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I. EFFECTIVE THEORY
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B. Effective action

Generic case:
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In this case:
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where k and k° are given in em ™! and sec™!, respectively, T in Kelvin and k® — k0 + de.



II. POLYNOMIAL SUPPRESSION

Suppression at high momenta:
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Using SI units we have a four-vector x = (ct,x), hence we have to have k = (k°,k) = (w/c, k). Let us divide the
Green’s function into three integrals
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where ¢t > 0. We have
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It will be useful to evaluate the derivative of the following product:
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Complete propagator:
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III. GAUSSIAN SUPPRESSION

Try suppressing the contribution that comes to the propagator from gradient expansion with a gaussian. Gradient
expansion is valid only for small |k| which means that our expression only gives correction to the propagation near
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the lightcone.
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For small k C will have to be large in order to suppress the k* term so that the gaussian decays fast. Further
reducing small terms gives: (note: not sure about definition of Fourier transform - or + sign... maybe metric is -+++
not +—)
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We have a restriction that |k?| << M? — |(k°)? — |k|?| << M?. So the sizes of temporal and spatial components of
k must be of similar sizes. This means that we have two cases.
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Derivation of zitterbewegung as an effect of vacuum polarization.
Case II) for (¢ > 0):

DI — _g,uVMQ/ d3k ok ﬂoefikoct 1
h e o O i R e+ RO+ /AT [RP) (0 — i/~ RP)
_gl“/i/ d’k ikx e_ilkld eilkld 67M6t

(

27r)3e B

_|_
2|k| 21kl 2i\/M? — k|2
d(ct —r) _gw/ Bl g e VMR
(

&
2m)3 " 2\/M? — [k|?

v
= -9

4rr

_ %) —/ M?2—|k|2ct
_ _g;u/ 6(Ct ’I’) % / d|k||k|(€72|k|r _ ei|k|r)e
47y 4r3r Jo 2/ M2 — |k|?

(5(Ct o T) N L /oo M‘k|(ez|k|r B eiilklr)e—w/M27|k|2ct
2m

_ *QW nv
drr 8mr J_o M? — |k|?
(47)
Case III)
LT L 1
Do MVMQ/ ikx v —ikCet
w1 g (277)36 om ¢ (kO + i€ — |k|) (KO + ie + |k|) (KO + i€)?
d3]€ ) efi|k:|ct ei\kz\ct ict
_ —ngMQZ'/ elkm|: _ _|_:|
(273 20k[> 2k[> |k
M2 oo ) ) —i|kct ikct 2ict
= gwi&ﬂr/ dk(e““—e““”){e 2 ekz +ZI:]
0
_ ;Lu-/ dgk ikx 67i|k|Ct ei”cht _’_ﬁ
T et T2k 2kE T R
(48)
V. USEFUL
d?’k i 1 ikr cos i >~ —ikr ikr
/ e = (%)3/ " 9k2dkd<cos9>d¢=4ﬂzr/o dkk(e™"*T — '*T) (49)
(n/2)! 10l 1, 1
_— (5) /2H = (5) /QW for even n (50)



12

VI. HEAVYSIDE FUNCTION

First a little lemma.:
Let us consider
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is obtained from those of

fq
F=— 79
T - wig)

by omitting the poles on the upper half plane. Thue the multiplication by the Heavyside funtion is equivalent by the
removal of the residuu of the ”wrong” poles.

(58)
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The removal of the ”wrong” pole contribution cancels the contribution in D 4 for ¢ < 0, |ct| < ||,

