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Abstract

Our universe according to the tetron model is a 3-dimensional elastic substrate ex-
panding within some higher dimensional space. The elastic substrate is built from
tiny invisible constituents, called tetrons, with bond length about the Planck length
and binding energy the Planck energy[l]. Details of the approach provide a power-
ful unified picture for particle physics and cosmology. All physical properties in the
universe can be derived from properties of the tetrons. This philosophy is applied
here to the Standard Model mass and mixing parameters which are shown to be
determined by the interactions among tetrons. The most general ansatz for these
interactions leads to a Hamiltonian involving Dzyaloshinskii-Moriya (DM), Heisen-
berg and torsional isospin forces. While the masses of the third and second family
arise from DM and Heisenberg type of isospin interactions, light family masses are
related to torsional interactions among tetrons. Neutrino masses turn out to be spe-
cial in that they are given in terms of tiny isospin non-conserving DM, Heisenberg
and torsional couplings. Moving on to the CKM and PMNS mixing, some prelimi-
nary results are presented. They allow to trace the observed hierarchy in the CKM
matrix to the dominance of the top mass and to attribute the large non-diagonal
PMNS matrix elements to the approximate conservation of isospin. One important

finding is the influence that the 7-lepton mass has on the CKM parameters.



I. Introduction

As suggested in [1] our universe consists of tiny constituents, called tetrons, which
transform as the fundamental spinor representation of SO(6,1). This representation

is 8-dimensional and sometimes called the octonion representation|2, 3].

The 24 known quarks and leptons arise as eigenmode excitations of a tetrahedral
fiber structure, which is made up from 4 tetrons and extends into 3 extra ‘internal’
dimensions. While the laws of gravity are due to the elastic properties of the tetron
bonds[5], particle physics interactions take place within the internal fibers, with the
characteristic internal energy being the Fermi scale. All ordinary matter quarks and
leptons are constructed as quasiparticle excitations of this internal fiber structure.
Since the quasiparticles fulfill Lorentz covariant wave equations, they perceive the

universe as a 3+1 dimensional spacetime continuum.

More in detail, the ground state of our universe looks like illustrated in Fig. 1.
In this figure the tetrahedrons (=‘fibers’) extend into the 3 extra dimensions. The
picture is a little misleading because in the tetron model physical space and the
extra (‘internal’) dimensions are assumed to be completely orthogonal. This means
the whole game has to be played within a larger, at least 6 dimensional space, 3
physical dimensions and 3 internal ones. There are some indications that the system
actually lives in 7+1 dimensions instead of 6+41; this however does not play a role

in the calculations presented on the following pages.

Each tetrahedron in Fig. 1is made up from 4 tetrons, depicted as dots. With respect
to the decomposition of SO(6,1) — SO(3,1) x SO(3) into the (341)-dimensional
base space and the 3-dimensional internal space, a tetron W possesses spin % and
isospin % This means it can rotate both in physical space and in the extra di-
mensions, and corresponds to the fact that U decomposes into an isospin doublet

U = (U, D) of two ordinary SO(3,1) Dirac fields U and D.

8—(1,2,2)+(2,1,2) = ((1,2) + (2,1),2) (1)

Why the tetrahedral structure? This is needed in order to explain the observed

quark and lepton spectrum, which means to get exactly 24 excitation states with
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Figure 1: The global ground state of the universe after the electroweak symmetry
breaking has occurred, considered at Planck scale distances. Before the symmetry
breaking the isospin vectors are directed randomly, thus exhibiting a local SU(2)
symmetry, but once the temperature drops below the Fermi scale Ap, they become
ordered into a repetitive tetrahedral structure, thereby spontaneously breaking the
initial SU(2).

the correct multiplet structure!. In fact, the tetrahedral symmetry is rather uniquely
determined by this condition[21]. As shown below, under reasonable assumptions
on the tetron dynamics, the numerical mass values of quarks and leptons can be

correctly reproduced.

The arrows in Fig. 1 denote the isospins, i.e. internal spin vectors of the tetrons.

