Notes on hydrodynamics and decoherence of ideal quantum gases

Matthew Stephenson
Stanford University”
(Dated: April 19, 2023)

I. MODEL

1 1 2
el = [ |5utindn - 5in@ts - 58w+ (- cAut

x

2
%/wT{ihﬁt—FhA—&-u—eu W (1)
z 2m
Dimensions: [h] = ML*T', [h] = ML*T72% [G,L] = [WT7Y/L*T = L7372 LT*'G 1] =
LTRT'Y)? = [A), [¢] = L7/
AWl Tyt [ L@ @I @l 1 d @)t @0 @l
— /D[ﬁpw]e%x&*-[éﬁra]-zﬁ 2)

() ()

(#)7 = ajCs” = agC?” +a”C’”
WhCgr = Yo Cop v = yloyd
(C§7)77 = Co 267787
(Cow)ys = Oyuden

Density-current:

’ ’ Zh/ ’ ’
W€ = W17 Co 0T = —o LUV — (VYT
(C;’U')alag — CO xéalaaago"
th
(Ca)yz = —50y00:0(V2 = V) (4)

summation over repeated Greec indices. 7 = 1/k characteristic length scale.

G =G+ Gg (5)
where
A Gyt 0 _
G = ( 0 _G51*> + Ggés (6)
_1 ) h?
GO s = (zh@t + %A + /j/) 6m 2! (7)

*Electronic address: matthewjstephenson@icloud.com



II. CURRENT GREEN FUNTION
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III. EFFECTIVE ACTION

A. Two fields
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B. Physical field
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B. Transposition
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C. Ward-identity
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V. GREEN FUNCTION AND ITS INVERSE

A. Different Green functions

~ ~tt w At oo’
Gom@n _ [ Cue MGug
w,q n%quz L%qu2 + TGE,qQ
_ Lyq— Z'R:Zq — iR;,q _QiR‘;q pv
_2iRj§)q —Lyq— z’RIﬂ —iR, .
? L[, +a@ yeiate—a)
RCyo = 5 [ (Gy+Gry)e
q
- /< ‘ L“’7q i(Rw7q _R_w’_q)) E*iq(zfz')
q —i(Ru,q = R-u,—q) —Ly.q
3G = 1[Gy et = [(Cityg— i geines (1]
TT 2 q —q w,q w,—q 11
a q
%é ;) = — (R + R )e—iq(x_x/) 11
TT ; w,q —w,—q 11
L = RG-SO
= 3 /(G;Jreflq(zfa: ) 4 G(J]r+*ezq(:rfz )) _ (G;Jrefzq(xfm ) 4+ G;+*62q(x79: ))
q
1 , s —iq(x—2x' . R ia(z—a'
=3 /w q[(Lw,q — iR} 4 — iR e M) 4 (L, g +iRS 4 + iR, g)e' 1)
+2iRiq6*iq(z7x’) _ QZ‘R;qeiq(if‘T’)]
= 5 / (Lw,q - ZR‘j,q - ZRw7q + L_w,—q + ZRi_w7_q + ZR—w,—q + ZZRIH — 22Rtw,—q
w,q
= (Lug + iR 4 —iRT,, _ e @)
w,q

Removing the dimensions for the linear algebra:
7= (f')thL i=gla, g
)

S = aWa=aWa=ag 'Wg 'a, W =

I
N\

]67iq(a:7:1:')

(49)

(50)
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VI. EQUATIONS OF MOTION
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B. Equations of motion in real space
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VII. DECOHERENCE
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_ (u*+a*)(L—1iS-)(v+b) +i(v* +0)(L+iS_)(uta) (V" +b")Si(v+Db)
2(L2 + 52) 2(L% + 52) 2(L% + 52)
+iz*(u+a) +i(u* 4+ o)z +iy* (v +b) +i(v" +b")y
u*(L—1iS°) v(L—i—zS’ Ju V'St —s—i(x—f—b(L_iS))*u
2(L2 + 52 ) 2(L2 4+ 52)  2(L2+5?) 2(L2 4 52)
it <x+ (L—14S_)b ) +i (er a(L+1iS_) _ibs+>*v+iv* (y+ (L+iS)a+iS+b)
2(L% + S%) 2(L% 4 52) 2(L% 4+ 52)
a*(L—iS_)b b (L+iS_)a  b*Syb
2002+ 52) L2+ S82) 212+ S7%)

