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Abstract  
 

Take any positive integer N. If it is odd, multiply it by three and add one. If it is even, divide it by two. 

Repeatedly do the same operations to the results, forming a sequence. It is found that, whatever the initial 

starting number we choose, the sequence will eventually descend and reach number 1, where it enters an 

eternal closed loop of 1- 4 - 2 - 1. This has been numerically confirmed for starting numbers up to 2
60

. 

This is known as the Collatz conjecture which states that the sequence always reaches number 1. So far 

no proof has ever been found that this holds for every positive integer. This problem has been stated by 

some as perhaps the simplest math problem to state, yet perhaps the most difficult to solve. This paper 

makes significant advances in solving the problem by using new insights. Proving the conjecture requires 

proving that: 1. The sequence will not diverge to infinity 2. There is no closed loop other than the 1-4-2-1 

loop. This paper completely proves the first and makes significant advance in proving the second. The 

new insight is that the whole of the Collatz sequence up to the point where it enters a closed loop is 

encoded in the starting number. A Collatz sequence diverging to infinity would mean infinite information 

being encoded in a finite starting number, which is impossible! Therefore, a Collatz sequence generated 

from a finite starting number can never diverge to infinity. Further reasoning leads to the conclusion that 

the Collatz sequence necessarily /always ends up in a closed loop.  
 

Introduction 

 

The Collatz function is defined as: 

 

 ( )  {

                  

 

 
             

 

 

The Collatz conjecture : 

 

Take any positive number N. If N is odd, multiply it by three and add one. If N is even, divide it 

by two. Repeatedly do this to form a sequence. The Collatz conjecture says that this sequence 

always reaches number 1. 

 

All sequences finally end in the closed loop: 
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To prove the Collatz conjecture, one has to show that:  

 

1. The sequence will not diverge to infinity. 

 

2. The sequence will not enter some closed loop other than the 1- 4- 2- 1 loop, i.e. no closed 

loops other than the 1-4-2-1 loop exist. 

 

 

Intuitive explanation on why the Collatz sequence cannot diverge to infinity 

 

Let the starting number N be odd.. 

 

 

 

 

 

 

 

 

 

We can see that no successive Collatz operations can be odd operations, whereas multiple 

successive even operations can occur before an odd operation occurs. This is because any even 

number can have 2
m
 as a factor. Therefore, after every odd Collatz operation there are one or 

more even operations. This shows that the Collatz number going to infinity is impossible and in 

fact, in the long run the sequence necessarily converges and descends. 

 

As the starting number is made larger and larger, the probability that many more even operations 

occur before an odd operation increases (see Appendix). This leads to the conclusion that the 

probability that the next number being greater than the current number during any Collatz 

operation necessarily approaches zero as the starting number approaches infinity. 

 

   
   

(                  (   )   ( ))     

 

where N is the starting number or any number in the sequence. 

 

In other words, the Collatz sequence always wanders around before it eventually (and frequently) 

lands on a number Q that has 2
m

 as a factor, where m is a positive integer. I refer to such 

numbers as „wells‟. Once the sequence lands on these wells, it descends all the way down by a 

factor of 2
m

, more than losing everything it gained by the possible previous odd operations.   

 

            
 

Let us call the number P a „perfect/pure even number‟ if it is a power of 2 : 

 

        

N 3N+1 (3N+1)/2 

(3N+1)/4 

 

(9N+5)/2 9N+5 

(3N+1)/4 
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On the other hand, an „imperfect‟ even number is of the form: 

 

           
 

where Q does not have 2 or any powers of 2 as a factor. If the Collatz sequence lands on an 

„imperfect‟ even number, as opposed to perfect even number, the sequence may descend 

significantly but the descent will stop somewhere. 

 

One can still ask if there is a greater than zero probability that the sequence will diverge to 

infinity. This is disproved by the fact that there is always a greater than zero probability that the 

sequence will land on one of the perfect / pure even numbers. One can think of the column 

(shown below) formed by these numbers as „eternal well‟ because once the sequence lands on 

such number, it will descend all the way down to one, where it enters the 1-4-2-1 loop.   

 

      1- 2 – 4 – 8 – 16 – 32 – 64 – 128 – 256 – 512 – 1024 – 2048 -  .   .   .   .    .    . 