More precisely, each arrow stands for two(!) vectors (@) = (Qr) where[g]
QL:Z_L‘II (1—’}/5)7'\11 QR:Z\P (1+’Y5)T‘1’ (2)

and () denotes the ground state/vacuum expectation values. In other words, the
ground state values <C§ i) and <Cj ri) are assumed to be equal on each tetrahedral
site 1 and given by one of the arrows in Fig. 1 (after the SSB). 7 are the internal

spin Pauli matrices.

According to (1) the tetron representation 8 contains both particle and antiparticle

degrees of freedom. @L and @R cover 6 of its 8 dof?. Furthermore, @L and @R

IThe quark triplets are triplets under tetrahedral transformations at this point. For the question

how to interpret them as color triplets one may consult [6].
2The remaining 2 dof correspond to the ‘densities’ UTW and WTy5¥ whose fluctuations actually

are dark matter candidates[1].



are particularly useful to handle because quantum mechanically they commute with
each other[8]. As turns out, the interactions of these internal spins play an essential

role for particle physics and for electroweak symmetry breaking.

Due to the pseudovector property of the isospin vectors their tetrahedral symmetry
group actually is a Shubnikov group [9, 10]. This means, while the coordinate sym-
metry is Sy, the arrangement of isospin vectors respects the tetrahedral Shubnikov

symmetry
G4 = A4 -+ CPT(S4 — A4> (3)

where A4(S4) is the (full) tetrahedral symmetry group and CPT the usual CPT
operation except that P is the parity transformation in physical space only. Since
the elements of Sy — A, contain an implicit factor of internal parity, the symmetry

(3) certifies CPT invariance of the local ground state in the full of RS*!.

Note that in the situation depicted in Fig. 1 the SU(2) symmetry breaking has
already occurred, because the isospins are aligned between all the tetrahedrons.
Before the symmetry breaking, which means above a certain temperature, isospins
are distributed randomly, corresponding to a local SU(2) x U; symmetry3, but when
the universe cools down, there is a phase transition, and the isospins freeze into the
aligned structure, breaking the SU(2) symmetry to the discrete ‘family group’ Gy.
And the important point to note is, this temperature can be identified with the
Fermi scale[21]. Moreover, the remaining symmetry G4 X U(1).y, is valid down to

the lowest energies.

As elaborated in the following sections, the mathematical treatment of the excita-
tions arising from (7) and (25) is similar to that of magnons in ordinary magnetism.
However, the physics is quite different, because in contrast to magnons the isospin
excitations are pointlike, i.e. they can exist within one point of physical space, be-
cause they are vibrations of the isospin vectors of the tetrons within one internal
tetrahedron. Note, that these internal vibrations are spin—% because they inherit
their fermion nature from the fermion property of the vibrating tetrons in their

3-dimensional physical ‘base space’.

Similar to magnons, the vibrations can move in physical space[9] by hopping from

3Weak parity violation, vulgo the appearance of index L in SU(2)y, is discussed in [1].
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one tetrahedron to another (particle picture) or propagating as quasiparticle waves
through physical space (wave picture). Thus, although it can exist at one point
of physical space, when one tries to exactly measure its location, for example by
scattering with another particle, the excitation will start to move on physical space,
and this movement will follow a wave equation which naturally has an uncertainty
in it according to Schwarz’ inequality. Planck’s constant enters this uncertainty
because the whole process is taking place on a discrete system with Planck length

'lattice constant” and Planck energy 'response energy’.

II. Quark and Lepton Masses from the Interactions of Isospins

The SM SSB being realized by an alignment of the tetron isospins, it is not sur-
prising that the masses of quarks and leptons, and thus the SM Yukawa couplings
are determined by the interactions among those isospins. The simplest interaction

Hamiltonian between isospin vectors of 2 tetrons i and j looks like

H=—-JQ,Q; (4)
So it has the form of a Heisenberg interaction - but for isospins, not for spins. The
coupling J may be called an ‘isomagnetic exchange coupling’. Note that the language
of magnetism often is used in this paper, although interactions of isospins and not

of spins are considered. Note further that isospin is not an abstract symmetry here,

but corresponds to real rotations in the 3 extra dimensions.