4 —ikx
D, — —@(t)/(ﬂ €

2m)4 k2 4 ( ) KOs K0-pie
_ —@(t)/ 4’k ik %e—ikoct M?
(2m)? 2m k2(M? + k) o 50 4ie
— —@(t)/ dgk eikm dikoefikoct M2
(2m)? 2 (kO — [k[) (kO + [k[)((k°)? = [k[* + M?) |10 ko
&Pk dk® 0
_ 2 ika Y —ikPct
= —O(t)M / (271_)36 9 €
1
(KO + ie — |k|) (kO + ie + |K|) (KO + ic — \/|k|> — M?) (kO 4 ie + /| k|> — M?)
(59)
B3k . e—ilklct eilklet ei\/kz—M%t e—imct
D, = —0O(t Z/ — ek — + _
O fors P | 2R 2R TV R avRE
@(t)/ Bk ik e—i|k|ct ei|k|ct N e—\/JVIZ—|k|th
— e _
kj<ar (2m)3 2|k| 2lk] 20/ M? — [k|?
o) 5(ct —7) / Bk eiVRE=MZct _ —iVkZ—M?Zct
= — _ i e
dmr k|>a (27m)3 2Vk2 — M?
Bk " e*\/JW?f\cht
—iO(t e!hT
( )/k<M 2m)® " 2i\/M? — |k|2
B —@(t) (5(ct — T) @(t) / d|k| |k|( ikl e—i\k\r) e—iVRZ—MZct _ ei‘/k2—M2ct
B dmr 811 Jikj>m 27 k2 — M?
—+/ M?2—|Kk|2ct
+@(t) / d|k|‘k|( i|lklr _ 7z|k|r)e m (60)
8r M 2T ]\42 — |k:|2
Lorentz invariance: Dy, = D(c*t*> —r?),
—ivVk2—MZ2ct _ ,ivVEZ—M?2ct
D, = lim @(t)/ d|k||k‘( i|k|r _efi\k:\r)e €
r—0| 8mr |k|>M 2 k2 — M2
v
+®<t) / d|k‘ |k‘( ilk|r _ e—i\k\r)e :|
8mr M2 — k2
O(t) d|k|k2e*i\/(k2,]w2)z2 _ i/ (= %)a? o) M d|k|k2€7 (M2—k2)a2
= /|k|>M27r k2 — M2 M /Mﬁ M2 _ k2
(61)
for 2 > 0 and
D d|k| z\k\\/—z2 _ e—i\k\\/—z2 6o
8wy 12/ M 277 VM2 — k2 (62)
for t — 0 and 22 < 0, ie.
5 0(z2)e) / dz e VIMTE _ iV L0600 /1\4\/9?2 R
= i——F —z i —
’ Ao Joonvam 2T V22— M2 Ara? oy 2n PR - 22
(oo [V 4 ot o ”
8|x?| M@ 2T /M2 |x?| — 22



This self energy contribution is a regular function (and not distribution) because it is finite for 22 = 0.

I(u) = / dzz2e VMR
>MVz?
M2
J(u) :/ dzz —uVM2e?-2
\:vQ eltuz
K(u) = /
M\/|aT2 /MQ\:U2| — 2

r>1/M:
d|k||k| eiVMle‘th

( ilk|r _ —1|k|r>

M 27 M? — |k|?

D, — _@(t)é(ct—r) +@(t) /

4rr 8mrr

o 6( a d|k:| ilk|r—\/M?2—|k|2ct
— t _
O 47r7’ 871'1" /M 2m — |k‘2 +(re )
O(ct —1)
= -O@t)———=+0O()D,
(" v e
8ctD;; _ 167T2 —— 0, / dke ikr—v/M?2— k2rt+(7a<_> —’f‘)
R=Mr, T =ctM,
/ M izR—vV1—2 T
OrDpr = 167r2R6R dze + (R < —R)
M2 1
= 2R6R/ dz cos(zR)e V1=="T
1
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(65)

(66)

(67)

Notice that the integral Q = f_ll dzcos(zR)e™V 1=2*T can be rewritten as a partial differential equation 8‘9—;2(2 +
BH—;Q = Q — V?Q = Q. But since we cannot be sure that Q is separable in R and T, the solution and boundary

conditions might not be trivial. Another way to do this is to use power series expansion and expand e~ V1=#°T,