=1
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2(L? + 52) .
2(L2+8%)  2(L2+52)
ibS, 2(L?% + 5?) ibS . . .
= — — = — —2y(L —1i5_)=-2 —2y(L —1iS_
“ L+is. YTL+is Trig. WL —iS-)=—2iSw—2y(L —is-)
. 2(L2+5%) , .
a*(L—iS_) - ib* S, o
202 +8%) 212+ s Y
= e Y e = T e —2y*(L+1S_) = —2iS z* — 2y* (L +1S_)
(95)
G — Z,u*(L—iS,)v—i—c.c._ v*S, v
B 2(L2 + 52) 2(L% + 52)
B i(ul —dug)(L —iS_)(v1 +iv2) +ce. (v —iv2) Sy (v1 + ivg)
- 2(L2 + 52) 2(L2 +52)
- iU1Lv1 +u2L'U2 - UQS,’Ul -‘r—UlS,’UQ . ’UlSJrvl +1)QS+’U2
N L2+ 52 2(L2 + 52)
0 0 L iS_ Uy
B 1 0 0 —iS_ L Ug
- 2(L2+sz)(“1’“2’“1’”2) il iS_ —Sy 0 v (96)

—iS_ iL 0 =S4/ \w

0 0 L 4S_

0 0 —iS_ iL o .
D=det| ;1 s _s. 0 = iLiL(—L* — $?) 4+ iS_iS_(—L? — 82)) = (L* 4+ §%)? (97)

—iS_ iL 0 -S4

Z,u,*(L—is,)v iv*(L-H's,)u v*S v
; (L2152 252 2. 52
GZW _ /dudu*dvdv*e 2(L2452) 2(L2452) 2(L2452

5 +iz*utiu*zt+iy v+iv*y

(98)

(2m)? a*(L—1iS_)b b (L+iS_)a . b*Syb
"Trrsr T r st T e+ izt s
1
2(L2 + SE){[
+2(L —iS_)x" (L +4S_)[-2iS1x — 2y(L —iS_)] +i2(L —iS_)x* S 2(L +iS_)x}
= [-2iSia" — 2y" (L +iS_)]x + 2*[-2iStx — 2y(L —iS_)| + iz* Sy 2z
= —2(L+iS_)y*x —2(L —iS_)z"y —i2S xa” (99)

W = —il

Q

—2iSyx™ —2y" (L +iS_)[(L —iS_)2(L +iS_)x
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i(u) = [=2i(L —iS_ )y + 25«+x]ef2i(L+iS,)y*172i(L7iS,)w*y+2S+ww*
—(u*u) = {[~2i(L —iS_)y+ 25 x][-2i(L +iS_)y* +2S,2*] + 25, }
= {~4(L* + S?)y*y + 4552w — 4iSy (L +iS_)y* = — 4iS+ (L —iS_)a*y + 284} — 254
—t(uuu) = [(—20(L+iS_)y" + 2512 |{[-2i(L — ¢S_)y + 25 z][—2(L +iS_)y* + 25 z*]| + 25, }
+28, [<2i(L +iS_)y* + 25, x%]
= [~2i(L —iS_)y + 25 2][~2i(L +iS_)y* + 252> + 4S5, [(—2i(L +iS_)y* + 25, 2%]
(ww)?) = [-2i(L —iS_)y + 2842]([~2i(L — iS_)y + 25, 2][-2i(L + iS_)y* + 2S;2*]?
+48,[(=2i(L +iS_)y* + 2S;a*]) + 454 [-2i(L — iS_)y + 28, x][~2i(L + iS_)y* + 25 2] + 857
= [~2i(L —iS_)y + 28, 2]?[-2i(L 4+ iS_)y* + 25 z*]?
+854 [(—2i(L +4S_)y* + 254 2*|[—2i(L — iS_)y + 25+ 2] + 857 — 857

Z<'U> _ _2i(L+isi)x672i(L+iS,)y*m72i(L7iS,)z*y+2S+axa:*
—(u*v) = —2i(L+15_)
’L<U*> _ —Qi(L _ ,L-S_)m*e—Qi(L—H'S_)y*m—2i(L—iS_)z*y+2$+mm*
—(v*u) —2i(L —1iS_)
(100)
Relative length:
*, 0\ 2 252
(u*v){v*u)y L2 4 S%
Decoherence:

(u*u) St
= = 102
(uv)(v*u)  2(L2 + S?) (102)

Classicality:
Sy
_ 7t 1
C 17 (103)
B. Whole configuration
ig [j] _ Z_(J—g “LJ*  (J—5J4)S_J° B J*S J®
B L2452 L2452 2(L2 + S2)
- (LI = SILI) + IS = SIS Lres. e
R 2 B Rt s
1 - a a 1 a a

28" = / D[J)D[J*ekSelitbr v
1

. a a 1 a a



Appendix A: Density-current two-point functions

z,y

é(OO)(J(r') — msfﬁ/ Gzrr’oefir(yfx)Gga"e*is(xfy)

= ingéh | GI7GT i)

7,8

~(05) (oo’ nsghQ o'o _—ir(a—b oo’ —is(b—a
Gl = = | Grve @06, 0 GZ7 €= (4= Dy 00,y — GayOa; —)
s hg oo _—ir(a— oo’ —is(b—a s ts
= -1 2§n /b G7 %€ ( b)éb,st e )5a y(SJ + T])Xi Xi
a,b,r,s

2
_ nsgh / Ga onoo —i(s—r)(z— y)(s _|_7n)

= (i ’ .Ns hs o'oc _—ir(a— oo’ —is(b—
GIPEe) = 4512 / GZ e (= 0300 — 0p.00; —)GT7 €T (= Opbay — GayOk —)
a,b,r,s
s hg ’ . / .
- /21:12 / G e M0, (1 + 55)GI7 e NS, (s + )
a,b,r,s
’I’Lsfhg o'o oo’ —1@ T
- B [ Gt s
Gy = /@pefip(zfy),
p
and we find
GPOCeD = inggh / e
2
~(05)(o0’) _<n5€h o'o oo &
G it /G Gz, (ri+2)
~(50) (oo’ ~n55h2 o'o oo Py
GO — il /G oz, (ri+2)
~(jk) (oo’ Tl §h3 oo p‘ Pk
e = [ ) (e )
1 —I(k+9) )
FH (L m 2
0= Ca ey 2@ l1e by
1 ~L(—k—qg+9)
W (_k m 2
U GV T i P o
(L heen )
= 2
B(k+2) B () o (k)
Gv(;ux)og’ — in fh/GUU GO’O’ 4inp°
q S p+q-'p
_ fh/ 50 —Grtq 7wk+ — 1270 (k0+q0 — Wik+q)&Nk+q _i2775(k0 +¢° — Wktq)Nk+q
= —i270(k? + ¢ — Gryq) (€ + Nktq) W — 26y (k° + ¢° — Witq)ENktq
ﬁ — i277(57(k0 — wg)éng —i276 (kO — g )ne 77 P (ke q)
—i2m (K — Gk )(€ i) g — 02w, (K0 — wi)ény, 4

16

(A3)

(A4)

oo

(A6)
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1

_ 1
D)t . . 0 0
Gép' ) ingfh/k <k0-|—qo—d)kml — 127T6—Y (k + q — Wk+q)€nk+q> <k/’0_bdk

i | Fr(k, q)
G(,uz/)++ _ s ﬁ/ 5
Z st | RO 0~ nrg + i) (KO — o £ )

— 3274, (/{0 - wk)fnk) F*(k,q)

= insth i / { : o ]=
U e —wke — @0+ wirq Jio [KO+ @0 — wiepq +iy KO — wi + iy
Glr)t+ znégh/ [ i _ 12moy (k" + 4" — whiq)nkiq

€4 + ¢ — Wi yq + iy kO — wy + iy
=276, (K° + ¢° — Wit q) k126 (K — wk)nk} F* (k,q) (AT)
e
G;_ = —insfh/k 276 (k° + ¢° — Wirq + 1Y)kt g2 (K° — wr +i7) (€ + ng) F* (K, q)

