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In this paper, we will find a way to apply the Gell-Mann transformations made by the
Ai matrices using Geometric Algebra Clso. And without the need of adding the time

as an ad-hoc dimension, but just considering that:

PN

t=2xy2

The transformations are as follows. Considering the original y:
lp = 1,00 + lpxk\ + lnby},/\ + lpzé + lpyz},/\ZA + lpzxZAjC\ + l/)xyk\y + l/)xyzk\yZA

The new '’ obtained when applying each of the Gell-Mann matrices A; is:

l/)’ = (/11 - 1/’) =1 + lpyf + Y+ P2+ l/)yzzAf + ll)xyzfj}
1/)’ = (AZ - 1/)) =1o + Puk — l/)yzy_lpyyi + P ZX + l/)xyzjc\y
ll)l = (13 - 1/)) =Po + P X — lpyj; + lpyzyi —PZX + l/)xyzfy

N> NN

1/)’ = (’14 - 1/)) =Y+ P X+ Pz + 1l}xyyZA + l/)yzfy + l/)xyzfyZA
l/)’ = (/15 - l/)) = lpO + wxyf - IzbyzZA - l[)ZyZA + ll)xfj} + lpxyzfyZA
1/)’ = (’16 - 1/)) =Y+ Yy + l/)yZA + l/)xyZA2 + Y X9 + l/)xyzfyZA
l/)’ = (/17 - 1/’) =1 + wxyy — Y2 — P28 + lpyfy + lpxyzfyZA

1
V3

1 2 1 1 2

Y=g > P) =tho + =k +\E¢y}7 - ﬁlﬂzf + \Elpyzyi + ﬁllﬂzxfﬂ? —@¢xyf9 + 292 (29)

Considering that Gell-Mann matrices do not consider at all the existence of i, and
Yyyz , itis possible that we should consider them zero form the beginning. Anyhow,

above relations would correspond with the most general case.

We will also work in the bra-ket product using geometric algebra. For the Euclidean
case we have the equation (where the cross sign means reverse and the asterisk means

conjugate, both mean the same in Cls):

Y =y =
= (Vo + Yuk + Yy 9 + 1,2 + Py 29 + Y0 R2 + Py % + Py, 29%) (o + YR + W9 + 1,7 + 1,92 + a8 + Yy 9 + Yy, 29
= (o + Ve + )9 + P2 — 13,92 — 088 = Yoy 29 — Y0y, 292) (o + Yuk + Uy + 1,2 + 1,97 + P28 + Py 29 + 1y, 2

=p+]

2)
2)

Being p the probability density:



https://www.researchgate.net/profile/Jesus-Sanchez-21

J. Sanchez

p= ll}OZ + 1/)x2 + lljyz + 1/)22 + 1pyz2 + lljzxz + 1/ny2 + l/nyzz (292)
And j the fermionic current:

j = 2(11[})(11[}0 - 1/)yll)xy + 1/)zlrbzx + ll}yzll}xyz)f + 2(¢oll)y + lpxlpxy - lpzlpyz + lplepxyz)y
+ 2(1/Jol/)z - wxlpzx + lpylpyz + wxylpxyz)z’\ (29-3)

We will also make the same in the case of orthogonal buy not orthonormal metric,
leading to:

Yy =yyY=p+j (32

But in this case:

p= "l}oz + 1pngxx + wyzgyy + l/)zzgzz + 1/)yzzgyy.gzz + lpzngzzgxx
+ wxyzgxxgyy + wxyzzgxxgyygzz (33)

And:

j = Z(I,Dol,bx - lpylpxygyy + 1pzlzbzxgzz + lpyzlpxyzgyygzz)k\
+ 2(+¢0¢y + wxlpxygxx - "l}yz"l}zgzz + lplepxyzgzzgxx)y
+ 2(+¢0¢z - wxlpzxgxx + wylpyzgyy + lpxylpxyzgxxgyy)i

It will be also shown that the g-2 issue of the muon could be related to gravitational

(non-Euclidean metric) issues without needing another natural force.

The difference of the values of g-2 of the muon are:
am — a; = 2,79E — 09
And the effect of the non-Euclidean metric on the surface of Earth is:
Gxx —1=1,392262E — 09
Ay — ay 2,79E — 09
g —1  17392262E —09

2,00

As we can check, the change in g-2 value is just the double of the gravitational effects
(this means, in the same order). So, gravitational effects could indeed affect the g-2

value of the muon on the surface or Earth as it will be shown.
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1. Introduction

In this paper, we will calculate which are the transformations performed by the Gell-Mann
matrices but in the realm of the Geometric Algebra Clso. We will also check how the bra-
ket product is performed using Geometric Algebra. And in the end we will check the effects
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of gravitational fields (non-euclidean metric) in this product and how it could affect the g-
2 issue of the muon.

2. We live in eight dimensions

There is a discipline in mathematics that is called Geometric Algebra [1][3] also known as
Clifford Algebras. One curious thing of this Algebra is that if you consider a certain number
of spatial dimensional (a certain number of independent vectors), automatically appear
other dimensions (or if you want to call them, new degrees of freedom or other entities
other than vectors).

In fact, the total number of degrees of freedom in an n-dimensional (understanding n as the
number of special dimensions or independent vectors) in Geometric Algebra is:

Total number of degrees of freedom = 2"

If we consider that our world has three spatial dimensions (in Geometric Algebra it is called
Cls ), we will have:

Total number of degrees of freedom = 23 = 8
And in fact, we can check that this is true:

In three dimensions, we have three independent vectors %, y and Z:

Fig. 1 Basis vectors in three-dimensional space.
In geometric algebra, these three vectors create 5 other entities.
The first other three entities are the bivectors. The bivectors are created multiplying per-

pendicular vectors. The result of this product is the bivector, an independent entity from
the vectors that represent oriented planes. For example, the X9 bivector:

X
T )
A~ o >
55,\ // ﬁ // 4
- “ s ~ o~
y s A 9%
2 y
Z / e P
~ P S — "
X

Fig.2 Representation of the bivectors £y and yXx. They represent the same plane
with opposite orientation. In fact, Xy = —yx.

PP N

There are three independent bivectors: Xy,yZ and 2Xx.

Another appearing entity is the trivector. It is formed by the product of the three independ-
ent vectors (and represent an oriented element of volume):
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Fig.3 Representation of the two possible orientations of the trivector.
We can check that 92 = —9xZ .

One important thing of the trivector is that in three dimensions there is only “one trivector”.
I mean, it can be bigger or smaller or with opposite direction (this means it can be escalated
by a real scalar -positive or negative-), but the trivector itself as basis or unit trivector is
always the same. You can check Annex Al to check wheat | am talking about.

Another special property of the bivectors and the trivectors is that the square of a bivector
or a trivector is -1. This you can check in all the papers of GA [1][3][5][6][26][27]1[47].
And the square of a vector is 1. Always talking in Euclidean metric. If this is not the case,
you can check [2][4].

That the square of the bivectors and the trivectors is -1, means that they are a clear candidate
for the imaginary unit i in certain circumstances. And we will see that this property is key
for the trivector in the next chapter.

The last entity exiting in Geometric Algebra are the scalars (the numbers). They exist in
their own space (are not linear as vectors, surface as bivectors or volume as trivector).

So, in total you can check that we have 8 entities when we have three spatial dimensions:
3 vectors, three bivectors, one trivector and the scalars.

But why are they “degrees of freedom™?

Ok, I will define another concept, the multivector. A multivector is just a sum of all the
commented previous entities. This is, for example:

A=y + o X+ ay + azZ + a,Xy + asyz + ag2x + a,;xyz (1)
Being a; scalars. This means the multivector (whatever it represents) it has eight degrees
of freedom (from a, to a-). Its meaning can vary a lot depending on the context or the

discipline we are talking about.

For example, let us check the position multivector:
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N>

Fig.4 Representation position multivector

This multivector has 8 coordinates (8 degrees of freedom corresponding to the scalar, the
three space vectors, the three bivectors and the trivector):

R=ry+ 10X +1)+ 1241, X9+7,,YZ + 1, 2% + 1,292 (1.1)

We can see that the vector a in the figure corresponds to the linear position of the particle
or to the rigid body center of mass:

d=nriX+ny+nz (2)

So, we can simplify the representation of the multivector as:

R =1y + A+ X9 +1,,92 + 1,28 + 1,292 (5)

Now let’s go to the bivectors. In Fig.4 you can see that there is a bivector bA¢ that repre-
sents the orientation of a preferred plane in the particle/rigid body. This is, if you select a
preferred plane solidary to the particle/rigid body, it tells us the orientation of this plane at
a certain time. To define this orientation, you need a coefficient per basis bivector (the
same as to define a vector you need the sum of three basis vectors, for bivectors works the
same). So:
DG = 1y 2941, 92 + 1,28 (7)

Introducing in R:

R=1y+d+b e +1,,292 (8)

You can see that in a unique multivector R we are having the position and the orientation
in the same expression. We have the sufficient degrees of freedom in the expression of the
multivector R to give all this information just in one entity (the multivector R).

There are two other components r, (the scalar) and xy2Z (the trivector) that I will explain
in the next chapter.

For information, this realm of Geometric Algebra that considers three spatial dimensions,
and the eight degrees of freedom (or eight type of elements) created by them is called Ge-
ometric Algebra Cls.