1 X 1\n 1
/ dzcos(zR)e VI=#T = Z( D T”/ cos(zR)(1 — 22)"2dz =
—1

ot n' 1
= Z % (1 + 2) Hypergeometmco1FRegulamzed[3 +tn
o n! 2
N DT _ R
a2l GO ( ol FaE )
-y (*1;' T (5 4+1) 2" RF T (R)
n=0 ’

where J, is the ”Bessel function of the first kind”.
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1 i — n 1+n 1+n
/ dz cos(zR)e V1= T — Z MT"F (g + 1) Z%R_%J#(R) =

—1 ’fl'

n=0

- P} | R U,
3 M'/)THQ%R—%JHT"(R)_

n
n even>0

o0

Vi n Ciin B
) %>IWT R Jun (R) =
oo 2! . -
— Z %TW%R_%J#(R)—
n even>0 .
3 T n p—1tn
7 de:>1mT R Jugn (R) = (69)
1 _ 2 |
/ dzcos(zR)e VT = 3 anR%JM(R)_
o e |

n even>0

s T "o ltn
- 2 G ) =
n odd>1 .

> 71 "Frgn n y— 1Etn

(70)

where we have defined a function #3(j) that equals to v/27 if j is even; and 7 if j is odd. Also see its gamma function
representation.

_ o [ Wom ifj=0,2,4,...,2k
m2(j) = { roifj=1,3,..,2k+1
, T0(2 +1)2°% (n — 1)!!
mo() = VILEXD T (2D ™)
Now the propagator is
M? ' _JiTET
OrDypr = —mafg/_l dzcos(zR)e =
M? 0 | (—1)"/a2(n) _1in
= —-— 711” 2 1+n =
87°R OR nz:% (n— 1)l B i (B)
M2 & (=1)"Fa(n), . nis
= ~ 7 S m 2 nt3 =
872 = (n—1)! B Joga (B)
(72)
M2 s —1 " n+3
Dy = CD o) pss 252 1, (R) + £(R) (73)

82 &= (n+1)!

To find the function f(R) which is a consequence of T' integration consider the propagator D 1 at T' =1t = 0. We
have

1 M dlk i|k|r—y/M?2—|k|2ct
D= 9 / dik| e
T 8w | )iy 2m /M2 — [K[?
1

M ikr
e
— 74
= 16W2T6T[ _Mdk 2_k2—|—(rH ’I“)] (74)

+(r+ —r)]
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, _ _ cos(Rz)
(T =0) = 2R on | [ a2
= Tm@ o(R)
M2
N 787TRJ1(R)
(75)
Hence we see that
M2
f(R) = *ﬁjl(R) (76)
Therefore
M? M? K (1) 7'a(n) ngs
Dhr = —— — 7T”“ T2 Jats
RT sr 3 —  (n+ 1! G
M 1 & (—1)"7_1'2(71) nta _nt3
D = —-———5LM — L SNV (et) nts (M
@ g1 THW; (n+ 1) (ct) g (Mr) =
. 1 s (—1)”7?2(77, TLT+3 n+1 _71;3 o
= 8? le (Ct) T JnT-f—S(MT)—
1 > -1 n+1ﬁ' n+1 n41 no—
= WZO( PR D 0 s g (1)
(77)

For this alternating series to be convergent the absolute value of series terms should be monotone decreasing.
Figuring out the exact convergence conditions for ct seems hard. For r it is easy to see that each next term in the
series is smaller and smaller. However, since we used the approximation of small k in the gradient expansion, our
wave travels near the light-cone. Therefore ct cannot be much greater than r, and since Mr is much greater than 1,
it damps terms, and so does the pure r~("+3)/2 dependence. We can suspect that series converges for ct and r that
we will use. Therefore each next term gives smaller correction to radiation.

Numerical trial and error seems to imply quite convincingly that the series is convergent (monotone decreasing).

The full retarded propagator is

D, (z) = —0(t)

St —r) N @(t)S% i (—1)" 17y (n + ”M”Tﬂ(ct)"r*nTHJ% (M) (78)

4y n!!

Now we can calculate the Lienard-Wiechert potential A#(z). Since we seem to have lost the covariance of the
propagator we can calculate the potential separately in its scalar and 3-vector potential A* = (¢, A).

