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1 Boundary theory coupled to gravity

Bulk action

S = − 1

16πG5

∫
d5x

√
−g
(
R+ 2Λ(5)

)
−
∫

d5xLm, (1.1)

where Λ(5) = −d(d− 1)/2L2 = −6/L2. The stress-energy tensor is

Tµν =
1

8πG5

[
Kµν −Kγµν − 3

L
γµν +

L

2

(
Rµν − 1

2
Rγµν

)
+ . . .

]
. (1.2)

Introducing Λ as the four-dimensional cosmological constant, we find

Rµν − 1

2
Rγµν − Λγµν + . . .− 2

L
8πG5T

µν = − 2

L
(Kµν − γµνK) +

(
Λ +

6

L2

)
γµν . (1.3)

Setting the LHS Einstein’s equation to zero, with an effective G4 = 2G5/L, we get the

identity

Kµν = − 1

L

(
1 +

L2Λ

6

)
γµν . (1.4)
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2 Dilaton gravity

Theory

S = − 1

16πG5

∫
d5x

√
−g
(
R− 2∂µϕ∂

µϕ− 2Λ(5)eηϕ
)

(2.1)

Equations of motion

1√
−g

∂µ
(√

−ggµν∂νϕ
)
− 1

2
ηΛ(5)eηϕ = 0 (2.2)

Rµν −
1

2
gµνR+ Λ(5)gµνe

ηϕ − 2∂µϕ∂νϕ+ gµν∂λϕ∂
λϕ = 0 (2.3)

Solution with set Λ(5) = −6 is

ds2 = −f(r)dt2 +

(
r

rh

) 16
8+3η2 (

dx2 + dy2 + dz2
)
+

dr2

f(r)
,

where f(r) =

(
8 + 3η2

)2
r2h

64− 6η2

(
r

rh

) 16
8+3η2

[
1−

(rh
r

) 32−3η2

8+3η2

]
(2.4)

ϕ = − 6η

8 + 3η2
log (r/rh) (2.5)

Look for a brane embedding

t(r) (2.6)

A set of normalised tangent vectors

Tµ =

√
f

f2 (∂rt)
2 − 1

(
∂t

∂r
, 0, 0, 0, 1

)
(2.7)

Xµ = r
− 8

8+3η2 (0, 1, 0, 0, 0) (2.8)

Y µ = r
− 8

8+3η2 (0, 0, 1, 0, 0) (2.9)

Zµ = r
− 8

8+3η2 (0, 0, 0, 1, 0) (2.10)

so that T 2 = −1 and X2 = Y 2 = Z2 = 1. A normal is

nµ = nf(r)

(
−1, 0, 0, 0,

∂t

∂r

)
(2.11)

where

nµnµ = 1 (2.12)

implies

n =
1√

f
(
f2 (∂rt)

2 − 1
) , (2.13)
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hence

nµ =

√
f

f2 (∂rt)
2 − 1

(
−1, 0, 0, 0,

∂t

∂r

)
. (2.14)

The full set of vectors is

Tµ =

√
f

f2 (∂rt)
2 − 1

(
∂t

∂r
, 0, 0, 0, 1

)
(2.15)

X⃗µ = r
− 8

8+3η2

(
0, 1⃗, 0

)
(2.16)

nµ =

√
f

f2 (∂rt)
2 − 1

(
1

f
, 0, 0, 0, f

∂t

∂r

)
(2.17)

Induced metric

g(ind)µν ≡ γµν = gµν − nµnν (2.18)

Extrinsic curvature

Kµν = −
(
δλµ − nµn

λ
)
∇λnν (2.19)

Junction condition (check)

Kµν = −γµν (2.20)

Solution

∂t

∂r
= ±

(
8 + 3η2

)
r

f

√
(8 + 3η2)2 r2 − 64f

(2.21)

The induced metric g
(ind)
µν = γµν is given by the line element

ds2γ = − 64

(8 + 3η2)2 r2 − 64f(r)
dr2 +

(
r

rh

) 16
8+3η2 (

dx2 + dy2 + dz2
)

(2.22)

Solve

τ = C + 8

∫
dr√

(8 + 3η2)2 r2 − 64f(r)
(2.23)

a(τ)2 =

(
r(τ)

rh

) 16
8+3η2

(2.24)

so that we find the induced FRW metric

ds2γ = −dτ2 + a(τ)2
(
dx2 + dy2 + dz2

)
(2.25)
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At η = 0 we find the standard radiation-dominated (CFT) result of Gubser.

For η > 0 and at large r,

f(r) →
(
8 + 3η2

)2
r2h

64− 6η2

(
r

rh

) 16
8+3η2

(2.26)

and we find

r = exp

{
8 + 3η2

8
(τ − const.)