And for orthonormal bases in Euclidean metric, the following rules apply in Clso [4] [5]
[6] [26]:
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22=z%=1

yi=9y=1

22=37=1
29 = —9%
92 = —29 (8.1)
2% = —%2

(x9)* = 29
(32)?* =92
(28)? = 2828 = —%228 = —1
It is also important to remark that the scalars and the trivector commute with all the ele-
ments. The vectors anticommute among them as you can see in 8.1 equations.

The bivectors anticommute among them. Example:

And the vectors and the bivectors anticommute among them, when the result is a vector.

And they commute if the result is £yZ (or any of its permutations). Examples:

)=2%% =2 (8.3)

It is also worth to comment that the associative and distributive properties apply to all the
elements of the multivector (and in general in Geometric Algebra). It is only the commu-
tative and anticommutative properties that apply differently (according above rules).

To sum up:

e The scalars and the vectors have positive square. The bivectors and the trivectors
have negative square (see 8.1 equations).

e The scalars and the trivector commute with all the elements. The vectors anticom-
mute above them (equations 8.1). Bivectors anticommute among them (equations
8.2). Vectors and bivectors can anticommute (if the result is a vector) or commute
(if the result is the trivector). See equations 8.3.

3. Time as the trivector

I am not going to explain a lot here and the reason is because what you are going to hear is
very difficult to believe and digest. You can check papers [5][6][26][27][47] to check all
the info that corroborates what | am going to tell now.

In Geometric Algebra, it is not necessary that the time is a fourth dimension of the space-
time (the classical 3 space dimensions and one 4" time dimension).

In Geometric Algebra, the time can be the 8" degree of freedom of the 8 degrees of freedom
(or dimensions created by the GA itself). The time is emerging as one of the dimensions
that appear automatically when the three spatial dimensions exist.

This is, the basis vector of the time is not a separate vector £ but it is the trivector xy2
already commented.
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t=xyz (9)
The main reasons to consider this are:

e The signature of time is negative in General Relativity [7]. This can only be
achieved considering an ad-hoc metric with a -1 signature or considering imagi-
nary numbers. In GA, this is not necessary as the basis vector of time (the trivec-
tor) has a negative square as expected.

e | have written three papers [5][6][26] where it is checked that considering this in
Dirac Equation, Maxwell equations and Lorentz Force equations match perfectly
(see chapters 4, 5 and 6 of this chapter for more information). In fact, that the
spinor of the Dirac equation has 8 degrees of freedom, and to consider one of
them, the time-trivector, match perfectly with the equations (check chapter 4 and

[5D).

So, you will check that from this point on, we will consider always the trivector as the basis
vector of time. This does not mean that the trivector could not mean other things depending
on the context (sometimes, it could be related to spin [2] or to the electromagnetic trivector
see chapter 7). The same than a vector can sometimes represent a position, others a force
etc... The trivector is just a tool that has certain properties, and these properties match
perfectly with the properties of what we perceive as time.

Anyhow, that the trivector represents at the same time the volume and the time could be a
hint that somehow, they are related. And the time could be a kind of measurement of the
continuous creation of volume in the universe (you can check different mechanisms of
creation of volume by the masses in the universe in [40][41]).

After this shock, we continue with the other pending item of the previous chapter, this is,
ro. The meaning of this element is more obscure. As | have commented, the scalars in the
multivectors are a kind of scalation factor that affects all the magnitudes that are multiplied
by it.

So, it could be related to a kind of scalation in the metric appearing in non-Euclidean met-
rics (kind of local Ricci scalar or trace of the metric tensor). See [2] for example.

Another simpler interpretation for ro, is that the scalars appear when we multiply or divide
vectors (or bivectors or the trivector) by themselves. So, sometimes it is necessary a degree
of freedom to accommodate these results when they appear. For example, in [6][26] the
current density through time, sometimes is accompanied by the trivector and other times is
just a scalar depending on the operations that have been performed before.

And to finish, I will just comment the i imaginary unit. In geometric algebra will be always
substituted by another that also has -1 square. These are the bivectors or the trivector (in
Clsp). When it is related with a magnitude with no preferred direction (energy, time...), it
will be substituted by the trivector £y2. When i is attached to a magnitude with specific
direction (velocity, momentum...) it will be represented by a bivector (normally represent-
ing the plane perpendicular to that direction). You can see examples in [4][5][6]. In this

ans

paper, the substitution by the trivector x9Z will be sufficient, as we will see.
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3. Spinors in Geometric Algebra Cls,0

If we have a spinor in matrix notation like:

lljlr + wlii
Yor + ol
Yar + 3l
llj4r + 1p4ii

1!):

And we apply the substitution of i by the trivector as commented in chapters 1 and 2.

i > Xy2
We get:

zl}lr + wlii wlr + 11[}11'25;2’\
l»b2r + lpzii l»bZr + 1,0213?}72
= | = PN 10
V= gy it | T sy 4 panz | 10
Yur + Pail Yur + Py %92
Now, we want to project the spinor in the four dimensions %, 9,z and £ premultiplying
by them:

Y1y + %92
Yor + Y X92
Yar + Y3 X972

Var + PaiXy2z

@ 3y 2z Dy=x 3y 2z D

But here we can use the equation (9) of chapter 2:

To get to:

Y1y + 1 Xy2
Yor + i X92
Ysr + 3 XY2

AAA

Yur + Py X2

® 9 2 p=@E 9 2 292

PPN

Here, you could think that the £yZ in the row vector, should be negative as we conjugate
(put negative the elements with square -1) when a column vector is converted to row. Even
you could think that instead of projecting to £ , we could project to the scalar 1 (as our
APS [43] friends probably would propose). No worries, all of them would work, just con-
ventions of signs or nomenclature between elements will change but the result would re-
main coherent. You can make the checking if you want.

If we continue operating:

ana

Y1 +1XY2
Yor + P2 X92
Yar + P53 X92
Yur + P4iXY2
V2i292) + 23y + 3:292) + X924y + Y4 X92) = P18 + P X292 + Py Y +
AAAAAA Z+ Yoy + 2% +

@y z Dy=& § 2 x99 = X1y + Y1 &92) + I (o +

Y32 + W3 XY + Par K92 — Py

If we rename the components the following way:
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1plr = lpx

1p2r = lpy

Yar =1,

Yy = wyz (11)
Yai = Yux

Y3 = wxy

¢4r = lpxyz
2

We obtain the typical definition of a spinor in Geometric Algebra Cls [5][47].

Y =Yo + X+ Y + P2 + Py Y2+ P ZX + Py XY + Py, X920 (12)

We can see that it has the 8 degrees of freedom commented for a general multivector in
Geometric Algebra Clso. You can compare it with equations (1) or (1.1) for example.

Although one of the ideas of geometric Algebra is not to use matrices, but as we will have
to handle the Gell-Mann matrices (see next chapter) in this paper, we will show also the

matrix form of this multivector. So, we have it prepared when we have to use it. We apply
equations (1) to (19) to obtain:

(13)

In this paper, we will proceed as follows. We will apply the Gell-Mann matrices (see next
chapter) to an original spinor called ¥ (13). These matrices will transform the original
spinor v into a new one called vy’ (14) with a similar form but different values for each
element.

Y= o (14)

Once we have this transformed matrix vector, we can obtain its equivalent multivector in
Geometric Algebra Cls as follows:

W =Y P R AP I Y Y IEAY  ER Y R+ £92 (15)

Xyz
4. Gell-Mann matrices

First comment is that it has been already tried to get a correspondence between Gell-Man-
natrices and geometric algebra [49][50][51][52][53]. Some of the ideas in the paper have
come from these previous papers.

The Gell-Mann matrices [46] used in Strong Force interactions are as following:

010
A= (1 0 0)
0 0 0
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0
0 0 1
,14=<000>
1.0 0
0 0 —i

,15=<000>
i 0 0
0 0 0
,16=<001>
010
0

0
0
0
1 (1 0 0 >
dg=—[0 1 0
V3 0 0 -2
The first thing that we see is that they 3x3 matrices. So how can we use them in matrix
vectors of 4 rows as (13)?

AAA

U + Py, X972
Yy + P XYZ
Yy + Py XY7
Iszyz - Il’o??f’f

Y= (13)

One of the important things of Gell-Mann matrices is that they only act in anticommutative
elements. See [46] for more details. In Geometric Algebra Cls (you can check it playing
with 8.1,8.2 and 8.3 equations in chapter 2) the anticommutative elements are the vectors

AN AN AAA

(%,7,2) and the bivectors (92, 2%, x9). And the scalars and trivector (1,x§2) are always
commutative. See chapter 2 and [1][2][3][4][5][6] for more details.

If you check equation (12) which is the multivector equivalent to (13)
Y=Y + X + Y + 0,2 + 1y, Y7 + Wpn2X + Py XY + Wy 892 (12)

You can see that the coefficients attached to vectors and bivectors (anticommutative) are:

1,le Ipy Izbz Izbyz lobzx Izl}xy
So, this means above coefficients will be affected by the Gell-Mann matrices.