= —insfh/ 270 (Wi — Whetq + ¢°)Nkrq (& + ni) F* (K, q)
k

= —insffl/ 210 (wk—q — W + ¢")nke (€ + ni—gq) F* (k — q, q)
k

= —insfh/ 276 (Whetq — Wi + )i (€ + nierg) F* (—k — q, q)
k

. v— . UV
—21Rfl‘ = 722R_q

EES *i”sﬁh/ 26 (k" + ¢° — Whig +i7) (€ + bt )20 (K — wie + i) ™ (K, q)
k

= *insﬁh/ 270 (wk, + ¢° — Whtq)nk (€ + Nkrq) F* (K, q)
k

= —2iRM"" (A8)
1 FL(k+9) )
F,u,l/:l: k?, — m 2 A9
L CPP N "
RV = nswh/k S(w — Witq + wi)nk (1 + Engerq) FT (K, q) (A10)
REvE = R is independent of 7.
++ for v = 0:
GU++ — . h / [k e —i€2ms 0_ (K
q n A wi + ¢° — Whiq i€ + P ¥ Whiq — Wi+ i€ i§2m (wk +4q wk—i—q)nk-‘ran ( aq)
(A11)
RGU++ — p pp [ kT Nkta  pu k,
q b @0 — Whrq + Wk (k,q)
Pk Frv(k —
:nshp/nk i (k. q) ! ( q,q)}
k 1" + Wk —Wktq § +Wk—q— Wk
[ F(k F*(k —
_ nshp/nk i (kq) . (k—q.q) ]
k 1¢" + Wk —Wktq —q + Wk — Wk—q
[Pk P (—k —
_ nshp/nk i (kq) ' ( q,9) } (A12)
k 1§" + Wk —Wktq —q + Wk — Wktgq
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%
(@)

P = nh [ 0 s + ) (i + 2 P )
= —nswh/k 5(q° — Whrq + wi)[ne(1 + Enpyg) + nrrq(1 + Eng) | F* (K, q)
= —”sﬁh/k[f;(qo — Witq + Wi )Nk (1 + Enprq) F* (k. @) + 6(¢° — wi + wi—q)ni(1 + Enk—g) F* (k — q,q))]
=—”s7fﬁ/k[5(q° — Wit q + i)k (1 + Enkrg) F (K, @) +0(q° — wie + wier )1k (1 + Enisg) F* (—k — g, )]

= —RIY - RET (A13)

++ for finite life-time, 7 =1/ :

Clu++ h/ [ 28, (K — wie)ne N 28, (k° 4+ ¢° — Wktq)Nk+q
“ KO+ q° — wiyq + iy kO — wy + iy
A B
—i€27m0, (K" + ¢° — Wit )1k +q 270, (K — wi)nie | F (K, q) (A14)
c
ni I (k, q)
A = 2ngh / :
g & (K9 — wg)? + 2] (kY + ¢° — Witq + 17)
F*(k
= 2nsh’Y/ 0 - 5 "k ( 7q)0 . .
g (KO —wg +i7) (K — wr — i) (kY +¢° — Whtq T+ i)
1%
= znsim/ ek (k,g) '
ko (W — Wi +127) (we + ¢° — Wietq +927)
v (k
= nsh/ 5 Nk ( aq) : (A15)
k Q0+ Wk — Wetq + 278

by closing the countour upward.

Merqg ™ (K, q)
B = 2n,h / -
7 ) 1000+ 0 —wrrq)® + 21 (kO — g + i)

= 2n hv/ ni+q " (k, q)
T Sk (B0 4 ¢ — wigq 4 i7) (K0 + ¢° — wiyq — 17) (K0 — wie + i)
Frv(k
= QnShi’y/ - ngrq (k,q) -
k 207(—q° + Witrq — Wi +127)

- _n h/ nkJquuu(kvq) (A16)
e @° — Witq + W — 270
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C = —nsigh/ 210, (K + ¢° — Wit q) bt 270, (KO — wi)nk F* (K, q)
k

] F/u/(k q)
= —4n, 2h/ Mkta’tk :
T | T T~ wonrg)? - 2R — w)® - 7]

NitqniF" (k, q)

_ 4n5572h/ . Metq"k 1 (K, )
k 207(—q° + witrq — Wi +127)(—¢° + Wktq — Wk)
- P
k (W + 0 — Wiiqg +127) Wk + ¢° — Witq)207
k (@0 — Witq +wi —127)(¢° — Wrtq + wWi)
Ng+qniF" (k, q)

— C.C.

