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I. MODEL

S[ψ†, ψ] =

∫
x

[
1

2
ψ†iℏ∂tψ −

1

2
iℏ(∂tψ†)ψ − ℏ2

2m
∆ψ + (µ− eA0)ψ

†ψ

]
→

∫
x

ψ†
[
iℏ∂t +

ℏ2

2m
∆+ µ− eu

]
ψ (1)

Dimensions: [ℏ] = ML2T−1, [ℏc] = ML3T−2, [G−1
x,x′ ] = [ℏ]T−1/L3T = L−3T−2, L6T 3[ψ†G−1ψ] =

L3T [ℏ]T−1[ψ]2 = [ℏ], [ψ] = L−3/2

e
i
ℏW [â] = TrT̄ [e

i
ℏ
∫ tf
ti

dt
∫
x
[H(x)+a−(x)J−(x)]]T [e−

i
ℏ
∫ tf
ti

dt
∫
x
[H(x)−a+(x)J+(x)]]ρi

=

∫
D[ψ̂]D[ψ̂†]e

i
ℏ ψ̂

†·[Ĝ−1+â/]·ψ̂ (2)

ψ̂ =

(
ψ+

ψ−

)
, â =

(
a+

a−

)
. (3)

Density-current:

(â/)σ = aσµCσσµ = aσ0Cσσ + aσCσσ

ψ† · Cσσ
′

0 x · ψ = ψ†σ · C0 x · ψσ
′
= ψ†σ

x ψ
σ′

x

(Cσσ
′

0 x )
σ1σ2 = C0 xδσ1σδσ2σ

′

(C0 x)yz = δy,xδz,x

ψ† · Cσσ
′

x · ψ = ψ†σ · C0 x · ψσ
′
= − iℏ

2m
[ψ†σ∇ψσ

′
− (∇ψ†σ)ψσ

′
]x

(Cσσ
′

x )σ1σ2 = C0 xδ
σ1σδσ2σ

′

(Cx)yz = − iℏ
2m

δy,xδz,x(∇z −∇y) (4)

summation over repeated Greec indices. r̄ = 1/k̄ characteristic length scale.

Ĝ−1 = Ĝ−1
0 + Ĝ−1

BC (5)

where

Ĝ−1 =

(
G−1

0 0
0 −G−1∗

0

)
+G−1

BC, (6)

G−1
0 x′,x =

(
iℏ∂t +

ℏ2

2m
∆+ µ

)
δx,x′ (7)
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II. CURRENT GREEN FUNTION

W [â] = iξℏTr ln(Ĝ−1 + â/) ≈ âŵ(1) − 1

2
âG̃â (8)

G̃ =

(
−G̃n G̃f

−G̃f G̃n

)
+ iG̃i

(
1 1
1 1

)
(9)

G̃n = G̃ntr, G̃ftr = −G̃f , G̃r = G̃n + G̃f , G̃a = G̃n − G̃f = G̃atr, G̃i = G̃itr

a± =
a

2
(1± κ)± ā =

a

2
±
(
ā+

κ

2
a
)

(10)

G̃â =

(
−G̃n G̃f

−G̃f G̃n

)(
a
2 + ā+ κ

2a
a
2 − ā−

κ
2a

)
=

(
−G̃rā− κG̃r+G̃a

2 a

−G̃rā− κG̃r−G̃a

2 a

)

âG̃â = −(a
2
+ ā+

κ

2
a,
a

2
− ā− κ

2
a)

(
G̃rā+ κG̃r+G̃a

2 a

G̃rā+ κG̃r−G̃a

2 a

)

= −āG̃rā− 1 + κ

2
a
κG̃r + G̃a

2
a− āκG̃

r + G̃a

2
a− 1 + κ

2
aG̃rā

+āG̃rā+
1− κ
2

a
−κG̃r + G̃a

2
a+ ā

κG̃r − G̃a

2
a− 1− κ

2
aG̃rā

= −κaG̃na− āG̃aa− aG̃rā (11)

ℜW [a, ā] = āwaux(1) + aJgr +
1

2
(ā, a)

(
0 G̃a

G̃r κG̃n

)(
ā
a

)
(12)

(earlier signs)

Jgr =
1 + κ

2
w(1)+ +

1− κ
2

w(1)−, waux(1) = w(1)+ − w(1)− (13)

Unitarity: W [0, ā] = 0: waux(1) = 0

III. EFFECTIVE ACTION

A. Two fields

W [â0, â] = Γ[ρ̂, Ĵ ] + â0ρ̂+ âĴ (14)

where

ρ̂ =
δW

δâ0
, Ĵ =

δW

δâ
(15)

Inverse Legendre transformation:

δΓ

δĴ
=
δW [â]

δâ
· δâ
δĴ
− δa

δJ
· J − a = −â, δΓ

δρ̂
= −â0 (16)
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W [â] = w(1)â+
1

2
âw(2)â = Γ[Ĵ ] + âĴ = Γ[Ja, J ] + āJa + aJ (17)

where

Ĵ =
δW

δâ
= w(1) + w(2) · â (18)

Inversion:

â = w(2)−1 · (Ĵ − w(1)) (19)

Γ[Ĵ ] = w(1)w(2)−1(Ĵ − w(1)) +
1

2
(Ĵ − w(1))w(2)−1w(2)w(2)−1(Ĵ − w(1))− Ĵw(2)−1(Ĵ − w(1))

= w(1)w(2)−1w(1) + Ĵw(2)−1w(1) − 1

2
Ĵw(2)−1Ĵ (20)

Physical parametrization:

Γ[J, Ja] = ℜW [â]− āJa − aJ, J =
δW

δa
, Ja =

δW

δā
(21)

11 =

(
0 G̃a

G̃r κG̃n

)
·
(
−κG̃r−1G̃nG̃a−1 G̃r−1

G̃a−1 0

)
(22)

Γ[Ĵ ] = (Ja, J) ·
(
−κG̃r−1G̃nG̃a−1 G̃r−1

G̃a−1 0

)
·
(

0
Jgr

)
− 1

2
(Ja, J) ·

(
−κG̃r−1G̃nG̃a−1 G̃r−1

G̃a−1 0

)
·
(
Ja

J

)
= (Ja, J) ·

(
G̃r−1Jgr

0

)
+

1

2
(Ja, J) ·

(
κG̃r−1G̃nG̃a−1 −G̃r−1

−G̃a−1 0

)
·
(
Ja

J

)
= Ja · G̃r−1 · Jgr +

1

2
Ja · κG̃r−1G̃nG̃a−1 · Ja − 1

2
Ja · G̃r−1 · J − 1

2
J · G̃a−1 · Ja (23)

Equations of motion:

−a =
δΓ[Ja, J ]

δJ
, − ā =

δΓ[Ja, J ]

δJa
(24)

−ā = G̃r−1Jgr + κG̃r−1G̃nG̃a−1Ja − G̃r−1J

G̃r−1J − κG̃r−1G̃nG̃a−1Ja = ā+ G̃r−1Jgr (25)

G̃a−1Ja = a (26)

and

G̃r−1J = G̃r−1Jgr + κG̃r−1 · G̃n · a+ ā (27)
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B. Physical field

ℜW [a, ā] =
κ

2
aG̃na+ a(G̃rā+ Jgr) = w(1)a+

1

2
aw(2)a = Γ[J ] + aJ = Γ[J ] + aJ (28)

J =
δW

δa
= w(1) + w(2)a (29)

Inversion: a = w(2)−1(J − w(1))

Γ[J ] = w(1)w(2)−1(J − w(1)) +
1

2
(J − w(1))w(2)−1w(2)w(2)−1(J − w(1))− Jw(2)−1(J − w(1))

= w(1)w(2)−1w(1) + Jw(2)−1w(1) − 1

2
Jw(2)−1J

=
1

κ
JG̃n−1(G̃rā+ Jgr)−

1

2κ
JG̃n−1J (30)

and

J = G̃rā+ Jgr (31)

C. Bare action

e
i
ℏW [â] =

∫
D[ψ̂]D[ψ̂†]e

i
ℏ ψ̂

†·[Ĝ−1+â/]·ψ̂

=

∫
D[Ĵ ]e

i
ℏSB [Ĵ]+ i

ℏ Ĵ â =

∫
D[Ĵ ]e

i
2ℏ ĴG̃

−1Ĵ+ i
ℏ Ĵ(Â+â) = e−

i
2ℏ (Â+â)G̃(Â+â) = e−

i
2ℏ âG̃â−

i
ℏ âG̃Â− i

2ℏ ÂG̃Â (32)

W [â] = âŵ(1) − 1

2
âG̃â → SB [Ĵ ] =

1

2
ĴG̃−1Ĵ − ĴG̃−1ŵ(1) (33)

IV. IDENTITIES

A. CTP symmetry

Rµν±ω,q = R
(νµ)∓
−ω,−q (34)

Check:

R±
ω,q =

(
R

±(tt)
ω,q2 nR

±(ts)
ω,q2

nR
±(st)
ω,q2 TR

±(T )
ω,q2 + LR

±(L)
ω,q2

)
(35)

R̂µν±−ω,q =
ℏη3s
π5

∫
d3kd3p

nk(1− nk+q−p)F
µν±(k, q − p)

(p2 + η2)3{[−ω ± (ωk − ωk+q−p)]2 + γ2}

=
ℏη3s
π5

∫
d3kd3p

nk(1− nk+q−p)F
µν±(k, q − p)

(p2 + η2)3{[ω ∓ (ωk − ωk+q−p)]2 + γ2}

=

(
R

∓(tt)
ω,q2 −nR∓(ts)

ω,q2

−nR∓(st)
ω,q2 TR

∓(T )
ω,q2 + LR

∓(L)
ω,q2

)
= R̂

(µν)∓
ω,−q (36)
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B. Transposition

(
Lω,q − iR+

ω,q − iR−
ω,q −2iR−

ω,q

−2iR+
ω,q −L−ω,−q − iR+

ω,q − iR−
ω,q

)
=

(
L̃−ω,−q − iR̃+

−ω,−q − iR̃−
−ω,−q −2iR̃+

−ω,−q

−2iR̃−
−ω,q −L̃ω,q − iR̃+

−ω,−q − iR̃−
−ω,−q

)
(37)

Real part:

Lµνω,q =

(
Lttω,q2 nLtsω,q2
nLstω,q2 TLTω,q2 + LLLω,q2

)
(38)

Lµνω,q = L
(νµ)
−ω,−q

Ltsω,q2 = Lstω,q2 = −Lst−ω,q2
Ltt−ω,q2 = Lttω,q2

LT−ω,q2 = LTω,q2

LLω,q2 = LL−ω,q2 (39)

Check:

Lµν−ω,q = 2ℏ(2π)3
4η3s
π2

∫
k,p

(−ω + ωk − ωk+q−p)(nk − nk+q−p)F
µν(k, q − p)

(p2 + η2)3[(ω − ωk + ωk+q−p)2 + γ2]

= 2ℏ(2π)3
4η3s
π2

∫
k,p

(−ω − ωk + ωk−q+p)(−nk + nk−q+p)F
µν(k − q + p, q − p)

(p2 + η2)3[(ω + ωk − ωk−q+p)2 + γ2]

= 2ℏ(2π)3
4η3s
π2

∫
k,p

(ω + ωk − ωk+q−p)(nk − nk+q−p)F
µν(−k − q + p, q − p)

(p2 + η2)3[(ω + ωk − ωk+q−p)2 + γ2]
(40)

Fµν(k, q − p) =

(
1 −r̄

(
k + q−p

2

)
−r̄
(
k + q−p

2

)
r̄2
(
k + q−p

2

)
⊗
(
k + q−p

2

))
Fµν(−k − q + p, q − p) =

(
1 −r̄

(
−k − q + p+ q−p

2

)
−r̄
(
−k − q + p+ q−p

2

)
r̄2
(
−k − q + p+ q−p

2

)
⊗
(
−k − q + p+ q−p

2

))
=

(
1 r̄

(
k + q−p

2

)
r̄
(
k + q−p

2

)
r̄2
(
k + q−p

2

)
⊗
(
k + q−p

2

)) (41)

Lts−ω,q = − ℏ2η3s
π5mq2

∫
d3kd3p

(−ω + ωk − ωk+q−p)(nk − nk+q−p)(qk + q2−qp
2 )

(p2 + η2)3[(−ω + ωk − ωk+q−p)2 + γ2]

= − ℏ2η3s
π5mq2

∫
d3kd3p

(−ω − ωk + ωk+q−p)(−nk + nk+q−p)[q(−k − q + p) + q2−qp
2 ]

(p2 + η2)3[(−ω − ωk + ωk+q−p)2 + γ2]

= − ℏ2η3s
π5mq2

∫
d3kd3p

(ω + ωk − ωk+q−p)(nk − nk+q−p)(−qk − q2−qp
2 )

(p2 + η2)3[(ω + ωk − ωk+q−p)2 + γ2]
= −Ltsω,q

(42)

Imaginary part: same as the CTP symmetry,

Rµν±−ω,−q = R(νµ)∓
ω,q

R
±(ts)
ω,q2 = R

±(st)
ω,q2 = −R∓(st)

−ω,q2

R
±(tt)
−ω,q2 = R

∓(tt)
ω,q2

R
±(T )
−ω,q2 = R

∓(T )
ω,q2

R
±(L)
ω,q2 = R

∓(L)
−ω,q2 (43)
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C. Ward-identity

G̃ω,q =

(
G̃ttω,q2 nG̃tsω,q2

nG̃stω,q2 TG̃Tω,q2 + LG̃Lω,q2

)
(44)

∂tρ+∇j = 0 (45)

0 = G̃µ0ω − G̃µjqj =

(
ωG̃ttω,q2 − qG̃tsω,q2

n(ωG̃stω,q2 − qG̃Lω,q2

)
(46)

G̃tsω,q2 =
ω

q
G̃ttω,q2 , G̃Lω,q2 =

ω

q
G̃stω,q2 =

ω2

q2
G̃ttω,q2 (47)

V. GREEN FUNCTION AND ITS INVERSE

A. Different Green functions

ˆ̃G(σµ)(σ′ν)
ω,q =

(
G̃ttω,q2 nω

q G̃
tt
ω,q2

nω
q G̃

tt
ω,q2 Lω

2

q2 G̃
tt
ω,q2 + TG̃Tω,q2

)σσ′

=

(
Lω,q − iR+

ω,q − iR−
ω,q −2iR−

ω,q

−2iR+
ω,q −Lω,q − iR+

ω,q − iR−
ω,q

)µν
(48)

ℜG̃xx′ =
1

2

∫
q

(G̃q + G̃∗
−q)e

−iq(x−x′)

=

∫
q

(
Lω,q i(Rω,q −R−ω,−q)

−i(Rω,q −R−ω,−q) −Lω,q

)
e−iq(x−x

′)

iℑG̃xx′ =
1

2

∫
q

(G̃q − G̃∗
−q)e

−iq(x−x′) =

∫
q

(−iRω,q − iR−ω,−q)e
−iq(x−x′)

(
1 1
1 1

)
ℑG̃xx′ = −

∫
q

(Rω,q +R−ω,−q)e
−iq(x−x′)

(
1 1
1 1

)
Grxx′ = ℜG̃++

xx′ −ℑG̃−+
xx′

=
1

2

∫
q

(G̃++
q e−iq(x−x

′) + G̃++∗
q eiq(x−x

′))− (G̃−+
q e−iq(x−x

′) + G̃−+∗
q eiq(x−x

′))

=
1

2

∫
ω,q

[(Lω,q − iR+
ω,q − iR−

ω,q)e
−iq(x−x′) + (Lω,q + iR+

ω,q + iR−
ω,q)e

iq(x−x′)

+2iR+
ω,qe

−iq(x−x′) − 2iR+
ω,qe

iq(x−x′)]

=
1

2

∫
ω,q

(Lω,q − iR+
ω,q − iR−

ω,q + L−ω,−q + iR+
−ω,−q + iR−

−ω,−q + 2iR+
ω,q − 2iR+

−ω,−q]e
−iq(x−x′)

=

∫
ω,q

(Lω,q + iR+
ω,q − iR+

−ω,−q]e
−iq(x−x′) (49)

Removing the dimensions for the linear algebra:

J̃ =

(
ρ
m
ℏk̄j

)
= gJ, ã = g−1a, g =

(
1 0
0 m

ℏk̄

)
S = aWa = ãW̃ ã = ag−1W̃g−1a, W = g−1W̃g−1, W−1 = gW̃−1g (50)
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Null-space ωρ− kjL = 0, jL = ω
k ρ, J

(0) = (ωk ,−1)ρ, ωρ̃−
ℏk̄k
m j̃L = 0, zρ̃ = j̃L:

ãµω,k =

(
ũω,k
ãω,k

)
=

ṽ
(0)
ω,kz√
1 + z2

(
1
− 1
zn

)
+

ṽω,k√
1 + z2

(
1
zn

)
+

(
0

ãTω,k

)
aµω,k =

ṽ
(0)
ω,kz√
1 + z2

(
1

− m
zℏk̄n

)
+

ṽω,k√
1 + z2

(
1

z mℏk̄n

)
+

(
0

ãTω,k
m
ℏk̄

)
(51)

kjTω,k = kaTω,k = 0

âG̃â =

[
ṽσ−ω,−k√
1 + z2

(
1

z mℏk̄n

)
+

(
0

ãTσ−ω,−k
m
ℏk̄

)](
G̃ttω,q2 nω

q G̃
tt
ω,q2

nω
q G̃

tt
ω,q2 Lω

2

q2 G̃
tt
ω,q2 + TG̃Tω,q2

)σσ′ [
ṽσ

′

ω,k√
1 + z2

(
1

z mℏk̄n

)
+

(
0

ãTσ
′

ω,k
m
ℏk̄

)]

=

[
ṽ−ω,−k√
1 + z2

(
1

z mℏk̄n

)
+

(
0

ãT−ω,−k
m
ℏk̄

)][
G̃ttω,q2

√
1 + z2

(
1
nω
q

)
ṽω,k +

(
0

G̃Tω,q2 ã
T
ω,k

m
ℏk̄

)]
= ṽσ−ω,−kG̃

ttσσ′

ω,q2 (1 + z2)ṽσ
′

ω,k + ãTσ−ω,−k

m2

ℏ2k̄2
G̃Tσσ

′

ω,q2 ãTσ
′

ω,k (52)