While the commutative ones 1,,, and ¥, will not be affected. Thies leads us to an easy
solution. The matrix vector we will use when using Gell-Mann matrices, will be this
“cropped” one:

10
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%9
1,0 = wy + wzxjc\j\lz\ (14)

Where we have eliminated the last row. And once we make the operation to this vector
using Gell-Mann matrices, we just have to add the last row again (or put it as zero? we will
comment later this point). What it is clear is that we do not lose any generality not consid-
ering some elements that are not affected by a transformation and then putting them again.
As commented Gell-Mann matrices only “touch” anticommutative elements, so we do not
need the row with commutative elements to perform these operations.

The resultant matrix vector, accordingly, will have this form:

Y+ w'yzfﬁi
Tli' = wly + 1/)’zxjc\ Z (16)

And when finish all the operation, we can jut add the last row again.

There is another way to manage this situation and it is to use Gell-Mann matrices of 4x4
elements if you prefer that option. This we will comment in chapter 7.

But we will start using the standard Gell-Mann matrices of 3x3 elements. As commented,
this means the last row of original spinor:

Uy + Yy, X972

AAA

W, + k2
= A 13
Ll A S N B

Iszyz - Ipoxyz
Will not be touched by the Gell-Mann matrices.

Y+ ll)’yzz?fli
I/J'y +y' X92
A ll)’xyffli
Ve =V 97

!

a7

So, in the transformed spinor (16), the following equations will always apply (as these
elements will not be affected by Gell-Mann matrices:

¢’xyz = lpxyz (18)
Yo =1y

There is another possibility as we will comment later in chapters 5 and 7. It is that the
lambda matrices in an implicit move, provokes the following:

lp,xyz =0 19)

Po=0
This is equivalent as deciding if we add a fourth row and column in Gell-Matrices and
decide to put all zeros in these new lines. Or in the case (18) to put all zeros, excepta 1 in
the diagonal. See chapter 7 for more details.

At this stage we will work with equations (18) for two reasons:

11
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-As the Gell-Mann matrices do not consider those parameters, we guess they are not
touched, so they keep the same value.

-And a practical reason. The case (18) is more general. This means, if in the end, we dis-
cover that they should be zero, we can just eliminate them from the equations. The opposite
case, supposing that they are zero and then going backwards is more complicated.

Anyhow, as will see in the following chapters 5 and 7, the option that they become zero

(equation (19)) seem more plausible/symmetric. Anyway, we will stick to equations (18)
for the reasons commented above.

5. Applying Gell-Mann matrices to 3

In this chapter, we will apply each Gell-Mann matrix to y to get the result of this transfor-
mation as a new . This is, we will perform the following matrix multiplication:

Yy + Yy, 292 [ T 8 724
Y =49 =2 Y+ Y, X922 | = ll) + 1/) 9?)72 (20)
Y, + Py 292 W, + Y292

Where the y and the y’ correspond to the 3 row version of the matrix vector (14) and (16).
This way they can be multiplied by the 3x3 Gell-Mann matrices A; (See chapter 4). Once
this operation is done, we will obtain the relation between the different elements of original
w and the obtained .

With this information, we will obtain the new " also in Geometric Algebra Cls represen-
tation from the original y. This is, we will see which the resultant multivector (15) when A;
is applied to (12):

1/} 1/}0 + ll)xx + 1/}yy + 1/}zz + 1/}yzyZ + l/)zxzx + 1l}xyxy + ll)xyzfyzl\ (12)

W= Y R AP Y 2 Y SR R9 Y 292 (15)

xXyz
5.1 Gell-Mann matrix A1
In chapter 4, we saw that A, was:
01 0
A = (1 0 0>
0 0 O
If we apply it to equation (20):
Yty yzfyZA 01 0 Py + l/)yzfj}z’\ l/)y + Y, XVZ
P =Yy + Y REVZ | = Y ( 0 0> Yy + XYz | = Yy + 1y, 292
Y+ Y92 0 0 0/ \y, + by, X9z 0
We obtain:
l»b’x = Izby
1/) vz = lpzx
V'y =1y (21)
l»b’zx = Izbyz
Y, =

12
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wlxy =0

And we have to add the two equations (18) commented in the end of chapter 4. As com-
mented, at this stage we will consider them as the ones to apply (with all the considerations
commented in chapter 4). Other possibilities as equations (19) or even different could be
considered. Apart form what we have commented in chapter 4, we will come back with
more comments about this mainly in chapter 7.

wlxyz = wxyz (18)
Yo =1o

Remind that we had defined v’ (in geometric algebra notation) as:
Y=y +YP 2+ z,b’yf/ +y' 2+ w’yzyz“ +y', 2% + ¢'xy9?37 + w’xyz;?f/i (15)

This means the new y’ obtained of the transformation of applying A, lambdal to y is (fol-
lowing all the relations (21) and (18) above):

lp’ =1y + lpyf + Y + P ¥VZ + lpyzzAf + lpxyzfyz’\ (22)
This means, the matrix A interchanges the coefficientsinthe ¥ and y axesand inthe yz
and Zx planes. This is, it creates a kind of rotation in these axes/planes of the y function.
It also destroys all the information regarding Z axis and Xy planes. And as commented,
for ¥, and v,,, we keep them as not affected unless something different is discovered
in the future (other clear possibility would be that they become zero as commented in chap-
ter 4 and will comment later).

Now, that we have seen the process, let’s go to the effects in the rest of the Gell-Mann
matrices. We will reduce the comments -as everything commented for A1 will apply in
general. And we will make just comments specific to the different results.

5.2 Gell-Mann matrix A2

lp’x'l'll)lyzfyzl\ 0 —i O ¢x+lpy2
~aw=(i o o

1/)’ = lp’y + lplzxfyé L 0 0
1/)’2 + lp’xyfj;zl\ 0 0 0 Y, + l/)xyx 2
0 —xyZ 0 I,Dx + IpylxyZA —f?f(ll)y + wzxjc\yzl\)
= (a?f/é 0 0> Yy ¥ ¥ukIZ | = 292(y, + ,,292)
0 0 0/ \Y, + PyyX92 0
~YyXYZ = P, XYZXYZ —YyXYZ + Py
=\ UuXVZ + 1y, XY2XYZ | =\ YuXYZ =1y,
0 0
wzx_lpyfyz’\
= _l/}yz + lpryi
0
¢Ix =Y,x
ll},yz = _1/)3/
wly = _Il}yz
Yo =y
Y, =0
Yy =0

13
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And the ones that are not affected. For the following two, the same comments as for A;
apply:

lp’xyz = lpxyz
V' = o
So, this means that the new
1/), = ll}’O + ln[}’xf + ll}’yj\’ + 1/)'22 + lp’yzyz,\ + l,[J’Z)cZ\f + l/J’ny,C\},} + lp’xyzfyz'\

Becomes:
ll}, = 1!’0 + lpzxf lpyzy lljyyz + l/Jxe + 1pxyzf yZ (23)

In this case, we see that we have a change (complementary transformation/rotation?) where

with the Zx plane and the axis § with the yZ plane.

~

we have interchanged the axis %

5.3 Gell-Mann matrix A3

w,x + lp’yzk\yz\ 1 0 O Yr + wyza?fzi Yy + l»byz X9z
1,[1’ = lp,y + lp’zxfyz,\ - /1311’ -1 0 ll)y + wzxxyz = _lpy lpzxjc\y
Y, + l,b’xy)’C\)’)Z\ 0 0 0/ \y,+ l,bny/C\j}ZA 0
ll”’x =1y
Y yz = l/)yz
Y = -y
Y zx’= —Yux
.-
Y xy = 0

And the ones that are not affected. For the following two, the same comments as for Ay
apply:

l/)’xyz = l/)xyz
lplo =1,

So, this means that the new "

Y=o+ PR+ P2+ 97 + P 2R Ay RD + Yy, 82

Becomes:

l/)’ = 1/10 + lpr - l/)yj; + lpyzyZA - Ipzxz’\f + ¢xy225>2 (24')

5.4 Gell-Mann matrix A4

¢x+¢y7?5)z’\ 0 0 1 ¢x+¢y2292 l/)z’l'l/)xyjc\yi
Y =Yy Y aRPZ | = A0 (0 0 o> Yy +PrXy2 | = 0
Y+ Y292 1.0 0/ \yY, +y,xyz Yr + Py, X972
V=1,
Il} yz = 1»bxy
¢,y =
Yo =0
Y, =y
ll},xy = 1/)yz
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And the ones that are not affected. For the following two, the same comments as for A;
apply:

1p’xyz = 1pxyz
¢”0 =1

So, this means that the new "

Y=o+ P RPN P2 A 92+ P 2R A 9 Yy, 292
Becomes:
V' =10 + PR+ Pl + Yy V2 + Py, 29 + Py, 92 (25)
We see an interchange between axes x and z and the planes yz and xy.