—4n,i&y*h / ‘ . _ .
I k(K0 4+ ¢° — wiyq + ) (R0 + ¢° — Wietg — i7) (K — wie + i7) (K0 — wie — i)

= —4dngi h%/ - Al7
< k (00 — Wetg + wi —27)(¢° — Wietq + Wi) (AL7)
RGMpv++ nsh%/ P (k, Nk _ Nk+q ‘
eq & (k.q) Q° +wp —Wriq T2y 0 —Wyq +wr — 02y
%é('y)uy-‘r-i- — nsh%/ Fhv k:, Nk : . Nk+q i
? K (k.q) P+ wr—wrrg T2y 0 —wWrig +wr — 12y
Fr(k
—dn,EyhR / ; UG )
k (0 = Witq + wie — 127)(¢° — Whtq + W)
nk + Nerq) F* (K, q nengrqF* (k, q
= _2n57h/ (O +q) 2( )2 —4715'}/571 5 +q ( : ) .
k (@0 + Wk — Witq)? + 4y k [(@°+ Wk — Wit q)? + 497
N ‘”S”h/ 02y (¢° = Whtq + k) (M + Tkt g + 261k i) P (K, q) (A18)
Kk
Appendix B: Zero temperature fermions
1. Real part
- F;w+(k q) Fp,y—(k q)
%GE}HV)-F-F _ Lgl”/)++ — ’I’LSFLP/ Nk ) 5 Bl
2 =wm/hkq, by = % + 2z, é(bi +b3) = %2 +322
w _ nsh 9 1
waq = 47‘(2 P/dkk dcnkm —+ (OJ — _(JJ)
2m m
kp 2
nsm 2mw — hq® — 2hkq
= — P dkk1 — —
4m2q /0 . ‘ 2mw — hqg? + 2hkq‘ +(w w)
, 2 1+z— 5L 2 L+z+ 5=
:némfF —1+kl 1—(z—q> lni%f—kl 1—<z+q) In 2];F
nsmkp 1 1 9 1-0b,
= —— 4+ —(1-=02)1 B2
4r? 2{2+2Q( 2 Fanrs (B2)
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Gradient expansion:

w _ nsmkp LR T 1.4 5
Lw,q - 471-2 z |: 2 Q(l b‘r)(b"' + 3b7' +O(b ))

smk 1 b
P[5 G- w7+ gow)

nemkpg Q? 9
R <2 e 2z (B3)

. . . _ Q .
Imaginary energy: z = iw, b = ¥ +iw

Lt nsmkp 1 1—%2—1—11)2 1+%2—Q+w2
iw,q A2 Q 1+%2+Q+w2
smk 2
—”4:’:21” (2 - % + 2w2> (B4)
Q=k/kr=1/R
7. g _wm q ¢q hw _q _q hw
Static case: z = 0:
k 1 2 -9
ri = L —1+<1_>1n 2
1 472 Q 4 1+%
nsmkp (1 Q) 1—%
= 1+({=——|In (B6)
2
4w Q 4 1+ 94
~ss nsh3 E+ek+ 1)
RGT, P/n A kg + (w— —w)
k w_Qm_ m
N K2+ %+ kq
TI'%Gw7q — il P/nkm—m+(w—>—W)
ngfid 2+ 4 +q2kq
q§Rquq = P/ hi kg + (w— —w)
2
~r_ nsh® K+ % +kq— (nk)> — & — kg
%G w,qg 2m2P/nk - — g?n @ +((JJ—>—W)
nsh?’ )2
- 2m2P/ _i_@“w_““)
(B7)
because T' = % (Tr — L)
= 71 b
/ a+bc n(a + be)
a+ be a c
= — 4 b
/ a+bc b/ [a+bc a+bc} p gz nlatbe)
a 2 a/c a A ac a®
/ “atbe b/dcc[l—aijJ :%_g(g_bjlnm—'_bc)):% b2+b Infa+be)
1-c ¢ ac b?>—a?
/dca+bc TR G (B8)
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nsh? 4 1 — 02
_ 87r2m2p/ dkk nk/ dC hch + (w— —w)
1
ngh? .| @ (w - Z—gj)c (Bhay2 _ (o — hay2 hg®  TikqC
= 87r2m2p/ dkk*ny, NI + e - ka3 In(w — " m )
m m m —1
nf® 2 [aw B (Bhaya Ry, ha o kg
:mp/ dkk*ny (a3 e lnw_qu_hkq + (w— —w)
m m 2m m
- 2
nsh? <y 2wm? —mhg®>  m mw g .9 w— Zim + %
= 787T2m2p/0 dkk ng 4h2k2q2 + qu (1 (ﬁq — ﬁ) ln 42(3; _ h’rlflq + (w — w>
nshi(2wm — hg®) /Oo 2 nsh? /oo 3 mw o gio he — 3tk
= = akk dkny (K* —k(5— — 22 | In 24 2 -
87r2mq2 0 ng + 87T2mq 0 Nk ( hq 2) n %2; — % — + (w - LU)
(B9)
kr ak  K* 1 (., a® ke
dkk1 bk) = — — 4= (K2 -2 )1 bk
o n(a+bk) = 5 4+2( b2> n(a+ )0
ak:F k‘2 k‘% 0»+bkF
- Sr -+ D) — 1
2 4 T Metbhe) - 5n a
kr 2 2
a + bk akp kz a a+ bkp
dkk1 = SE 2 )
/0 "aok T b +<2 2b2) v
kr Boak® a2k o’k at hr
dkk31 bk) = —— 4+ — — —— + —— K- — 1 bk
/O nlatbk) = =35+ 195 w2 +4b3+4< b4) n(a+ )0
ky ak3d a’k% aPkp 4 a+ bkp
_ _fp | R k 1 bhp) - L%
16 T me T oap T gtrmletbhe) - 4 b4 a