B. Inverse

CTP bloks: (
a
b

)
=

(
A B
C D

)(
x
y

)
=

(
Ax+By
Cx+Dy

)
(53)

y first:

y = D−1(b− Cx)
Ax = a−By = a−BD−1(b− Cx)

x =
1

A−BD−1C
(a−BD−1b)

y = D−1

[
b− C 1

A−BD−1C
(a−BD−1b)

]
(
A B
C D

)−1

=

( 1
A−BD−1C − 1

A−BD−1CBD
−1

−D−1C 1
A−BD−1C D−1 +D−1C 1

A−BD−1CBD
−1

)
(54)

x first:

x = A−1(a−By)
Dy = b− Cx = b− CA−1(a−By)

y =
1

D − CA−1B
(b− CA−1a)

x = A−1

[
a−B 1

D − CA−1B
(b− CA−1a)

]
(
A B
C D

)−1

=

(
A−1 +A−1B 1

D−CA−1BCA
−1 −A−1B 1

D−CA−1B

− 1
D−CA−1BCA

−1 1
D−CA−1B

)
(55)
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(
A B
C D

)
=

(
L− iR+ − iR− −2iR−

−2iR+ −L− iR+ − iR−

)
=

(
L− iS+ −2iR−

−2iR+ −L− iS+

)
, S± = R+ ±R−

1

A−BD−1C
=

1

L− iR+ − iR− − 4R− 1
L+iR++iR−R+

=
L+ iR+ + iR−

L2 + (R+ +R−)2 − 4R−R+
=

L+ iR+ + iR−

L2 + (R+ −R−)2
=
L+ iS+

L2 + S2
−(

A B
C D

)−1

=

( L+iS+

L2+S2
−

−2i L+iS+

L2+S2
−
R− 1

L+iS+

−2i 1
L+iS+

R+ L+iS+

L2+S2
−
− 1
L+iS+

− 4 1
L+iS+

R+ L+iS+

L2+S2
−
R− 1

L+iS+

)

=

 L+iS+

L2+S2
−

− 2iR−

L2+S2
−

− 2iR+

L2+S2
−
− 1
L+iS+

(1 + 4R+R−

L2+S2
−
)

 =

 L+iS+

L2+S2
−

− 2iR−

L2+S2
−

− 2iR+

L2+S2
−
− 1
L+iS+

L2+S2
+

L2+S2
−


=

1

L2 + S2
−

(
L+ iS+ −2iR−

−2iR+ −L+ iS+

)
=

1

L2 + S2
−

[(
L 0
0 −L

)
+ i

(
S+ −2R−

−2R+ S+

)]
(56)

Jµω,k =
nω,k√
1 + z2

(
1

z ℏk̄
mn

)
+

(
0

jTω,k

)
(57)

âG̃â = ṽσ−ω,−kG̃
ttσσ′

ω,q2 (1 + z2)ṽσ
′

ω,k + ãTσ−ω,−k

m2

ℏ2k̄2
G̃Tσσ

′

ω,q2 ãTσ
′

ω,k

ĴG̃−1Ĵ = nσ−ω,−k

G̃tt−1σσ′

ω,q2

1 + z2
nσ

′

ω,k + jTσ−ω,−kG̃
T−1σσ′

ω,q2 jTσ
′

ω,k (58)

VI. EQUATIONS OF MOTION

jL = nj, jT = Tj, aL = na, aT = Ta, (ρ, j) = J − Jgr

A. Fourier transforms

∫
t′ω

iωe−iω(t−t
′)ft′ =

∫
t′ω

(∂t′e
−iω(t−t′))ft′ = −∂tft,

∫
x′q

iqeiq(x−x
′)fx′ =

∫
x′q

(−∂x′eiq(x−x
′))fx′ = ∂xfx (59)

∫
k

eiykk =
1

4π2

∫
dkk3dCeikrC =

1

4π2ir

∫
dkk2(eikr − e−ikr) = 1

4π2ir

∫
dkk2eikrsign(k)

= − 1

4π2ir
∂2r

∫
dkeikrsign(k)

sign(k) = i

∫
dz

2π

(
e−izk

z + iϵ
− eizk

z + iϵ

)
= i

∫
dz

2π
e−izk

(
1

z + iϵ
− 1

−z + iϵ

)
= 2i

∫
dz

2π
e−izk

z

z2 + ϵ2∫
k

eiykk = − 1

2π2r
∂2r

∫
dk
dz

2π
eik(r−z)

z

z2 + ϵ2
= − 1

2π2r
∂2r

r

r2 + ϵ2∫
k

eiyk

k
=

1

4π2

∫
dkkdCeikrC =

1

4π2ir

∫
dk(eikr − e−ikr) = 1

4π2ir

∫
dkeikr2i

∫
dz

2π
e−izk

z

z2 + ϵ2

=
1

2π2r

r

r2 + ϵ2
=

1

2π2(r2 + ϵ2)∫
k

eiyk

k2 + q2
=

1

4π2

∫
dkdC

k2eikrC

k2 + q2
=

1

4π2ir

∫
dkk

k2 + q2
(eikr − e−ikr) = 1

4π2ir

∫
dkkeikr

(k + iq)(k − iq)
=
e−qr

4πr
(60)
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Back to real space: Fq = fqq

Fx =

∫
q

eixqqfq =

∫
qy

ei(x−y)qqfy = − 1

2π2

∫
y

fx−yn
1

y
∂2y

y

y2 + ϵ2
= − 1

2π2

∫
d2ndy

y

y2 + ϵ2
∂2yyfx−yn (61)

∂yfx−yn = −n∇fx−yn, ∂2yfx−yn = (n∇)2fx−yn (62)

Fx = − 1

2π2

∫
d2ndy

y

y2 + ϵ2
[y(n∇)2fx−yn − 2n∇fx−yn]

= − 1

2π2

∫
d2n

dy

y
[y(n∇)2fx−yn − 2n∇fx−yn]

= − 1

2π2

∫
d3y

y2

[
(n∇)2fx−y −

2

y
n∇fx−y

]
= − 1

2π2

∫
d3y

(x− y)2

[
(n∇)2fy −

2

|x− y|
n∇fy

]
=

∫
y

qx,yfy (63)

qx,y = − 1

2π2(x− y)4
[(y∇y)

2 − 2y∇y] (64)

fx = δx,0

f̃x = − 1

2π2

∫
y

δx,y
1

y
∂2y

y

y2 + ϵ2
= − 1

2π2

1

r
∂2r

r

r2 + ϵ2
= − 1

2π2

1

r
∂r

[
1

r2 + ϵ2
− 2r2

(r2 + ϵ2)2

]
= − 1

2π2

1

r

[
− 2r

(r2 + ϵ2)2
− 4r

(r2 + ϵ2)2
+

8r3

(r2 + ϵ2)3

]
=

1

2π2

1

r

6r(r2 + ϵ2)− 8r3

(r2 + ϵ2)3

= − r2

π2(r2 + ϵ2)3
(65)

Fq = fqq
−1

Fx =

∫
q

eixqq−1fq =

∫
qy

ei(x−y)qq−1fy =

∫
y

1

2π2[(x− y)2 + ϵ2]
fy =

∫
y

q−1
x−yfy (66)

q−1
x =

1

2π2(x2 + ϵ2)
(67)

Fω = iπsign(ω)fω

Ft =

∫
t′ω

e−iω(t−t
′)iπsign(ω)ft′ =

∫
t′ω

e−iω(t−t
′)iπ2i

∫
dz

2π
e−izω

z

z2 + ϵ2
ft′ = −

∫
dτ

τ

τ2 + ϵ2
ft+τ =

∫
dτΣτft−τ (68)

Στ =
τ

τ2 + ϵ2
= P

1

τ
(69)
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B. Equations of motion in real space

j = jT + njL, n = q/|q|

a0 =
4π2

nsmkF

n

−2 + iπz + 2z2 + Q2

6

= −1

2

4π2

nsmkF

n

1− 1
2 iπz − z2 −

Q2

12

= −1

2

4π2

nsmkF

[
1 +

1

2
iπz +

(
1− π2

4

)
z2 +

Q2

12

]
n =

4π2

nsmkF

(
−1

2
− 1

4
πiz +

π2 − 8

8
z2 − Q2

24

)
︸ ︷︷ ︸

a0+iazz+azzz2+aqqQ2

n

aT =
4π2

nsmkF

m2

ℏ2k2F
1

− 2
3 + iπz + 2z2 + 1

6Q
2
jT = −3

2

4π2

nsmkF

m2

ℏ2k2F
1

1− 3
2 iπz − 3z2 − 1

4Q
2
jT

= −3

2

4π2

nsmkF

m2

ℏ2k2F

(
1 +

3

2
iπz +

(
3− 4π2

9

)
z2 +

1

4
Q2

)
jT

=
4π2

nsmkF

m2

ℏ2k2F

(
−3

2
− 9π

4
iz +

4π2 − 27

6
z2 − 3

8
Q2

)
︸ ︷︷ ︸

b0+ibzz+bzzz2+bqqQ2

jT (70)

a0 = −1

2
, az = −

π

4
, azz =

π2 − 8

8
, aqq = −

1

24

b0 = −3

2
, bz = −

9π

4
, bzz =

4π2 − 27

6
, bqq = −

3

8
(71)

ωn = kj = qjL (72)

nsmkF
4π2

a0 =

(
a0 + az

m

ℏk̄
iω

q
+ azz

m2

ℏ2k̄2
ω2

q2
+
aqq
k̄2
q2
)
n

nsmkF
4π2

ℏ2k2F
m2

aT =

(
b0 + bz

m

ℏk̄
iω

q
+ bzz

m2

ℏ2k̄2
ω2

q2
+
bqq
k̄2
q2
)
jT (73)

O(ω):

nsmkF
4π2

qa0 =
(
qa0 + az

m

ℏk̄
iω +

aqq
k̄2
q3
)
n

nsmkF
4π2

ℏ2k2F
m2

qaT =

(
qb0 + bz

m

ℏk̄
iω +

bqq
k̄2
q3
)
jT (74)

az
m

ℏk̄
iωn =

nsmkF
4π2

qa0 −
(
qa0 +

aqq
k̄2
q3
)
n

bz
m

ℏk̄
iωjT =

nsmkF
4π2

ℏ2k2F
m2

qaT −
(
qb0 +

bqq
k̄2
q3
)
jT (75)
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bz
m

ℏk̄
iωj =

nsmkF
4π2

ℏ2k2F
m2

qaT −
(
qb0 +

bqq
k̄2
q3
)(

1− q ⊗ q

q2

)
j + bz

m

ℏk̄
i
ω2

q2
qn

≈ nsmkF
4π2

ℏ2k2F
m2

qaT −
(
qb0 +

bqq
k̄2
q3
)(

j − q

q
jL

)
=

nsmkF
4π2

ℏ2k2F
m2

qaT −
(
qb0 +

bqq
k̄2
q3
)
j + q

(
b0 +

bqq
k̄2
q2
)
jL

=
nsmkF
4π2

ℏ2k2F
m2

qaT −
(
qb0 +

bqq
k̄2
q3
)
j + q

(
b0 +

bqq
k̄2
q2
)
ω

q
n

=
nsmkF
4π2

ℏ2k2F
m2

qaT − q
(
b0 +

bqq
k̄2
q2
)
j

−iq
(
b0 +

bqq
k̄2
q2
)

ℏk̄
azm

[
nsmkF
4π2

a0 −
(
a0 +

aqq
k̄2
q2
)
n

]
(76)

az
m

ℏk̄
∂tnx =

nsmkF
4π2

∫
y

[(y∇y)
2 − 2y∇y]a

0
y

2π2(x− y)4
+
(
−a0 +

aqq
k̄2

∆
)∫

y

[(y∇y)
2 − 2y∇y]ny

2π2(x− y)4

bz
m

ℏk̄
∂tjx =

nsmkF
4π2

ℏ2k2F
m2

∫
y

[(y∇y)
2 − 2y∇y]a

T
y

2π2(x− y)4
+

(
−b0 +

bqq
k̄2

∆

)∫
y

[(y∇y)
2 − 2y∇y]j

T
y

2π2(x− y)4
− bz

m

ℏk̄
∇Φx (77)

Φ =
ℏk̄
bzm

(
b0 +

bqq
k̄2
q2
)

ℏk̄
azm

[(
a0 +

aqq
k̄2
q2
)
n− nsmkF

4π2
a0
]

≈ − nsℏ2k̄3

4π2azbzm

(
b0 +

bqq
k̄2
q2
)
a0 +

ℏ2k̄2

azbzm2

(
a0b0 +

a0bqq + b0aqq
k̄2

q2
)
n

= − nsℏ2k̄3

4π2azbzm

(
b0 −

bqq
k̄2

∆

)
a0 +

ℏ2k̄2

azbzm2

(
a0b0 −

a0bqq + b0aqq
k̄2

∆

)
n

(78)

∂tnx =
nsℏk̄2

4π2az

∫
y

[(y∇y)
2 − 2y∇y]a

0
y

2π2(x− y)4
+

ℏk̄2

m

(
−a0
az

+
aqq
az k̄2

∆

)
1

k̄

∫
y

[(y∇y)
2 − 2y∇y]ny

2π2(x− y)4

∂tj
T
x =

nsℏk̄2

4π2bz

∫
y

[(y∇y)
2 − 2y∇y]a

T
y

2π2(x− y)4
+

ℏk̄2

m

(
−b0
bz

+
bqq
bz k̄2

∆

)
1

k̄

∫
y

[(y∇y)
2 − 2y∇y]j

T
y

2π2(x− y)4
−∇Φx (79)

O(ω2):

nsmkF
4π2

q2a0 =

(
q2a0 + az

m

ℏk̄
qiω + azz

m2

ℏ2k̄2
ω2 +

aqq
k̄2
q4
)
n

nsmkF
4π2

ℏ2k2F
m2

q2aT =

(
q2b0 + bz

m

ℏk̄
qiω + bzz

m2

ℏ2k̄2
ω2 +

bqq
k̄2
q4
)
jT (80)

azz
m2

ℏ2k̄2
ω2n =

nsmkF
4π2

q2a0 −
(
q2a0 + az

m

ℏk̄
qiω +

aqq
k̄2
q4
)
n

bzz
m2

ℏ2k̄2
ω2jT =

nsmkF
4π2

ℏ2k2F
m2

q2aT −
(
q2b0 + bz

m

ℏk̄
qiω +

bqq
k̄2
q4
)
jT (81)

For a given wave vector:

n =
ã0

ω2 + ciω + d

jT =
ãT

ω2 + eiω + f
(82)
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with

c =
azq

azz

ℏk̄
m
, d =

a0q
2 +

aqq
k̄2
q4

azz
m2

ℏ2k̄2

(83)

Overdamped modes: −c2 < 4d, −e2 < 4f

−a
2
zq

2

a2zz

ℏ2k̄2

m2
< 4

a0q
2 +

aqq
k̄2
q4

azz
m2

ℏ2k̄2

− a2z
a2zz

< 4
a0 +

aqq
k̄2
q2

azz

− a2z
4a2zz

− a0
azz

<
aqq
azz

q2

k̄2

q2

k̄2
< − a2z

4azzaqq
− a0
aqq

=
8 · 24π2

16 · 4(π2 − 8)
− 24

2
= 12

[
π2

4(π2 − 8)
− 1

]
∼ 3.84

q2

k̄2
< − b2z

4bzzbqq
− b0
bqq

=
6 · 8 · 81π2

16 · 4(4π2 − 27)3
− 3 · 8

3 · 2
= 4

[
81π2

16(4π2 − 27)
− 1

]
∼ 12.02 (84)

Near field Green function only: π → 0:

a0 = −1

2
, az = −

π

4
→ 0, azz =

π2 − 8

8
→ −1, aqq = −

1

24

b0 = −3

2
, bz = −

9π

4
→ 0, bzz =

4π2 − 27

6
→ −9

2
, bqq = −

3

8
(85)

and

ω2 = −q2 ℏ
2k̄2

m2

a0 +
aqq
k̄2
q2

azz
= −q2 ℏ

2k̄2

m2

(
1

2
+

q2

24k̄2

)
(86)

Static flow:

nq =
nsmkF
4π2

[
−1 +

(
1

Q
− Q

4

)
ln

∣∣∣∣∣1− Q
2

1 + Q
2

∣∣∣∣∣
]
a0

≈ −nsmkF
4π2

2

3
e−

Q2

3 a0 (87)

a0 = const, nx = nx, no dependence in y, z:

nx = −2a0nsmkF
24π3

∫
dqe

iqx− q2

3k2
F

= −a0nsmkF
12π3

√
2π
2

3k2F

e
− x2

2 2
3k2

F = −a0nsmk
2
F

12π3

√
3πe−

3
4k

2
F x

2

(88)

Navier-Stokes equation:

nD0va = Fa + ∂ℓ

[
η

(
∂ℓva + ∂avℓ −

2

3
δa,ℓ∂⃗v⃗

)]
+ ∂a(ξ∂⃗v⃗) (89)

for ∂η = ∂ξ = 0

n[∂tv + (v∇)v] = −∇p+ η∆v +
(
ξ +

η

3

)
∇(∇v) (90)
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VII. DECOHERENCE

a± =
a

2
(1± κ)± ā =

a

2
±
(
ā+

κ

2
a
)

aJ = a

(
1 + κ

2
J+ +

1− κ
2

J−
)

︸ ︷︷ ︸
J

+ā(J+ − J−︸ ︷︷ ︸
Ja

)

J =
1 + κ

2
J+ +

1− κ
2

J− =
1

2
(J+ + J−) +

κ

2
(J+ − J−), Ja = J+ − J−

J− = J+ − Ja, J = J+ − 1

2
Ja +

κ

2
Ja

J+ = J +
1− κ
2

Ja = J +
Ja

2
− κ

2
Ja, J− = J − 1 + κ

2
Ja = J − Ja

2
− κ

2
Ja, J± = J − κ

2
Ja ± Ja

2
(91)

iSB [Ĵ ] =
i

2(L2 + S2
−)

(
u+

v

2
, u− v

2

)[(
L 0
0 −L

)
+ i

(
S+ −2R−

−2R+ S+

)](
u+ v

2
u− v

2

)
=

i

2(L2 + S2
−)

(
u+

v

2
, u− v

2

)[(
L(u+ v

2 )
−L(u− v

2 )

)
+ i

(
uS− + v

2S+ + vR−

−uS− − v
2S+ − vR+

)]
=

i

2(L2 + S2
−)

[uLv + vLu+ i(−uS−v + vS−u+ vS+v)]

= i
uLv

L2 + S2
−

+
uS−v

L2 + S2
−
− vS+v

2(L2 + S2
−)

(92)

J → J − κ
2J

a:

iSB [Ĵ ] = i
(J − κ

2J
a)LJa

L2 + S2
−

+
(J − κ

2J
a)S−J

a

L2 + S2
−

− JaS+J
a

2(L2 + S2
−)

=
1

L2 + S2
−

[
i
(
JLJa − κ

2
JaLJa

)
+ JS−J

a − κ

2
JaS−J

a − 1

2
JaS+J

a

]
=

1

L2 + S2
−

[
iJLJa + JS−J

a − 1

2
JaS+J

a

]
(93)

and κ-dependence drops out.