In reality, the Hamiltonian H is more complicated than (4), for several reasons:

e There are inner- and inter-tetrahedral interactions of isospins, i.e. within the same
and with a neighboring tetrahedron. The inner ones must have an energy minimum
at the tetrahedral angle 6 = 6., = arccos( —%), while the inter ones correspond to a
minimum at the collinear configuration 6 = 0, cf. Fig. 1.

e The appearance of antitetron degrees of freedom should be accounted for by using
interactions both of @, and Qg defined in (2) instead of @ in (4). The Heisenberg

Hamiltonian for the interaction between 2 tetrons i and j then reads:
Hy =—Jir QLi@Lj —Jir QLiQRj — Jrr QRiQRj (5)

As shown later in Sect. IV, the three couplings J.p, Jrr and Jrgr can be roughly

associated to the masses of the second family fermions, m., m, and m,, respectively.
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e In addition to the Heisenberg Hamiltonian (5) Dzyaloshinskii-Moriya interactions[11]
are to be considered. They will be shown to give the dominant mass contributions
to the heavy family. As well known, the form of the DM couplings Dy, in (25)
is restricted by the ground state symmetry through the so-called Moriya rules[12].
Applying these rules to the given tetrahedral structure, the DM Hamiltonian can
be shown to have the form (27).

e Heisenberg and DM terms do not contribute at all to the masses m., m, and my
of the first family. Therefore, small torsional interactions are introduced in Sect. V.
They are characterized by the exerting torques dQp r/dt being proportional to the
isospins @ r themselves, cf. Eq. (41).

e The masses of the neutrinos are yet another story. While the interactions discussed
so far are isospin conserving, neutrino masses can arise only from isospin violation.
Generation of these masses will be discussed in Sect. VI, and a physical explanation

for the origin of the isospin violation will be given.

The DM-couplings Ky, K g and Kgg introduced in (27) are much larger than
both Heisenberg and torsional interactions and essentially determine the masses
m,, myp and m, of the third family particles. K, will be shown to be particularly
large. It gives the dominant contribution to the top mass as well as to inner- and
inter-tetrahedral interactions, thus being the dominant source for the arrangement
of isospins and the SU(2) SSB.

All the types of interaction mentioned above contribute to the angular dependence

of the energy of 2 tetron isospins at angle # which is basically of the form
E = A+ B cos(f) + C cos*(6) (6)

where A, B and C' are determined by the Heisenberg, torsional and DM-interactions.
For example, the Heisenberg coupling Jy; in (5) concerns 61, = <(@Li, @Lj) and
gives a contribution to By; only. Altogether, they fix the relative directions of
the ground state isospins at the energy minimum, both locally and globally in the
way depicted in Fig. 1 (whereas the absolute arrangement of the tetrahedrons is

spontaneous).

Furthermore, they give rise to the fermionic excitations which are interpreted as
quarks and leptons. Masses can then be calculated using the Hamiltonians dis-

cussed above. Indeed, 24 eigen energies arise from the tetrahedral configuration by



diagonalizing equations for the isospin torque which are generically of the form

o
—==i[H,Q)] (7)

While the masses correspond to the eigenvalues, CKM and PMNS mixings can be

deduced from the eigenvectors. This point will be discussed in Sect. VII.

More in detail, the quarks and leptons are vibrations 0 of the isospin vectors @ Li
and QRi of the tetrons i at sites i = 1,2, 3,4, i.e. fluctuations of the ground state

values within one tetrahedron.

— —

Qri = <@Lz> + ng’ Qri = <@Ri> + gRi (8)
where

(Gui) = 0 (1~ )70) (@) = (W10 +95)70) 9

are the ground state radial isospin vectors of a tetrahedron in Fig. 1 assumed to be

pointing outward
(Qri) = (Qri) = ¢, (10)

the corresponding radial isospinor (¥) defining the ‘U’-direction?[1].