kr 3 3 4
a + bk ak a’kp 1 a a+bkp
dkk31 = £ ky — 1 B10
/0 etk 6 2 +4< b4> N o= bkp (B10)
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§RC~¥T _ ngh(2wm — hq?) k3. ngh? ﬁ ackp akp(mw q.o
wa 2472 mg? 8m2mgq | 6b 2b3 b * hq _5)
k% a* mw ¢ k2 a? Te — 4 +kp
(e () B
4w Vg 2 2T M 4 g
_ mlthea%z - ke | nah® TLmw gy Lome gy, o ome Dkw (T - 22
2472mg? 8m2mq |6  hg 2 F "2 hg 2 hq hg 2
1 mw ¢ mw g mw ¢ e — L4 kp
4= k4*7**4* U 1N2 k2*7**2 1 q o
§ (kG = g 2 = 32 (- Gy ) g+ 0 )
_ nsh2k(z — W) nsh?k l(z B L) e i)3
1272mgq 8m2mgq | 6 2kp 2 2kp
1 4 \a 4 \2 q \2 2= g 1
21— (2= L4 = R —(r— L r —
+4< T = GRS Tl ) R i}
nh2kib_ nhPkE[ b b3 1 4 9 9 1—-b_
= T ontmg p— [—6+2+4(1—b —2b* (l—b))lnler_} + (w— —w)
nh2kkb_  nhPkE[ b b2 1 9 4 b_
T 12n%mg 8m2myq [_6 + 2 + 4 (1 =262 +0%)In 1 —1—6] (w0 —w)
nsh?kb(b— +by)  nsh?kh [ b +by | 9v9, 1—b_ 1 1-b
_ _ 21— 1o 5242 +
1272mgq 1672mgq 5 TNt g A s (b )T
 nambp B2k br 1( by 5 1, o, |[1—b
= aeQ me 2|3 Ta\Ty ittty ﬂ (B11)
by =%tz é(bi—&-bi) = %2—1-322
. kp h2k2 b, b3 (1—b2)? 1
§RGT _ nsmkg F _ T el T ~13 5
w,q 47’1’2@ m2 — | 12 4 4 (bT + 3b7—) + O(b )
_ ngmkp h?k3, ~ 5br N @ 1+ 02— 202 0 1b3
T oAn2Q m? | 12 4 4 )
. nsmkp h2k2 Z _5b, N b3 by — 20} 103
472Q m?2 — | 12 4 4
_ ngmkp th% 8b,  8b3
S AmQ m? & 12 12
nemkp h2k% 2 Q2
- S47T2 m2F A G 372 (B12)
Imaginary energy: z = iw, b = % + 1w
smkp h2k? 2 1 3 2 2 149 _ 2
RGT, = Memhe KR 2@ 10 2@ Q7 gh 0 (1—Q+w> Q| m i @t
4m2Q m 3 4 3 4 1+ % +Q + w?
nemkp h2k?2 Q? 2 ’ 1+ 9 —Q+w?
= = 4m§’ —§+——3Qw + <1Q+w > — Q*w?| In —7; @ .
_ nsmkp th% 2 Q2
Al (P13
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212
Clasical limit Q — 0: C* =1, CT = ke et — 1 ' = -2
1 1
BT = (Q+ )T 4 (5Q - 2T = (20 + 1)Q5™
x _ nhsmkp _x X2
LW,(] - 472 C chz " (B14)
n=0