A. Mode-by-mode

Generating functional:

E = i
u∗(L− iS−)v

2(L2 + S2
−)

+ i
v∗(L+ iS−)u

2(L2 + S2
−)
− v∗S+v

2(L2 + S2
−)

+ ix∗u+ iu∗x+ iy∗v + iv∗y

= i
(u∗ + a∗)(L− iS−)(v + b)

2(L2 + S2
−)

+ i
(v∗ + b∗)(L+ iS−)(u+ a)

2(L2 + S2
−)

− (v∗ + b∗)S+(v + b)

2(L2 + S2
−)

+ix∗(u+ a) + i(u∗ + a∗)x+ iy∗(v + b) + i(v∗ + b∗)y

= i
u∗(L− iS−)v

2(L2 + S2
−)

+ i
v∗(L+ iS−)u

2(L2 + S2
−)
− v∗S+v

2(L2 + S2
−)

+ i

(
x+

b(L− iS−)

2(L2 + S2
−)

)∗

u

+iu∗
(
x+

(L− iS−)b

2(L2 + S2
−)

)
+ i

(
y +

a(L+ iS−)− ibS+

2(L2 + S2
−)

)∗

v + iv∗
(
y +

(L+ iS−)a+ iS+b

2(L2 + S2
−)

)
i
a∗(L− iS−)b

2(L2 + S2
−)

+ i
b∗(L+ iS−)a

2(L2 + S2
−)
− b∗S+b

2(L2 + S2
−)

(94)
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b = −
2(L2 + S2

−)

L− iS−
x = 2(L+ iS−)x

a(L+ iS−)

2(L2 + S2
−)

= − ibS+

2(L2 + S2
−)
− y

a = − ibS+

L+ iS−
− y

2(L2 + S2
−)

L+ iS−
= − ibS+

L+ iS−
− 2y(L− iS−) = −2iS+x− 2y(L− iS−)

b∗ = −
2(L2 + S2

−)

L+ iS−
x∗ = 2(L− iS−)x

∗

a∗(L− iS−)

2(L2 + S2
−)

= − ib∗S+

2(L2 + S2
−)
− y∗

a∗ = − ib∗S+

L− iS−
− y∗

2(L2 + S2
−)

L− iS−
= − ib∗S+

L− iS−
− 2y∗(L+ iS−) = −2iS+x

∗ − 2y∗(L+ iS−)

(95)

iSB = i
u∗(L− iS−)v + c.c.

2(L2 + S2
−)

− v∗S+v

2(L2 + S2
−)

= i
(u1 − iu2)(L− iS−)(v1 + iv2) + c.c.

2(L2 + S2
−)

− (v1 − iv2)S+(v1 + iv2)

2(L2 + S2
−)

= i
u1Lv1 + u2Lv2 − u2S−v1 + u1S−v2

L2 + S2
−

− v1S+v1 + v2S+v2
2(L2 + S2

−)

=
1

2(L2 + S2
−)

(u1, u2, v1, v2)

 0 0 iL iS−
0 0 −iS− iL
iL iS− −S+ 0
−iS− iL 0 −S+


u1u2v1
v2

 (96)

D = det

 0 0 iL iS−
0 0 −iS− iL
iL iS− −S+ 0
−iS− iL 0 −S+

 = iLiL(−L2 − S2
−) + iS−iS−(−L2 − S2

−)) = (L2 + S2
−)

2 (97)

eiW =

∫
dudu∗dvdv∗e

i
u∗(L−iS−)v

2(L2+S2
−)

+i
v∗(L+iS−)u

2(L2+S2
−)

− v∗S+v

2(L2+S2
−)

+ix∗u+iu∗x+iy∗v+iv∗y
(98)

W = −i ln (2π)2

L2 + S2
−

+
a∗(L− iS−)b

2(L2 + S2
−)

+
b∗(L+ iS−)a

2(L2 + S2
−)

+ i
b∗S+b

2(L2 + S2
−)

≈ 1

2(L2 + S2
−)
{[−2iS+x

∗ − 2y∗(L+ iS−)](L− iS−)2(L+ iS−)x

+2(L− iS−)x
∗(L+ iS−)[−2iS+x− 2y(L− iS−)] + i2(L− iS−)x

∗S+2(L+ iS−)x}
= [−2iS+x

∗ − 2y∗(L+ iS−)]x+ x∗[−2iS+x− 2y(L− iS−)] + ix∗S+2x

= −2(L+ iS−)y
∗x− 2(L− iS−)x

∗y − i2S+xx
∗ (99)
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i⟨u⟩ = [−2i(L− iS−)y + 2S+x]e
−2i(L+iS−)y∗x−2i(L−iS−)x∗y+2S+xx

∗

−⟨u∗u⟩ = {[−2i(L− iS−)y + 2S+x][−2i(L+ iS−)y
∗ + 2S+x

∗] + 2S+}
= {−4(L2 + S2

−)y
∗y + 4S2

+x
∗x− 4iS+(L+ iS−)y

∗x− 4iS+(L− iS−)x
∗y + 2S+} → 2S+

−i⟨u∗u∗u⟩ = [(−2i(L+ iS−)y
∗ + 2S+x

∗]{[−2i(L− iS−)y + 2S+x][−2i(L+ iS−)y
∗ + 2S+x

∗] + 2S+}
+2S+[−2i(L+ iS−)y

∗ + 2S+x
∗]

= [−2i(L− iS−)y + 2S+x][−2i(L+ iS−)y
∗ + 2S+x

∗]2 + 4S+[(−2i(L+ iS−)y
∗ + 2S+x

∗]

⟨(u∗u)2⟩ = [−2i(L− iS−)y + 2S+x]
(
[−2i(L− iS−)y + 2S+x][−2i(L+ iS−)y

∗ + 2S+x
∗]2

+4S+[(−2i(L+ iS−)y
∗ + 2S+x

∗]
)
+ 4S+[−2i(L− iS−)y + 2S+x][−2i(L+ iS−)y

∗ + 2S+x
∗] + 8S2

+

= [−2i(L− iS−)y + 2S+x]
2[−2i(L+ iS−)y

∗ + 2S+x
∗]2

+8S+[(−2i(L+ iS−)y
∗ + 2S+x

∗][−2i(L− iS−)y + 2S+x] + 8S2
+ → 8S2

+

i⟨v⟩ = −2i(L+ iS−)xe
−2i(L+iS−)y∗x−2i(L−iS−)x∗y+2S+xx

∗

−⟨u∗v⟩ = −2i(L+ iS−)

i⟨v∗⟩ = −2i(L− iS−)x
∗e−2i(L+iS−)y∗x−2i(L−iS−)x∗y+2S+xx

∗

−⟨v∗u⟩ = −2i(L− iS−)

(100)

Relative length:

R =
⟨(u∗u)2⟩
⟨u∗v⟩⟨v∗u⟩

=
2S2

+

L2 + S2
−

(101)

Decoherence:

D =
⟨u∗u⟩

⟨u∗v⟩⟨v∗u⟩
=

S+

2(L2 + S2
−)

(102)

Classicality:

C =
S+

L
(103)

B. Whole configuration

iSB [Ĵ ] = i
(J − κ

2J
a)LJa

L2 + S2
−

+
(J − κ

2J
a)S−J

a

L2 + S2
−

− JaS+J
a

2(L2 + S2
−)

=
1

L2 + S2
−

[
i
(
JLJa − κ

2
JaLJa

)
+ JS−J

a − κ

2
JaS−J

a − 1

2
JaS+J

a

]
=

1

L2 + S2
−

[
iJLJa + JS−J

a − 1

2
JaS+J

a

]
(104)

Z[b, ba] =

∫
D[J ]D[Ja]e

i
ℏSB [Ĵ]+ i

ℏ bJ+
i
ℏ b

aJa

=
1

L2 + S2
−

[
iJLJa + JS−J

a − 1

2
JaS+J

a

]
(105)
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Appendix A: Density-current two-point functions

G̃(00)(σσ′)
x,y = insξℏ

∫
r,s

Gσ
′σ
r e−ir(y−x)Gσσ

′

s e−is(x−y)

= insξℏ
∫
r,s

Gσ
′σ
r Gσσ

′

s e−i(s−r)(x−y),

G̃(0j)(σσ′)
x,y = −nsξℏ

2

2m

∫
a,b,r,s

Gσ
′σ
r e−ir(a−b)δb,xG

σσ′

s e−is(b−a)(← ∂ajδa,y − δa,y∂aj →)

= −insξℏ
2

2m

∫
a,b,r,s

Gσ
′σ
r e−ir(a−b)δb,xG

σσ′

s e−is(b−a)δa,y(sj + rj)χ
ts
r χ

ts
s

= −insξℏ
2

2m

∫
r,s

Gσ
′σ
r Gσσ

′

s e−i(s−r)(x−y)(sj + rj),

G̃(jk)(σσ′)
x,y = −insξℏ

3

4m2

∫
a,b,r,s

Gσ
′σ
r e−ir(a−b)(← ∂jδb,x − δb,x∂j →)Gσσ

′

s e−is(b−a)(← ∂kδa,y − δa,y∂k →)

= i
nsξℏ3

4m2

∫
a,b,r,s

Gσ
′σ
r e−ir(a−b)δb,x(rj + sj)G

σσ′

s e−is(b−a)δa,y(sk + rk)

= i
nsξℏ3

4m2

∫
r,s

Gσ
′σ
r Gσσ

′

s e−i(s−r)(x−y)(rj + sj)(sk + rk), (A1)

G̃x,y =

∫
p

G̃pe
−ip(x−y), (A2)

and we find

G̃(00)(σσ′)
p = insξℏ

∫
r

Gσ
′σ
r Gσσ

′

p+r

G̃(0j)(σσ′)
p = −insξℏ

2

m

∫
r

Gσ
′σ
r Gσσ

′

p+r)
(
rj +

pj
2

)
G̃(j0)(σσ′)
p = −insξℏ

2

m

∫
r

Gσ
′σ
r Gσσ

′

p+r)
(
rj +

pj
2

)
G̃(jk)(σσ′)
p = i

nsξℏ3

m2

∫
r

Gσ
′σ
r Gσσ

′

p+r

(
rj +

pj
2

)(
rk +

pk
2

)
(A3)

Fµν(k, q) =

(
1 − ℏ

m

(
k + q

2

)
− ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)) (A4)

Fµν(−k − q, q) =

(
1 − ℏ

m

(
−k − q + q

2

)
− ℏ
m

(
−k − q + q

2

)
r̄2
(
−k − q + q

2

)
⊗
(
−k − q + q

2

))
=

(
1 ℏ

m

(
k + q

2

)
ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)) (A5)

G̃(µν)σσ′

q = insξℏ
∫
p

Gσσ
′

p+qG
σ′σ
p e4iηp

0

= insξℏ
∫
k

(
1

k0+q0−ω̃k+q
− i2πδγ(k0 + q0 − ωk+q)ξnk+q −i2πδ(k0 + q0 − ω̃k+q)nk+q

−i2πδ(k0 + q0 − ω̃k+q)(ξ + nk+q)
1

ϵ̃∗k+q−k0−q0
− i2πδγ(k0 + q0 − ωk+q)ξnk+q

)σσ′

×

(
1

k0−ω̃k
− i2πδγ(k0 − ωk)ξnk −i2πδ(k0 − ω̃k)nk

−i2πδ(k0 − ω̃k)(ξ + nk)
1

ϵ̃∗k−k0
− i2πδγ(k0 − ωk)ξnk

)σ′σ

Fµν(k, q) (A6)
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G̃(µν)++
q =insξℏ

∫
k

(
1

k0 + q0 − ω̃k+q
− i2πδγ(k0 + q0 − ωk+q)ξnk+q

)(
1

k0 − ω̃k
− i2πδγ(k0 − ωk)ξnk

)
Fµν(k, q)

G̃(µν)++
vq = insξℏ

∫
k

Fµν(k, q)

(k0 + q0 − ωk+q + iγ)(k0 − ωk + iγ)

= insξℏ
∫
k

Fµν(k, q)

−ωk − q0 + ωk+q

∫
k0

[
1

k0 + q0 − ωk+q + iγ
− 1

k0 − ωk + iγ

]
= 0

G̃(µν)++
eq = insξℏ

∫
k

[
− i2πδγ(k

0 − ωk)ξnk

k0 + q0 − ωk+q + iγ
− i2πδγ(k

0 + q0 − ωk+q)ξnk+q

k0 − ωk + iγ

−2πδγ(k0 + q0 − ωk+q)nk+q2πδγ(k
0 − ωk)nk

]
Fµν(k, q) (A7)

+-:

G̃+−
q = −insξℏ

∫
k

2πδ(k0 + q0 − ωk+q + iγ)nk+q2πδ(k
0 − ωk + iγ)(ξ + nk)F

µν(k, q)

= −insξℏ
∫
k

2πδ(ωk − ωk+q + q0)nk+q(ξ + nk)F
µν(k, q)

= −insξℏ
∫
k

2πδ(ωk−q − ωk + q0)nk(ξ + nk−q)F
µν(k − q, q)

= −insξℏ
∫
k

2πδ(ωk+q − ωk + q0)nk(ξ + nk+q)F
µν(−k − q, q)

= −2iRµν−q = −2iRµν−q

G̃−+
q = −insξℏ

∫
k

2πδ(k0 + q0 − ωk+q + iγ)(ξ + nk+q)2πδ(k
0 − ωk + iγ)nkF

µν(k, q)

= −insξℏ
∫
k

2πδ(ωk + q0 − ωk+q)nk(ξ + nk+q)F
µν(k, q)

= −2iRµν+q (A8)

Fµν±(k, q) =

(
1 ∓ ℏ

m

(
k + q

2

)
∓ ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)) (A9)

Rµνq = nsπℏ
∫
k

δ(ω − ωk+q + ωk)nk(1 + ξnk+q)F
+µν(k, q) (A10)

Rµν±q = Rµν±q is independent of γ.
++ for γ = 0:

G̃(µν)++
q = nsℏ

∫
k

[
nk

ωk + q0 − ωk+q + iϵ
+

nk+q

−q0 + ωk+q − ωk + iϵ
− iξ2πδ(ωk + q0 − ωk+q)nk+qnk

]
Fµν(k, q)

(A11)

ℜG̃(µν)++
q = nsℏP

∫
k

nk − nk+q

q0 − ωk+q + ωk
Fµν(k, q)

= nsℏP
∫
k

nk

[
Fµν(k, q)

q0 + ωk − ωk+q
− Fµν(k − q, q)

q0 + ωk−q − ωk

]
= nsℏP

∫
k

nk

[
Fµν(k, q)

q0 + ωk − ωk+q
+

Fµν(k − q, q)

−q0 + ωk − ωk−q

]
= nsℏP

∫
k

nk

[
Fµν(k, q)

q0 + ωk − ωk+q
+

Fµν(−k − q, q)

−q0 + ωk − ωk+q

]
(A12)
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ℑG̃(µν)++
q = −nsπℏ

∫
k

δ(q0 − ωk+q + ωk)(nk + nk+q + 2ξnk+qnk)F
µν(k, q)

= −nsπℏ
∫
k

δ(q0 − ωk+q + ωk)[nk(1 + ξnk+q) + nk+q(1 + ξnk)]F
µν(k, q)

= −nsπℏ
∫
k

[δ(q0 − ωk+q + ωk)nk(1 + ξnk+q)F
µν(k, q) + δ(q0 − ωk + ωk−q)nk(1 + ξnk−q)F

µν(k − q, q)]

=−nsπℏ
∫
k

[δ(q0 − ωk+q + ωk)nk(1 + ξnk+q)F
µν(k, q) + δ(q0 − ωk + ωk+q)nk(1 + ξnk+q)F

µν(−k − q, q)]

= −Rµν+q −Rµν−q (A13)

++ for finite life-time, τ = 1/γ :

G̃(µν)++
eq = nsℏ

∫
k

[
2πδγ(k

0 − ωk)nk
k0 + q0 − ωk+q + iγ︸ ︷︷ ︸

A

+
2πδγ(k

0 + q0 − ωk+q)nk+q

k0 − ωk + iγ︸ ︷︷ ︸
B

−iξ2πδγ(k0 + q0 − ωk+q)nk+q2πδγ(k
0 − ωk)nk︸ ︷︷ ︸

C

]
Fµν(k, q) (A14)

A = 2nsℏγ
∫
k

nkF
µν(k, q)

[(k0 − ωk)2 + γ2](k0 + q0 − ωk+q + iγ)

= 2nsℏγ
∫
k

nkF
µν(k, q)

(k0 − ωk + iγ)(k0 − ωk − iγ)(k0 + q0 − ωk+q + iγ)

= 2nsiℏγ
∫
k

nkF
µν(k, q)

(ωk − ωk + i2γ)(ωk + q0 − ωk+q + i2γ)

= nsℏ
∫
k

nkF
µν(k, q)

q0 + ωk − ωk+q + 2γi
(A15)

by closing the countour upward.