5.5 Gell-Mann matrix As

yz 0
Eb’ - IP'y + lplzxfj;ZA = As‘l’ = (0
9 i

/o oo
=
®
+
F
N
=
<
N

0 0 —%pz —292(; + PryRP2)
=<0 0 0 ) Y, + ;292 =< 0
292 0 0 /\y, +1,,292 £92(Yy + ¥y, %92)
<_5C\j’\ZAlpz + 1/)xy 1ley - l/)szZA )
= 0 = 0
fj\lflpx - Izl}yz _lpyz + lpryz’\
lp’x = Iszy
l/J’yz ==,
1/J’y =0
Yo =0
Y, = _lpyz
1IJ’xy =1,

And the ones that are not affected. For the following two, the same comments as for Ay
apply:

l»b’xyz = l»bxyz
Yo =1o

So, this means that the new "

Y=yt .+ l/},y.’f’ +y',2 + ¢,yzyZA + ' 2% + nyff’ + l/)’xyzfyi
Becomes:

Y =1, + l/}xyf - ll}yzZA =Y, 972 + P XY + ll}xyzfﬁi (26)

5.6 Gell-Mann matrix Ae

15



J. Sanchez

Y =0
lp’yz =0
lp’y =y,
Yoy = lljxy
Y, =1,
lp’xy = Yy

And the ones that are not affected. For the following two, the same comments as for A;
apply:
1p’xyz = 1pxyz
Vo =1

So, this means that the new '":
1l), = l,b’() + lp’xk\ + lp’y}? + 1p’zZA + lnbryz},/\zA + I,D’ZXZ\J,C\ + ¢’xy5€\5> + l/)’xyzjc\y\ZA
Becomes:
Y= Yo+, + lzbyZA + I,nyZAf + P XY + I,nyzfj/\ZA (27)

5.7 Gell-Mann matrix A7

ll)lx + ll)lyzfyzl\ 00 0 lpx + lpyzfj}z’\
1/}, = lp,y + lp,zxfyé = /171,0 = (0 0 —i) lpy + lpzxfyzl\
Y, + 1p’xy2yz“ 0 i O Y, + Py X2
0 0 0 Yy + 1y, XYZ 0
- (o 0 —3?372) Uy + U292 | = | —292(Y, + ¥y 292
0 xyz 0 Y, + PuyXyZ 292 (hy + P %92)

Iszy - lpzfyZA

Il
|
i
=
N>
=
N
+
=
)
<
]

fyélpy - Izl}zx _lpzx + lpyfyZA
Y,e=0
l:b,yz =0
l/)’y = lobxy
Yo = -,
Y, =Py
1/)’xy = l:by

And the ones that are not affected. For the following two, the same comments as for Ay
apply:
l»b’xyz = l»bxyz
Yo =1o
So, this means that the new "
Y=y +yPx+ ll}’yj\’ +y',2 + lp,yzyZA + ' 2% + l/J’ny,C\_’S/\ + l/)’xyzfﬁZA
Becomes:
Y =1+ 1ny37 =Y — P28 + ll}yjc\j\’ + ll}xyzfﬁi (28)
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5.8 Gell-Mann matrix As

Y + V', 292 L1 0 0N [Vt yE92
lpl — 1)[)’3/ + w’zxfj\/ZA = A4ll} = ﬁ<0 1 0 ) lpy + l/)zxjf\j}ZA
ll}’z + w'xy??ﬁf L 0 0 2 Y, + l/)ny’C\}'}ZA
\/glpbx + ﬁlpyzfj}i
1 1 n
= ﬁlpy + ﬁlpzxxyz
2 2 o
\/glpz - ﬁlpxyxyz
, 1
x = ?lpx
1l}lyz - E"l}yz
, 1
Y y = ﬁlpxy
1
lp’zx = ﬁlpzx
, 2
ll) z = _ﬁlpz
, 2
Y xy = _ﬁlpxy

And the ones that are not affected. For the following two, the same comments as for Ay
apply:

lp’xyz = lpxyz
1/)’0 =1,

So, this means that the new "

lp’ = IIJIO + lljlxjc\ + ll)lyj; + lp’zZA + ¢’yzyi + 11}12952’\2 + 1/)Ixyjc\y + l/)’xyzfyi
Becomes:
1

11[) =¢0+\/§

1 2 1 1 2
lpxx +—= I,DZZ + _3¢yzyz +—= _lpxyxy + lpxyzxyz (29)

\/—glpyy _ﬁ \/—— \/glpzxéf - \/—3;

Here the square roots of three are used by Gell-Mann to keep the same norm to the final
spinor y’ independently of the transformation, as the rest of transformations (A:- A7) have
less elements in the result.

This is another hint that clearly, he did not consider yo and yxy in the transformations and
probably the outcome value of them should be zero. Another hint is that in most of the
transformations, some other elements become zero. If we consider the transformations as
rotations, these zeros come probably form the “hidden o and iy, that are already zero” in
the original .

But this is too detailed. Let’s go to the summary.
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6. Summary of application of Gell-Mann matrices

In the previous chapter we have obtained the results of applying the Gell-Mann matrices to
w (22)-(29) in geometric algebra notation.

Considering this is the original y:

1/) = 1!’0 + llli,C\ + wyj\’ + l/JZZA + l/Jij\/Z\ + 1szZA?? + lpxyfy + l/nysz\_')’}ZA

The new y’ obtained when applying each of the Gell-Mann matrices A; is:

ll}, = ()'1 - ll}) = 1!’0 + l/JyJ,C\ + wxj\’ + lljzxyz,\ + lljyzz’\f + l/nysz\},}ZA (22)
ll}’ = (’12 - l,b) =Py + Pk — Il}yzj;_lpyj;i + 2% + lpxyzfyz,\ (23)
Il}' = (’13 - Il}) =Py + P X — lpyj; + wyzj;zl\ — P, 2% + lpxyzjc\yZA (24)

Y=y 2 ) = H P8+ P2 + Yy V7 + Py, XY + sy, 292 (25)
Il}' = (’15 - Il}) =1+ beyf - ¢yzZA =Y, 97+ P EY + lpxyz’?yA (26)

lp’ = (’16 - lp) =Y+ Yy + lpyZA + lpxyzAf + Y, XY + lpxyzjc\yz’\ (27)
W = (/17 - l,b) =1 + lpxyj\’ - wzxZA -, 2% + 1l)y9?}7 + Il)xyzk\yZA (28)
1 1 2

Loz gL r ity 92 % — 29 + ., 297
l/} _(AS_)IIJ)_IIJO-Fwax-'_\/gwyy ﬁlpzz+\/§lpy2yz+\/§lpzxzx \/§¢xyXy+lpxyZXyZ (29)

L

7. Using Gell-Mann matrices of 4x4

As commented in chapter 4, there is another way of solving the issue that the Gell-Mann
matrices are 3x3 and the spinor matrix vector has four rows. Before, we have solved it
eliminating the last row (with an explanation of why this is possible). In this chapter, we
will show how to solve it the opposite way. This is, using Gell-Mann matrices of 4x4.

010
A= (1 0 0>
0 0 0

We can add a new row and column with all zeros except a 1 in the diagonal.
0 1.0 O

If we take the example of A4,

Y' as:

We multiply:

18
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l,b’x + w’yzxyz 01 0 O lpx + l/)yzjf\},}ZA
L |, YR awe|1 0 0 off ¥ tiiiyz
v Y, + w'xyfflz” =AY = 0 0 0 O Y, + Yy X2
ll},xyz - ’09?372“ 0001 lpxyz - 1»[}05592/
Yy + XYz
| wn + 9,292
0
lpxyz - 1!’09?372
And we get the same result as in 5.1.
lp’x = wy
l/)’yz =Yy
wly =1y
1p,zx = l»byz
lp’z =
wlxy =
1p’xyz = 1pxyz
Vo =1

Leading to:

Il}' =1+ wyf + Y + P ¥VZ + lpyzZAf + lpxyzjc\yz’\
As in chapter 5.1.

There is another option, as already commented. That the Gell-Mann matrix A, it affects
also yo and wyy, converting them to zero. That would correspond to:

0100
_[1 0 0 0
=10 0 0 0
0000
Multiplying:
L T 5 74 0 1 0 o\ [ Vxty292
o= LR P 5 24 =1 000 Wy + kP2
V', +Y R9Z ! 0 0 0 0] .+ %92
W, — V292 0 0 0 0/ \¢yy, — %92
Yy + Py XYz
Yy + 1y, XYZ
0
0

And we will get the same result as in chapter 5.1:

Yy = ll}y
1/)’yz =Py
l/)’y =Yy
lo[)’zx = I:byz
Y, =0
ll},xy =0
l»b’xyz =0
YPo=0

Leading to:
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V' =R+ Y + Y92 + Yy, 2%

As commented, the Gell-Mann matrices do not even consider yo and yy; SO it is not pos-
sible to know, which one is correct. Although to keep the rotation symmetry seems more
plausible that they really become zero.

There are also other possibilities, in general,
0 1 0
wele 80
Ais Q34 A3 Qg
Where the asterisk means conjugate (whether it is in i or in Xyz notation). And as is real.

That would mean that another transform/rotation is applied to yo and wyy, not consider in
the original Gell-Mann transformations (could they be related to other forces?).

8. Possibilities to apply the Gell-Mann transformations using Geo-
metric Algebra operations (not matrices)

In chapter 6 you have a summary of the transformations obtained with Gell-Mann matrices,
applied to a spinor in Geometric Algebra notation v to be converted to another one y’.

In Geometric Algebra the transformations are not normally performed that way. Instead,
we use rotations or boosts to convert one multivector (in this case, representing a spinor)
into another one.