 

Now let us define one Collatz cycle. For any Collatz operation on an odd number, the next 

number is necessarily an even number. Therefore, after every Collatz odd operation, there is an 

even operation. Let us call this the Collatz cycle. 

 

 

 

 

We can see that an odd number N becomes N‟ =(3N+1)/2 after one Collatz cycle. 

 

      
    

 
                                

 

Therefore, an odd number is approximately increased by a factor of 1.5 after one Collatz cycle. 

 

 Now consider an even number.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

N 3N+1 (3N+1)/2 

N N/2 

N/4 

 

(3N+2)/2 

 even 

odd 
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One Collatz cycle on an even number N has two cases depending on whether the Collatz 

operation on N results in an even integer or an odd integer. 

 

1. If the Collatz operation on N results in an even integer, the number at the end of one 

cycle will be N/4.  

 

2. If the Collatz operation on N results in an odd integer, the number at the end of one cycle 

will be 3(N/2)+1. 

 

In the first case, the number N’ after one Collatz operation on N will be: 

 

    
 

 
 

 

In the second case, the number N’ after one Collatz operation on N will be: 

 

      (
 

 
)     

  

 
                 

  

 
       

 

We defined one Collatz operation to help us compare the probabilities of the sequence increasing 

or decreasing. We can see that the maximum possible increase of N due to any odd operations is 

approximately: 

 

                  
 

 which is a fifty percent increase. 

 

The maximum possible decrease of the sequence due to even operations is:    

 

      
 

 
           

 

A Collatz cycle on an odd number N always increases it to 3N +1, however a Collatz cycle on an 

even number N may decrease it to N/4 or increase it to (3N/2)+1. One might think that this will 

result in slightly higher probability of an ascending Collatz sequence than probability of 

descending Collatz sequence. However, all this is nullified by the argument we made above: 

whatever gains (ascents) the Collatz sequence gains due to multiple odd operations is soon more 

than lost because the sequence inevitably lands on „wells‟ of varying „depth‟.   

 

These arguments seal the impossibility of the Collatz sequence diverging to infinity. 
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Non- existence of closed loop other than the 1-4-2-1 loop 

 

Next we present a new approach to disprove non-existence of any other closed loop other than 

the 1-4-2-1 loop as follows. 

 

We start with an odd integer, 2N + 1, where N is an integer greater than or equal to zero. Since it 

is odd, we multiply it by 3 and add 1. To form a loop, successive Collatz operations (divide by 2) 

on the result must give the original integer, 
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2N+1 

3(2N+1)+1 = 6N+4 

(6N+4)/2 

(6N+4)/4 

(6N+4)/2k 
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Since the right hand side is always a positive integer that is a power of 2, the left hand side must 

also be an integer (not a fraction) and a power of 2 for both sides to be equal. This is possible 

only if N = 0. 

      
 

Since N = 0, our starting odd number 2N+1 will be: 

 

               

 

Thus we have proved that no other closed loop exists other than the 4-2-1-4 loop. However, this 

is by no means a rigorous proof that no other closed loop exists. 

 

 

Proof that the Collatz sequence will never diverge to infinity and necessarily/always ends in 

a closed loop 

 

We know that an even number is given by 2n and an odd number by 2n+1, where n is any 

positive integer. But there are differences between even numbers and between odd numbers 

themselves.  

 

Although two different even numbers can both be represented as 2n, they will have different 

natures depending on whether n itself is even or odd. One might call these “even-even” and 

“even-odd” numbers, respectively. The same applies to odd numbers. Although two odd 

numbers can both be represented as 2n+1, they can have different natures depending on whether 

n is even or odd. One might call these “odd-even” and “odd-odd” numbers, respectively. By the 

same argument, “even-even” numbers can be further divided in to two: “even-even-even” and 

“even-even-odd”. “Odd-odd” numbers can be classified as “odd-odd-even” and “odd-odd-odd” 

numbers, and so on. In this paper, we use this insight as a new approach to the Collatz 

conjecture. 