}
(2.27)

and

a(τ) = Ceτ . (2.28)

At non-zero η, for r ≈ rh

a (2.29)

3 Probe fields

Consider a probe scalar field ϕ with an action

S = −K

2

∫
M

d5x
√
−g∇µϕ∇µϕ+ . . . , (3.1)

which satisfied the equation of motion in five dimensions. The boundary action is then

S = −K

2

∫
M

d5x∂µ
(√

−ggµνϕ∂νϕ
)
= −k

2

∫
M

d5x
√
−g∇µ (ϕ∇µϕ)

= −K

2

∫
∂M

d4x
√
−γnµϕ∂

µϕ, (3.2)

since ∇µϕ = ∂µϕ.

Using the foliation t = t(r) and the normal nµ = nf(r)
(
−1, 0, 0, 0, ∂t

∂r

)
, the boundary

action is then

S = −K

2

∫
∂M

d4x
√
−γ ϕ gµνnµ∂νϕ (3.3)

= −K

2

∫
∂M

d4x
√
−γ n(r)f(r)ϕ

(
−gtt

∂

∂t
+ grr

∂t

∂r

∂

∂r

)
ϕ, (3.4)

which for our theory gives

S = −K

∫
∂M

d4x
r

24
8+3η2

(8 + 3η2) r

(
8 + 3η2

)2
r2 − 32f√

(8 + 3η2)2 r2 − 64f
ϕ
∂ϕ

∂r
(3.5)

We wish to impose the Dirichlet boundary condition on the hypersurface t(r), i.e.

ϕ = const., which means

∂iϕ
(
t, xi, r

) ∣∣∣
∂M

= 0, (3.6)
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and [
−f(r)2

∂t

∂r

∂

∂t
+

∂

∂r

]
ϕ
(
t, xi, r

) ∣∣∣
∂M

= 0 (3.7)

=⇒

− (
8 + 3η2

)
rf√

(8 + 3η2)2 r2 − 64f

∂

∂t
+

∂

∂r

ϕ
(
t, xi, r

) ∣∣∣
∂M

= 0. (3.8)

At η = 0, this gives [
−
r4 − r4h

r2h

∂

∂t
+

∂

∂r

]
ϕ
(
t, xi, r

) ∣∣∣
∂M

= 0 (3.9)

Consider the bulk solution decomposed as

ϕ(t, x⃗, r) =

∫
d4k

(2π)4
eiωt−ik⃗·x⃗φk(r) (3.10)

∂ϕ

∂r
=

∫
d4k

(2π)4
eiωt−ik⃗·x⃗

(
iω

∂t

∂r
φk +

∂φk

∂r

)
=

∫
d4k

(2π)4
eiωt−ik⃗·x⃗

 iω
(
8 + 3η2

)
r

f

√
(8 + 3η2)2 r2 − 64f

φk +
∂φk

∂r


(3.11)

Hence

S = −K

∫
d4kd4pd3xdr

(2π)8
ei(k

0+p0)t(r)−i(k⃗+p⃗)·x⃗ r
24

8+3η2

(8 + 3η2) r

(
8 + 3η2

)2
r2 − 32f√

(8 + 3η2)2 r2 − 64f

×

 ik0
(
8 + 3η2

)
r

f

√
(8 + 3η2)2 r2 − 64f

φpφk + φp
∂φk

∂r

 (3.12)

= −K

∫
d4kdp0dr

(2π)5
ei(k

0+p0)t(r) r
24

8+3η2

(8 + 3η2) r

(
8 + 3η2

)2
r2 − 32f√

(8 + 3η2)2 r2 − 64f

×

 ik0
(
8 + 3η2

)
r

f

√
(8 + 3η2)2 r2 − 64f

φ
p0,−k⃗

· φ
k0 ,⃗k

+ φ
p0,−k⃗

∂φ
k0 ,⃗k

∂r

 (3.13)

(3.14)

3.1 Conformal case

At η = 0, we have

∂t

∂r
=

r

f
√
r2 − f

=
1

r2h

1

1− (rh/r)
4 (3.15)

we find

t =
r0 + r

r2h
+

1

4rh

3∑
n=0

(
in log

[
1− in

rh
r

])
(3.16)
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Then

S = −K

∫
d4kdp0dr

(2π)5
ei(k

0+p0)t(r) r
(
r4h + r4

)
2r2h

(
ik0r4

r2h
(
r4 − r4h

)φ
p0,−k⃗

· φ
k0 ,⃗k

+ φ
p0,−k⃗

∂φ
k0 ,⃗k

∂r

)
(3.17)

and furthermore

S = − K

2

∫
d4kdp0dr

(2π)5
e

i(k0+p0)
r2
h

(r0+r)
(
1− rh/r

1 + rh/r

) i(k0+p0)
4rh

(
1− irh/r

1 + irh/r

)−(
k0+p0)
4rh

×
r5
(
1 + (rh/r)