In general, the transformation would something like this:

1. 1 o 1 . 1 .. 1 .. 1 .. 1 .. 1 ... 1 o001 .01 .01 .01 1
IP’ — ale—Eazxe—Eagye—Ea4ze—5a5yze—Euszxe—Eu7xye—EusxyzlljeEusxyzeiayxyeiaszxeiasyzeia«,zeiagyeiazx

Where v is the spinor multivector to which we want to make the transformation and y’ the
multivector obtained.

Y=o + Yk + )Y + Y2 + Yy, V72 + Ppr 2X + sy XY + 1y, X2
The exponentials to vectors (which square is +1) are boosts and can be also written as:

Loz 1 ) 1 R 1 . 1 R
e 2°% = cosh (—Eaz) + sinh <_§a2) X = cosh (E az) — sinh (E az) X
The exponentials to bivectors or to the trivector (which square is -1) are rotations of an

angle a; in the planes indicated by the bivector (or in the volume/time in the case of the
trivector) and can be written also as [1][3]:

“lyps ) 1 . 1 /1 .
ez = cos (—Eas) + sin (—Eas) yZ = cos (5 as) —sin (E az)yz

If you do not understand what a rotation in the volume means, welcome to the club. But
you can see an example of it in annex A.1 of [2] when | considered that the trivector (I still
do) was somehow related to spin.

There is also a parameter a4 that it is only a scalation. All a; are real.

The important point is that we have also 8 ai, S0 we have 8 degrees of freedom of transfor-
mations. This is the same as the 8 Gell-Mann matrices. So, a correspondence between them
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would be possible. Another thing is if it is necessary to find them, now that we have the
table in chapter 6.

The same as commented above with rotations and boosts can be applied easier using a
transformation as:

Y = By + BoX + B39 + BaZ + PsIZ + PezX + B,XY + Lo XYY
This is, to perform this pre-multiplication to :
Y' = (By + BoR + B3 + BaZ + BsPZ + Pe2R + 7R + Be292) (Yo + Yk + 1,9
F P2 + Py, 97 + P 2R + Py XY + sy, 297 )
And even we could have the double-sided version as:

W = (8,4 8,8 + 02 + 8,2 — 8595 — 852% — 8,29 — SeXVN (8, + 6,8 + 859 + 6,2
+ 8592 + 842% + 5,89 + 54%92)

In both cases, we have 8 parameters that modify the y function. So, again there could be
found the B; or &; that creates the same transformations as indicated in chapter 6.

9. Bra-Kket products using spinor multivectors

Before showing how the bra-ket multiplication is, | have two show the operation called
reversion of a multivector. This operation reverses the order of the bivectors and trivector.

It is the equivalent of the conjugate of a complex number applied to a multivector.

In fact, in the case of Geometric Algebra Cls (the one we have used along the paper), what
it does is to change the sign of the coefficients multiplying the bivectors and the trivector
(the ones that have square -1). And it keeps the same the coefficients of the scalar and the
vectors. This is, if we have a multivector y:

Y=Y+ VX +PYyY + 1,2 + 1y, V2 + 0 28 + sy XY + Py, X92
Its reverse is:
lpT =y =Y+ P X+ lzbyy +y,Z2 + lpyzZAj} + Y, X2 + lpxyyf + l/)xyzz’\yf
=Yy + P X + ll}yy + 9,2 — ll}yzj\’z’\ — PuZX — l/)xyfy - l/)xyzjc\yZA

In Euclidean geometry Clso, the reverse ¥ and the conjugate *are the same thing. In
non-Euclidean metric (more specifically in non-orthogonal metric), we will see that this
not hold.

The bra-ket product is defined as:

Yl =y =
= (o + VR + P9 + 1,2 +1),29 + P R2 + iy IR+ Py 292) (Vo + Y+ )9 + 1,2 + 1,92 + P IR + o R + 1y, 292) =
= (Yo + R+ Y9 + P2 = P, 97 — 1,28 = Py B9 — 1y, 292) (o + ViR + P9 + 1,2+ 1y, 92 + Yu 2R + iy R + 1)y, 292)

And the important thing is that if we perform the complete operation we get (see Annex
Al):

Py =y YPp=p+] (29.1)
Being p the probability density (positive defined):

p= 1P02 + l/}xz + 1l)y2 + 1/)zz + ll}yzz + 1/)zx2 + 1/)xy2 + l/)xyzz (292)
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And 7 is the fermionic current as defined in [48]:

j = Z(IPXIPO - 1/Jy1/ny + Y, + lpyzlpxyz)f + 2(lp0¢y + lpxlpxy - l;bzlpyz + lplepbxyz)j>
+ 2(1p0¢z - lpxlpzx + 1»bylpyz + lpxylpxyz)ZA (29-3)

All the coefficients in bivectors and the trivector cancel as you can see in Annexes Al and
A2.

So, this means, that the spinor multivector is not only a “cool mathematical artifact”. You
can obtain the same information as with the typical spinor matrix vectors and in a much
simpler way. See Annex Al to see what | am talking about. We just have to perform a
multiplication. And in Annex A2, you can check that the result using Geometric Algenra
is exactly the same as using matrix algebra, so all the process is validated.

10. Bra-ket product in non-Euclidean metric (under gravitational
effects)

In general, in non-Euclidean metric [2][47] (non-orthonormal and non-orthogonal) the fol-
lowing equations apply for the basis vectors (instead of the equation 8.1 in chapter 2):

%% = ”x”2 = Gxx
5’\2 = ”}7”2 9yy
2Z2=21"=g,, (30)
Xy = ngy —-y%
Vz =129y, — 2y
ZX = 2g,, — X2

In the case of non-orthonormal but yes orthogonal (diagonal) metric, these equations are
simplified as:

2= ||Z[I* = gux
92 = ”5;” = Gyy
#=lit=g, G
Xy = —Yyx
Vi=-2y
2X = —XZ

The bra-ket product in non-orthonormal but yes orthogonal metric leads again to (see An-
nex A3):

VY =y p=p+] (32)
But in this case:
p= lpoz + lpngxx + lpyzgyy + lpzzgzz + 1l)yzz.gyy.gzz + lpzngzz.gxx + lpxyzgxxgyy + wxyzzgxxgyygzz (33)
And:
7 = Z(ll}olpx - l/}ylpxygyy + Y0592z + ll}yzll}xyzgyygzz)jc\

+ 2(+¢0¢y + Izl’xlobxygxx - I:byzltbzgzz + lplepxyzgzzgxx)y
+ 2(+¢0¢z - 1szl»bzxgxx + I:byl»byzgyy + wxywxyzgxxgyy)ZA (34)

For the case of non-orthonormal and non-orthogonal case (equations 30), you can check
that nightmare in Annex A4 and never come back.
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11. Effects of gravitation in muon g-2 issue

Normally, it is said that the gravitational effects are too small to affect the g-2 issue. | will
show that this could not be correct.

If you check equation:
2 2 2 2 2 2 2 2
P = lpo + l»bx Gxx + lpy gyy + lpz YGzz + 1»[)yz gyygzz + 1»bzx G229xx + lpxy gxxgyy + 1xbxyz gxxgyygzz (33)
And we consider that we are in the surface of earth. We put the x axis in the radial direction,

and y and z perpendicular to it. According Schwarzschild metric, the effect in axis x (radial)
would be:

GM\™*
Ixx = Grr = <1 C2T>
Where:
G = 6,6743E — 11Nm? /kg
Mgren = 5,9722E24 kg
T = Toqren = 6,371E6m
This gives:

Jxex =1+ 1,392262E — 09  (34)
And we can consider:

9yy = Y9zz = 1
We see in equation (33) that g, is included and is affecting 4 of the 8 elements of the
equation. So, the probability (and therefore the probability of the possible states that the
particle can take) can be impacted by it (it is not something neglectable that only affects
one of the 8 elements).
But can this small value in equation (34) affect something?
If we go to the g-2 experiment [55], we have:

Theoretical value:

g-—2
a; = — = 1,1659181F — 03

Traditionally measured value:

g—2
Ay = — = 1,16592089E — 03

If we get the difference between the values we have:
am —a; = 2,79E — 09
If we divide this value with the “added element” in (34) we have:

am—a; _ 2,79E—-09
xx — 1 1,392262E — 09

= 2,00

This means, the change in g-2 is the double (this means, in the same order) of the gravita-
tional effects. Perfectly the g,, value could be affecting the measurement. As commented
Jxx appears in 4 of the 8 elements of the multivector (33). It is not only affecting in one
direction.

Even taking the latest value measured in Fermilab [56], we are in the same order (although
not exactly the double):
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2
Afermilab = gT = 1,16592055F — 03

Afermilab — At = 2,45E — 09

Afermilab — Gt _ 2,45E — 09 _
Gxx — 1 1,392262E — 09

1,76

Again, in the same order of magnitude. So, we can check, that yes, the gravitational effects
creating a non-Euclidean metric could have their effects in muon g-2 effect.

One way to check the gravitational effects in the muon g-2, would be to measure g-2 value
at different altitudes (or even outside the Earth if this is possible).