Eq. (9) may be compared to the corresponding value for the ground state value
of the SM Higgs field which is ~ (UW¥). In that case, however, ¥ and ¥ are to be
taken from different (which means neighboring) tetrahedrons. This is because gauge
and Higgs bosons are constructed as excitations of tetron-antitetron pairs of aligned
neighboring tetradedrons. Their masses are determined by the corresponding SM

mass formulas - with the Higgs vev given by the tetron-antitetron ground state value

(PW) = (UU) = (ULUL) = (UrUr) (11)

arising from the length of two parallel isospins in Figure 1.

4A radial isospin vector pointing inward would correspond to the ‘D’-direction.



III. Physical Origin of the Isospin Interactions

This chapter is devoted to the question how the Heisenberg, DM and torsional inter-
actions introduced in the last section can be understood from a more fundamental

interaction among tetrons.

First of all, the interested reader should remember that Heisenberg used the Heitler-
London results for the hydrogen molecule to understand the phenomenon of ferro-
magnetism. Heisenberg showed[13] that ferromagnetism is a quantum effect arising
from the Pauli principle, more precisely, from the large exchange energies due to the

overlap of the antisymmetrized electron wave functions.

The situation here is in principle similar - but in practice somewhat more com-
plicated, because one deals with 6 dimensions with 2 types of rotations: spin and

isospin.

In the non-relativistic limit SO(6, 1) — SO(6) the tetron representation 8 of SO(6,1)

reduces to

S0(6,1) — SO(6) (12)
8 — 4+14 (13)

where 4 is the spinor representation of SO(6) and 4 its complex conjugate. Since
the universal covering of SO(6) is given by SU(4), the 4-representation actually
is the fundamental representation of SU(4). This representation contains the spin
(+3) and isospin (£3) of the tetron, while the 4-representation corresponds to the
antitetron degrees of freedom.

Within a non-relativistic quantum mechanics the binding energy between a tetron

and an (anti)tetron should generally be calculable from the expectation value

EF = /dﬁxzdﬁx]@}(xz,xj)Upﬂxz — ZE]D(I)F(ZL’Z,Z‘]) (14)

of a non-relativistic potential Ur, where ® is the complete wavefunction for the
tetron-(anti)tetron system and F denotes its combined list of quantum numbers,

i.e. spin, isospin, orbital angular momentum etc.

& may be approximated by a sum of products of two 1-tetron wave functions

concentrated at the two tetrahedral sites z; and z;. Antisymmetrization of this
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sum will lead Er to consist of two terms, the classical ‘direct’ integral Dp and the

quantum mechanical exchange contribution Jz
Er = Dp+ Jp <l5>

While Dy determines the elastic binding among tetrons and thus the gravitational
properties of the substrate, the exchange integral Jr can be used to understand the
isospin interactions and thus the phenomena of particle physics. Actually, as seen
below, Jg is directly related to the isomagnetic Heisenberg and DM couplings J and
K defined in the last section.

If one assumes the single tetron wave functions to be fairly localized at their tetra-
hedral sites, there is a hierarchy |Jp| < |Dp|. This is different from ordinary
3-dimensional ferromagnetism and is even enhanced by the 12-dimensional integra-
tion in (14), through which any overlap contribution becomes strongly suppressed
as compared to a direct one. In the extreme case of delta functions, D reflects the
form of the potential, while Jp vanishes. In the general case, Dp will still be much
larger than Jr. For example, assuming the single tetron wave function to fall off
by a factor of 10 at half the distance between the 2 sites i and j, Jr will be smaller
than Dp roughly by a factor of 10712, This, en passant, is the way the hierarchy
between the Planck scale and the Fermi scale can be understood within the tetron

approach. The item has been discussed more thoroughly in [5].

