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I. THEORY

In flat Minkowski background the Lagrangian is
1 12 12 2( 2 9,4 g9’ 6

525 dzdt |¢” — (¢')" —m ¢—§¢ +§¢5 . (1)

The Hamiltonian of the theory is
1. 94,9

H = /de [¢2 + (¢)? + m? (¢2 - 50+ 3¢>6>} . (2)

The equation of motion is therefore
6 =" +m? (¢~ g0° +¢6°) = 0 (3)

to which the oscillon solution is

b(t, z) = e\/z cos <27”> sech(mae) (4)

. . _ 2
with period 7 = o B

II. QUANTIZATION PROCEDURE

To quantize the periodic field we shall proceed as Dashen et al. in their quantization of the
breather doublet solution of the Sine-Gordon model.

The derivation is done in detail in Dashen et al. paper and is summarized by Rajaraman in
”Solitons and Instantons in Qunatum Field Theory”.

Let us define Q(E) = Tr (ﬁ) and G(T) =  Trlexp(—iHT/h)] =
[ Dlo(x, t)]exp {£S[¢(x,t)]} as in Rajaraman.

We then use the Stationary Phase Approximation to pick out periodic classical solutions ¢ (z,t)

from G(T') as described in Rajaraman chapter 6 ” Functional integrals and the WKB method” to get
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the allowed quantized energy states analogous to deriving Bohr-Sommerfeld quantization condition
in Quantum Mechanics.
A necessary ingredient in quantizing a periodic quantum field are the stability angles v; where

i labels different solutions to equation (5). They are obtained by solving the following stability

2 _, (0
[—aﬁw—(w)

Since ¢ is periodic the solutions to equation (5) will also be periodic. The stability angle is then

equation:

(z,t) = 0. (5)

Pel

given by
iz, t+7) = eVigi(w, 1) (6)

Since the energy will in general diverge we must introduce counter terms to the field Lagrangian
in order to renormalize the energy (mass) spectrum.

The energy is shown to be given by expression

1 0 vy

E = Ecl[¢cl] + Ect[¢cl] + Z(pz + §)h87- )
i,p;

where p; =0,1,2, ..., 00, (7)

where the following quantization imposing conditions must be satisfied:

W{pl}(E) = 2mmh (8)
Wip i (E) = Salda] + Sct[da] + ET[¢a] — Z (pi + %)hw (9)
%,p; =0

III. IDENTIFYING ALL THE PIECES - CLASSICAL ENERGY AND ACTION

The classical energy of the oscillon field is

X 2
Ealoa) = [ dz, [¢>2+ (¢/)° +m” <¢2 ~S0'+ %&)]

_ 8me [ 9 4 — L6 — L, , —
= Toisg [ 360¢” cos™ (mt\/ 1 — €?) + 512¢” cos” (mty/ 1 — €2) + 135 (3 €“ + 2¢” cos(2mt/1 — ¢ ))}
= E;Zle - S:; (3 — 6 cos(2mt) + 8cos*(mt)) € + O(€°) (10)

or in terms of period, if we expand out only the epsilon in the spatial part of the field and only



then tau in the first term we get

1T.
Buloa) = [ deg [+ 60+ (- ot + ¢6)]
8e 9 9 o f2mt 9 2rt\]  8me® 2t 4t 4096me’
= W [m T~ COS T +4’/T sm 279 - 1 +4COS - + WC(
ot ot 2mt 4mt 4 5
= 8ﬂ cos® il + (1 — 62) sin® mt — 8me? cos? il 1+ 4cos T + Mcos
39 T T 27g T T 1215¢g
8me 5 . o [2mt 8me> 2mt 4t 4096me> o (2nt
= — |1— — — 1+4 _— —_—
39 { €”sin < - >] 274 coS ( - > [ + Cos< - ﬂ + 12159 CcOos .
8 8me> o7t 8 ot Amt
:% - g;e sin2<:>—27n;cos <:>{1+4 OS<:>]63+O(65)
8m 8me> 4t 8t
= —e¢— 6—2cos| — | +cos| —
3g 27g T T

The expression is time dependent because our solution to the equation of motion is only ap-

[0

proximate.