12. Conclusions
We have found a way of applying the Gell-Mann transformations made by the ; matrices
using Geometric Algebra Clso. And without the need of adding the time as an ad-hoc di-

mension, but just considering that:

t=3y2 (9

The transformations are as follows. Considering the original -
Y=¢y+ X+ 1/)3,_')7 +,Z+ 1/}yzj;ZA + 1, 2% + 1/)xyfy + ll)xyzfyi

The new y’ obtained when applying each of the Gell-Mann matrices A; is:

1/), = (Al - 1/)) =1+ 1l}y2 + Y + P ¥z + 1/}yzZA£ + ll)xyzfyzl\ (22)

l/)' = (/12 - 1/’) =Py + Pk — Il’yzf’—ll’yf’f + 2% + ll)xyzfyZA (23)

ll)l = (13 - 1/)) =Py + P X — lpyj; + ¢yzyz’\ — P, 2X + ll)xyzfyi (24)

l/)’ = (/14 - 1/)) =P+ P X+ 2+ wxyyZA + Izbyzfy + ll)xyzfj}z’\ (25)
ll)l = (AS - 1/)) =1+ 1/}xy2 - 1l}yzZA -, 97+ P Y + ll)xyzfyA (26)
1/}’ = (’16 - 1/}) =Y+ Yy + l/)yZA + l/)xyZA2 + Y, XY + l/)xyzfyzl\ (27)
1/}’ = (’17 - 1/)) =1y + 1l}xy5\’ — Yz — P, 2% + l/)yfy + l/)xyzfyzl\ (28)

1 1 1 2
5 5 1/JZZ"'_glljyzyZ"' 5

o 1 AL
Y =(/18_)¢)=¢0+\/§ ﬁwyy_ﬁ 3 ﬁwzxzx_\/g

Yk + VxyXY + by, 292 (29)
Taking into account that Gell-Mann matrices do not consider at all the existence of 1, and
Yyyz , itis possible that we should consider these two elements zero from the beginning.

Anyhow, above relations would correspond to the most general case.

We have also worked in the bra-ket product using geometric algebra. For the Euclidean
case we have the equation (where the cross sign means reverse and the asterisk means

conjugate, both mean the same in Cls):

Yy =y =
= (Yo + Ve + W + 1,2 + 13,29 + PR + Py 92 + Py 292) (W0 + YR + W9 + 1,2 + 1y, 97 + Y022 + Py X9 + sy, £92) =
= (Yo + VX + Y9 + V2 — 1,92 — V82 — Yoy B9 — Yy, 292) (W0 + Yk + Uy + 1,2 + 10,97 + P 22 + Py B9 + 11, %92) =

=p+J
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Being p the probability density:

p= 1»[)02 + ¢x2 + 1/fy2 + lpzz + Izbyz2 + I»bzxz + lpxyz + lpxyzz (29.2)
And J the fermionic current:

j = 2(1/)161/)0 - wywxy + Y, + lpyzlpxyz)f + 2(lp0¢y + lpxlpxy - l;bzlpyz + lplepxyz)j)
+ 2(1/)01112 - l/)xwzx + ‘l}yl/)yz + wxywxyz)ZA (29-3)

We have made the same in the case of orthogonal but not orthonormal metric, leading to:

Y=y Y=p+j (32)

But in this case:

p= lpoz + ‘l’ngxx + 1pyzgyy + 1pzzgzz + 1»byzzgyygzz + 1»bzngzzgxx + ll’xyzgxxgyy + 1pxyzzgxxgy;vgzz (33)

And:

j = Z(IPoll)x - 1pyl:bxygyy + lzbzlpzxgzz + lpyzlpxyzgyygzz)f
+ 2(+lp0¢y + 1/)x":bxygxx - l/)yzl/)zgzz + d)lepxyzgzzgxx)y
+ 2(+lp0¢z - l/Jx":bzxgxx + l/)y":byzgyy + ll)xylpxyzgxxgyy)i

We have shown also that the g-2 issue of the muon could be perfectly related to gravita-

tional issues (to non-Euclidean space). The difference of the values of g-2 of the muon are:

Ay — a; = 2,79E — 09

And the effect of the non-Euclidean metric on the surface of Earth is:
Jxx — 1 =1,392262E — 09

am—a; _ 279E-09
Oxx —1  1,392262E —09

2,00

As we can check, the change in g-2 value is just the double of the gravitational effects
(this means, in the same order). So, gravitational effects could indeed affect the g-2 value
of the muon on the surface or Earth as commented.

Bilbao, 24" August 2023 (viXra-v1).
Bilbao, 24" September 2023 (viXra-v2)
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If you consider this helpful, do not hesitate to drop your BTC here:
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A1l. Annex Al. Bra-Ket product in Euclidean metric
If we operate:

11’*1/1 = (1/}0 + l/}xjc\ + l/}yy + wzi - l/}yzj}z’\ - 1sz2f - wxyfj} - l/}xyzjc\j}i)(lpo + lpx’? + lpyj} + ll)zi + lpyzj}ZA
+ P28 + Py X9 + Py, X92) =
ll}oz + lpolpxk\ + 11’01/1y37 + lpolpzi + 1l’01/)yz372 + lpolpzxz’\f + lpoll)xy’?j} + lpoll)xyzjc\j}i +
Vo + e’ + YihyRY — Yuh 28 + Yoy, 292 — Yot + Putay § + Yty 92 +
Dol — Yy XD + 1,7 + Yy, 92 + Yy, 2 + Py RI2 — Yy R + Py, 2% +
1[)21[)02 + ll]zlprAf - ll]zlxbyj}ZA + lpzz - ll}zlxbyzy + ll}zll}zxf + lxbzwxyfyi + wzwxyzfj}
_ll}yzwoyi - lpyzwxfyi + l»byzll}yi - ll}yzlxbzy + 1xb;\/z2 + lpyzwzxfy - lpyzlpbxyéf + wyzwxyzf -
—llllelloff - ll]lel}xi - ll]lel}yfyi + ll}lexbzf - lplel}yzfy + 1xbzx2 + lpzxwxyyé + Iszlleyz? -
—lllxyllloff’ + ll}xyll}xy - lpxyl»byf - ll}xyll}zfyi + wxylxbyzif - InyIsz}A’f + lpxy2 + wxylpxyzé -
_wxyzwofyi - lpxyzlpxyi - l»bx;\/zlxb;\/ZAf - ll}xyzlxbzfy + ll}xyzlxbyzf + wxyzwzxj} + Inyzlnyf + lpxyz2

And now if we take only the scalars we get:

lpoz + lpxz + lpyz + l»bzz + 1pyz2 + lpzxz + lpxy2 + l»[nyz2
We will call this sum p:

p= 1p02 + wxz + 1/)y2 + ¢22 + ¢yzz + ¢zx2 + ¢xy2 + l/)xyz2 (29.2)

~

If we separate the components that multiply by £ we get:

woll)x + wxlpo - ll)ylpxy + ¢zlpzx + ¢yz¢xyz + ¢lepz - ¢xyl/)y + ¢xyz¢yz
= 2(1/)x1/’o - lpylpxy + P, + l/)yzll)xyz)
In § we get:

1/)01/))1 + ll)xlpxy + lliylﬂo - ¢zlpyz - lpyzlpz + lplepxyz + ¢xy¢x + ¢xyz¢zx
= 2(1/)01/)y + l/)xlpxy - l/)zwyz + l/)lel)xyz)

In Z we get:

l/lol,l}z - lpxlpzx + lpylpyz + l,llel)o + Izbyzlzl}y - l/)le/)x + lpxylpxyz + wxyzlpxy

= 2(1/)01/)2 =Yy + 1/)yl)[}yz + 1/)xyl/)xyz)
In yZ:
lpolpyz + lpxlpxyz + 1/13/1/)2 - Izbzlpby - lpyzlpo + Iplepxy - lpxyl»bzx - l»l}xyzl»l}x =0

=

In Z

wolpzx - 1/)xl/Jz + 1/)yl/}xyz + 1/lellx - 1/)yzl/)xy - 1/sz1/)o + l:l}xyll}yz - l/)xyzlpy =0
In 29:
lpolpxy + lpxlpy - lobylsz + Izl}zl»bxyz + lobyzlpbzx - Izl}lepbyz - lpxylpo - lpxyzlpz =0

ans

In x92z:

1poll}xyz + ll}xlpyz + ll}ylpzx + lpzl/)xy - ll}yzll}x - ll}lel}y - l/)xylpz - l/)xyzll)o =0

a

If we call vector j (fermionic current) the sumin %, 9 and Z, we get:
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j = 2(¢xw0 - ll}yll}xy + 1pzlljzx + 1pyzlljxyz)f
+ 2(¢0¢y + Isz“»bxy - 1,021,03,2 + Iplepxyz)y
+ 2(1/)()1/)2 - lljxlpzx + lpylpyz + lljxylpxyz)z,\ (293)

So, in total we have:

YY=p+j (291

With:

p= 1/’02 + 1/’x2 + ll}yz + 1/)22 + lljyzz + lljzxz + 1/ny2 + l/)xyzz (292)
And:

j = 2(¢xlp0 - lnbylnbxy + 1pzlnbzx + lpyzlpxyz)jc\
+ 2(¢0¢y + ¢xlpxy - ¢zlpyz + ¢lepxyz)y
+ 2(11[}01:[}2 - ¢xlpzx + ¢ylpyz + ¢xylpxyz)2 (29-3)

A2. Annex A2. Showing that the bra-ket product in Geometric Al-
gebra is equivalent to the operations in Matrix Algebra

For this Annex, we will use the paper [55], that is very clear on how to operate with matri-
ces in Quantum mechanics. | used the same paper in [5] to make a one-to-one map of Dirac
equation between geometric algebra and matrix algebra.