One may ask how the potential U transforms under SU(4). Since the energy must

be a singlet, one has to have
(4+4)Xx Ry x (44+4) =1+ ... (16)

where Ry is the representation under which Up transforms. Since 4 x4 = 1+15 and
4x4=6+10and 15 x 15 =1+... and 6 x 6 = 1 +...[2], it follows that U is either
a scalar Uy, an adjoint UL\, a=1,...,15, or a vector Ute’, i=1,...,6, where \* are the
generators of SU(4) and e’ are vectors which span 6-dimensional space. U; and Uys
describe interactions among a tetron and an antitetron and Us is a tetron-tetron

interaction.

In the present context, where the tetrahedrons are completely orthogonal to physical

space, spin and isospin essentially decouple from each other, and the above analysis



may be strongly simplified, in the following way: instead of (13) one may consider

50(6, 1) — SO(S)spzn X SO<3)zsospm (17>

8 — (L,2)+(1,2)+(2,1)+(2,1) (18)

Assuming ordinary spin to be irrelevant for the internal interactions, it is enough to
look for SO(3);sespin singlets in 2 x R x 2 = 1+ ..., which implies R = 1 or R = 3, i.e.

only an isospin singlet or a triplet potential 1} or V3 are allowed for the isomagnetic

interactions among tetrons.

V1 and V3 may be considered as part of the above SO(6) potentials U; and U;; and
induced by them within the SO(3);sospin fibers. Alternatively, V; and V3 can also
be shown to arise in the relativistic framework, i.e. sticking to the original octonion
representation 8 of SO(6,1) instead of using (13). Namely, a relativistic potential
Wy is allowed that transforms as 7 under SO(6,1), and the product[2]

8XTx8=1+7+T7+21+4+ 21427+ 35+ 35+ 105 + 189 (19)

contains a singlet.

W7 may well be a gauge potential and the basis for the fundamental tetron interac-

tion. Furthermore, V; and V3 are part of W, due to
SO(6,1) = SO(3)spin X SO()isspin (20)
7T = (L,1)+(1,3)+(3,1) (21)
where V; transforms as (1,1) and
Vi = Vgre (22)
as the isospin triplet (1,3)°.

While the Heisenberg interaction ~ Q7@ is associated to the singlet potential V;
in the usual way|[13], DM terms ~ e“ch?Qj in (25) arise from the V3 contributions.

This can be shown by inserting the completeness relation for Pauli matrices

1
55v5ut - 27-;&7—31; + 5551561“) (23)

°In contrast to the suggestion in [21] the photon should not be assumed to be part of the gauge
field Wy. As explained before, the photon as well as all the other SM gauge bosons are excitations

of tetron-antitetron bonds of neighboring tetrahedrons.
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into the V3-exchange integral and afterwards noting that the factor of 7% in (22) can

be merged with one of the factors 7 in (23) via
7o = jetber 4 5P (24)

The € tensor part in (24) then directly yields the "antisymmetric exchange’(=DM)
contribution (25).

IV. Dzyaloshinskii Masses for the Heavy Family; Heisenberg Masses for
the Second Family

My presentation of the mass calculations begins with the Dzyaloshinskii-Moriya
(DM) coupling, firstly because it is the dominant isospin interaction and secondly
it gives masses only to the third family, i.e. to top, bottom and 7, while leaving all

other quarks and leptons massless.

Among all the fermion masses the top quark mass is by far the largest and is of the
order of the Fermi scale. As turns out, this is no accident, but has to do with the

largeness of the relevant DM coupling.

In the simplest version the isospin DM interaction[1, 11] is

4
Hpy = —-K Z Dap(Ga < Q) (25)

a#b=1

to be compared to the Heisenberg interaction (4). The form of the vectors D,y is

dictated by the tetrahedral symmetry to be[12]
Dap = Qo x Gy (26)

As explained before, interactions among Cj r, and Cj r have to be considered in order

to cover all degrees of freedom. The complete DM Hamiltonian then reads

4 4
Hp = —Kip Z (@Lz X @Lj)2 — Krr Z (@Lz X CjRj)2

a#b=1 a#b=1

4
—Krgr Z (Qri x Qry)’ (27)

a#b=1

with DM couplings (= V3 exchange integrals) K, Kpr and Kgrg.