B = 2nsℏγ
∫
k

nk+qF
µν(k, q)

[(k0 + q0 − ωk+q)2 + γ2](k0 − ωk + iγ)

= 2nsℏγ
∫
k

nk+qF
µν(k, q)

(k0 + q0 − ωk+q + iγ)(k0 + q0 − ωk+q − iγ)(k0 − ωk + iγ)

= 2nsℏiγ
∫
k

nk+qF
µν(k, q)

2iγ(−q0 + ωk+q − ωk + i2γ)

= −nsℏ
∫
k

nk+qF
µν(k, q)

q0 − ωk+q + ωk − 2γi
(A16)
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C = −nsiξℏ
∫
k

2πδγ(k
0 + q0 − ωk+q)nk+q2πδγ(k

0 − ωk)nkF
µν(k, q)

= −4nsiξγ2ℏ
∫
k

nk+qnkF
µν(k, q)

[(k0 + q0 − ωk+q)2 + γ2][(k0 − ωk)2 + γ2]

= −4nsiξγ2ℏ
∫
k

nk+qnkF
µν(k, q)

(k0 + q0 − ωk+q + iγ)(k0 + q0 − ωk+q − iγ)(k0 − ωk + iγ)(k0 − ωk − iγ)

= 4nsξγ
2ℏ
∫
k

nk+qnkF
µν(k, q)

2iγ(−q0 + ωk+q − ωk + i2γ)(−q0 + ωk+q − ωk)

+4nsξγ
2ℏ
∫
k

nk+qnkF
µν(k, q)

(ωk + q0 − ωk+q + i2γ)(ωk + q0 − ωk+q)2iγ

= −2nsiξγℏ
∫
k

nk+qnkF
µν(k, q)

(q0 − ωk+q + ωk − i2γ)(q0 − ωk+q + ωk)
− c.c.

= −4nsiξγℏℜ
∫
k

nk+qnkF
µν(k, q)

(q0 − ωk+q + ωk − i2γ)(q0 − ωk+q + ωk)
(A17)

ℜG̃(γ)µν++
eq = nsℏℜ

∫
k

Fµν(k, q)

[
nk

q0 + ωk − ωk+q + i2γ
− nk+q

q0 − ωk+q + ωk − i2γ

]
ℑG̃(γ)µν++

q = nsℏℑ
∫
k

Fµν(k, q)

[
nk

q0 + ωk − ωk+q + i2γ
− nk+q

q0 − ωk+q + ωk − i2γ

]
−4nsξγℏℜ

∫
k

nk+qnkF
µν(k, q)

(q0 − ωk+q + ωk − i2γ)(q0 − ωk+q + ωk)

= −2nsγℏ
∫
k

(nk + nk+q)F
µν(k, q)

(q0 + ωk − ωk+q)2 + 4γ2
− 4nsγξℏ

∫
k

nknk+qF
µν(k, q)

[(q0 + ωk − ωk+q)2 + 4γ2]

= −nsπℏ
∫
k

δ2γ(q
0 − ωk+q + ωk)(nk + nk+q + 2ξnk+qnk)F

µν(k, q) (A18)

Appendix B: Zero temperature fermions

1. Real part

ℜG̃(µν)++
ω,q = L(µν)++

ω,q = nsℏP
∫
k

nk

[
Fµν+(k, q)

ω − ℏq2
2m −

ℏkq
m

+
Fµν−(k, q)

−ω − ℏq2
2m −

ℏkq
m

]
(B1)

z = ωm/ℏk̄q, b± = Q
2 ± z,

1
Q (b

3
− + b3+) =

Q2

4 + 3z2

Lttω,q =
nsℏ
4π2

P

∫
dkk2dCnk

1

ω − ℏq2
2m −

ℏkqC
m

+ (ω → −ω)

= − nsm
4π2q

P

∫ kF

0

dkk ln

∣∣∣∣2mω − ℏq2 − 2ℏkq
2mω − ℏq2 + 2ℏkq

∣∣∣∣+ (ω → −ω)

=
nsmkF
4π2

{
−1 + kF

2q

[
1−

(
z − q

2kF

)2
]
ln

∣∣∣∣∣1 + z − q
2kF

1− z + q
2kF

∣∣∣∣∣− kF
2q

[
1−

(
z +

q

2kF

)2
]
ln

∣∣∣∣∣1 + z + q
2kF

1− z − q
2kF

∣∣∣∣∣
}

=
nsmkF
4π2

∑
τ

[
−1

2
+

1

2Q
(1− b2τ ) ln

∣∣∣∣1− bτ1 + bτ

∣∣∣∣] (B2)
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Gradient expansion:

Lttω,q =
nsmkF
4π2

∑
τ

[
−1

2
− 1

Q
(1− b2τ )(bτ +

1

3
b3τ +O(b5))

]
= −nsmkF

4π2

∑
τ

[
1

2
+
bτ
Q
− 2

3Q
b3τ

]
+

1

Q
O(b5)

≈ −nsmkF
4π2

(
2− Q2

6
− 2z2

)
(B3)

Imaginary energy: z = iw, b = Q
2 + iw

Lttiω,q =
nsmkF
4π2

[
−1 +

1− Q2

4 + w2

Q
ln

∣∣∣∣∣1 + Q2

4 −Q+ w2

1 + Q2

4 +Q+ w2

∣∣∣∣∣
]

≈ −nsmkF
4π2

(
2− Q2

6
+ 2w2

)
(B4)

Q = k/kF = 1/R

a = k̄z − q

2
=
ωm

ℏq
− q

2
=
q

2

(
ℏω
ℏ2q2

2m

− 1

)
, b± =

q

2k̄
± z = q

2k̄

(
1± ℏω

ℏ2q2

2m

)
(B5)

Static case: z = 0:

Lttq =
nsmkF
4π2

[
−1 + 1

Q

(
1− Q2

4

)
ln

∣∣∣∣∣1− Q
2

1 + Q
2

∣∣∣∣∣
]

=
nsmkF
4π2

[
−1 +

(
1

Q
− Q

4

)
ln

∣∣∣∣∣1− Q
2

1 + Q
2

∣∣∣∣∣
]

(B6)

ℜG̃ssω,q =
nsℏ3

m2
P

∫
k

nk
(k + q

2 )⊗ (k + q
2 )

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

TrℜG̃ssω,q =
nsℏ3

m2
P

∫
k

nk
k2 + q2

4 + kq

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

qℜG̃ssω,qq =
nsℏ3

m2
P

∫
k

nk
(qk)2 + q4

4 + q2kq

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

ℜG̃Tω,q =
nsℏ3

2m2
P

∫
k

nk
k2 + q2

4 + kq − (nk)2 − q2

4 − kq

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

=
nsℏ3

2m2
P

∫
k

nk
k2 − (nk)2

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

(B7)

because T = 1
2 (Tr− L)∫
dc

1

a+ bc
=

1

b
ln(a+ bc)∫

dc
c

a+ bc
=

1

b

∫
dc

[
a+ bc

a+ bc
− a

a+ bc

]
=
c

b
− a

b2
ln(a+ bc)∫

dc
c2

a+ bc
=

1

b

∫
dcc

[
1− a

a+ bc

]
=
c2

2b
− a

b

(c
b
− a

b2
ln(a+ bc)

)
=
c2

2b
− ac

b2
+
a2

b3
ln(a+ bc)∫

dc
1− c2

a+ bc
= − c

2

2b
+
ac

b2
+
b2 − a2

b3
ln(a+ bc) (B8)
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ℜG̃Tω,q =
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

∫ 1

−1

dC
1− C2

ω − ℏq2
2m −

ℏkqC
m

+ (ω → −ω)

=
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

[
c2

2ℏkq
m

+
(ω − ℏq2

2m )c

(ℏkqm )2
−

(ℏkqm )2 − (ω − ℏq2
2m )2

(ℏkqm )3
ln(ω − ℏq2

2m
− ℏkqC

m
)

]1
−1

=
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

[
2ω − ℏq2

m

(ℏkqm )2
+

(ℏkqm )2 − (ω − ℏq2
2m )2

(ℏkqm )3
ln
ω − ℏq2

2m + ℏkq
m

ω − ℏq2
2m −

ℏkq
m

]
+ (ω → −ω)

=
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

[
2ωm2 −mℏq2

ℏ2k2q2
+

m

ℏkq

(
1− (

mω

ℏkq
− q

2k
)2
)
ln
ω − ℏq2

2m + ℏkq
m

ω − ℏq2
2m −

ℏkq
m

]
+ (ω → −ω)

=
nsℏ(2ωm− ℏq2)

8π2mq2

∫ ∞

0

dkk2nk +
nsℏ2

8π2mq

∫ ∞

0

dknk

(
k3 − k(mω

ℏq
− q

2
)2
)
ln

mω
ℏq −

q
2 + k

mω
ℏq −

q
2 − k

+ (ω → −ω)

(B9)

∫ kF

0

dkk ln(a+ bk) =
ak

2b
− k2

4
+

1

2

(
k2 − a2

b2

)
ln(a+ bk)

∣∣∣∣kF
0

=
akF
2b
− k2F

4
+
k2F
2

ln(a+ bkF )−
a2

2b2
ln
a+ bkF

a∫ kF

0

dkk ln
a+ bk

a− bk
=

akF
b

+

(
k2F
2
− a2

2b2

)
ln
a+ bkF
a− bkF∫ kF

0

dkk3ln(a+ bk) = −k
4

16
+
ak3

12b
− a2k2

8b2
+
a3k

4b3
+

1

4

(
k4 − a4

b4

)
ln(a+ bk)

∣∣∣∣kF
0

= −k
4
F

16
+
ak3F
12b
− a2k2F

8b2
+
a3kF
4b3

+
1

4
k4F ln(a+ bkF )−

1

4

a4

b4
ln
a+ bkF

a∫ kF

0

dkk3 ln
a+ bk

a− bk
=

ak3F
6b

+
a3kF
2b3

+
1

4

(
k4F −

a4

b4

)
ln
a+ bkF
a− bkF

(B10)
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ℜG̃Tω,q =
nsℏ(2ωm− ℏq2)k3F

24π2mq2
+

nsℏ2

8π2mq

[
ak3F
6b

+
a3kF
2b3

− akF
b

(
mω

ℏq
− q

2
)2

+

(
k4F
4
− a4

4b4
− (

mω

ℏq
− q

2
)2
(
k2F
2
− a2

2b2

))
ln

mω
ℏq −

q
2 + kF

mω
ℏq −

q
2 − kF

]
+ (ω → −ω)

=
nsℏ2kF q(2z − q

kF
)k3F

24π2mq2
+

nsℏ2

8π2mq

[
1

6
(
mω

ℏq
− q

2
)k3F +

1

2
(
mω

ℏq
− q

2
)3kF − (

mω

ℏq
− q

2
)kF (

mω

ℏq
− q

2
)2

+
1

4

(
k4F − (

mω

ℏq
− q

2
)4 − 2(

mω

ℏq
− q

2
)2
(
k2F − (

mω

ℏq
− q

2
)2
))

ln

mω
ℏq −

q
2 + kF

mω
ℏq −

q
2 − kF

]
+ (ω → −ω)

=
nsℏ2k4F (z −

q
2kF

)

12π2mq
+
nsℏ2k4F
8π2mq

[
1

6
(z − q

2kF
)− 1

2
(z − q

2kF
)3

+
1

4

(
1− (z − q

2kF
)4 − 2(z − q

2kF
)2
(
1− (z − q

2kF
)2
))

ln
z − q

2kF
+ 1

z − q
2kF
− 1

]
+ (ω → −ω)

= −nsℏ
2k4F b−

12π2mq
+
nsℏ2k4F
8π2mq

[
−b−

6
+
b3−
2

+
1

4

(
1− b4− − 2b2−

(
1− b2−

))
ln

1− b−
1 + b−

]
+ (ω → −ω)

= −nsℏ
2k4F b−

12π2mq
+
nsℏ2k4F
8π2mq

[
−b−

6
+
b3−
2

+
1

4

(
1− 2b2− + b4−

)
ln

1− b−
1 + b−

]
+ (ω → −ω)

= −nsℏ
2k4F (b− + b+)

12π2mq
+
nsℏ2k4F
16π2mq

[
−b− + b+

3
+ b3− + b3+ +

1

2
(1− b2−)2 ln

1− b−
1 + b−

+
1

2
(1− b2+)2 ln

1− b+
1 + b+

]
=

nsmkF
4π2Q

ℏ2k2F
m2

∑
τ=±

[
−bτ

3
+

1

4

(
−bτ

3
+ b3τ +

1

2
(1− b2τ )2 ln

∣∣∣∣1− bτ1 + bτ

∣∣∣∣)] (B11)

b± = Q
2 ± z,

1
Q (b

3
− + b3+) =

Q2

4 + 3z2

ℜG̃Tω,q =
nsmkF
4π2Q

ℏ2k2F
m2

∑
τ

[
−5bτ

12
+
b3τ
4
− (1− b2τ )2

4
(bτ +

1

3
b3τ ) +O(b5)

]
≈ nsmkF

4π2Q

ℏ2k2F
m2

∑
τ

[
−5bτ

12
+
b3τ
4
− 1 + b4τ − 2b2τ

4
(bτ +

1

3
b3τ )

]
≈ nsmkF

4π2Q

ℏ2k2F
m2

∑
τ

[
−5bτ

12
+
b3τ
4
−
bτ − 2b3τ +

1
3b

3
τ

4

]
=

nsmkF
4π2Q

ℏ2k2F
m2

∑
τ

(
−8bτ

12
+

8b3τ
12

)
=

nsmkF
4π2

ℏ2k2F
m2

2

3

(
−1 + Q2

4
+ 3z2

)
(B12)

Imaginary energy: z = iw, b = Q
2 + iw

ℜG̃Tiω,q =
nsmkF
4π2Q

ℏ2k2F
m2

[
−2Q

3
+

1

4

(
−2Q

3
+
Q3

4
− 3Qw2 +

[(
1− Q2

4
+ w2

)2

−Q2w2

]
ln

1 + Q2

4 −Q+ w2

1 + Q2

4 +Q+ w2

)]

=
nsmkF
4π2

ℏ2k2F
4m2

[
−10

3
+
Q2

4
− 3Qw2 +

[(
1− Q2

4
+ w2

)2

−Q2w2

]
ln

1 + Q2

4 −Q+ w2

1 + Q2

4 +Q+ w2

]

≈ nsmkF
4π2

ℏ2k2F
m2

2

3

(
−1 + Q2

4
− 3z2

)
(B13)
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Clasical limit Q→ 0: Ctt = 1, CT =
ℏ2k2F
m2 , ctt0 = 1, cT0 = − 2

3

b2n+1
+ + b2n+1

− = (
1

2
Q+ z)2n+1 + (

1

2
Q− z)2n+1 → (2n+ 1)Qz2n

LXω,q = −nsmkF
4π2

CX
∞∑
n=0

cXn z
2n (B14)

2. Imaginary part

Fµν±(k, q) =

(
1 ∓ ℏ

m

(
k + q

2

)
∓ ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)) (B15)

Rµν±q = nsπℏ
∫
k

δ(±ω − ωk+q + ωk)nk(1 + ξnk+q)F
±µν(k, q)

= nsπℏ
∫
k

δ(±ω − ϵk+q + ϵk)nk(1− nk+q)F
±µν(k, q)

=
nsℏ
8π2

∫
k<kF

d3kΘ(|k + q| − kF )δ
(
±ω − ℏqk

m
− ℏq2

2m

)
F±µν(k, q)

=
nsm

8π2q

∫
k<kF

d2kΘ(|k − q| − kF )F±µν(−k, q)|k3=∓mω
ℏq + q

2
(B16)

(a) : q > 2kF − kF < ∓ωm
ℏq

+
q

2
< kF

−1 < ∓z + q

2kF
< 1

(b) : q < 2kF − kF < ∓ωm
ℏq

+
q

2
< q − kF

−1 < ∓z + q

2kF
<

q

kF
− 1

(c) : q < 2kF q − kF < ∓ωm
ℏq

+
q

2
<
q

2
q

kF
− 1 < ∓z + q

2kF
<

q

2kF
(B17)

Rtt±ω,q =
nsm

8π2q

∫ k2

k1

2πdkk =
nsm

8πq
(q22 − q21) (B18)

(a,b): k2 =
√
k2F − ( q2 ∓

mω
ℏq )

2, k1 = 0, (c): k2 =
√
k2F − ( q2 ∓

mω
ℏq )

2, k1 =
√
k2F − ( q2 ±

mω
ℏq )

2, Q = q/kF

Rtt+ω,q =
nsmkF
8πQ


1− (Q2 − z)

2 Q > 2,

<−2︷ ︸︸ ︷
−1− Q

2
< −z < 1− Q

2 < 0

1− (Q2 − z)
2 Q < 2, − 2 < −1− Q

2 < −z < −1 + Q
2 < 0

2zQ Q < 2, 0 < z < 1− Q
2

= Rtt−−ω,q (B19)

Rtt+ω,q =
nsmkF
8πQ


1− (Q2 − z)

2 Q > 2, − 1 < Q
2 − z < 1

1− (Q2 − z)
2 Q < 2, − 1 < Q

2 − z < −1 +Q < 1

2zQ Q < 2, 0 < z < 1− Q
2

= Rtt−−ω,q (B20)
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Tr(k +
q

2
)⊗ (k +

q

2
) = k2 +

q2

4
+ kq

n(k +
q

2
)⊗ (k +

q

2
)n = (nk)2 +

q2

4
+ kq

(k +
q

2
)⊗ (k +

q

2
)T = k2 − (nk)2 = k2 − k23 (B21)

RT±
ω,q =

nsℏ2

8π2qm

∫ k2

k1

2πdkk3 =
nsℏ2

16πqm
(q42 − k41)