The classical action over one period is

T e8] . 2
Saléal = 5 [ dt [ da [¢2—<¢’>2—m2 <¢2—§¢4+%¢6>} -

0 —00
_ 4e (47r2 B m27_2) n dmre - 256m e _
3gmT 9¢g 243¢g
_ _8m7'63 _ 256mred (12)
9¢g 243g
We can check that F, = —% and get the part that is not time dependent. The results are
consistent up to time dependence of equation (11), so
dSe 8 16me’
B, = a _ 8me me‘ (13)

dr 39 9g

Note that we will treat 7 and € as independent in future analysis, and therefore no relation

connecting them will be used. For example, the relevant expression for classical action that we

shall use will be the second line of (12), where the identity 7 = m\/Qf_j had not yet been employed.

IV. STABILITY ANGLES

The stability equation is the same taking ¢ = ¢ + £ and expanding equation of motion in £ to
first order.

Now we need to solve the stability equation to get stability angles.



Assuming £(t, x) is separable we can write & = &7 (t){x(z). Then the stability equation up to

the third order in € keeping period non-expanded is

[—0F + 07 —m®(1 — 3997 + 5g°¢q] £(t,2) = 0
[—8,52 + 92 —m?(1 - 80052(27Tt/7')sech2(m$6)62] E(t,x) =0
[—83 + 02 —m?(1 — 8COSQ(27Tt/T)62] &réx = 0

(14)

The = dependence only comes into the equation at the 4th order in € therefore we are essentially
solving a wave equation with an oscillating spatially flat potential. After calculating the mass
spectrum up to € order, higher order contributions shall also be considered in order to include the
x dependence into stability equation.

We get two ODEs after using the method of variable separation:

d2
ng +C%x =0 (15)

d? C? 2mt
@ET +m? <1 + e 8€% cos? (:)) & = 0. (16)

Following the theory of Mathieu functions in Abramowitz et al.’s ”Handbook of Mathematical

Functions” the Mathieu equation is of form y” + (a — 2¢ cos2z)y = 0 or in our case

’ 2 . 9
ddEQT + <m2 +C? — 4é2m? [1 + cos <277—rt>]) Er=&r+ ([02 +m2— 4e2m2] — 42m2 cos <2T>> er

M([C +m —4€m]m—ﬁ€m COS QT §T:0

Hence we can identify

(C? +m? — 4m2e%)r?

472
B m2e2,2
7= 272
27t
7z = —
-

(18)

We can write a general analytic solution in terms of Mathieu functions, the Mathieu cosine

function Cela, q, z] and the Mathieu sine function Se[a, g, z].

2 2 2.2\ 2 0222
Er(t) = 4,Ce (C* 4+ m* —4m®e”)T ’mET ,27”5}4—14286'[

472 272 T

(C? +m? —4m?2e2) 12 m2e3r? 2mt
472 o2 o




We shall use notation Seq 4(2) and Ce,4(2) and introduce the Mathieu cosine and sine function
derivatives with respect to z. These function are called Mathieu cosine or sine prime functions.
They will be denoted as Se, ,(2) and Cey, ,(2).