 

We can represent any positive integer N as:  

 

             
 

where b is 0 or 1 depending on whether N is even or odd. If N is even b = 0 and if N is odd  b = 1 
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2n+b0 

2(2n+b1 )+b0  = 4n +2b1 + b0 

4(2n+ b2)+ 2b1+ b0  =8n+4b2 + 2b1+ b0 

8(2n+ b3)+4b2 + 2b1+ b0  = 16n +8 b3 +4b2 + 2b1+ b0 

16(2n+ b4) +8 b3 +4b2 + 2b1+ b0  = 32n+16b4+8 b3 +4b2 + 2b1+ b0 

32(2n+ b5) +16b4+8 b3 +4b2 + 2b1+ b0  = 64n+32 b5 +16b4+8 b3 +4b2 + 2b1+ b0 

64(2n+ b6)+32 b5 +16b4+8 b3 +4b2 + 2b1+ b0= 128n+64 b6+ 32 b5 +16b4+8 b3 +4b2 + 2b1+ b0 

 

If we let n =1, we can see that this is equivalent to a binary representation. 

 

Thus any positive integer N can be represented as: 

 

                                                                                     
 

Let us denote the Collatz sequence as follows: 

 

                                                     
 

We know that if N is an odd number, C0 will be an even number. If N is an odd number, the least 

significant bit (LSB) b0 of the binary representation of N is 1. Therefore, if the LSB of the binary 

representation of any number N is 1, C0 will be an even number. It can also be shown that if b0 = 

b1 =1, C1 will be odd, whereas if b0 =1 and b1 = 0 C1 will be even.  

  

On the other hand, if N is an even number, b0 = 0 , then  C0 will be an even number or an odd 

number and this depends on the bit b1. If b1 is 0 then C0 will be even and if b1 is 1 C0 will be odd, 

and so on.  

 

It can be shown that the whole Collatz sequence (up to the repeating sequence) from any starting 

number N is encoded in the binary representation of N! The Collatz sequence generated from 

any starting number N is unique. 

 

Now the question: will the Collatz sequence ever diverge to infinity? No. This is because a 

Collatz sequence diverging to infinity would mean infinite information and infinite information 

cannot be encoded in a finite starting number !!! Therefore, a Collatz sequence generated from a 

finite starting number N can never diverge to infinity.  

 

This raises the question: we know that the Collatz sequence is an infinite sequence. However, we 

have also seen that an infinite sequence cannot be encoded into a finite starting number. How 

can these apparently contradicting statements be reconciled? The only way out is if the Collatz 
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sequence enters a closed loop! An infinite repeating sequence does not mean an infinite 

information[2]. The sequence up to the point where it enters a closed loop is unique to the 

starting number. The repeating sequence (loop) is independent of the starting number. 

 

Thus we have proved that: 

1. The Collatz sequence cannot diverge to infinity 

2. The Collatz sequence necessarily ends up in some closed loop. 

 

Thus, if one can prove that the 1-4-2-1 loop is the only possible closed loop, one completely 

proves the Collatz conjecture. 

 

Non-existence of closed loop other than the 1-4-2-1 loop 

 

The previous proof of non-existence of closed loop other than 1-4-2-1is only meant to show a 

possible approach and obviously is far from complete, rigorous proof. Next we present a new 

approach towards a more rigorous proof that no other closed loop can exist. 

 

We consider two cases: the Collatz sequence starting number N is: 

 

1) Odd 

 

2) Even 

 

Odd starting number 

 

Re-writing the Collatz function: 

 

 ( )  {

                  

 

 
             

 

as 

 

 ( )  {
                  

               
 

where 
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Case 1: Starting number N is odd 

 

We assume that the initial/starting number is an odd number that successively results in an odd 

number after multiplying it by three and adding one, and then dividing the result by two. Note 

that multiplying an odd number by three and adding one always gives an even number. 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

N aN+1 abN + b 

ab2N + b2 

 

a2bN + ab+1 

 

a2b2N + ab2+ b 

 

a2b3N + ab3+ b2 

 

a3b2N + a2b2+ ab +1 

 

a3b4N + a2b4+ ab3 +b2 

 

a3b3N + a2b3+ ab2 +b 

 

a4b3N + a3b3+ a2b2 +ab+1 

 

odd 

even 

odd 

even 

odd 

even 

odd 

even 

a4b4N + a3b4+ a2b3 +ab2+b 

 

a4b5N + a3b5+ a2b4 +ab3+b2 

 

a5b4N + a4b4+ a3b3 +a2b2+ab+1 

 

a5b5N + a4b5+ a3b4 +a2b3+ab2+b 

 

odd 

even 

a5b6N + a4b6+ a3b5 +a2b4+ab3+b2 
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From the above, the last Collatz number is: 

 

                             
 

We can generalize this as follows: 

 

 (   )                                                                       

 
We can see that the part: 

 
(                                                         ) 

 
is a geometric sequence with ratio r = ab and first term b . 