2. Imaginary part

Y - 1 For (k+9)
FrE(k, q) = <:F::L (k+9) %(k+%) (k;+‘21)) (B15)

Rf;”i = nsﬂh/k d(tw — Wrtq + wie)np (1 + §nk+q)FiW(k, q)

= nsﬂ'h/ §(£W — €hrq + )i (1 — nprg) FE (K, q)
k

_ gﬂz /MF BEO(|k + q| — kr)d (iw_ % _ ij) P (e q)
B g;gr; k<kp CrO(Ik - gf = kp) FE (= q)‘kSZ:F%JF% (B16)
(a): ¢>2kp —kr %+g<kF
-1 < ¥z+% <1
(b): ¢<2kp —kp < %+g<q_,@
-1 < $z+% < % —1
(c): q<2kp q—kp < q:%+g<g
%_1<$Z+ﬁ<ﬁ (B17)
nem [k n.m
Sa = g | mdkk =S (4 — i) (B18)

<=2
Q
omkp |12 (2 - 42 1.9 . _q_¢
Ri;tt,:nng 1-(3—-2)° Q>2, 1 5 < z<1l-3<0 =R, (B19)
o1 (@-22 Q<2 —2<-1-9<-2<-1+%9<0
Q
22Q Q<2 0<z<1l-3%
) 1-(9-2)2 @>2, —-1<%$%-2<1
ngm -
gzszQF 1-($-2)?% Q<2, -1<%-2<-1+Q<1=R",, (B20)

o

22Q) Q<2 0<z<1-3
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q

q 2, q
Tr(k+ = k+=) =k k
r(+2)®(+2) + Tk
2
n(k+g)®(kz+g)n = (nk)2+qz+k:q
(k+3)@k+3)" = K - (nk)? = k> — I3 (B21)
k2 ka ) nghi?
RTE = ordkk® = —° 5 — ki
w,q 8r2qm Jy, m 16mq (d2 1)
1— (5L F2)?)? L>2 —1- L <Fz<l-—
n.h2k [ 2kr kr 2k 2kF
= 12 F [1_(%;@2]2 ﬁ<2, —1—ﬁ<¢z<—1+2h (B22)
mwagm
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Appendix F: Both statics, arbitrary temperature
1. Infinite lifetime, Lindhart function
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3. Summary
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Appendix G: Classical case
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Appendix H: Poiseuille flow
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Appendix J: Galilean boost-invariance
T — T+t T— T+, f(Z,1) = f(Z—td,t) = f(Z,t) — tad f(T,1), O — Oy — GO
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[(z+a)*+(y—a)®]

(z+a)*+(y—a)?]

|
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Therefore Galilean boost invariance excludes j without derivatives except surface terms (O(j)) and introduces the
convective time derivatives.

Continuity equation reinforces the correct Galilean-boost transformation rule for the current: (p,5) —

ihOp(t, T — tu)

0=0p+Vji—0=-uVp+V( —37)

= HyY(t,z — tu) — ihuV(t,z — tu) = (H + up)y(t,z — tu)

= j'=j+pu
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j=k+Ve, VE=0,¢=—-A"10p
Galilei boost: (p, k) — (p, k),
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Convective derivative:
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L(p,4,80p,00j] = Tlp,k — A~V dyp,dop,do(k — A~ Vdyp)]
= T[p,k — A" Vp, Oop, ok — A~V 2]
= Tp,k— A~'VDp, Dp, Dk — A~V D?p] (J7)
Linearized equation of motion:
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in particular, for a =0
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“Reynolds number”: T' is the total time,
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or measure of nonlinearity:
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