Using Floquet’s Theorem (Bloch Theorem) which states that periodic solutions must exist
for wave-like differential equations with periodic potential, there exist solutions to the Mathieu

equation of form
Fu(z) = €2 P(2), (20)

where 1 depends on a and ¢, and P(z) is a periodic function with the same period as the potential
in the Mathieu equation - namely w. p is called the characteristic exponent. We can therefore
write the general solution to a Mathieu equation in terms of periodic solutions rather than just

any Mathieu functions as
y = AF,(2) + BF,(—2) (21)

We can see that upon transformation ¢t — t + 7,

27r(t—|—7')> _ eil‘MP <27T(t—|—7')>
T T
= e%i”ei“zP(z) = 627”“}7(2) (22)

F(z) = F, <

The way to extract stability angles from stability equation is
Ei(x, t+7) = e™ig(x,t) (23)

Since &7 is an explicit solution to the Mathieu equation we can set {&r = y with an appropriate

identification of a, q, z and get the stability angles
v =2mp. (24)

To solve for p consider a solution for our fixed a and ¢ to the same Mathieu equation with

boundary conditions

y1(0) =1;  ¢;(0) =0. (25)
For such solutions we can see that

cos(mp) —y1(m) =0 (26)



Solving Mathieu equation with boundary conditions gives an analytic solution

Cey, 4(0)Seq q(2) — Ceqq(2)Sey, ,(0)

yi(z) = (27)
Cefw(O)Sea,q(O) — Cea,q(O)Se;q(O)
with the same variables a, ¢ and z as before.
Hence
= 2™ o ez (28)
T
and so all possible candidates for stability angles are
v; = +2arccosyi(m) +4mi; i €Z=
Cel, (0)Seq q(m) — Ceq q(m)Sel, ,(0)
_ =+ a,q a,q a,q a,q . .
=v- = 2 47i; S/ 29
7 = e (G e e ey ) 4 2

Any solution for characteristic exponent g will have the discrete term 2k because of the peri-
odicity of cosine and sine. These do not correspond to distinct stability angles so we do not need
to take them into account. The first two positive angles (as we only need to sum over positive

stability angles (See Dashen et al.) are

v = 2arccosyy ()

vo = —2arccosyi () + 4w (30)

However, the angle 1o is just a result corresponding to the complex conjugate case of the
exponential, hence not a separate stability angle (same as Dashen et al. treatment). Therefore the
only stability angle is v;. Otherwise we would always get cancellation between these two solutions
as one is a complex conjugate pair of the complex phase in e?”. Also note that our stability angles
must be real in order to have stable, non-decaying solutions to the stability equation.

As in Rajaraman and Dashen we are only interested in the basic oscillon state so set for all
i, p1 = 0. We have a continuous set of stability angles depending on the value of continuous
parameter C' which comes into solutions as a separation constant, assuming that we can indeed
treat 7 and € as independent and that € is a fixed small parameter.

The only stability angle is given by

cos — = : =
(31)

since Ce], ,(0) = 0.



Therefore we find a simple formula for Mathieu characteristic exponent which we re-expressed
as the stability angle. The formula for characteristic exponent is

Ceq q(m) (32)

cos(um) = Coao(0)

which should be correct for all real characteristic exponents for any a, q.

Mathieu Cosine function can be expanded around ¢ = 0 using a well known formula

Celap(g), ¢, 2] = cos(yi2) + % <COS(/SM__12)Z) _ COS(LM—:-IQ)Z)) g+ .. (33)

where p is the characteristic exponent, and a,(q) is the characteristic value, or parameter a,
which can in general be uniquely determined from p and ¢. So the knowledge of @ and ¢ determines
u, and similarly knowing p and ¢ we can determine a. We can therefore use this expression to
verify our derived result for characteristic exponent directly from a known expansion and see that

they in fact agree.

cos((u—2)m cos T m272¢2
COS(/J/ﬂ-) + i ( (2{12) ) - (8}::»12) )> o272

1 1 1 272¢2
1+1(m—m) Hor
cos(pum)  cos(pm) _ cos((p—2)m)  cos((p+2)T)

w—1 p+1 p—1 n+1
0=20 (34)

cos(um) =

For small q we can use the identity given by Abramowitz and Stegun 20.3.15 which is

q2 (5M2 + 7) q4
2(p=1)  32(u2—1)%(u2 —4)

a=p*+ (35)

Using terms up to ¢2, and solving the quartic equation for u gives two solutions +1, —1 and

21 v/ C2 +m2 °

angles up to order €2:

+ <T7Vc2+m2 — ﬂ) Taking the positive solution we have the expression for the stability

2

2 2
v=1vC?%24+m? — 7%2 _::EmQ

We get the same result as we would taking ¢ — 0 and expanding /a for characteristic exponent.