=
nsℏ2k4F
16πqm


[1− ( q

2kF
∓ z)2]2 q

kF
> 2, − 1− q

2kF
< ∓z < 1− q

2kF

[1− ( q
2kF
∓ z)2]2 q

kF
< 2, − 1− q

2kF
< ∓z < −1 + q

2kF

∓z q
kF

[ q
2

k2F
+ 4(z2 − 1)] q

kF
< 2, 0 < ±z < 1− q

2kF

(B22)

because

[1− (
q

2kF
± z)2]2 − [1− (

q

2kF
∓ z)2]2 = (

q

2kF
± z)4 − (

q

2kF
∓ z)4 − 4

q

kF
(±z) = ±z q

kF

[
q2

k2F
+ 4(z2 − 1)

]
(B23)

3. Flow with boundary

L
(µν)++
ω,ℓ,q⊥

=
nsℏ
L

∑
j

P

∫
k⊥

nk

[
Fµν+(k, q)

ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏk⊥q⊥
m − ℏ(2π)2jℓ

L2m

+
Fµν−(k, q)

−ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏk⊥q⊥
m − ℏ(2π)2jℓ

L2m

]
(B24)

z = ωm/ℏk̄q ∫
d2k

qk + c
=

(qk + c) ln(qk + c)− 1
2qk

q1q2∫
dk1

qk + c
=

q2 ln(qk + c) + q2 − 1
2q2

q1q2
1

qk + c
=

q1q2
q1q2(qk + c)

(B25)

Lttω,ℓ,q =
nsℏ
4π2L

∑
j

P

∫
d2knk

1

ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏ(k1q1+k2q2)

m − ℏ(2π)2jℓ
L2m

+ (ω → −ω)

=
nsℏ
4π2L

∑
j

P
ℏkq
2m + [ω − ℏ(2π)2

2mL2 (ℓ
2 + 2jℓ)− ℏq2

2m −
ℏkq
m ] ln[ω − ℏ(2π)2

2mL2 (ℓ
2 + 2jℓ)− ℏq2

2m −
ℏkq
m ]

ℏ2q1q2
m2

+ (ω → −ω)

=
nsℏ
4π2L

∑
j

P

∫
dkkdϕnk

1

ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏkq cosϕ

m − ℏ(2π)2jℓ
L2m

+ (ω → −ω) (B26)
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Appendix C: Both statics, arbitrary temperature

1. Infinite lifetime, Lindhart function

ℜG̃µνω,q = Lµνq = nsℏP
∫
k

nk

(
1 − ℏ

m

(
k + q

2

)
− ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

))
ω − ℏq2

2m −
ℏqk
m

+ (ω → −ω)

=
nsm

qk̄
P

∫
k

nk

(
1 − ℏ

m

(
k + q

2

)
− ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

))
z − q

2k̄
− nk

k̄

+ (z → −z) (C1)

Lttω,q =
nsℏ
4π2

P

∫ ∞

0

dkk2nk

∫ 1

−1

dC
1

ω − ℏq2
2m −

ℏkqC
m

+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

(
ω − ℏq2

2m
− ℏkqC

m

)1

−1

+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

∣∣∣∣2mω − ℏq2 − 2ℏkq
2mω − ℏq2 + 2ℏkq

∣∣∣∣+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

∣∣∣∣∣k −
mω
ℏq + q

2

k + mω
ℏq −

q
2

∣∣∣∣∣+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

∣∣∣∣k − ak + a

∣∣∣∣+ (ω → −ω)

= sign(a)
nsm

4π2q
P

∫ ∞

0

dkknk ln
k + a

|k − a|
+ (ω → −ω) (C2)

I =

∫ ∞

0

dkfk ln
k + a

|k − a|
=

∫ a

0

dkfk ln
k + a

a− k
+

∫ ∞

a

dkfk ln
k + a

k − a

=

∫ a

0

dkfk ln
1 + k

a

1− k
a

+

∫ ∞

a

dkfk ln
1 + a

k

1 + a
k

≈
∫ a

0

dkfk

(
2
k

a
− 2k3

3a3

)
+

∫ ∞

a

dkfk

(
2
a

k
− 2a3

3k3

)
(C3)

for a > 0

Lttω,q = sign(a)
nsm

2π2q

(
1

a

∫ a

0

dkk2nk + a

∫ ∞

a

dknk

)
+ (ω → −ω)

≈ sign(a)
nsm

2π2q

(
a3

3a
+ a

∫ ∞

0

dknk − a2
)
+ (ω → −ω)

= |a| nsm
2π2q

(∫ ∞

0

dknk −
2a

3

)
+ (ω → −ω)

≈

∣∣∣∣∣ ℏωℏ2q2

2m

− 1

∣∣∣∣∣ nsm4π2

∫ ∞

0

dknk + (ω → −ω)

(C4)

Lsq =
nsm

qk̄
P

∫
k

nk

ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)
z − q

2k̄
− nk

k̄

+ (z → −z) (C5)
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Lttq = 2nsℏP
∫
k

nk
1

ωk − ωk+q

= −4nsmP
∫
k

nk
q2 + 2kq

= −ns
m

π2
P

∫
dkk2dC

nk
q2 + 2kqC

= −ns
m

π2

∫
dkk2nk

ln q2+2kq
|q2−2kq|

2kq

= − nsm
2π2q

∫
dkknk ln

q + 2k

|q − 2k|
(C6)

Lttq ≈ −
nsm

2π2q

∫ q/2

0

dkknk

(
4k

q
− 16k3

q3

)
− nsm

2π2q

∫ ∞

q/2

dkknk

(
q

k
− q3

12k3

)
≈ −2nsm

π2q2

∫ q/2

0

dkk2nk −
nsm

2π2

∫ ∞

q/2

dknk

≈ −nsmq
12π2

+
nsmq

4π2
− nsm

2π2

∫ ∞

0

dknk = −nsm
2π2

∫ ∞

0

dknk +
nsmq

6π2
(C7)

n = q/q

Lssq =
4nsℏ2

qm
P

∫
k

nk
k ⊗ k + q

2n⊗ k + q
2k ⊗ n+ q2

4 n⊗ n

q + 2kn
≈ 4nsℏ2

qm
P

∫
k

nk
k ⊗ k

q + 2kn
(C8)

trLss1q =
4nsℏ2

qm
P

∫
k

nk
k2

q + 2kn

=
nsℏ2

qmπ2
P

∫ ∞

0

dkk4nk

∫ 1

−1

dC
1

2kC + q

=
nsℏ2

2qmπ2
P

∫ ∞

0

dkk3nk ln

∣∣∣∣2k + q

2k − q

∣∣∣∣
≈ nsℏ2

2mπ2

∫ ∞

0

dkk2nk =
nsℏ2

m

∫
k

nk (C9)

2. Infinite lifetime, R

Rµν±q = nsπℏ
∫
k

δ(±ω − ωk+q + ωk)nk(nk+q − 1)Fµν±(k, q)

= nsπℏ
∫
k

δ
(
±ω − ℏqk

m − ℏq2
2m

)
[1 + ξ − eβ(

ℏ2(k+q)2

2m −µ)]

(eβ(
ℏ2k2

2m −µ) − ξ)(eβ(
ℏ2(k+q)2

2m −µ) − ξ)
Fµν±(k, q)

=
nsπm

q

∫
k

δ
(
−k3 − q

2 ±
mω
ℏq

)
[1 + ξ − eβ(

ℏ2(k+q)2

2m −µ)]

(eβ(
ℏ2k2

2m −µ) − ξ)(eβ(
ℏ2(k+q)2

2m −µ − ξ)
Fµν±(k, q)

=
nsm

8π2q

∫
d2k

Fµν±(k, q)[1 + ξ − eβ{
ℏ2

2m [(±mω
ℏq + q

2 )
2+k2]−µ)}]

(eβ{
ℏ2

2m [(±mω
ℏq − q

2 )
2+k2]−µ)} − ξ)(eβ{

ℏ2

2m [(±mω
ℏq + q

2 )
2+k2]−µ)} − ξ) |k3=±mω

ℏq − q
2

(C10)
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(
k +

q

2

)
| qq k=±mω

ℏq − q
2

= k⊥ +
q

q

(
±mω

ℏq
− q

2

)
+

q

2

= k⊥ ±
mωq

ℏq2

Fµν±(k, q)| qq k=±mω
ℏq − q

2
=

(
1 ∓r̄

(
k + q

2

)
∓r̄
(
k + q

2

)
r̄2
(
k + q

2

)
⊗
(
k + q

2

))
| qq k=±mω

ℏq − q
2

=

 1 ∓r̄
(
k⊥ ± mωq

ℏq2

)
∓r̄
(
k⊥ ± mωq

ℏq2

)
r̄2
(
k⊥ ± mωq

ℏq2

)
⊗
(
k⊥ ± mωq

ℏq2

)
(C11)

Rµν±q =
nsm

8π2q

∫
d2k

Fµν±(k, q)|k3=− q
2
[1 + ξ − eβ{ ℏ2

2m ( q2

4 +k2)−µ)}]

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2

≈ nsm

8π2q

∫
d2k

(
1 0

0 ℏ2k2

2m2 (11− n⊗ n)

)
[1 + ξ − eβ( ℏ2k2

2m −µ)]

(eβ(
ℏ2k2

2m −µ) − ξ)2
(C12)

Rtt±q =
nsm

4πq

∫
dkk

1 + ξ − eβ( ℏ2k2

2m −µ)

(eβ(
ℏ2k2

2m −µ) − ξ)2

RT±
q =

nsℏ2

8mπq

∫
dkk3

1 + ξ − eβ( ℏ2k2

2m −µ)

(eβ(
ℏ2k2

2m −µ) − ξ)2
(C13)

∂ωR
µν±
q =

nsm

8π2q

∫
d2k
±m

ℏq∂k3F
µν±(k, q)|k3=− q

2
[1 + ξ − eβ{ ℏ2

2m ( q2

4 +k2)−µ)}]

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2

− nsm
8π2q

∫
d2k
±mℏ β

ℏ2

2me
β{ ℏ2

2m ( q2

4 +k2)−µ)}Fµν±(k, q)|k3=− q
2

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2

= ± nsm
8π2q

∫
d2k

 m
ℏq∂k3F

µν±(k, q)[1 + ξ − eβ( ℏ2k2

2m −µ)]

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2
− βℏeβ{ ℏ2

2m ( q2

4 +k2)−µ)}Fµν±(k, q)

2(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2


|k3=− q

2

(C14)

∂k3F
µν±(k, q) =

(
0 ∓ ℏ

mn

∓ ℏ
mn ℏ2

m2 (k ⊗ n+ n⊗ k)

)
(C15)

For µν = tt or ss

∂ωR
µν±
q → ∓ nsmℏ

8π2qkBT

∫
d2k

eβ(
ℏ2k2

2m −µ)Fµν±(k,0)

(eβ(
ℏ2k2

2m −µ) − ξ)2

= ± nsmξℏ
8π2qkBT

∫
d2k

Fµν±(k,0)

(eβ(
ℏ2k2

2m −µ) − ξ)(e−β( ℏ2k2

2m −µ) − ξ)

= ± nsmξℏ
4πqkBT

∫ ∞

0

dkk

(
1 0

0 ℏ2k2

2m2 (11− n⊗ n)

)
2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
(C16)
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Rµν±ω,q = Rµν±q +Rµν±1

ω

q

Rtt±1 = ±nsmξℏ
4πkBT

∫ ∞

0

dkk
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]

RT±
1 = ± nsξℏ2

8πmkBT

∫ ∞

0

dkk3
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
(C17)

G̃
(X)
ω,q2 = G̃

(X)
0

[
1 +

k̄

q
O
(
mω

ℏq2

)
+O

( q
k̄

)]
+ G̃

(X)
1

ω

q

[
1 +

k̄

q
O
(
mω

ℏq2

)
+O

( q
k̄

)]
(C18)

G̃tt0 = −nsξm
2π2

∫ ∞

0

dknk, G̃tt1 =
nsmℏ
2πkBT

∫ ∞

0

dkk
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
,

G̃T0 = −ξmr̄2n0, G̃T1 =
nsmℏr̄2

4πkBT

∫ ∞

0

dkk3
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
, (C19)

3. Finite lifetime, Lindhart function

L(γ)µν
eq = 2ℏℜ

∫
k

Fµν(k, q)

[
nk

q0 + ωk − ωk+q + i2γ
− nk+q

q0 − ωk+q + ωk − i2γ

]
= 2ℏℜ

∫
k

[
nkF

µν(k, q)

q0 + ωk − ωk+q + i2γ
+

nkF
µν(−k − q, q)

−q0 − ωq+k + ωk + i2γ

]

= 2ℏℜ
∫
k

nk

(
1 0
0 r̄2

(
k + q

2

)
⊗
(
k + q

2

))
q0 + ωk − ωk+q + i2γ

+ (ω → −ω) (C20)

for µν = ss or tt.

L(γ)tt
eω,q = 2ℏℜ

∫
k

nk
ω + ωk − ωk+q + i2γ

+ (ω → −ω)

=
ℏ

2π2
ℜ
∫ ∞

0

dkk2nk

∫ 1

−1

dC

ω − ℏq2
2m −

ℏkqC
m + 2iγ

+ (ω → −ω)

=
m

2π2q
ℜ
∫ ∞

0

dkknk ln
2mω − ℏq2 − 2ℏkq + 4imγ

2mω − ℏq2 + 2ℏkq + 4imγ
+ (ω → −ω)

=
m

4π2q

∫ ∞

0

dkknk ln
(2mω − ℏq2 − 2ℏkq)2 + 16m2γ2

(2mω − ℏq2 + 2ℏkq)2 + 16m2γ2
+ (ω → −ω)

=
m

4π2q

∫ ∞

0

dkknk ln
(k − mω

ℏq + q
2 )

2 + 4m2γ2

ℏ2q2

(k + mω
ℏq −

q
2 )

2 + 4m2γ2

ℏ2q2

+ (ω → −ω) (C21)

or

L(γ)tt
eω,q =

ℏ
γ
ℑ
∫
k

nk

1 + 1
2iγ (ω −

ℏq2
2m −

ℏkq
m )

+ (ω → −ω)

≈ ℏ
γ
ℑ
∫
k

nk

[
1− 1

2iγ
(ω − ℏq2

2m
− ℏkq

m
)− 1

4γ2
(ω − ℏq2

2m
− ℏkq

m
)2
]
+ (ω → −ω)

= − ℏ2q2

2mγ2
n0 (C22)
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L(γ)ss
eω,q =

r̄2ℏ
γ
ℑ
∫
k

nk
(
k + q

2

)
⊗
(
k + q

2

)
1 + 1

2iγ (ω −
ℏq2
2m −

ℏkq
m )

+ (ω → −ω)

≈ − r̄
2ℏ
γ2

∫
k

nk

[(
11
k2

3
+

q ⊗ q

4

)
ℏq2

2m
+

1

2
(k ⊗ q + q ⊗ k)

ℏkq
m

]
= − r̄

2ℏ2q2

2mγ2

∫
k

nk

(
11
k2

3
+

q ⊗ q

4

)
− q ⊗ q

r̄2ℏ2

3mγ2

∫
k

nkk
2

= − r̄2ℏ2

6mγ2
n0k2(11q

2 + 2q ⊗ q)

= − r̄2ℏ2

6mγ2
n0k2q

2(T + 3L) (C23)

4. Finite lifetime, K

Ktt
ω,q = 2ℏℑ

∫
k

nk
ω + ωk − ωk+q + i2γ

+ (ω → −ω)− 8iξγℏ
∫
k

nk+qnk
(ω − ωk+q + ωk)2 + 4γ2

= −ℏ
γ
ℜ
∫
k

nk

1 + 1
2iγ (ω + ωk − ωk+q)

+ (ω → −ω)− 2iξℏ
γ

∫
k

nk+qnk

1− 1
4γ2 (ω − ωk+q + ωk)2

≈ −ℏ
γ
ℜ
∫
k

nk

[
1− 1

2iγ
(ω + ωk − ωk+q)−

1

4γ2
(ω + ωk − ωk+q)

2

]
+ (ω → −ω)

−2iξℏ
γ

∫
k

nk+qnk

[
1 +

1

4γ2
(ω − ωk+q + ωk)

2

]
= −ℏ

γ
ℜ
∫
k

nk

[
1− 1

2iγ
(ω − ℏq2

2m
− ℏkq

m
)− 1

4γ2
(ω − ℏq2

2m
− ℏkq

m
)2
]
+ (ω → −ω)

−2iξℏ
γ

∫
k

nk+qnk

[
1 +

1

4γ2
(ω − ℏq2

2m
− ℏkq

m
)2
]

= −2ℏ
γ

∫
k

nk

[
1− ω2

4γ2
− ℏ2

12m2γ2
k2q2

]
− 2iξℏ

γ

∫
k

nk+qnk

[
1 +

ω2

4γ2
+

ℏ2

12m2γ2
k2q2

]
(C24)

Kq −K−q ≈ 0.