 

(                                                          )   
  (   ) 

    
 

 
Therefore, the x

th 
number will be: 

 
 

 

 

 

 
Case 2: Starting number N is even 

 

In this case we assume that the starting number is an even number that successively results in an 

even number after dividing the result by two. 

 
 

 

 

 

 

 

 

 
The y

th
 number will be: 

 

 

 

 

 

N bN b2N 

 

abN+1 

 

b3N 
even 

odd 

even 

ab2N+1 

+1 

 

odd 

ab3N+1 

+1 

 

even 

odd 

b4N 

ab4N+1 

+1 

 

odd 

even 

  (   )            
  (   ) 

    
         ( )        

 

 (   )           ( ) 

 

b5N 

ab4N+1 

+1 

 

odd 

even 
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Collatz sequence starting with odd number and ending in odd number 

 

A closed loop in a Collatz sequence necessarily contains at least one odd number. So let us 

assume that the starting number N is odd. 

 

Any number in the sequence can be expressed as: 
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This can be generalized as: 
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Rearranging equation (3) 
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This can be generalized as: 
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Collatz sequence starting with even number and ending in even number 

 
Any number in the sequence can be expressed as: 
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Equation (7) can be generalized as: 

 

 

 

 

 

 

 

 

 

 

 

 
To illustrate what x1, x2,  x3, .  .  .  , y1, y2, y3, .  .  . are let us see what these are for a particular 

starting number. 

 

Consider an odd starting number 715. The Collatz sequence will be: 

 

 

715, 2146, 1073, 3220, 1610, 805, 2416, 1208, 604,302,151,454,227,682,341, 1024,512,256,128, 

 

64,32,16,8,4,2,1,4,2,1, 4,2,1,4,2,.  .   .  

 
 

We can see that: 

 
 x1  x2  x3  x4  x5  x6  x7  x8  .    .    . 

 2  1  3  1  1  1  1  1  .    .    . 

  y1  y2  y3  y4  y5  y6  y7  y8 .    .    . 

  1  3  9  1  1  1  1  1 .    .    . 

 

 

Consider another odd number 1433. 

 

1433,4300,2150,1075,3226,1613,4840,2420,1210,605,1816,908,454,227,682,341,1024,512,256, 

 

128,64,32,16,8,4,2,1,4,2,1, .  .  . 

 
 x1  x2  x3  x4  x5  x6  x7  x8  .    .    . 

 1  2  1  2  1  1  1  1  .    .    . 
  y1  y2  y3  y4  y5  y6  y7  y8 .    .    . 
  1  2  2  9  1  1  1  1 .    .    . 

 

 

 

 

 (  )     

((  ((               
  (   )  

    
 )              

  (   )  

    
   )            

 
  (   )  

    
    )                  )                    

  (   )    

    
   )            ( )   
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Consider an even starting number 1738. 

 

1738,869,2608,1304,652,326,163,490,245,736,368,184,92,46,23,70,35,106,53,160,80,40,20,10,   

 

5,16,8,4,2,1,4,2,1, .  .   .   

 

 
y1  y2  y3  y4  y5  y6  y7  y8  .    .    . 

1  3  4  4  3  1  1  1  .    .    . 
 x1  x2  x3  x4  x5  x6  x7  x8 .    .    . 
 1  2  3  1  1  1  1  1 .    .    . 

 

 

 

Test of closed loop 

 

A closed loop is formed if : 

 (  )      
 

where C(N) is as expressed in equation (3), (4), (5), or (6).  

 

After substituting a = 3 and b = ½ in the above equations, a valid value of N cannot be obtained 

for any values of x‟s and y‟s except for those corresponding to the 1-4-2-1 loop, if there are no 

loops other than the 1-4-2-1 loop. 