(36)

We could impose periodic boundary conditions on the stability equation which would give as in

the Sine-Gordon case

LC, = 2nr, (37)



with L the box size. When taking L. — oo the sum over all stability angles becomes an integral
over all values of C.

This integral will have a quadratically and a logarithmically divergent term.

V. SUMMING THE STABILITY ANGLES

Let us insert the expression for € in terms of 7 into the equation for stability angles and action.
When expanding in terms of € the insertion does not matter since 7 is of order 1. Solving for e
from the identity for 7 there are two solutions. However, since we have to square epsilon, it does
not matter which one we take as they are + and - the same expression.

The stability angle is then

2(m27'2—47T2)
v = 1VC24+m2— o

27V C? + m? N (02 - 3m2) e

= 38
m myC? + m? (38)
Its derivative with respect to the period is
dv 2 (m27'2 + 471'2)
Yo m2 —
dr - 72/ C? + m?
(39)

The sum over all stability angles is now an integral over all values of C'. Since the integral will

diverge we can introduce a cut-off which we later take to infinity.
d > dv
— = —dC —
dr Z Y / 0o AT

A
dv
— 4
R /_A Y ic (40)

This gives:
A A 2,2 2
dv 2 (m T 4+ 47 )
—dC = / VC? +m? —
/—A dr A 72/C2 + m?

2 /A2 2 VA2 2
= AVAZ+m? — 167; In <A+ ATt m > —m? [arcsinhA + 2In (w(%l})
T m m

m

dcC

Now notice that

arcsinhA =In ( (42)

m

A+ VA2 +m2>

m



Hence
A 2 2
/ U a2 1672 +3m 2 <A+\/A +m>7
AdT m
and

2

m

Or without the derivative:

*ZV: hm

Integrating without any epsilon - tau substitutions, with periodic BC

1 _ T e mire
2. = 2 Vet e

L [ m2Te?
— EOT — 27T/_OOdC [kcq +m2:|

2 m

2

L A m2re
= FEg7— — 1i dC | —
o7 ZWAEI;O _A C|:,/C'2_+_m2:|
Lm?7é? A+ VAZ+m?2
= E()T — In
T m

VI. RENORMALISATION

In order to get the energy

d
E=——
dr

Set + Set — Z Vz] )

2 2 2 2
%A /7A2+m2_<87;+?"n>1n<1\+ M)]
T

2 2 /A2 2
%A‘/A2+m27'—|- <87T_3m 7—> In <A—|—A+m>]
T

(43)

(44)

(46)

(47)

we must introduce counter terms and cancel the divergences from the sum of stability angles. The

quadratically divergent piece is exactly the vacuum energy of the theory so will vanish. The more

problematic is the logarithmically divergent piece.

Due to the field strength renormalisation which normally comes into the two-point function, we

can use the standard trick and replace ¢ = Z/2¢, in the Lagrangian and write the bear mass mq

and gg instead of the physical mass and coupling constant. Then we can introduce the standard:

6m = Zmd —m

0y = sz%go —m?g.
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Inserting this into Lagrangian:

1 1
2 §m3¢2 + nggmp“ (49)

1
L= 0:9)
We do not need to worry about ¢ term since when we insert the counter terms into the WKB
energy equation, terms will have to be evaluated at the classical field solution. And since we are

only solving up to order less than O(e?), we can leave the ¢% term out.

1 1 1
L= - (0.0)° - §m3¢2 + nggoqﬁ‘* -

— Do

1 1
= S Z(0u:)* — §Zm3¢3 + ZZQW(Q)gocbﬁ =

2
1 2 1 50 1 5 4
1 1 1
+§6Z (au¢r)2 - iémqs% + 159¢;4" (50)

We can proceed exactly as in Peskin chapter 10.2 where he find counter terms for the standard
¢* theory. We only need to make suitable identification of parameters between our Lagrangian and
the standard phi to the 4 Lagrangian.