If we consider a general spinor in matrix algebra:

/2 Y1y + iy,
W= Yo | _ [ Yar + it
Y3 Yar + i)y
Y, Yur + 1)y

In [5] we obtained the following relations to make a mapping between Geometric Algebra
and matrix algebra with the coordinate frame (or frame orientation) used in [5]:

Y1y = _lpy
Y1 =~y
1/’21‘ = lpz
Y3 = _¢yz
Yai = Py
Yur = 1/ny

Also, we obtained the following two equations, but with an opposite sign. In this case, we
have to reverse their sign for the one-to-one map to work. This does not lose any generality
as these relations completely free, we are just changing nomenclatures, to be able to com-
pare apples with apples (to have the coordinate system pointing in the same direction in
both cases).

Yor = _l/}xyz
Yai = Yo
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So, applying these relations, we get:

1/)1 _lpy - ilpx _wy - lpryz’\
— 2 _ _wxyz + i), _ _lpxyz + ¢, X9z
Y\ s | T et | T e+ Wty
¢4 lpxy - i‘/’o / I;bxy - lpofyz’\ /

II)T = (ll)*)T = (_wy + ka\y\ZA _lrbxyz - 1!’225;2 _Il}yz - lpzxfyz,\ 1»bxy + lpofyz’\)
We see in [5]that the probability is defined as:
p =Py =9Tyy%% =yTy
This is:
p=9ip=
—Y, — P, XY2Z
_lpxyz + 1»0256\5}2
_1l}yz + 1sz9?)72
1l}xy - l[)ofyZA /
= ¢y2 + ¢x2 + 1pxyz2 + zl}zz + wyzz + 1l}zx2 + 1l}xy2 + l/)02

anna ana anna

(_lpy + lpryé _lpxyz - Il)zxyZ _l»byz - 1pzxxyz lpxy + lpOxyZ)

As you can check this value is the same as the one, we have obtained in 29.2 using Geo-
metric Algebra.

Also, following [5] we have that the gamma matrices used in matrix algebra are:

0 0 0
o 1 0 0
[ 0 -1 0
0 0 -

0 0 0 —i
, [0 0o i o
=lo i 0o o
i 0 0 0
0 01 0
. [0 0o 0 -1
=121 00 o
0 1.0 0
0010
s [0 0 0 1
=11 0 0 o
0100

If we perform the following products that we will need later, we get:

10 0 O0\/0 0 0 1 000 1
o1 (01 0 olfo o 10} [00 10
YY=lo o -1 o 0o -1 00 \o10 0
00 0 -1/\-1 0 0 0 1000
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10 0 O0\/0 0 0 —i 0 0 0 —i
oo [001 0 o)fo o i o) [0 0o i o
ry 00 -1 0Jlo i o o] {o =i 0o o
00 0 -1/\=i 0 0 0 i 0 0 0
10 0 O0\/0 0 1 0 0 0 1 0
s (01 0 oo 00 -1} {0 o o -1
YY=1o0 0 =1 oJ{=1 00 o]7{1 0 0o o
00 0 -1/\0 1 0 0 0 -1 0 0

Now, checking [5] we see that:

J*=Pyip = ylyoyty
If we start with the x axis that corresponds with p=1 we have:

j*=jt =9y =9tyoyly

We have calculated the product of the y’s before, so operating we have:

0 0 0 1 —hy — P XYZ
PN anA PPN aaan|0 0 1 O _l/)xyz-}'l/)zjc\y\zA
-, + - - -y, — +
( lpy lpxxyz lpxyz lnbzxyz 1pyz 1pzxxyz lnbxy 1/)0xyz) 0 1 0 0 _lpyz + lpzxjc\yZA
1000 lpxy - ll)ojc\yZA /
lpxy - l/)OJ’C\yZA
PN aAnA PP ons _lpyz+1/)zx£y2
= (-, + Yy — Py, — +
( l/)y 1/}xxyz lljxyz ll)zxyz l/)yz 1l}zxxyz 1l}xy ll)oxyz) _l/)xyz + 1/)zf92
_lpy - lprj}z’\

= _lpylpxy + l,bxl/)() + lpxyzwyz + lzbzlpzx + Izbyzlszyz + lplepz - lpxylpy + Il)oll)x
= 2(_1/)y1/}xy + PP + ll)xyzl/)yz + 1/}zll)zx)

We can see that above result is the same as the one obtained in Geometric Algebra (29.3).
For the axis y we make the same.

7 =2 =9y =y9Tyoyty

an

—i _ll}y - l/)xxyZA

0 0 0
anA anA aAAA aaxm| 0 0 i _lpxyz‘l'l/)zfyi
Wy +UXIZ —Puy, —PXVZ Py — Y XVZ Yy +PoXYZ IR
( y X xXyz z yz zX xy ) 0 —i 0 0 _l/)yz + l,bzxxyz
L 0 0 0 lobxy - lpO’?yZA
0 0 0 —xyz —Py — P XY7Z
aaa ana PPN ana 0 0 xyz 0 _lpxyz—}'lpzfyz,\
=(—y, + Y, Xyz — — Y, Xyz — - Xyz + YoXxyz oo ~na | =
( wy wx Yy lpxyz 1/12 y l»byz lpzx Yy l;bxy 1/’0 y ) 0 —393 0 0 _l/)yz + l/)zxxyz
XYz 0 0 0 Py — PoXP2
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(_wxyjc\j\’z,\ - IIJO

PN ans Sas PN _lpyzfyz,\_lpzx

-, + - - -, — +

( wy 1pxxyz 1pxyz lllzxyZ 1pyz 1pzxxyz ll}xy 1PoxyZ) +¢xyz7’c\5;ZA + lpz

\ _lpyfj}i + Isz /

(_wo - l/)xyjc\j/\ZA\|
= (_lpy + wxf?f _ll}xyz - lllZJ,C\_'S\/Z\ _wyz - lpzxfyz,\ lljxy + 1!’09?}72) _lpzx - lpyzxyz
= ¢y¢0 + l:bxl»bxy + lpxyzlpzx - I»bzl:byz - lpyzlpz + Izbzx“»bxyz + lpxylpbx + l,bol,by

= 2(¢ylp0 + 1pxln[}xy + 1pxyzlnbzx - 1pzl»[}yz)

Again, with the same result as 29.3

AXis z:

j2 =72 =9y*Y = ¢iyoy3y

0 0 1 0 Py — P XY2Z
PN PN PN aam| O 0 0 -1 lpxyz"'lpzfyz’\
-, + Y, xXyz — - Y, Xxyz — - Xyz + YoXyz
( 1/)3/ 1/)x y I/)xyz zl}z y 1pyz 1pzx Yy ¢xy 1/10 y ) 1 0 0 0 ll)yz + ¢ZX5C\5/\ZA
0 -10 0 l»[ny - 1/)09?)72

ana

= (_lpy + lpryZA _lpxyz - wzxyz _lpyz - I,szfyZA Iszy + 1/’03?372) __ _ s
Py — X

= l/)ylpyz - l/)xlpzx + l/)xyzl/)xy + 1I’zll)o + l/)yzl/)y - ¢zx¢x + 1leyl/nyz + l/)ol/)z
= Z(I»Dyl/)yz — PP + lpxyzlszy + lpzlzbo)

Same result as 29.3 for the z axis.

So, it has been shown that selecting a coherent position of the axes between matrix algebra
and geometric algebra we get the same results, as expected.

It is to be remarked that the matrix algebra in this case, clearly is not optimized. We have
4x4 matrices that only use 4 items maximum different than zero. Geometric Algebra is
much more compact in this case, avoiding unnecessary redundancies.

A3. Annex A3. Bra-Ket product in non-Euclidean metric (Orthogo-
nal but not orthonormal)

We apply the following relations, when performing the multiplication:

%2 = ”fllz = YGxx

92 = ”5\’”2 = Gyy

2=al =g, @G
—9%

N> 2 2|
R; Ny <
I
(.