4
)

r2h

 ik0

r2h

(
1− (rh/r)

4
)φ

p0,−k⃗
· φ

k0 ,⃗k
+ φ

p0,−k⃗

∂φ
k0 ,⃗k

∂r

 (3.18)

and using z = rh/r, z0 = rh/r0 and T = rh/π, as well as k
0 = k0/(2πT ), p0 = p0/(2πT ),

S = − π3T 5K

2

∫
d3k

(2π)3

∫ 1

0
dk0dp0dz e

2i(k0+p0) z0+z
z0z

(
1− z

1 + z

) 1
2
i(k0+p0)

×
(
1− iz

1 + iz

)− 1
2(k

0+p0) 1 + z4

z5

(
2ik0

z2 (1− z4)
φ
p0,−k⃗

· φ
k0 ,⃗k

− φ
p0,−k⃗

·
∂φ

k0 ,⃗k

∂z

)
(3.19)

4 Fluid/gravity

Work out the foliation procedure in Eddington-Finkelstein coordinates! Consider the five-

dimensional black brane metric

ds2 = −r2f(r)dt2 +
dr2

r2f(r)
+ r2

(
dx2 + dy2 + dz2

)
,

where f(r) = 1−
(rh
r

)4
. (4.1)

Change coordinates to the Eddington-Finkelstein coordinate v,

t = v − 1

4rh

3∑
i=0

(
ik log

[
1− ik

r

rh

])
, (4.2)

so that

ds2 = −r2f(r)dv2 + 2dvdr + r2
(
dx2 + dy2 + dz2

)
. (4.3)

We know the metric solution at first order. Perturb

nµ = nµ
(0) + ϵnµ

(1) (4.4)

so

nµnν = nµ
(0)n

ν
(0) + ϵ

(
nµ
(0)n

ν
(1) + nµ

(1)n
ν
(0)

)
(4.5)
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and Kµν = −
(
δλµ − nµn

λ
)
∇λnν leads to

Kµν = K(0)µν + ϵK(1)µν . (4.6)

First-order metric takes the form

ds2 =
6∑

n=1

An, (4.7)

where

A1 = −2uadx
adr, A2 = −r2f0(br)uaubdx

adxb, (4.8)

A3 = r2∆abdx
adxb, A4 = 2r2bF0(br)σabdx

adxb, (4.9)

A5 =
2

3
ruaub∂cu

cdxadxb, A6 = −ruc∂c (uaub) dx
adxb (4.10)

and f0 and F0 are expanded to first order in derivatives of b and uµ.

Use the foliation

t(xa, br) = t0(r) + ϵ (xa∂ab0 + b1) rt
′
0(r) + ϵt1(r)∂au

a + ϵt2(r)u
a∂ab. (4.11)

set of unnormalised tangent vectors

Rµ =

(
∂t

∂r
, 0, 0, 0, 1

)
(4.12)

Xµ = (0, 1, 0, 0, 0) (4.13)

Y µ = (0, 0, 1, 0, 0) (4.14)

Zµ = (0, 0, 0, 1, 0) (4.15)

Thus

0 = gµνR
µnν =

∂t

∂r
n0 + n4 =⇒ n4 = − ∂t

∂r
n0 (4.16)

so

nµ = n

(
−1, 0, 0, 0,

∂t

∂r

)
(4.17)

5 Probe scalar in WKB approximation

5.1 Conformal case

Consider the conformal case with the metric

ds2 = −r2f(r)dt2 +
dr2

r2f(r)
+ r2

(
dx2 + dy2 + dz2

)
,

where f(r) = 1−
(rh
r

)4
. (5.1)
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The scalar two-point function in the large mass m ≫ 1 approximation scales as

⟨O(x)O(y)⟩ ∼ exp

{
−m

∫
dτ

√
gµν

dxµ

dτ

dxν

dτ

}
≡ e−S . (5.2)

Let us compute an equal-time correlator, which implies that we are fixing the position of

the brane t(r) at some bulk position ρ = rh
√
2τ , in terms of the boundary time. Choosing

the proper time τ = x, the exponent is

S = m

∫
dx

√
r2 − r2ft′2 +

1

r2f
r′2. (5.3)

Since we want an equal time correlator we will set t′ = 0. S possesses a conserved quantity