The identification is:

¢* = oscillon
A = —6mig
oy = —604 (51)

Then by analyzing 2 -; 2 scattering we can find the counter terms.

The renormalisation conditions are the usual ones as in Peskin pp. 325.

Now
iM = 6im>g + (6im2g)” [iV (s) + iV (t) + iV (u] + 6i6,, (52)
where
v 2)_¢/ d’k 1 i (53)
P =73 (2m)2 k2 —m? (k + p)2 — m?

The renormalisation condition demands that the amplitude equals 6im?g at s = 4m? and

t=u=0.
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Therefore
5y = 6m*g® [V (4m?) + 2V (0)] (54)

Computing this integral gives after writing [ = k + xp, Wick rotating and writing A = m? —

z(1 — 2)p*

V(Pz) = / / ) lg + 2( i)pQ _ m2}2
d l 1
N / / E l2 +A]
B / / szjlz (%)

We can replace the integration limit oo with A which we later take to infinity. Now:

A2
)
= de—
Vo) =~ i [
1 1 A?
= —— lim dx .
4t A—oo J 2(m? —z(1 —x)p?) [(m? — x(1 — z)p?) + A?]
(56)
So we have:
1 1 A?
V(4m?) = —— i d
(4m”) Am Ao 0 9 (m? —4m2z(1 — z)) [(m? — 4m2x(1 — x)) + A?]
1 A2
= lim dzx
Cdmasesefo g (m — 2ma)? [(m — 2ma)? + AQ}
L 1 , actan (#20e) ]
87T A—co | 2m (m — 2max) 2mA .
_ 1 m | I N arctan (— %) _ arctan (%)
8T ASco | 2m2  2m2 2mA 2mA
1
= 57
87rm2 ( )
and
1 2
A
VO = — 1
(0) AT Ao 0o 2m?[m?+ A?]
1
= (58)
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Hence

5, = 6m'g? [V (4m?) + 2V (0)]
1 1
— Gmia? _
g [87rm2 47rm2]
3g°m?

T an (59)

Now we need to get the mass renormalization factor. Proceeding as in Peskin, we need to
consider the self energy loop diagram. One can show that,

Pk
_ . 2 v
0=3im g/ Bn) I =2 10 (60)

Wick rotating we get:

Pk 1
b = 3im2g [ 0L
32mg/(2ﬂ_)2 k2 —m?

_ g / 2l 1
B I e+ m?
(27)

3m2g . /A ldl
= hm —_——F%
2T A—oo 0 l2 + m2

m2
3 2
— ) lim In ()
2T A—oo m

(61)

It is actually better to take what is given in Rajaraman which gives mass renormalisation:

5. — 3m29/A dk

2 Jo V24 m2

3ngln (A—i— VA2 —|—m2>
m

2

We now have both counter terms for the renormalized theory. They are:

3m292
0 = = 41
3m?g . A+ VA2 +m?
Om = lim In| ——
2T A—oo m
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VII. CANCELLATION OF DIVERGENCES

The counter term contribution to action is (note that we will take which ever sign coming from

square roots (+ or -) will be convenient for canceling divergences):

1 T o 1 T o
Set = —5m/ dt/ dx¢§l+5g/ dt/ dzo?

2 0 —0o0 4 0 —0o0

_ _dre,  8re

 3gm " 9¢2m !
2mTe A+ VA2 +m? 2mred

= — In -3 (64)

T m T

We can neglect the €3 term coming from the g renormalization as no result to such high order
in epsilon can be trusted. We can only work up to epsilon squared.