= N

N> =2

b= (o + Ve + 9 + 1,2 + 1,29 + P RE + 1y IR+ Py, 29%) (Yo + YR + Uy P + 1,2 + Yy, 92 + YR + Yy 29 + Py, 292) =
Yol + Yo + Youy I + Yo, 2 + Yoy, 92 + Yoo 22 + Yoy 9 + Yoy, 292 +
Yok + Pl lIRIP + Yty 29 — Yot 22 + Yy, 292 = Yt 12172 + Yoty 1119 + uthy [IRN792 +
Yol = Y029 + Y2191 + ¥y 92 + Yy 1D IP2 + Wy 292 — by thy IFIP2 + Yy ¥y 1911722 +
Yoo + Y22 = Y, 92 + 212017 = Yy 120179 + Yo l21P2 + Yy 292 + Pothy, 1211229
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Uy 092 = Py 292 + Py 19172 = Yy W lIZI9 + Wy IIP 212 + 9y W 212 = )y 1911722 + ey 1911121122 —
~VoxWo2R = Yol 172 = Yoy 292 + Y lIZ12R = Yy, 212 + o *IZIP RN + Yot RIPD2 + Yty 121 IRNS —
Py oR9 + U WelIZI29 = Yy Yy 1172 = Yy Yo 292 + Yy Py 191722 = Yy Y IR1792 + Y 2NRIPD I + Yy Yy IR 191172 —
“VayaPoXPZ = Yy Wil IRIPIZ = Py Wy 1T 22 — Yy 21729 + Yrays Pz P IPNZIPE + Yeys W IRIPNZIZD + gty 21PN 2

+ P IRIPIP N1

The scalar part is:

p = Yo + PRI+ 2191 + W 212017 + by 2 IFIPIZN + o NZIP RN + ey * NP9
+ Yy IZIP 19112112112

p= 1/)02 + l/)ngxx + 1I)yzgyy + 1/)zzgzz + 1/)yzz.gyy.gzz + I/)zngzz.gxx + lpxyzgxxgyy + lpxyzzgxxgyygzz

In x axis:
Yo + Wtbo = Wy Wy DI + Yo 212 + Wy by PN NZNZ + 0,0 1E1F = w0 51 + w0, G121
Z(IIJOIPX - lpyl»bxy”yllz + ll}zll}lelillz + ll’yz‘l’xyz”?llzlléllz)
Yothy + Vythy — ll]ylpxygyy + Y0509, + ll}yzlxbxyzgyygzz Y, %922 =¥ ¥, 9yy t ¥, ¥,9yy9zz
Z(IIJOIPX - 1nbyl»bxygyy + YoxG2z + ll’yzll’xyzgyygzz)
Iny axis:
+1l}01/}y + l/}xlpxylljc\llz + l/}ylpo - 1pzl/}yzllz’\llz - lpyzlpzllillz + l/}lepxyzllillz ”2”2 + lpxylpx”’?llz
+ Py IZIP 1211
2(+ oty + Vb IR = Yoy 12117 + Yaaiby 121 11211)

+l/}01py + 1l}xl/}xygxx + 1l}yl/}o - l/}zl/}yzgzz - l/}yzlngzz + 1plepxyzgzz.gxx + lpxyll)xgxx + lpxyzll)zxgxx.gzz
2(+lp0¢y + wxwxygxx - 1xbyzl»bzgzz + 1xbzxbexyzgzzgxx)

In z axis:

'Hllolpz - l»bxlpzx”fllz + ll}ylpyz”yllz + lljzlljo + lljyzlpy”yllz - lljleljx”fllz + wxywxyz”fllzllyllz
+ Yoy IZ I 119112

2(+ o, = Yo lIRIZ + Py DI + ey oy IRIPIFN)
Yoz — YaorxGrx + ll]ylpyzgyy + .o + wyzll}ygyy — Yo Grx + wxywxyzgxxgyy + 1pxyzwxygxxgyy

2(+lp0¢z — PP Grx T+ ll’ylabyzgyy + wxywxyzgxxgyy)

In yz plane:
Fotys + Vel IR + vy, =ty = yutho + Yoty 1212 = Yy IR 12 = e IZIE = 0

In zx plane:
o — Yethy + P 1912 + Y0 2% = Yyt 1912 = o + Yy 912 = ity 19N =

In xy plane:

Hothey + by — Yyt + P 212 + vy el — Yrathy 121 — o — o ll2? =
In xyz plane:

Folayz + Yallys + Yyho + Yoty — Yyathe = Yty — Yy = Yyath = 0

Again, we only have the probability (scalars) and the fermionic current (vectors). The
planes and the trivector sum zero.
So, summing up:

iy =yY=p+] (32)

Being for this case (orthogonal but non-orthonormal, non-Euclidean case):
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p= 1/)02 + l/)ngxx + 1I)yzgyy + 1I)zzgzz + 1/)yzzgyygzz + I/)zngzzgxx + l/)xyzgxxgyy + 1l)xyzzgxxgyygzz (33)

And:

j = 2(1»[)01/)96 - I»bylpxygyy + Izbz“»bzx.gzz + lpyzwxyzgyygzz)f
+ 2(+1p07~/)y + 1pxlljxygxx - 1pyzlngzz + lplepxyzgzzgxx)j}
+ 2(+1p07~/)z - 1pxlljzxgxx + 1pylljyzgyy + lpxylpxyzgxxgyy)é

A4. Annex A4. Bra-Ket product in non-Euclidean metric (Non or-
thogonal and not orthonormal)

We apply the following relations:

%% = ”55\”2 = Yxx
52 — |5 —

74 =91I° = gyy
22

=2II* = g,, (30)

VY = (Yo + R + T + P, 2 + Yy, 29 + Uy R2 + iy IR + 10, 298) (Vo + Yok + Y9 + 1,2 + 1,92
+ Y 2R + Py XY + Uy, 292) =
Vol + Yok + Yoy + Yo, 2 + Wby, 92 + Vo 2% + Yoy XY + Yoy, XVZ +
Vo + U N1R112 + Yethy R9 + Yuth, 22 + Yathy, 292 + Yt 222 + Yty IRI29 + 121120ty 92 +
Yyod + Py 9% + W 2N + Yy, 92 + 19120y y02 + Pyt 2R + Pyt IRI + b1y, 9292 +
Vo2 + P2 + Py 29 + Y2202 + Yupy, 292 + Y |IZIPR + Py 229 + P,abyy 2292
029 + Yy 298 + Yy 21912 + Py 292 + Pt NZIP1DN12 + 1yt 2928 + y 1y 2959

+
ey Yo IR + Yy Y IR + Yoy Yy IR + Wy 0,92 + ey P, 9292 + Yy Y IREZ + Y *IF I 121
+ Yy Yy 1211191172 +

+¢xyz¢0Zyx + lpxyzll]x”f”ziy + wxyzwyiyfy + wxyzwziyfi + wxyzwyzij}fj}i + I»nyzlrbzxij}fif

+ Yy Py IRIPIFN2 + ey, ” RN DN 1211
And then for the non-simplified products above, you can use the following relations:

%8 =2g, — 5%
R28 = (2 — 2R)X = 29,,% — 2||%]I?

3755 = (ngy - 555})
y(ZQZx - 552) = Zgzxy - yﬁzﬂ = 2.9ny - (ngy - 5537)2 = Zgzxy - Z.gxyZA + fyz,\
929 = (29xy — £9)9 = 29,9 — RIIFII?

9292 = (22,9 — 2I9I%)2 = 29,92 — 22117117

922 =

2y = 2‘gyz —Jz
192 = (2g,, - 92)% = 2g,,2 ~ 211
ZAJ’C\? = (Zgzx - 7?2))7 = 2.9ny - fzﬂy = 2.9ny - J/C\(Z‘gyz - }72) = Zgzxy - Z.gyzf + 58372
%92 = (Zgzx - 7?2))72 =29,xY2 — X292 = 29,92 — J/C\(Z‘gyz - 5}2)2’\ =29,9%2 — Zgyzf + ff’llfllz

29 =29y, -9z
29% = (Zgyz - j}ZA)f = Zgyzf - y\(ZQZx —%2) = 293125{\ =299+ (ngy —xy )2
= Zgyzf - 2‘9ny + 29xy2 - 292
292 = (29, - 92)2 = 29,2 — SI12I1

2922 = (29, — 92)22 = 29,,2% — 211°92 = 29,,2% — |1211*(29sy — 29) = 29,,2% — 21211*29,, + 121129
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2989 = 2(20,y9 — RNIN?) = 29129 — 19128 = 29,y (29y. — 92) — 191?22
= 4gxygyz - ngyyi - ”5}”225‘\

2292 = £(29y,2 — JN2I1°) = 29,,22 — 2I2|I* = 29,,(29. — 2%) — 2|21
= 4'gyzgzx - Zgyzif - f}7||2||2

2289 = 2(29,, — 229 = 29,29 — 121729 = 29,29 — 1211* (29, — %)
= 29.,%9 — 29,1217 + 1211?92

VXY =299 — 29117
922 = (2gyy — £9)2 = 2gyy2 — £92
yxyz = y(ngy - yf)i = ngyyi - ||}7||2(29zx —2%) = ngyyi - 292;{”5}”2 + ”}7”225"\

yfif = yf(zgzx - fZA) = Zgzxyf - ”fllzj}i = Zgzx(ngy - 555}) - ”55”25}2 = 4gzxgxy - Zgzxjey

29% =29y, % — 29, + 29xy2 — X92
1211729 = I211%(29,, — 92) = 29, 1I2II* — 121192
iyfy = 4gxygyz - 29xyy2 - ||}7||229?
2y%2 = (293722 =209+ 29xy% — fyi)i =29,,%2 — 29,92 + ngy”2”2 = l12lI* %y

= Zgzx(ZQyzf - Zgzxy + ngyi - 5"\5’\2) - ”fllz(zgyzi - 5’\”2”2)
= 4'gz>cgyzf - 4gzxgzxy + 4gxy2 - ZgzxfyZA - 2”5(\”293,22 + ||f||2||f||z}7

As you can imagine, this is a complete nightmare. It is better to make the operation once
we know exactly which metric to use and no to try to go the most general case. Anyhow,
with the use of a computer with a Geometric Algebra program, for sure, we can get the
final result. I leave it to you as homework before you commit suicide.
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