6= o+ ¢ (79)

o

”+17r2n ntl ’ -l 4
s =0 WE s "/dt/dsréf“—ro<>>< — =) T (M 1))

_ @(t)8:;220( 1)”4‘;1"'2(”"'1 /dt T—To(t ))_ T(M(?“—T'Q(t/)))
(80)

Integrate the above integral by parts.
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- / 4t (¢ — 1) (r = ro(t')) ™% Tugs (M(r — ro(¢)))
—t)”“Jn+1 (M (r —7ro(t'))) _M/(tt’)’“rl Jngs (M(r —ro(t'))) dro(t')
(n+1)(r —ro(t))"s (n+1)  (r—ro(t)"F dt’
(t = ¢)" T us (M (r — ( M) M=) Taga (M (r —70(t')) dr(t')
(n+ 1)(r — ro(t) (n+1)(n+2)(r —ro(t))™s  dt’

)"
(t— 0yt q [Tags (MG = o) aro(t)] -,
_M/ (n+1) ar [ (r — ro(t')) "3 nil dt’ dt

dt’

(81)

Write as an infinite series of derivative, since we can perform integration by parts infinite number of times, when
we are left with infinite series and 1 integral that vanishes (probably. still need to get convergence more rigorous). If
the series for the propagator converges, we can expect that this series converges too.

L (—)RFL(E — )R gk | Jea (M]r —7o(t)])
Z (n+k+1) dt'k |r — ro(t) ol

X (—1)kgnthtip) gk ljw (M|r —ro(t))|)

t'=t,ro(t)

k=0 t'=0,70(0)=0

-3

n+l
— (nt+k+1)! d* |7 —ro(t')] 2 +/=0.70(0)=0
(s2)
So
g - e i (1) 7o (n + c”i 1)kgnthtin) gk [JT(M|T—TO(t/)|)]
- T 5 ik n41
82 o nl pars (n+k+1) dt |r —ro(t)]| ™2 #'=0,70(0)=0
X (—1)nthtlgntktl gk [ Jns (M]r —ro(t)])
= Z n—1)wa(n+1) " [ n nil
7r2 k=0 (nt+k+10 dt® lr —ro(t)] 2 0,70(0)
(83)

VII. EXAMPLE

Imagine a charge traveling with constant velocity and trajectory ro(t) = Kct where 0 < K < 1 is some constant.

o0 X, (1)t lgntktl gh [ n (M|r — Kct'|)
¢ = 8*622(”_1)””2(”+1 Z +k+1) drk [ s
™ =0 = O |r— Ket'| ™ #/=0,70(0)=0
(84)
M =1,¢c=1, K =1/cjust to see the shape of the graph. As t increases, the amplitude of graph increases.
Appendix A: CTP polarization tensor
Fourier integral:
fome [ g =c [ gt (A1)
q q
- ) 1
Gono)wrr) = _’fmi Z (Y GT T eoytneo Y Gylneo atnreo) (A2)

n,n'=%0+
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—+-+: Dirac matrix traces:

Convention: trl =4

tr(yHy

tr(y"9") =

WAV

tr(y"y"y"y7) = tr(y"y")2977 — tr(

N* = try" [(pa + qa)y™ + m]

G

Gt

)

(g’“’ - qqq > G, + AG,

276 (k>

—ihoT= Z /tr W GIT 7 Galle ein=n")d°

— m?)0(—k°)

k2 —m?2—ie

276 (k>

o)
1
k2—m2—ie

P

—tr(y¥~*") + 2¢gM7trl
tr(y#~") = g"trl — =6 trl

YAy yP)

/G;w —i(z—y)q _ C/G#V —i(ta—ty)cq’+i(z—y)q

_ihoT= Z / tr[y Gy G e —i(g—p)(z—y)+i(n—n")(¢"—p")

—thoT— Z / tr| MGZJTrpVVGTU] —ig(z—y)+i(n—n")q°

210 (k% — m?)