Now

1 4dTe 1 T
Set — = = ——4 2re? —_—— = VC? 2 E
ot 221/ 3gm m + m°Te Zn: T2 2; L+ mc+TEy
2m76/°° dk 9 2/00 dn
= — +2m-Te —_—
T Jo Vk?4+m? 0 VC2+m?

L=> (66)

me

The same result arrises from dimensional regularization. I haven’t written that up yet.

VIII. DIMENSIONAL REGULARISATION AND INFINITY CANCELLATION

Take d =2 — 2«

1 T o 1 T o
Set = —5m/ dt/ da;¢§l+5g/ dt/ dzo
2 0 o) 4 0 —00
3

dTe 8te
= — 0+ —5—0
3gm + 9g2m ¢

, k1 3
= —42m7’€/(27r)2k2_mQ+(’)(6 )

e R ()]
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Now the sum over stability angles with the dimensions d/2 from the d we used in the mass

renormalisation. To use the same parameter a we need to take d =1 — a.

1 N T e
DI e b=

L [* m2re2
Eor — = e
> Byt~ o /_OO b [ a +m2] (68)

Since C'is in Euclidean space we need to first rotate it to ”some sort of 1 dimensional” Minkowski

2

space. Take C' — —iC

L 00 2.2
= Bt [ dc[m”}
2 J_

C?2 —m?
R 1O
- EOT_LWZTNQ [2_7+0(a)]
— EOT—Lmi?TE2 [1_74-(9(04)]
(69)
Then including the vacuum energy
S“_%Z” = Bor == B—V] —EOT+Lm;T€2 [;—W]
S
This gives

Possible explanation could be that L comes in from the stability equation. And the stability
equation knows nothing about the localisation of the oscillon. It treats the stability as an oscillating
background.

Write the explanation containing the non-locality of stability equation.

IX. PUTTING TOGETHER THE PIECES

No €3 results can be trusted since we saw that there is no energy conservation at that level, as

our classical solution of the field is not valid at orders that high. Another reason is that the stability
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angles which would next have ¢* term would became of third order in epsilon as we integrated over
C.

Therefore we can write classical action as:

4e dmred  256mTe®
S, — Ar? — 272 _ .
“ 3gmT ( TomT ) + 9¢g 243g
_ 1672 4dmre
- 3gmrt 39
4 (4n* — m?7? 4m?
_ U VAR (72)
3gmT m272

We saw that counter terms cancelled the sum over stability angles exactly. Even if they give us
an additional finite value, the result will only differ slightly hence it is worth first seeing the mass
spectrum in the exact cancellation case.

The expression which gives us WKB corrected quantum energy is therefore:

d 1
E = —— Sc Sc -3 )
fsees
_dSqy  d |4(4n? —mPr?) 472
a dr  dr 3gmTt m272
4 (812 4+ m27? Ar?
_ ( T4+ meT ) A (73)
3gmT?2 m272

Now we shall use this expression for energy in terms of purely the period, to impose the quan-

tization:

2nN =W = ET[E]+ Su

4 (87T2 + m27'2) 472 N 4 (47‘(‘2 — m27'2) 472

- 3gmT m272 3gmT m272
1672 472

- - (74)
gmT m2T

We now have a system of 2 equation relating F to 7, and 7 to N.

4 (8n? + m?7?) Amr?
E = -
3gmT?2 m272
4 2
N S oA (75)
gmT m272

By eliminating 7 we get a quartic equation for the WKB quantised energy (correct up to order

including € )

81g°E* — 36m? (4 + 3¢°N?) E2 + m*N? (12 + ¢>N?)* = 0 (76)
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with solutions:

Ey = i% \/8 +6g2N2 £ (4 — g2N?2)3/? (77)

Since energy has to be positive we can immediately eliminate 2 solutions. The remaining two

are:

En = ;’;\/8 +692N2? + (4 — g2N2)%/? (78)

Since this is the rest energy it is the mass of the oscillon. The solution we can trust more since

it has lower energy and would be more stable is:

My = ;;\/8 +6g2N? — (4 — g2N2)3/2 (79)

where N =0, 1, 2, ... %, since the energy has to be real. In the Sine-Gordon breather case the
rest energy also went to 0 for N = 0. If we are to give any interpretation in terms of a number of

particles then this is to be expected.