Appendix D: Finte temperature fermions

n = 1
eβ(ϵ−µ)+1

1. Real part

ℜG̃(µν)++
ω,q = L(µν)++

ω,q = nsℏP
∫
k

nk

[
Fµν+(k, q)

ω − ℏq2
2m −

ℏkq
m

+
Fµν−(k, q)

−ω − ℏq2
2m −

ℏkq
m

]
(D1)



30

Lttω,q =
nsℏ
4π2

P

∫
dkk2dC

1

(eβ(
ℏ2k2

2m −µ) + 1)(ω − ℏq2
2m −

ℏkqC
m )

+ (ω → −ω)

= − nsm
4π2q

P

∫
dkk

eβ(
ℏ2k2

2m −µ) + 1
ln

∣∣∣∣2mω − ℏq2 − 2ℏkq
2mω − ℏq2 + 2ℏkq

∣∣∣∣+ (ω → −ω)

= − nsm
8π2q

P

∫
dk2

eβ(
ℏ2k2

2m −µ) + 1
ln

∣∣∣∣∣ (
mω
ℏkq −

q
2k − 1)(−mω

ℏkq −
q
2k − 1)

(mωℏkq −
q
2k + 1)(−mω

ℏkq −
q
2k + 1)

∣∣∣∣∣ x =
βℏ2k2

2m

= − nsm
8π2q

P

∫ dx 2m
βℏ2

ex−βµ + 1
ln

∣∣∣∣∣∣
(−mωq

√
β

2mx + ℏq
2

√
β

2mx + 1)(mωq

√
β

2mx + ℏq
2

√
β

2mx + 1)

(mωq

√
β

2mx −
ℏq
2

√
β

2mx + 1)(mωq

√
β

2mx + ℏq
2

√
β

2mx − 1)

∣∣∣∣∣∣ ℏk =

√
2mx

β
(D2)

k̄ =
√

mkBT
2πℏ2 , z = ωm/ℏk̄q, Q = q/k̄

mω

q

√
β

2mx
+

ℏq
2

√
β

2mx
=

1√
2x

(
mω

q

1√
mkBT

+
ℏq
2

1√
mkBT

)
=

1√
2x

(
mω

ℏk̄q
k̄ +

q

2k̄
k̄

)√
ℏ2

mkBT
=
z + q

2k̄√
4πx

nsm

8π2q

2m

βℏ2
=

nsm
2kBT

4π2qℏ2
=
nsmk̄

2

2πq
=
nsmk̄

2πQ
(D3)

Lttω,q = −nsmk̄
2πQ

P

∫
dx

ex−βµ + 1
ln

∣∣∣∣∣ (
√
4πx− z + Q

2 )(
√
4πx+ z + Q

2 )

(
√
4πx+ z − Q

2 )(
√
4πx− z − Q

2 )

∣∣∣∣∣
= −nsmk̄

2πQ

[
Itt
(
z − Q

2

)
− Itt

(
−z + Q

2

)]
+ (z → −z) (D4)

where

Itt(u) = P

∫ ∞

0

dx
ln |
√
4πx− u|

ex−βµ + 1
(D5)

ℜG̃Tω,q =
nsℏ(2ωm− ℏq2)

8π2mq2

∫ ∞

0

dkk2nk +
nsℏ2

8π2mq

∫ ∞

0

dknk

(
k3 − k(mω

ℏq
− q

2
)2
)
ln

mω
ℏq −

q
2 + k

mω
ℏq −

q
2 − k

+ (ω → −ω)

=
nsℏ2k̄q(2z −Q)

8π2mq2

∫ ∞

0

dkk2

e
ℏ2k2

2mkBT −βµ
+ 1

+
nsℏ2

8π2mq

∫ ∞

0

dk
(
k3 − kk̄2(z − Q

2 )
2
)

e
ℏ2k2

2mkBT −βµ
+ 1

ln
z − Q

2 + k
k̄

z − Q
2 −

k
k̄

+ (z → −z)

=
nsℏ2k̄4q(2z −Q)

8π2mq2

∫ ∞

0

dyy2

e
ℏ2

2mkBT

mkBT

2πℏ2 y2−βµ
+ 1

+
nsℏ2k̄4

8π2mq

∫ ∞

0

dx
(
y3 − y(z − Q

2 )
2
)

e
ℏ2

2mkBT

mkBT

2πℏ2 y2−βµ
+ 1

ln
z − Q

2 + y

z − Q
2 − y

=
nsℏ2k̄4q(2z −Q)

8π2mq2

∫ ∞

0

dyy2

e
1
4π y

2−βµ + 1
+
nsℏ2k̄4

8π2mq

∫ ∞

0

dy
(
y3 − y(z − Q

2 )
2
)

e
1
4π y

2−βµ + 1
ln
z − Q

2 + y

z − Q
2 − y

+ (z → −z) (D6)

x = y2, dx = 2dyy, y =
√
x, dy = dx/2

√
x

ℜG̃Tω,q =
nsℏ2k̄4q(2z −Q)

16π2mq2

∫ ∞

0

dx
√
x

e
x
4π−βµ + 1

+
nsℏ2k̄4

16π2mq

∫ ∞

0

dx
(
x− (z − Q

2 )
2
)

e
x
4π−βµ + 1

ln
z − Q

2 +
√
x

z − Q
2 −
√
x
+ (z → −z)

=
nsℏ2(4π)3/2k̄4q(z − Q

2 )

8π2mq2

∫ ∞

0

dx
√
x

ex−βµ + 1
+
nsℏ2k̄4

4πmq

∫ ∞

0

dx
(
4πx− (z − Q

2 )
2
)

ex−βµ + 1
ln
z − Q

2 +
√
4πx

z − Q
2 −
√
4πx

+ (z → −z)(D7)
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IT1 =

∫ ∞

0

dx
√
x

ex−βµ + 1

IT2 (u) =

∫ ∞

0

dx4πx

ex−βµ + 1
ln |
√
4πx− u| (D8)

ℜG̃Tω,q =
nsℏ2k̄3(z − Q

2 )√
πmQ

IT1 +
nsℏ2k̄3

4πmQ

[
IT2

(
z − Q

2

)
−
(
z − Q

2

)2

Itt
(
z − Q

2

)]
+ (z → −z)

=
nsmk̄

2πQ

ℏ2k̄2

m2

[
2
√
π

(
z − Q

2

)
IT1 +

1

2
IT2

(
z − Q

2

)
− 1

2

(
z − Q

2

)2

Itt
(
z − Q

2

)]
+ (z → −z) (D9)

2. Imaginary part

Fµν±(k, q) =

(
1 ∓ ℏ

m

(
k + q

2

)
∓ ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)) (D10)

Rµν±q = nsπℏ
∫
k

δ(±ω − ωk+q + ωk)nk(1 + ξnk+q)F
±µν(k, q)

= nsπℏ
∫
k

δ(±ω − ϵk+q + ϵk)nk(1− nk+q)F
±µν(k, q)

=
nsℏ
8π2

∫
d3knk(1− nk+q)δ

(
±ω − ℏqk

m
− ℏq2

2m

)
F±µν(k, q)

=
nsm

8π2q

∫
d2knk(1− nk+q)F

±µν(k, q)|k3=±mω
ℏq − q

2=k̄(±z−
Q
2 ) (D11)

Rtt+q =
nsm

8π2q

∫
d2k

(e
ℏ2

2mkBT [k2+k̄2(z−Q
2 )2]−βµ

+ 1)(e
− ℏ2

2mkBT [k2+k̄2(z+Q
2 )2]+βµ

+ 1)

=
nsmk̄

8πQ

∫
dx

(e
ℏ2k̄2

2mkBT [x+(z−Q
2 )2]−βµ

+ 1)(e
− ℏ2k̄2

2mkBT [x+(z+Q
2 )2]+βµ

+ 1)
(D12)

ℏ2k̄2

2mkBT
= ℏ2

2mkBT
mkBT
2πℏ2 = 1

4π

Rtt+q =
nsmk̄

2Q

∫ ∞

0

dx

(ex+
1
4π (z−Q

2 )2−βµ + 1)(e−x−
1
4π (z+Q

2 )2+βµ + 1)
(D13)

T = 1
2 (Tr− L)

RT+
q =

nsm

16π2q

ℏ2

m2

∫
d2knk(1− nk+q)

[
Tr(k +

q

2
)⊗ (k +

q

2
)− n(k +

q

2
)⊗ (k +

q

2
)n
]
|k3=k̄(z−Q

2 )

=
nsm

16π2q

ℏ2

m2

∫
d2knk(1− nk+q)

[
k2 +

q2

4
+ kq − (nk)2 − q2

4
− kq

]
|k3=k̄(z−Q

2 )

=
nsm

16π2q

ℏ2

m2

∫
d2kk2

(e
ℏ2

2mkBT [k2+k̄2(z−Q
2 )2]−βµ

+ 1)(e
− ℏ2

2mkBT [k2+k̄2(z+Q
2 )2]+βµ

+ 1)

=
nsmk̄

16πQ

ℏ2k̄2

m2

∫
dxx

(e
ℏ2k̄2

2mkBT [x+(z−Q
2 )2]−βµ

+ 1)(e
− ℏ2k̄2

2mkBT [x+(z+Q
2 )2]+βµ

+ 1)

=
nsπmk̄

Q

ℏ2k̄2

m2

∫
dxx

(ex+
1
4π (z−Q

2 )2−βµ + 1)(e−x−
1
4π (z+Q

2 )2+βµ + 1)
(D14)
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Conversion:

n = ns

∫
k

1

eβ(ϵk−µ) + 1
=

ns
2π2

∫
dkk2

e
ℏ2k2

2mkBT −βµ
+ 1

=
ns
4π2

∫
dy
√
y

e
ℏ2y

2mkBT −βµ
+ 1

=
ns
4π2

(
2mkBT

ℏ2

)3/2 ∫
dx
√
x

ex−βµ + 1

=
ns
4π2

(4πk̄)3/2
∫

dx
√
x

ex−βµ + 1
(D15)

Appendix E: Finite quantization volume∫
k
= 1

V

∑
k

G̃(µν)++
q =

nsℏ
V

∑
k

[
nk

ωk + q0 − ωk+q + iϵ
+

nk+q

−q0 + ωk+q − ωk + iϵ
− iξ2πδ(ωk + q0 − ωk+q)nk+qnk

]
Fµν(k, q)

=
nsℏ
V

∑
k

[
nk

ωk + q0 − ωk+q + iϵ
+

nk+q

−q0 + ωk+q − ωk + iϵ
− iξ2πδ(ωk + q0 − ωk+q)nk+qnk

]
Fµν(k, q)

= G̃1(µν)++
q + G̃2(µν)++

q (E1)

G̃1(µν)++
q =

nsℏ
V

∑
k

nk

[
Fµν(k, q)

q0 + ωk − ωk+q + iϵ
− Fµν(k − q, q)

q0 + ωk−q − ωk − iϵ

]
=

nsℏ
V

∑
k

nk

[
Fµν(k, q)

q0 + ωk − ωk+q + iϵ
+

Fµν(k − q, q)

−q0 + ωk − ωk−q + iϵ

]
=

nsℏ
V

∑
k

nk

[
Fµν(k, q)

q0 + ωk − ωk+q + iϵ
+

Fµν(−k − q, q)

−q0 + ωk − ωk+q + iϵ

]
(E2)

G̃
2(µν)++
±ω,q = 0 (non-vanishing denominators): Trivial thermodynamical limit when

G̃
2(µν)++
±ω,q ̸= 0: ωk′ + σω − ωk′+q = σω − ℏq2

2m −
ℏk′q
m = 0, σ = −σ̃ = ±1

G̃1(µν)++
ω,q =

nsℏ
V

∑
k

nk

[
Fµν+(k, q)

ω − ℏq2
2m −

ℏkq
m + iϵ

+
Fµν−(k, q)

−ω − ℏq2
2m −

ℏkq
m + iϵ

]

=
nsℏ
V

∑
σ

∑
k

nkF
µνσ(k, q)

σω − ℏq2
2m −

ℏkq
m + iϵ

=
nsℏ
V

∑
σ

∑
k ̸=k′

nkF
µνσ(k, q)

σω − ℏq2
2m −

ℏkq
m + iϵ

+
nsℏ
V

nk′

(
Fµνσ(k′, q)

iϵ
+
Fµνσ̃(k′, q)

−2σω + iϵ

)
(E3)

ℜG̃1(µν)++
q =

nsℏ
V

∑
σ

∑
k ̸=k′

nkF
µνσ(k, q)

σω − ℏq2
2m −

ℏkq
m + iϵ

ℑG̃1(µν)++
q =

nsℏ
V

nk′

(
Fµνσ(k′, q)

iϵ
+
Fµνσ̃(k′, q)

−2σω + iϵ

)
− iξ nsℏ

V

∑
k

2πδ(ωk + q0 − ωk+q)nk+qnkF
µν(k, q)

=
nsℏ
V

nk′

(
Fµνσ(k′, q)

iϵ
+
Fµνσ̃(k′, q)

−2σω + iϵ

)
− iδ1,σξ

nsℏ
V

2πδ(ωk + q0 − ωk+q)nk+qnkF
µν(k, q)

(E4)
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z = ωm/ℏk̄q, b± = Q
2 ± z,

1
Q (b

3
− + b3+) =

Q2

4 + 3z2

Lttω,q =
nsℏ
4π2

P

∫
dkk2dCnk

1

ω − ℏq2
2m −

ℏkqC
m

+ (ω → −ω)

= − nsm
4π2q

P

∫ kF

0

dkk ln

∣∣∣∣2mω − ℏq2 − 2ℏkq
2mω − ℏq2 + 2ℏkq

∣∣∣∣+ (ω → −ω)

=
nsmkF
4π2

{
−1 + kF

2q

[
1−

(
z − q

2kF

)2
]
ln

∣∣∣∣∣1 + z − q
2kF

1− z + q
2kF

∣∣∣∣∣− kF
2q

[
1−

(
z +

q

2kF

)2
]
ln

∣∣∣∣∣1 + z + q
2kF

1− z − q
2kF

∣∣∣∣∣
}

=
nsmkF
4π2

∑
τ

[
−1

2
+

1

2Q
(1− b2τ ) ln

∣∣∣∣1− bτ1 + bτ

∣∣∣∣] (E5)

Gradient expansion:

Lttω,q =
nsmkF
4π2

∑
τ

[
−1

2
− 1

Q
(1− b2τ )(bτ +

1

3
b3τ +O(b5))

]
= −nsmkF

4π2

∑
τ

[
1

2
+
bτ
Q
− 2

3Q
b3τ

]
+

1

Q
O(b5)

≈ −nsmkF
4π2

(
2− Q2

6
− 2z2

)
(E6)

Imaginary energy: z = iw, b = Q
2 + iw

Lttiω,q =
nsmkF
4π2

[
−1 +

1− Q2

4 + w2

Q
ln

∣∣∣∣∣1 + Q2

4 −Q+ w2

1 + Q2

4 +Q+ w2

∣∣∣∣∣
]

≈ −nsmkF
4π2

(
2− Q2

6
+ 2w2

)
(E7)

Q = k/kF = 1/R

a = k̄z − q

2
=
ωm

ℏq
− q

2
=
q

2

(
ℏω
ℏ2q2

2m

− 1

)
, b± =

q

2k̄
± z = q

2k̄

(
1± ℏω

ℏ2q2

2m

)
(E8)

Static case: z = 0:

Lttq =
nsmkF
4π2

[
−1 + 1

Q

(
1− Q2

4

)
ln

∣∣∣∣∣1− Q
2

1 + Q
2

∣∣∣∣∣
]

=
nsmkF
4π2

[
−1 +

(
1

Q
− Q

4

)
ln

∣∣∣∣∣1− Q
2

1 + Q
2

∣∣∣∣∣
]

(E9)

ℜG̃ssω,q =
nsℏ3

m2
P

∫
k

nk
(k + q

2 )⊗ (k + q
2 )

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

TrℜG̃ssω,q =
nsℏ3

m2
P

∫
k

nk
k2 + q2

4 + kq

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

qℜG̃ssω,qq =
nsℏ3

m2
P

∫
k

nk
(qk)2 + q4

4 + q2kq

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

ℜG̃Tω,q =
nsℏ3

2m2
P

∫
k

nk
k2 + q2

4 + kq − (nk)2 − q2

4 − kq

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

=
nsℏ3

2m2
P

∫
k

nk
k2 − (nk)2

ω − ℏq2
2m −

ℏkq
m

+ (ω → −ω)

(E10)



34

because T = 1
2 (Tr− L)

∫
dc

1

a+ bc
=

1

b
ln(a+ bc)∫

dc
c

a+ bc
=

1

b

∫
dc

[
a+ bc

a+ bc
− a

a+ bc

]
=
c

b
− a

b2
ln(a+ bc)∫

dc
c2

a+ bc
=

1

b

∫
dcc

[
1− a

a+ bc

]
=
c2

2b
− a

b

(c
b
− a

b2
ln(a+ bc)

)
=
c2

2b
− ac

b2
+
a2

b3
ln(a+ bc)∫

dc
1− c2

a+ bc
= − c

2

2b
+
ac

b2
+
b2 − a2

b3
ln(a+ bc) (E11)

ℜG̃Tω,q =
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

∫ 1

−1

dC
1− C2

ω − ℏq2
2m −

ℏkqC
m

+ (ω → −ω)

=
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

[
c2

2ℏkq
m

+
(ω − ℏq2

2m )c

(ℏkqm )2
−

(ℏkqm )2 − (ω − ℏq2
2m )2

(ℏkqm )3
ln(ω − ℏq2

2m
− ℏkqC

m
)

]1
−1

=
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

[
2ω − ℏq2

m

(ℏkqm )2
+

(ℏkqm )2 − (ω − ℏq2
2m )2

(ℏkqm )3
ln
ω − ℏq2

2m + ℏkq
m

ω − ℏq2
2m −

ℏkq
m

]
+ (ω → −ω)

=
nsℏ3

8π2m2
P

∫ ∞

0

dkk4nk

[
2ωm2 −mℏq2

ℏ2k2q2
+

m

ℏkq

(
1− (

mω

ℏkq
− q

2k
)2
)
ln
ω − ℏq2

2m + ℏkq
m

ω − ℏq2
2m −

ℏkq
m

]
+ (ω → −ω)

=
nsℏ(2ωm− ℏq2)

8π2mq2

∫ ∞

0

dkk2nk +
nsℏ2

8π2mq

∫ ∞

0

dknk

(
k3 − k(mω

ℏq
− q

2
)2
)
ln

mω
ℏq −

q
2 + k

mω
ℏq −

q
2 − k

+ (ω → −ω)

(E12)

∫ kF

0

dkk ln(a+ bk) =
ak

2b
− k2

4
+

1

2

(
k2 − a2

b2

)
ln(a+ bk)

∣∣∣∣kF
0

=
akF
2b
− k2F

4
+
k2F
2

ln(a+ bkF )−
a2

2b2
ln
a+ bkF

a∫ kF

0

dkk ln
a+ bk

a− bk
=

akF
b

+

(
k2F
2
− a2

2b2

)
ln
a+ bkF
a− bkF∫ kF

0

dkk3ln(a+ bk) = −k
4

16
+
ak3

12b
− a2k2

8b2
+
a3k

4b3
+

1

4

(
k4 − a4

b4

)
ln(a+ bk)