11



It is convenient to already include at this point the Heisenberg terms

4 4 4
Hy = —Juo Z QriQr; — Jir Z QriQrj — Jrr Z QriQr; (28)

a#b=1 a#b=1 a#b=1
with 1V} exchange couplings J;r, Jrr and Jrr. They are smaller than the DM
interactions and turn out to give masses both to the second and third family (but

not to the first one).

Phenomenologically, the Heisenberg couplings J are typically smaller than 1 GeV,
while the DM couplings K are larger than 1 GeV. Altogether, Heisenberg and DM
terms provide the most general isotropic and isospin conserving interactions within
the internal space. Apart from that there will only be tiny torsional interactions
responsible for the mass of the first family and the neutrinos, to be discussed in
Sects. V and VI.

The masses m of the corresponding excitations ¢ defined in (8) arise from the expo-

nents in the vibrations
d ~ exp(imt) = exp(iXt) (29)

where X stands for the appropriate linear combination of the isospin couplings J and
K introduced in (27) and (28). The X will be obtained from the torque equations (7),

and using the angular momentum commutation relations for the isospin vectors[§]
Q% Ql;%j] = i5,-jeach§%i QT Q%j] = iéijeachii QR Qlij] =0 (30)

where 7,7 = 1,2, 3,4 count the 4 tetrahedral edges and a,b,c = 1,2, 3 the 3 internal

directions(=extra dimensions).

It may be stressed that I have noch undertaken to calculate the couplings J and K
in terms of the 12-dimensional V; and V5 exchange integrals as defined in (15) and
(14). What is done here, is to use the J and K as free parameters and calculate the
masses of the excitations in terms of these couplings. This is the usual approach
in magnetic theories, where it often turns out that calculation of integrals like (14)
are plagued with large and uncertain corrections. Keeping the couplings as free

parameters usually is more rewarding for physical applications.

When carrying out the calculation, care must be taken concerning the unique choice

of a quantization axis @y [20], because this is the condition under which (30) holds.
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One may choose one of the tetrahedral edges, e.g.

50 = (G)) = (1,1, —
Qo= <Q1>—\/§( 1,-1,-1) (31)

to define the axis of quantization and then has to rotate the other isospins to this

system.

The 24 first order differential equations for d@/dt arising from Hy and Hp are

rather lengthy. In linear approximation they read

dgl = ~ . ~ ~ = =
dzf = 2K {Qo x Appi +i[—Appi + (ApLi.Qo) Qo] }
+ 2KLR{QO X Appi + i[_&LRi + (&LRi-@O) QO]}
+ JLL(@O X 5LLz') + JLR(@O X &Lu) (32)
dg i = ~ . ~ e = =
df = 2Kprp{Qo X Arpi + i[—Arpi + (Arri-Qo) Qol}

+ 2KLR{QO X Appi + i[_&RLi + (&RLi-@O) QO]}
+ Jrr(@o X Agri) + Jur(Qo x AgpLy) (33)
In these equations 51 = @Li — (@m) and dp; = ij — (@Ri>, a =1,2,3,4, denote

the isospin vibrations and the A’s are certain linear combinations of them which

will play an important role in discussing isospin conservation in Sect. VI:

A = =305+ Z ng
J#i
Appi = —36n+ Z gRj
J#i
Apni = —30m+ Z ng
J#i
Apri = —30pi+ > Ori (34)
J#i

Egs. (32) and (33) are the basis of the mathematica program included in the Ap-
pendix and correspond to a 24x24 eigenvalue problem which - after the SSB - leads
to 6 singlet and 6 triplet states of the Shubnikov group (3), the latter ones each

consisting of 3 degenerate eigenstates.

After diagonalization one obtains the following results: the first family excitations

are still massless at this point, but will get masses from the torsional interactions
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to be discussed in the next section. The DM exchange coupling K, is consistently
of the order of the transition energy Ap and the DM and Heisenberg couplings can

be accommodated to reproduce the third and second family masses.