_m 2 (4 42)3/2
M= 28+ 692~ (4= g7 (30)

then we can write in the weak coupling case of small g,

2
My =m — % +O(gh) (81)

For a Nth state in terms of the 1st state we can write in the weak coupling limit:

8+ 6g2N2 — (4 — g2N?2)3/2

My = M,
8+ 692 — (4 — g2)*?

2
= MN = 50y (N* = N) = 0 (g")

(82)

We can compare this seemingly unrelated mass spectrum to the Sine-Gordon breather model

o = S+ (o () )

which has a Lagrangian:

m

1 s m? 5 Ay
= i(auéﬁ) 7¢ +ﬂ¢
2 m2g/

4

¢! (83)

m
2

1
=3 (auéb)z - ¢+



17
. ! A . . . . .
where we can write ¢' = g2, to make Lagrangian more similar to our oscillon Lagrangian.

The mass spectrum of a Sine-Gordon breather is (all written with primes):

16 N’
Mga = msin< 7)
Y

16
(84)
where
A/m?
7T 1N (8mm?)
64’
— 3y (85)
47

In weak coupling the mass of 1st state for Sine-Gordon is:

3mg/2
M} =m—
1= M= 08 (86)
then

2
My, = M{N’ —% (16?712> Mj (N? - N')

39/2

= M{N'—=2_M{ (N® - N)

87
128 (87)

We can therefore see that our oscillon mass spectrum is identical to Sine-Gordon, to order g2,
with identification of the coupling constants:

Oscillon = § -G

f 39/2
96 128
—

395 A
-+ — 4
g 5 g (88)

We can therefore interpret our oscillon the same way as the Sine-Gordon breather in the weak

coupling limit. This means that we can interpret it as a bound state of N particles with a slightly
lower binding energy.

X. SINE-GORDON BREATHER
We have established that if we write the Sine-Gordon equation with ¢’ coupling analogous to

our phi to the 6 model there is a correspondence in the weak coupling limit to the coupling A in
the S-G model.
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Now the breather field is also the same in the small ¢ approximation if we use the oscillon

identity

with abbreviation

Then

12

Now for the stability angles

27
T (89)
_ . mT
in (¢
am arctan [/ 72 —1 sin (%)
VA cosh (mx\/ 72— 1/7’)
Am arctan [ ¢ sin <27Tt> sech (mx )}
——ar ————sin | — mae
NN V1—¢€2 T
4 2mt
M sin <F> sech (mxe)
VA T
2
€4/ 8 sin zmt sech (mzxe)
39 T
(91)
v=1ym?+q2
(92)
]
Lq, + 4arctan(m ; ) =2mn (93)
7

We can expand up to €2, solve solve for g, insert it into the equation for v, expand again and

we get using LC),, = 27n

, | A4mn? dmre
VvV = TA/M*+ 2 — —
Ly/m? + 472
dmre
= 71ym2+C2 - ———— 94
Vmi s L ey o &
This is again consistent with our oscillon stability angle upon identification
2
L=—. 95
s (95)

We therefore have more or less all ingredients exactly dual in both of the models.
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XI. QUANTIZATION OF GENERAL OSCILLONS

We can say that an oscillon should go to vacuum expectation value

¢(z) = do=(0]¢|0), (96)
when its period goes to
27
— 97
T (97)

where m is the mass in the Lagrangian.

XII. QUANTISATION OF GENERAL OSCILLONS

A. General Theory

We can apply the semi-classical quantization to an oscillon ¢(x) by splitting the fields into
rectangles of small width, similar to performing a Riemann integral by splitting the curve into
rectangles and summing over them. Then each rectangle acts as a spatially homogeneous field and
the results derived through the Mathieu equation can be used to obtain local quantization. Then
all these regions must be summed over and a hopefully meaningful result can be obtained.