∣∣∣∣kF
0

= −k
4
F

16
+
ak3F
12b
− a2k2F

8b2
+
a3kF
4b3

+
1

4
k4F ln(a+ bkF )−

1

4

a4

b4
ln
a+ bkF

a∫ kF

0

dkk3 ln
a+ bk

a− bk
=

ak3F
6b

+
a3kF
2b3

+
1

4

(
k4F −

a4

b4

)
ln
a+ bkF
a− bkF

(E13)
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ℜG̃Tω,q =
nsℏ(2ωm− ℏq2)k3F

24π2mq2
+

nsℏ2

8π2mq

[
ak3F
6b

+
a3kF
2b3

− akF
b

(
mω

ℏq
− q

2
)2

+

(
k4F
4
− a4

4b4
− (

mω

ℏq
− q

2
)2
(
k2F
2
− a2

2b2

))
ln

mω
ℏq −

q
2 + kF

mω
ℏq −

q
2 − kF

]
+ (ω → −ω)

=
nsℏ2kF q(2z − q

kF
)k3F

24π2mq2
+

nsℏ2

8π2mq

[
1

6
(
mω

ℏq
− q

2
)k3F +

1

2
(
mω

ℏq
− q

2
)3kF − (

mω

ℏq
− q

2
)kF (

mω

ℏq
− q

2
)2

+
1

4

(
k4F − (

mω

ℏq
− q

2
)4 − 2(

mω

ℏq
− q

2
)2
(
k2F − (

mω

ℏq
− q

2
)2
))

ln

mω
ℏq −

q
2 + kF

mω
ℏq −

q
2 − kF

]
+ (ω → −ω)

=
nsℏ2k4F (z −

q
2kF

)

12π2mq
+
nsℏ2k4F
8π2mq

[
1

6
(z − q

2kF
)− 1

2
(z − q

2kF
)3

+
1

4

(
1− (z − q

2kF
)4 − 2(z − q

2kF
)2
(
1− (z − q

2kF
)2
))

ln
z − q

2kF
+ 1

z − q
2kF
− 1

]
+ (ω → −ω)

= −nsℏ
2k4F b−

12π2mq
+
nsℏ2k4F
8π2mq

[
−b−

6
+
b3−
2

+
1

4

(
1− b4− − 2b2−

(
1− b2−

))
ln

1− b−
1 + b−

]
+ (ω → −ω)

= −nsℏ
2k4F b−

12π2mq
+
nsℏ2k4F
8π2mq

[
−b−

6
+
b3−
2

+
1

4

(
1− 2b2− + b4−

)
ln

1− b−
1 + b−

]
+ (ω → −ω)

= −nsℏ
2k4F (b− + b+)

12π2mq
+
nsℏ2k4F
16π2mq

[
−b− + b+

3
+ b3− + b3+ +

1

2
(1− b2−)2 ln

1− b−
1 + b−

+
1

2
(1− b2+)2 ln

1− b+
1 + b+

]
=

nsmkF
4π2Q

ℏ2k2F
m2

∑
τ=±

[
−bτ

3
+

1

4

(
−bτ

3
+ b3τ +

1

2
(1− b2τ )2 ln

∣∣∣∣1− bτ1 + bτ

∣∣∣∣)] (E14)

b± = Q
2 ± z,

1
Q (b

3
− + b3+) =

Q2

4 + 3z2

ℜG̃Tω,q =
nsmkF
4π2Q

ℏ2k2F
m2

∑
τ

[
−5bτ

12
+
b3τ
4
− (1− b2τ )2

4
(bτ +

1

3
b3τ ) +O(b5)

]
≈ nsmkF

4π2Q

ℏ2k2F
m2

∑
τ

[
−5bτ

12
+
b3τ
4
− 1 + b4τ − 2b2τ

4
(bτ +

1

3
b3τ )

]
≈ nsmkF

4π2Q

ℏ2k2F
m2

∑
τ

[
−5bτ

12
+
b3τ
4
−
bτ − 2b3τ +

1
3b

3
τ

4

]
=

nsmkF
4π2Q

ℏ2k2F
m2

∑
τ

(
−8bτ

12
+

8b3τ
12

)
=

nsmkF
4π2

ℏ2k2F
m2

2

3

(
−1 + Q2

4
+ 3z2

)
(E15)

Imaginary energy: z = iw, b = Q
2 + iw

ℜG̃Tiω,q =
nsmkF
4π2Q

ℏ2k2F
m2

[
−2Q

3
+

1

4

(
−2Q

3
+
Q3

4
− 3Qw2 +

[(
1− Q2

4
+ w2

)2

−Q2w2

]
ln

1 + Q2

4 −Q+ w2

1 + Q2

4 +Q+ w2

)]

=
nsmkF
4π2

ℏ2k2F
4m2

[
−10

3
+
Q2

4
− 3Qw2 +

[(
1− Q2

4
+ w2

)2

−Q2w2

]
ln

1 + Q2

4 −Q+ w2

1 + Q2

4 +Q+ w2

]

≈ nsmkF
4π2

ℏ2k2F
m2

2

3

(
−1 + Q2

4
− 3z2

)
(E16)
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Clasical limit Q→ 0: Ctt = 1, CT =
ℏ2k2F
m2 , ctt0 = 1, cT0 = − 2

3

b2n+1
+ + b2n+1

− = (
1

2
Q+ z)2n+1 + (

1

2
Q− z)2n+1 → (2n+ 1)Qz2n

LXω,q = −nsmkF
4π2

CX
∞∑
n=0

cXn z
2n (E17)

1. Imaginary part

Fµν±(k, q) =

(
1 ∓ ℏ

m

(
k + q

2

)
∓ ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)) (E18)

Rµν±q = nsπℏ
∫
k

δ(±ω − ωk+q + ωk)nk(1 + ξnk+q)F
±µν(k, q)

= nsπℏ
∫
k

δ(±ω − ϵk+q + ϵk)nk(1− nk+q)F
±µν(k, q)

=
nsℏ
8π2

∫
k<kF

d3kΘ(|k + q| − kF )δ
(
±ω − ℏqk

m
− ℏq2

2m

)
F±µν(k, q)

=
nsm

8π2q

∫
k<kF

d2kΘ(|k − q| − kF )F±µν(−k, q)|k3=∓mω
ℏq + q

2
(E19)

(a) : q > 2kF − kF < ∓ωm
ℏq

+
q

2
< kF

−1 < ∓z + q

2kF
< 1

(b) : q < 2kF − kF < ∓ωm
ℏq

+
q

2
< q − kF

−1 < ∓z + q

2kF
<

q

kF
− 1

(c) : q < 2kF q − kF < ∓ωm
ℏq

+
q

2
<
q

2
q

kF
− 1 < ∓z + q

2kF
<

q

2kF
(E20)

Rtt±ω,q =
nsm

8π2q

∫ k2

k1

2πdkk =
nsm

8πq
(q22 − q21) (E21)

(a,b): k2 =
√
k2F − ( q2 ∓

mω
ℏq )

2, k1 = 0, (c): k2 =
√
k2F − ( q2 ∓

mω
ℏq )

2, k1 =
√
k2F − ( q2 ±

mω
ℏq )

2

Rtt±ω,q =
nsmk

2
F

8πq


1− ( q

2kF
∓ z)2 q

kF
> 2, − 1− q

2kF
< ∓z < 1− q

2kF

1− ( q
2kF
∓ z)2 q

kF
< 2, − 1− q

2kF
< ∓z < −1 + q

2kF

±2z q
kF

q
kF

< 2, 0 < ±z < 1− q
2kF

(E22)

Tr(k +
q

2
)⊗ (k +

q

2
) = k2 +

q2

4
+ kq

n(k +
q

2
)⊗ (k +

q

2
)n = (nk)2 +

q2

4
+ kq

(k +
q

2
)⊗ (k +

q

2
)T = k2 − (nk)2 = k2 − k23 (E23)
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RT±
ω,q =

nsℏ2

8π2qm

∫ k2

k1

2πdkk3 =
nsℏ2

16πqm
(q42 − k41)

=
nsℏ2k4F
16πqm


[1− ( q

2kF
∓ z)2]2 q

kF
> 2, − 1− q

2kF
< ∓z < 1− q

2kF

[1− ( q
2kF
∓ z)2]2 q

kF
< 2, − 1− q

2kF
< ∓z < −1 + q

2kF

∓z q
kF

[ q
2

k2F
+ 4(z2 − 1)] q

kF
< 2, 0 < ±z < 1− q

2kF

(E24)

because

[1− (
q

2kF
± z)2]2 − [1− (

q

2kF
∓ z)2]2 = (

q

2kF
± z)4 − (

q

2kF
∓ z)4 − 4

q

kF
(±z) = ±z q

kF

[
q2

k2F
+ 4(z2 − 1)

]
(E25)

2. Flow with boundary

L
(µν)++
ω,ℓ,q⊥

=
nsℏ
L

∑
j

P

∫
k⊥

nk

[
Fµν+(k, q)

ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏk⊥q⊥
m − ℏ(2π)2jℓ

L2m

+
Fµν−(k, q)

−ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏk⊥q⊥
m − ℏ(2π)2jℓ

L2m

]
(E26)

z = ωm/ℏk̄q ∫
d2k

qk + c
=

(qk + c) ln(qk + c)− 1
2qk

q1q2∫
dk1

qk + c
=

q2 ln(qk + c) + q2 − 1
2q2

q1q2
1

qk + c
=

q1q2
q1q2(qk + c)

(E27)

Lttω,ℓ,q =
nsℏ
4π2L

∑
j

P

∫
d2knk

1

ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏ(k1q1+k2q2)

m − ℏ(2π)2jℓ
L2m

+ (ω → −ω)

=
nsℏ
4π2L

∑
j

P
ℏkq
2m + [ω − ℏ(2π)2

2mL2 (ℓ
2 + 2jℓ)− ℏq2

2m −
ℏkq
m ] ln[ω − ℏ(2π)2

2mL2 (ℓ
2 + 2jℓ)− ℏq2

2m −
ℏkq
m ]

ℏ2q1q2
m2

+ (ω → −ω)

=
nsℏ
4π2L

∑
j

P

∫
dkkdϕnk

1

ω − ℏ(2π)2
2mL2 ℓ2 − ℏq2

2m −
ℏkq cosϕ

m − ℏ(2π)2jℓ
L2m

+ (ω → −ω) (E28)

Appendix F: Both statics, arbitrary temperature

1. Infinite lifetime, Lindhart function

ℜG̃µνω,q = Lµνq = nsℏP
∫
k

nk

(
1 − ℏ

m

(
k + q

2

)
− ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

))
ω − ℏq2

2m −
ℏqk
m

+ (ω → −ω)

=
nsm

qk̄
P

∫
k

nk

(
1 − ℏ

m

(
k + q

2

)
− ℏ
m

(
k + q

2

) ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

))
z − q

2k̄
− nk

k̄

+ (z → −z) (F1)
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Lttω,q =
nsℏ
4π2

P

∫ ∞

0

dkk2nk

∫ 1

−1

dC
1

ω − ℏq2
2m −

ℏkqC
m

+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

(
ω − ℏq2

2m
− ℏkqC

m

)1

−1

+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

∣∣∣∣2mω − ℏq2 − 2ℏkq
2mω − ℏq2 + 2ℏkq

∣∣∣∣+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

∣∣∣∣∣k −
mω
ℏq + q

2

k + mω
ℏq −

q
2

∣∣∣∣∣+ (ω → −ω)

= − nsm
4π2q

P

∫ ∞

0

dkknk ln

∣∣∣∣k − ak + a

∣∣∣∣+ (ω → −ω)

= sign(a)
nsm

4π2q
P

∫ ∞

0

dkknk ln
k + a

|k − a|
+ (ω → −ω) (F2)

I =

∫ ∞

0

dkfk ln
k + a

|k − a|
=

∫ a

0

dkfk ln
k + a

a− k
+

∫ ∞

a

dkfk ln
k + a

k − a

=

∫ a

0

dkfk ln
1 + k

a

1− k
a

+

∫ ∞

a

dkfk ln
1 + a

k

1 + a
k

≈
∫ a

0

dkfk

(
2
k

a
− 2k3

3a3

)
+

∫ ∞

a

dkfk

(
2
a

k
− 2a3

3k3

)
(F3)

for a > 0

Lttω,q = sign(a)
nsm

2π2q

(
1

a

∫ a

0

dkk2nk + a

∫ ∞

a

dknk

)
+ (ω → −ω)

≈ sign(a)
nsm

2π2q

(
a3

3a
+ a

∫ ∞

0

dknk − a2
)
+ (ω → −ω)

= |a| nsm
2π2q

(∫ ∞

0

dknk −
2a

3

)
+ (ω → −ω)

≈

∣∣∣∣∣ ℏωℏ2q2

2m

− 1

∣∣∣∣∣ nsm4π2

∫ ∞

0

dknk + (ω → −ω)

(F4)

Lsq =
nsm

qk̄
P

∫
k

nk

ℏ2

m2

(
k + q

2

)
⊗
(
k + q

2

)
z − q

2k̄
− nk

k̄

+ (z → −z) (F5)

Lttq = 2nsℏP
∫
k

nk
1

ωk − ωk+q

= −4nsmP
∫
k

nk
q2 + 2kq

= −ns
m

π2
P

∫
dkk2dC

nk
q2 + 2kqC

= −ns
m

π2

∫
dkk2nk

ln q2+2kq
|q2−2kq|

2kq

= − nsm
2π2q

∫
dkknk ln

q + 2k

|q − 2k|
(F6)
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Lttq ≈ −
nsm

2π2q

∫ q/2

0

dkknk

(
4k

q
− 16k3

q3

)
− nsm

2π2q

∫ ∞

q/2

dkknk

(
q

k
− q3

12k3

)
≈ −2nsm

π2q2

∫ q/2

0

dkk2nk −
nsm

2π2

∫ ∞

q/2

dknk

≈ −nsmq
12π2

+
nsmq

4π2
− nsm

2π2

∫ ∞

0

dknk = −nsm
2π2

∫ ∞

0

dknk +
nsmq

6π2
(F7)

n = q/q

Lssq =
4nsℏ2

qm
P

∫
k

nk
k ⊗ k + q

2n⊗ k + q
2k ⊗ n+ q2

4 n⊗ n

q + 2kn
≈ 4nsℏ2

qm
P

∫
k

nk
k ⊗ k

q + 2kn
(F8)

trLss1q =
4nsℏ2

qm
P

∫
k

nk
k2

q + 2kn

=
nsℏ2

qmπ2
P

∫ ∞

0

dkk4nk

∫ 1

−1

dC
1

2kC + q

=
nsℏ2

2qmπ2
P

∫ ∞

0

dkk3nk ln

∣∣∣∣2k + q

2k − q

∣∣∣∣
≈ nsℏ2

2mπ2

∫ ∞

0

dkk2nk =
nsℏ2

m

∫
k

nk (F9)

2. Infinite lifetime, R

Rµν±q = nsπℏ
∫
k

δ(±ω − ωk+q + ωk)nk(nk+q − 1)Fµν±(k, q)

= nsπℏ
∫
k

δ
(
±ω − ℏqk

m − ℏq2
2m

)
[1 + ξ − eβ(

ℏ2(k+q)2

2m −µ)]

(eβ(
ℏ2k2

2m −µ) − ξ)(eβ(
ℏ2(k+q)2

2m −µ) − ξ)
Fµν±(k, q)

=
nsπm

q

∫
k

δ
(
−k3 − q

2 ±
mω
ℏq

)
[1 + ξ − eβ(

ℏ2(k+q)2

2m −µ)]

(eβ(
ℏ2k2

2m −µ) − ξ)(eβ(
ℏ2(k+q)2

2m −µ − ξ)
Fµν±(k, q)

=
nsm

8π2q

∫
d2k

Fµν±(k, q)[1 + ξ − eβ{
ℏ2

2m [(±mω
ℏq + q

2 )
2+k2]−µ)}]

(eβ{
ℏ2

2m [(±mω
ℏq − q

2 )
2+k2]−µ)} − ξ)(eβ{

ℏ2

2m [(±mω
ℏq + q

2 )
2+k2]−µ)} − ξ) |k3=±mω

ℏq − q
2

(F10)

(
k +

q

2

)
| qq k=±mω

ℏq − q
2

= k⊥ +
q

q

(
±mω

ℏq
− q

2

)
+

q

2

= k⊥ ±
mωq

ℏq2

Fµν±(k, q)| qq k=±mω
ℏq − q

2
=

(
1 ∓r̄

(
k + q

2

)
∓r̄
(
k + q

2

)
r̄2
(
k + q

2

)
⊗
(
k + q

2

))
| qq k=±mω

ℏq − q
2

=

 1 ∓r̄
(
k⊥ ± mωq

ℏq2

)
∓r̄
(
k⊥ ± mωq

ℏq2

)
r̄2
(
k⊥ ± mωq

ℏq2

)
⊗
(
k⊥ ± mωq

ℏq2

)
(F11)
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Rµν±q =
nsm

8π2q

∫
d2k

Fµν±(k, q)|k3=− q
2
[1 + ξ − eβ{ ℏ2

2m ( q2

4 +k2)−µ)}]

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2

≈ nsm

8π2q

∫
d2k

(
1 0

0 ℏ2k2

2m2 (11− n⊗ n)

)
[1 + ξ − eβ( ℏ2k2

2m −µ)]

(eβ(
ℏ2k2

2m −µ) − ξ)2
(F12)

Rtt±q =
nsm

4πq

∫
dkk

1 + ξ − eβ( ℏ2k2

2m −µ)

(eβ(
ℏ2k2

2m −µ) − ξ)2

RT±
q =

nsℏ2

8mπq

∫
dkk3

1 + ξ − eβ( ℏ2k2

2m −µ)

(eβ(
ℏ2k2

2m −µ) − ξ)2
(F13)

∂ωR
µν±
q =

nsm

8π2q

∫
d2k
±m

ℏq∂k3F
µν±(k, q)|k3=− q

2
[1 + ξ − eβ{ ℏ2

2m ( q2

4 +k2)−µ)}]

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2

− nsm
8π2q

∫
d2k
±mℏ β

ℏ2

2me
β{ ℏ2

2m ( q2

4 +k2)−µ)}Fµν±(k, q)|k3=− q
2

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2

= ± nsm
8π2q

∫
d2k

 m
ℏq∂k3F

µν±(k, q)[1 + ξ − eβ( ℏ2k2

2m −µ)]

