03277 ... via radicals
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Entry 6.
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Entry 7. Define r by
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Entry 8. Define x; by
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x1=1+\%1+3\7 1+3V1+.. :1+2sin(—)
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Entry 9. Define x, by
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Remark: (a),=a(@+1)(@+2)..(a+n-1), (@)y=1.
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Entry 10. Define x3 by
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Remark: (a), =a(a+ D) (a+2)...(a+n-1), (a)y=1.

Entry 11. For k =2, 3, 4, ..., define y; by

ye=2— (2 -2-@- ...)-k)‘k)_k

Then
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Entry 12. Define s by
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