H = r′
∂L

∂r′
− L = − r2√

r2 + r′2

r2f

. (5.4)

Let us focus only on late-time behaviour, so that ρ ≫ rh and f(r) ≈ 1. Looking for a

geodesic between x = ±ℓ/2 at r = ρ we find

x = ±

√
4 + ℓ2ρ2

4ρ2
− 1

r2
+O(r4h). (5.5)

The action the becomes

S = 2m

∫ ρ

2ρ/
√

4+ℓ2ρ2

dr√
r2 − 4ρ2

2+ℓ2ρ2

= log

[
1

4

(
ℓρ+

√
4 + ℓ2ρ2

)2]
, (5.6)

hence for ℓ2ρ2 ≫ 1,

e−S ∼ 1

(ℓρ)2m
(5.7)

Assuming ∆ ∼ m ≫ 1 and knowing that the scale factor scales as

a(τ) ∝
√
τ , (5.8)

the equal time scalar correlator is

⟨O(τ, x⃗)O(τ, y⃗)⟩ ∼ 1

|x⃗− y⃗|2∆ a(τ)2∆
. (5.9)

5.2 Non-conformal case

The metric is

ds2 = −f(r)dt2 +

(
r

rh

) 16
8+3η2 (

dx2 + dy2 + dz2
)
+

dr2

f(r)
,

where f(r) =

(
8 + 3η2

)2
r2h

64− 6η2

(
r

rh

) 16
8+3η2

[
1−

(rh
r

) 32−3η2

8+3η2

]
. (5.10)
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Again we are interested in r ≫ rh, so

ds2 = −f(r)dt2 +

(
r

rh

) 16
8+3η2 (

dx2 + dy2 + dz2
)
+

dr2

f(r)
,

where f(r) =

(
8 + 3η2

)2
r2h

64− 6η2

(
r

rh

) 16
8+3η2

. (5.11)

With t′ = 0 we get with α = 8 + 3η2

S = m

∫
dx

√(
r

rh

)16/α

+
64− 6η2

αr2h

(rh
r

)16/α
r′2 (5.12)

and

H = − (r/rh)
16/α√

(r/rh)
16/α + 64−6η2

αr2h
(rh/r)

16/α r′2
(5.13)

Hence

dr

dx
=

rh
√
α

H
√
64− 6η2

(
r

rh

)16/α
√(

r

rh

)16/α

−H2 (5.14)

We find with a new variable u = r/rh,

x = ±
√

2α (32− 3η2)

H(16− α)
u−

16−α
α

√
u16/α −H2

2F1

[
1,−8− α

16
,
α

16
,
u16/α

H2

]
(5.15)

We need to fix H.....

Further

S = m

√
64− 6η2

8 + 3η2

∫ uρ

umin

du√
u16/(8+3η2) −H2

= − m

H2

√
64− 6η2

8 + 3η2

[
u
√
u16/(8+3η2) −H2

2F1

[
1,

16 + 3η2

16
,
24 + 3η2

16
,
u16/(8+3η2)

H2

]]uρ

umin

(5.16)

6 Notes

The gravitational action has a restricted time domain because the brane moves outwards

from the horizon or some radial position where the cosmological evolution in the model

begins. Hence the action has the form

Sbulk =

∫
M

d5xL =

∫ ∞

rh

dr

∫ ∞

−∞
d3x

∫ T (r)

t0

dtL. (6.1)
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This gives the usual bulk equations of motion which enable us to solve the hyper-surface

embedding equation and find t(r). In AdS-Schwarzschild this is

T (r) =
r

r2h
+

1

4rh

3∑
n=0

(
in log

[
1− in

rh
r

])
− T0. (6.2)

Notice that this expression diverges as r → rh. We can thus choose for the boundary to

start at some r0 > rh at time t = 0. Thus

T =
r0
r2h

+
1

4rh

3∑
n=0

(
in log

[
1− in

rh
r0

])
. (6.3)

Consider a probe scalar field ϕ with an action

S = −K

2

∫
M

d5x
√
−g∇µϕ∇µϕ+ . . . , (6.4)

which satisfied the equation of motion in five dimensions. The boundary action is then

S = −K

2

∫
M

d5x ∂µ
(√

−ggµνϕ∂νϕ
)
= −k

2

∫
M

d5x
√
−g∇µ (ϕ∇µϕ)

= −K

2

∫
∂M

d4x
√
−γnµϕ∂

µϕ = −K

2

∫ ∞

r0

dr

∫
d3x

√
−γnµϕ∂

µϕ, (6.5)

since ∇µϕ = ∂µϕ and having used t = T (r).
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