 
Re-writing equation (6) below: 
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Let us test it for x1 = y1=1 ,which is the case of the 1-4-2-1 loop: 
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Thus we have reduced the Collatz conjecture to the problem of whether C(N) = N in the above 

equations, for some positive integer N. We need to show that C(N) = N only for the 1-4-2-1 loop, 

i.e. if no other loops exist (which is the more likely case). 

 

 ( )    
 
Using C(N) from equation (6): 
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For closed loop to occur, 
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One solution is: 

 

                           
 

                           
 

In this case equation (10) becomes: 

 

    
(        )     

                  
   

A solution to this equation will be: 

         
 

In this case: 

   
         

             
  

    

       
                                  

 

So we have proved that number 1 is one of the odd numbers that leads to a closed loop of Collatz 

sequence. The question is: is N =1  the only solution of equation (10)? A rigorous proof that 

equation (10) has no integer solution other than N=1 is needed [1]. 
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Conclusion 

 

Proving the Collatz conjecture requires proving that: 

1. The sequence will not diverge to infinity 

2. There are no other closed loops other than the 1-4-2-1 loop. 

 

We have presented a conclusive proof of the first. For the second, we have made significant 

progress in proving the second. Proving that equation (10) has no solution other than N=1 is 

required for a complete proof of the Collatz conjecture. 

 

 

 

Thanks to Almighty God Jesus Christ and His Mother Our Lady Saint Virgin Mary 
 

 
 

 

Notes and references 

 

1. In the last version of this paper I made a simple mistake which led to the wrong conclusion 

that the non-existence of other possible closed loops was completely proved. 

2. Also an infinite sequence of only odd numbers (or only even numbers) would not mean 

infinite information. 
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APPENDIX 

The following are Collatz sequences for four randomly selected starting numbers:                                                                                   

564358543425 , 76736783426, 456734256789, and 87654768546 . 

We can see that the number of even operations is always greater than the number of odd operations. For the first number there are 116 

odd operations vs. 220 even operations before the sequence reaches number 1, for the second number 84 odd operations vs.168 even 

operations, for the third number 56 odd operations vs 126 even operations, and for the last number 82 odd operations vs.165 even 

operations. This explains why the Collatz sequence always converges.  

Sequence 
0 if even ,    
1 if odd 

 
Sequence 

0 if even ,       
1 if odd 

 
Sequence 

0 if even ,       
1 if odd 

 
Sequence 

0 if even ,       
1 if odd 

           564358543425 1 
 

76736783426 0 
 

456734256789 1 
 

87654768546 0 

1693075630276 0 
 

38368391713 1 
 

1370202770368 0 
 

43827384273 1 

846537815138 0 
 

1.15105E+11 0 
 

685101385184 0 
 

131482152820 0 

423268907569 1 
 

57552587570 0 
 

342550692592 0 
 

65741076410 0 

1269806722708 0 
 

28776293785 1 
 

171275346296 0 
 

32870538205 1 

634903361354 0 
 

86328881356 0 
 

85637673148 0 
 

98611614616 0 

317451680677 1 
 

43164440678 0 
 

42818836574 0 
 

49305807308 0 

952355042032 0 
 

21582220339 1 
 

21409418287 1 
 

24652903654 0 

476177521016 0 
 

64746661018 0 
 

64228254862 0 
 

12326451827 1 

238088760508 0 
 

32373330509 1 
 

32114127431 1 
 

36979355482 0 

119044380254 0 
 

97119991528 0 
 

96342382294 0 
 

18489677741 1 

59522190127 1 
 

48559995764 0 
 

48171191147 1 
 

55469033224 0 

178566570382 0 
 

24279997882 0 
 

144513573442 0 
 

27734516612 0 

89283285191 1 
 

12139998941 1 
 

72256786721 1 
 

13867258306 0 

267849855574 0 
 

36419996824 0 
 

216770360164 0 
 

6933629153 1 

133924927787 1 
 

18209998412 0 
 

108385180082 0 
 

20800887460 0 
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401774783362 0 
 

9104999206 0 
 

54192590041 1 
 

10400443730 0 

200887391681 1 
 

4552499603 1 
 

162577770124 0 
 

5200221865 1 

602662175044 0 
 

13657498810 0 
 

81288885062 0 
 

15600665596 0 

301331087522 0 
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