To obtain the stability angles we need to solve a partial differential equation of form

2P
52 + o2 Zangb”(x,t) §(z,t) =0, (98)
n=0

where ay = m is the mass and ¢ the oscillon solution to the equations of motion.

Let us define an open-set rectangular function II(xz) which takes the value 1 in the open-set
neighbourhood (z —§,z +0) for some 0 < § < 1 and is 0 elsewhere. Then we can use this function
to discretize an otherwise smooth (at least twice differentiable) oscillon solution by writing

00
o(x,t) = Z o(y,)II(y — x), where y € {—00, ..., —28,0,26,46, ...,00} (99)
y=—00

and the spatially averaged value of the field is

_ y+6
Bt = 55 | otz (100)
.

This means that we can write

62 82 _
R ) A R (R x)] §(z,t) =0 (101)
ny
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The rectangular functions are othonormal in the sense that II(x)II(y) = II(z) = II(y) = 1 if
x =1y € (—94,9) and 0 otherwise. Of course z — y = 2nd, where n € Z. The function can also be

written as a combination of Heaviside Thetas:
I(z) =O©(x—96) —O(x+9) (102)

Therefore we can multiply the equality by II(yo — z) to separate the differential equation
2

0? - 0
M(go — ) 5y + D and(y, )11y — )I(yo - x)] (2,) = Ty — )5 5£(2,1)
n?y

82
YD) + Z an¢ Yo, t (y07 t) = H(yo - 1")725(1'7 t) (103)

at Ox
Now since we defined II(yp — x) on an open interval (yo —z — d,yp — = + J) we can see that the
neighbourhood of the second derivative of {(z, t) will equal the second derivative of £ in the neigh-
bourhood. However if we had defined II with a closed interval, there would be infinite boundary
terms involved coming from the fact that the derivative at the boundary of an interval is ill-defined

since differentiation requires the existence of more than one point. Therefore

32
8t2 Zan(rb yOa ] 5?10(?/7 ) — yzfyo(yvt)7 for (RS (3/0 - 57 Yo + 5) (104)

The differential equation is therefore separable in the neighbourhood of any point yy on the
x axis. Introducing a separation constant Cfn for each of the differential equations (at different

points y) and writing &y, (y,t) = Xy, (¥)1y, () for the neighbourhood , we get

dtQ +Zan¢ yO? ]wyo(t) = _Cjowyo(t)

d? 9
di:yQXyo(y) = _Cpoyo(y) (105)
Boundary conditions need to be set to get the values of constants qu = C’q2 for ¢ €
{—00,...,—20,0,20, ...,00}. Introducing a new, more compact notation, y, means the z-axis neigh-

bourhood variable about a point = ¢. Subscripts ¢ tells us at which discrete point the equations

are based. Therefore the set of differential equation for the whole oscillon quantization reads:

_quwq(t)

dt2 + Zan(b” et ] Wq(t)

d2
dy2 ——Xq(Yg) = _CqZXq(yq)

for ¢ € {—0, ..., —20,0,20,...,00} (106)
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Solutions to spatial equations are
Xq(Yq) = Aqeiquq + qu—z’quq’ Vg (107)

We know that &(z,t + 7) = e”&(x,t) and that ¥,(t + 7) = e*™Hayhy(t). Also &(x,t) =
Zq Xq(Yg)¥q(t)II(q — ), so

E(z,t+71) = qu(yq)¢q(t + 7)I(q — x)
e’ Z Xq(Yq)q()Il(g — z) = Z e%i#qu(yq)wq(t)H(q —x)
q q
(108)

This implies that each region must have the same stability angles. This makes sense since all the
regions are governed by the same Mathieu equation for the time evolution, with only a different
amplitude of oscillation of the background potential. The Mathieu characteristic exponent is

therefore ¢ independent