(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2
− βℏeβ{ ℏ2

2m ( q2

4 +k2)−µ)}Fµν±(k, q)

2(eβ{
ℏ2

2m [ q
2

4 +k2]−µ)} − ξ)2


|k3=− q

2

(F14)

∂k3F
µν±(k, q) =

(
0 ∓ ℏ

mn

∓ ℏ
mn ℏ2

m2 (k ⊗ n+ n⊗ k)

)
(F15)

For µν = tt or ss

∂ωR
µν±
q → ∓ nsmℏ

8π2qkBT

∫
d2k

eβ(
ℏ2k2

2m −µ)Fµν±(k,0)

(eβ(
ℏ2k2

2m −µ) − ξ)2

= ± nsmξℏ
8π2qkBT

∫
d2k

Fµν±(k,0)

(eβ(
ℏ2k2

2m −µ) − ξ)(e−β( ℏ2k2

2m −µ) − ξ)

= ± nsmξℏ
4πqkBT

∫ ∞

0

dkk

(
1 0

0 ℏ2k2

2m2 (11− n⊗ n)

)
2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
(F16)

Rµν±ω,q = Rµν±q +Rµν±1

ω

q

Rtt±1 = ±nsmξℏ
4πkBT

∫ ∞

0

dkk
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]

RT±
1 = ± nsξℏ2

8πmkBT

∫ ∞

0

dkk3
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
(F17)

G̃
(X)
ω,q2 = G̃

(X)
0

[
1 +

k̄

q
O
(
mω

ℏq2

)
+O

( q
k̄

)]
+ G̃

(X)
1

ω

q

[
1 +

k̄

q
O
(
mω

ℏq2

)
+O

( q
k̄

)]
(F18)

G̃tt0 = −nsξm
2π2

∫ ∞

0

dknk, G̃tt1 =
nsmℏ
2πkBT

∫ ∞

0

dkk
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
,

G̃T0 = −ξmr̄2n0, G̃T1 =
nsmℏr̄2

4πkBT

∫ ∞

0

dkk3
1

2− ξ[eβ( ℏ2k2

2m −µ) + e−β(
ℏ2k2

2m −µ)]
, (F19)
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3. Summary

G̃µν++
ω,q = Lω,q − iR+

ω,q − iR−
ω,q, G

µνr
q = −Lµνq + iRµν+q − iRµν+−q

T = 0: z = ωm/ℏk̄q, k̄ = kF , Q = q/k̄, b± = Q
2 ± z, w = 2mω

ℏq2 = 2z
Q , b± = Q

2 (1± w), µ = ℏ2k2F /2m, kF =
√
2mµ/ℏ

Lttω,q =
nsmkF
4π2

∑
τ=±

(
−1

2
+
R

2
(1− b2τ ) ln

∣∣∣∣1− bτ1 + bτ

∣∣∣∣)→ nsmkF
4π2

(
−2 + Q2

6

)
LTω,q =

nsmkF
4π2Q

ℏ2k2F
m2

∑
τ=±

(
−5bτ

12
+
b3τ
4

+
1

8
(1− b2τ )2 ln

1− bτ
1 + bτ

)
→ nsmkF

4π2

ℏ2k2F
m2

(
−2

3
+

13Q2

96

)

Rtt±ω,q =
nsmkF
8πQ


1− (Q2 ∓ z)

2 Q > 2, − 1− Q
2 < ∓z < 1− Q

2

1− (Q2 ∓ z)
2 Q < 2, − 1− Q

2 < ∓z < −1 + Q
2

±2zQ Q < 2, 0 < ±z < 1− Q
2

→ ±nsmkF
4π

Θ(±z)z

RT±
ω,q =

nsmkF
16πQ

ℏ2k2F
m2


[1− (Q2 ∓ z)

2]2 Q > 2, − 1− Q
2 < ∓z < 1− Q

2

[1− (Q2 ∓ z)
2]2 Q < 2, − 1− Q

2 < ∓z < −1 + Q
2

∓zQ[Q2 + 4(z2 − 1)] Q < 2, 0 < ±z < 1− Q
2

→ ±nsmkF
4π

ℏ2k2F
m2

Θ(±z)z(F20)

T > 0: k̄ =
√

mkBT
2πℏ2 = KT , z = ωm/ℏk̄q

Lttω,q = −nsmk̄
2πQ

[
Itt
(
z − Q

2

)
− Itt

(
−z + Q

2

)]
+ (z → −z)

LTω,q =
nsmk̄

2πQ

ℏ2k̄2

m2

[
2
√
π

(
z − Q

2

)
IT1 +

1

2
IT2

(
z − Q

2

)
− 1

2

(
z − Q

2

)2

Itt
(
z − Q

2

)]
+ (z → −z)

Itt(u) = P

∫ ∞

0

dx
ln |
√
4πx− u|

ex−βµ + 1

IT1 =

∫ ∞

0

dx
√
x

ex−βµ + 1

IT2 (u) =

∫ ∞

0

dx4πx

ex−βµ + 1
ln |
√
4πx− u|

Rtt+q =
nsmk̄

2Q

∫ ∞

0

dx

(ex+
1
4π (z−Q

2 )2−βµ + 1)(e−x−
1
4π (z+Q

2 )2+βµ + 1)

RT+
q =

nsπmk̄

Q

ℏ2k̄2

m2

∫
dxx

(ex+
1
4π (z−Q

2 )2−βµ + 1)(e−x−
1
4π (z+Q

2 )2+βµ + 1)
(F21)

Appendix G: Classical case

pF = ℏkF = O(ℏ0), kF = O(ℏ−1), ℏωp = p2

2m = E(p), nE = 1
eβ(E−µ)+1

ℜG̃(µν)++
ω,q = nsℏP

∫
d3k

(2π)3
nk − nk+q

ω − ωk+q + ωk
Fµν(k, q)

= nsℏ2P
∫

d3p

(2πℏ)3
np − np+ℏq

ℏω − E(p+ ℏq) + E(p)

 1 ∓ 1
m

(
p+ ℏq

2

)
∓ 1
m

(
p+ ℏq

2

)
1
m2

(
p+ ℏq

2

)
⊗
(
p+ ℏq

2

) (G1)

E = ℏω, k = ℏq, p = mv, ℏ→ 0:

ℜG̃(µν)++
ω,q → −nsℏ3P

∫
d3p

(2πℏ)3
∂nE
∂E

∂E
∂p q

ℏ(ω − q ∂E(p)
∂p )

(
1 ∓ 1

mp
∓ 1
mp 1

m2p⊗ p

)
(G2)
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T → 0, ∂nE

∂E → −δ(E − EF )

ℜG̃(µν)++
ω,k → nsℏ2P

∫
d3p

(2πℏ)3
δ(µ− E(p))

vq

ω − qv

(
1 ∓v
∓v v ⊗ v

)
= 2mnsℏ2P

∫
d3p

(2πℏ)3
δ(2mµ− p2)

vq

ω − qv

(
1 ∓v
∓v v ⊗ v

)
=

2mns
(2π)3ℏ

P

∫
|p|=

√
2mµ

d2p
vq

ω − qv

(
1 ∓v
∓v v ⊗ v

)
=

2m2ns
(2π)3ℏ

P

∫
|v|=
√

2µ
m

d2v
vq

ω − qv

(
1 ∓v
∓v v ⊗ v

)
(G3)

Appendix H: Poiseuille flow

ā0x =
ud

(2πℓ2)3/2
e−

x2

2ℓ2

āTx = z
uc

(2πℓ2)3/2
e−

x2

2ℓ2 (H1)

ā0q =
udℓ

3(2π)3/2

(2πℓ2)3/2
e−

q2ℓ2

2 = ude
− q2ℓ2

2

āTq = zuce
− q2ℓ2

2 (H2)

nk =
nsmkF
4π2

[
−1 +

(
1

Q
− Q

4

)
ln

∣∣∣∣2−Q2 +Q

∣∣∣∣] a0k,
≈ −nsmkF

4π2
2e−

Q2

6 ā0 = −nsmkF
4π2

2e−
Q2

6 ude
− q2ℓ2

2 = −2ud
nsmkF
4π2

e
− k2

2 ( 1

3k2
F

+ℓ2)
= −2ud

nsmkF
4π2

e−
k2

2 (ξ2F+ℓ2),

jTk =
nsmkF
4π2

ℏ2k2F
m2

[
− 5

12
+
Q2

16
+

1

Q

(
1− Q2

4

)2

ln

∣∣∣∣2−Q2 +Q

∣∣∣∣
]
āTk

≈ −znsmkF
4π2

ℏ2k2F
m2

2

3
e−

Q2

3 āT0 = −z 2
3
uc
nsmkF
4π2

ℏ2k2F
m2

e
− k2

2 ( 1

3k2
F

+ℓ2)
= −z 2

3
uc
nsmkF
4π2

ℏ2k2F
m2

e−
k2

2 (ξ2F+ℓ2). (H3)

ξF = 1/
√
3kF

nx = −nsmkF
4π2

2ud
[2π(ξ2F + ℓ2)]3/2

e
− x2

2(ξ2
F

+ℓ2) ,

jTx = −z 2
3

nsmkF
4π2

ℏ2k2F
m2

uc
[2π(ξ2F + ℓ2)]3/2

e
− k2

2(ξ2
F

+ℓ2) . (H4)

Appendix I: Spread of the wave-packet

ψt,x =

∫
dk

2π
e−

1
2k

2ℓ2−i ℏk2t
2m +ikx =

∫
dk

2π
e−

1
2k

2(ℓ2+i ℏt
2m )+ikx =

e
− 1

2x
2 ℓ2−i ℏt

2m

ℓ4+ ℏ2t2

4m2√
2π(ℓ2 + i ℏt

2m )
(I1)
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ℓ4(t) = ℓ4 + ℏ2t2

4m2

ψt,x,y = e
−

ℓ2−i ℏt
2m

2ℓ4(t)
[(x−a)2+(y+a)2]

+ σ(a→ −a)

|ψt,x,y|2 = e
− ℓ2

ℓ4(t)
[(x−a)2+(y+a)2]

+ e
− ℓ2

ℓ4(t)
[(x+a)2+(y−a)2]

+ 2σℜe−
ℓ2−i ℏt

2m
2ℓ4(t)

[(x−a)2+(y+a)2]−
ℓ2+i ℏt

2m
2ℓ4(t)

[(x+a)2+(y−a)2]

nt,z =

∫
x

|ψt,x,z|2 +
∫
y

|ψt,z,y|2 = 2

∫
x

|ψt,x,z|2

= 2

∫
y

[
e
− ℓ2

ℓ4(t)
[(z−a)2+(y+a)2]

+ e
− ℓ2

ℓ4(t)
[(z+a)2+(y−a)2]

+ 2σℜe−
ℓ2−i ℏt

2m
2ℓ4(t)

[(z−a)2+(y+a)2]−
ℓ2+i ℏt

2m
2ℓ4(t)

[(z+a)2+(y−a)2]
]

= 2

√
2πℓ4(t)

2ℓ2

[
e
− ℓ2

ℓ4(t)
(z−a)2

+ e
− ℓ2

ℓ4(t)
(z+a)2

]
+X (I2)

X = 4σℜ
∫
y

e
− ℓ2

2ℓ4(t)
[(z−a)2+(y+a)2+(z+a)2+(y−a)2]+i ℏt

4mℓ4(t)
[(z−a)2+(y+a)2−(z+a)2−(y−a)2]

= 4σℜ
∫
y

e
− ℓ2

ℓ4(t)
(z2+y2+2a2)+i ℏt

mℓ4(t)
a(y−z)

= 4σℜ
√

2πℓ4(t)

2ℓ2
e
− ℓ2

ℓ4(t)
(z2+2a2)−i ℏt

mℓ4(t)
az− a2ℓ4(t)ℏ2t2

4m2ℓ2ℓ8(t) (I3)

nt,z = 2

√
πℓ4(t)

ℓ2

[
e
− ℓ2

ℓ4(t)
(z−a)2

+ e
− ℓ2

ℓ4(t)
(z+a)2

+ 2σe
− ℓ2

ℓ4(t)
(z2+2a2)− a2ℏ2t2

4m2ℓ2ℓ4(t)

]
= 2

√
πℓ4(t)

ℓ2

[
e
− ℓ2

ℓ4(t)
(z−a)2

+ e
− ℓ2

ℓ4(t)
(z+a)2

+ 2σe
− ℓ2

2ℓ4(t)
[(z−a)2+(z+a)2]− ℓ2

ℓ4(t)
a2− a2ℏ2t2

4m2ℓ2ℓ4(t)

]
= 2

√
πℓ4(t)

ℓ2

[
e
− ℓ2

ℓ4(t)
(z−a)2

+ e
− ℓ2

ℓ4(t)
(z+a)2

+ 2σe
− ℓ2

2ℓ4(t)
[(z−a)2+(z+a)2]− ℓ2a2

ℓ4(t)

(
1+ ℏ2t2

4m2ℓ4

)]
= 2

√
πℓ4(t)

ℓ2

[
e
− ℓ2

ℓ4(t)
(z−a)2

+ e
− ℓ2

ℓ4(t)
(z+a)2

+ 2σe
− ℓ2

2ℓ4(t)
[(z−a)2+(z+a)2]− a2

ℓ2

]
= 2

√
πℓ4(t)

ℓ2

[(
e
− ℓ2

2ℓ4(t)
(z−a)2

+ σe
− ℓ2

2ℓ4(t)
(z+a)2

)2

− 2σe
− ℓ2

2ℓ4(t)
[(z−a)2+(z+a)2]

(
1− e−

a2

ℓ2

)]

= 2

√
πℓ4(t)

ℓ2

[(
e
− ℓ2

2ℓ4(t)
(z−a)2

+ σe
− ℓ2

2ℓ4(t)
(z+a)2

)2

− 2σe
− ℓ2

ℓ4(t)
(z2+a2)

(
1− e−

a2

ℓ2

)]
(I4)

Appendix J: Galilean boost-invariance

x⃗→ x⃗+ tu⃗, v⃗ → v⃗ + u⃗, f(x⃗, t)→ f(x⃗− tu⃗, t) = f(x⃗, t)− tu⃗∂⃗f(x⃗, t), ∂0 → ∂0 − u⃗∂⃗

D = ∂0 + v⃗∂⃗ → ∂0 − u⃗∂⃗ + (v⃗ + u⃗)∂⃗ = D (J1)

Therefore Galilean boost invariance excludes j⃗ without derivatives except surface terms (O(j)) and introduces the
convective time derivatives.

iℏ∂0ψ(t,x− tu) = Hψ(t,x− tu)− iℏu∇ψ(t,x− tu) = (H + up)ψ(t,x− tu) (J2)

Continuity equation reinforces the correct Galilean-boost transformation rule for the current: (ρ, j)→ (ρ′, j′)

0 = ∂0ρ+∇j → 0 = −u∇ρ+∇(j′ − j) → j′ = j + ρu (J3)
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j = k +∇ϕ, ∇k = 0, ϕ = −∆−1∂0ρ
Galilei boost: (ρ,k)→ (ρ,k),

ϕ = −∆−1∂0ρ→ −∆−1(∂0 − u∇)ρ

∇ϕ = −∆−1∇∂0ρ→ −∆−1(∇∂0 − u∆)ρ = ∇ϕ+ uρ (J4)

j → j + ρu
Convective derivative:

D = ∂0 +
∇ϕ

ρ
∇ = ∂0 −

∆−1∇∂0ρ

ρ
∇ (J5)

or

D = ∂0 +
j

ρ
∇ = ∂0 +

k −∆−1∇∂0ρ

ρ
∇ (J6)

Gradient expansion in time

Γ[ρ, j, ∂0ρ, ∂0j] = Γ[ρ,k −∆−1∇∂0ρ, ∂0ρ, ∂0(k −∆−1∇∂0ρ)]

= Γ[ρ,k −∆−1∇∂0ρ, ∂0ρ, ∂0k −∆−1∇∂20ρ]

= Γ[ρ,k −∆−1∇Dρ,Dρ,Dk −∆−1∇D2ρ] (J7)

Linearized equation of motion:

∂0ρ(x) =

∫
y

A(x− y)ρ(y) +
∫
y

B(x− y)k(y)

→ ∆−1∇∂0ρ

ρ
∇ρ(x) +

∫
y

A(x− y)ρ(y) +
∫
y

B(x− y)k(y)

∂0k(x) =

∫
y

C(x− y)ρ(y) +
∫
y

D(x− y)k(y)

→ ∆−1∇ℓ∂0ρ
ρ

∇ℓk(x) +
∫
y

C(x− y)ρ(y) +
∫
y

D(x− y)k(y) (J8)

in particular, for a = 0

∂tnx =
∆−1∇∂tnx∇nx

n0 + nx
+

ℏk̄2

m

(
−a0
az

+
aqq
az k̄2

∆

)
1

k̄

∫
y

[(y∇y)
2 − 2y∇y]ny

2π2(x− y)4

= − ∇nx
4π(n0 + nx)

∫
y

∇∂tny
|x− y|

+
ℏk̄2

m

(
−a0
az

+
aqq
az k̄2

∆

)
1

k̄

∫
y

[(y∇y)
2 − 2y∇y]ny

2π2(x− y)4

∂tj
T
x =

∆−1∇ℓ∂tnx∇ℓkx
n0 + nx

+
ℏk̄2

m

(
−b0
bz

+
bqq
bz k̄2

∆

)
1

k̄

∫
y

[(y∇y)
2 − 2y∇y]j

T
y

2π2(x− y)4

= − ∇ℓkx
4π(n0 + nx)

∫
y

∇ℓ∂tny
|x− y|

+
ℏk̄2

m

(
−b0
bz

+
bqq
bz k̄2

∆

)
1

k̄

∫
y

[(y∇y)
2 − 2y∇y]j

T
y

2π2(x− y)4
(J9)

“Reynolds number”: T is the total time,

Rn = Tn0
ℏk̄
m

1

k̄2
=
Tn0ℏ
mk̄

→ T k̄2ℏ
m

(J10)

or measure of nonlinearity:

1

Rn
=

m

Tk̄2ℏ
(J11)