)i

ePer 41

/ G Gy e

= 29" gP7trl + tr(v*y7yyP) — 297 tr(v19”)
= 2g"gP7trl — tr(v7 M) + 29"t () — 2977 g trl

) = (9"9" + 9" g""

— g7V g"")trl

v [p” +m)

= 4m%g" + (Do + qu)pptryH Y AP
= 4m?g" +A(p" + ¢")p” + 4(p” + ¢")p" — 46" p(p + q)
= 4g" (m® — p* — pq) + 8p*'p” + 4(p"q” + ¢"'p”)

wo_ .
§ = zﬁc/
p

dghv (L == p —pq) +8ptp” +4(pq” + ¢"p")

(p

2_m

i€)[(p+ q)?

e o ie]

(2

—iboT= Z / tr qu qu] —ig(z—y)—ip(y—=z)+in(q° —p°)+in’ (»°—q°)

-1
11

)

18

(A4)

(A8)
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Feynman parametrization:

1 ! dx
[l - A9
ab /0 [(1-2)a+ xb]? (A9)
- 49" NG — 8p'p” + A(pq” + q'p"
Gm = _ihc/dx/ 9" [Ac 2p(p+61)]+ g)p fz (p' q2 +4q"p )’ b qr
» [P? + 22pg + xq? — A~ + i€]
= —ihc/dm/
P

49" A = (p — ) (p + (1 — 2)q)] + 8(p" — g")(p” — 2¢") + 4[(p" — 2¢")¢" + ¢"(p” — 2¢")]
[p? + x(1 — 2)q? — A;” +i€]?
— —ZhC/dl‘/ 49#11[)‘52 7p2 + $(1 — x)qz] -+ 8p#p’/ + 81’2(]”(]1/ _ 8xq“q”
P P2 + (1 - 2)g® = AG” + ie]?
priy—2 _ 2 1— 2 IpHpY 9 ~ghg”
74ihc/d:y/g Pe” —p" +a(l — )] + Pt z(x —1)q"q
P [p?2 + 2(1 — 2)g% — A\;* + ie]?

X

(A10)
Euclidean integrals:
/ d’p _ / d’p _ 7rd/2(M2)d/2_2F (2 — %)
w7 ] Pary r'@)
ddppﬂpu i M2
e = 1 A1l
[ o iamg = " 1y
Wick-rotation:
. 5" [p? — x(1 — 2)¢? + AS7] — 2pp” + 2(1 — )2t q”
Gngmc/dx/ [p° — x( Z)q +Ac] 2p p_2+2 (1 —x)zq"q (A12)
P [p? + 2(1 - 2)¢* + Ao
Dimensional regularization:
_ uvn2 1— 2 72_2u1/ 21 — oV
Gf;u — ﬂ€4h6/dl’/6 [p LIT( i)q +)‘C] 2p p?;—Q ( aﬁ)mq q
P p? + 2(1 —2)g? + A7
4 1 re-4
= u (QH; / dx [6’*” (M22 a Rl +2>\C2> — 20 M o+ 2(1 - x)mq“q”] w2 (M) H(m)?)
T _ _
re-9) 2d — 4
_ € d/2 2 Qv 2 -2 o oV 2\d/2—2
4uher F(2)(2ﬂ_)d/dac [5 (M 5= d +2); ) +2(1 — x)xq"q ] (M*)
= 8;fhc7rd/2r(27_%) /dac [6"(=M? + A&%) + (1 — z)zq"q”] (M?)d/2-2 (A13)
I'(2)(2m)? ©

M? =2(1 —2)¢® + \5°

r2-3)

Apy € d/2
G 8uhem T(2)(2r)

g dz[-6"2(1 - 2)¢* + (1 - 2)ag"q"|[x(1 - 2)g* + A*|V*7

re-4
= —qQT“”Suehcwd/Qi( 2) /dwm(l —z)[z(1 — z)g? + NG|V 72

= 2uvg ka2 o€ _ _ 2 —21—£
q“TH 8u ﬁc(2w)4_ef(2)/dxx(1 x)[x(l —2)g” + A7
21— cIn7m)(1+eln27)(2 —
— _q2T;u/8luehC7r ( 2 nﬂ)((2 ":46 n 7T)(E ’7) /dmx(l—x) |:1_ *1D(33(1—$)q2+AC2:|
L

2 1
= —q—ZT””hc(l +elnp)(l - %lnw)(l +eln2m)(- — %)/dwm(l — ) [1 - %ln(x(l —x)¢* + )\62] (A14)
i €
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e
1
/da:a:(l —z) = 5 (A15)
~ 2 1 1 2
Gy = —Gq?hc [6 — % +lnp— §lnﬂ' + 11127T:| + #ﬁc/dzx(l —z)In(z(1 — 2)¢* + \5?)
2 1 1 ¢ 1—2)® + 252
= 76(1?710 [6 -3 +lnp— 2ln7r+ln27r} + —ﬁclnqu q—ﬁc/dmx(l —z)In il xl); TS (A16)
Real time:
2 2 —2 2 _
% q 1 v q Ao —x(l —x)g® —iep
G, = @hc L 5 21n7r+1n27r} - ﬁhc/dmc(l —2)In =€ 2 (A17)

Gradient expansion:

FET G 9 LU B S q2hd1 212 244
« = gahc|s 5735 nw+ ln 27 —5ahe xx(l — x) n?[ —Ag(z(1 —x)q” +iep)]
o Lot L Ac (el L/ 21 _ 2
~ 6772hc_6 5 2ln7r+ln27r} 2 92 he | dea®(1 —x)
G B B I 711 AC L LT, (A18)
T2 e 2 2" i 12 6072
5 4 3 6—15+10 1
der(1 gy =TT B 615410 Al
/m( e oty TR 30 (AL9)
On-shell subtraction, o = ﬁ;c inserted:
G++ G—— _ @)\2 q2 q aAQ 2 (AQO)
60m2h2c2 "¢ 157
+-:
v . 1 oT WV ITO
G = —ZhO'TiZC/ MG G le itn=n")q’ (A21)
nn VP
1 . m2c?
é G’vac+é«env (k+ mc) 7]&— e 271'2(5(]{;2_ 72 )@(—kjo) . 27‘{'(5(]62 m c ) <1 _1)
— - e G2 T TR
BRSO )|\ 2ris(e — ™o (k) e o1 \-1 1
(A22)
Vacuum:
G = —ifw/trh“(bﬂﬁr AH2m6((p+ a)* = AcH)O(—p° — k)7 (p+ Ac)2md(p® — AP0 ()]
p
= —ite | Nip.g2ms((p-+ 0 - A0 42507 - \H)O0") (A23)
p
N(p,q) = 49" (A\e* = p* — pq) + 8p"p” + 4(p"¢" + ¢"'p") — —4¢"" pq + 8p"'p” + 4(p"¢" + ¢"p") (A24)
p—p+agq:

N(p,q) — —49""(p+aq)q+8(p" +ag")(p” + aq”) + 4[(p" + aq")q” + ¢" (p” + aq”)]
= —4¢""(¢°a + pq) + 8p"p” + 8a*q"q” + 8a(g"p” + p"q”) + 4" ¢ + ¢"p”) + 8agtq”
= —4¢"(¢®a+ pq) + 8p"p” + 8ala + 1)¢"q” + 4(2a + 1)(¢"p” + p"q") (A25)
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N[ =

N'(p,q) = 29" (¢* — 2pq) + 8p"p” — 2q¢"q”
= 2¢°T" — 49" pq + 8p"'p” (A26)

G = —ihc/(QqQT“” 49" pq + 8pt'p”)2mo <(p + g) - )\52) © (—po - q2>
P

2m5((p—g)2—A52) @( O—q;)

= —ihcO(— 4 2/ /m 2q2TW 49" pq + 8pt'p¥)
A _ 4 2
x5<(p+2) )\C)5<< 2) )\C>
\q |
= —th@ 4 — / / 2q2TIW 4gNqu+8p#py)

0
o(p° + % —Wpig) +5(10 + 4 7 Fuwprg) 0’ =% —wp s

q
2
2wp+ g 2wp_ g

» =0 (A27)

for small gq.