Namely, assuming the DM couplings K to dominate over the Heisenberg couplings

J, one can prove the following approximate relations

3
my = 4KLL—|—O(J) m; = §KLR+O(J) mb=4KRR+O(J) (35)
me., = 4JLL m, = §=]LR mg = 4JRR (36)

2

In this approximation, the masses of quarks and leptons arise from different isospin
interaction terms in (27) and (28), each mass associated essentially to one of the

Interactions.

Because of the DM dominance one may say that a single tetrahedron of isospin

vectors is a ‘DM isomagnet’.

Due to the tetrahedral ’star’ configuration of the 4 isospin vectors pointing outward,
it may also be called a ‘frustrated’ isomagnet[22] based on isospin interactions with

‘antiferromagnetic’ couplings.

There is, however, a different interpretation arising from (27) and (28), where one
attains attraction among isospins instead of frustration, and furthermore both inner-
and inter-tetrahedral interactions turn out to be of order Ap. Namely, there is a
Hamiltonian for the interaction between 2 isospins @Z and ij with minimum energy
at the tetrahedral angle 6;; = arccos(—%), thus stabilizing the tetrahedral ’star’

arrangement. As compared to (4) and (25) this Hamiltonian has the form
5 A
H o~ QiQ; — 5 > Qi x Q) (37)

Since the Heisenberg term is ~ cos(#) and the DM-term involves sin(é), their linear
combination (37) can be shown to have a minimum at 6;;. One can then rewrite
the top (Krr) and charm (Jp;) mass part of the Hamiltonian Hy + Hp eqs. (27)
and (28) as a sum of 2 contributions

2 L. . 3K - - 2 SR

gKLL[ Z QriQr; — 3 Z (Qri x Qr;)*] — <§KLL + JrL) Z QriQr; (38)

i#j=1 i#j=1 i#j=1
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where the first term is assumed to arise from the inner tetrahedral interactions, and
the second from the inter ones. Both the inner and inter contributions now are of
order Ap, the inner having a minimum at 6, thus stabilizing any tetrahedron of
isospins, and the inter with coupling J := %K rn+Jrr, being a ‘ferromagnetic’ Heisen-
berg interaction which supports the alignment of any 2 neighboring tetrahedrons of

isospins.
V. Isospin Conserving Torsion and the Masses of the First Family

In the previous sections it was shown how the heaviness of the third family is related
to large DM couplings. Afterwards masses of the quarks and leptons of the second
family were obtained from Heisenberg exchange. In this section it will be seen how
the small masses of the first family can be obtained from isospin conserving torsional

interactions.

It turns out that torsional interactions give contributions to the masses of all families.
However, since they are assumed to be small, the 2 heavy families remain dominated

by DM and Heisenberg couplings, as given in (36).

The structure of torsional interactions is quite simple. They correspond to a gen-
eralization of Hooke’s law to rotations, where instead of an exerting force which is
proportional to the stretch x there is an exerting torque which is proportional to the
stretch angle ¢.

d*p

e —Cy (39)

with some constant C7. The energy of the system is given by
1_dy 1
Er = —I(—5)? 4+ ZC2.p? 40

with I the moment of inertia.

By differentiation one can see that the second order differential equation (39) is

equivalent to dp/dt = iCre and thus to the first order equation

iQ
L —icrQ (41)

where @) = Idy/dt is the angular momentum and d@/dt the torque.
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In the present context (41) is more suitable than (39), because it can be imme-
diately added to the system of differential equations for the @Li and @Ri which
was obtained in (32) and (33) for the DM and Heisenberg interactions. Using the

notation introduced in (34) one has

o e

dtL = ZOLLALZ‘ + ZCLRARi (42)
dopi e

df = iCLrAL +iCrrAR; (43)

where the couplings Cr;, Crr and Cgrgr generalize Cr to Q 7, and Cj R.

In the formulation (43) care has been taken to maintain isospin conservation as
defined in (50). This requirement leads to the appearance of the linear combinations
A given in (34).

Since (42) and (43) give the only mass contributions to the first family, the C-
couplings can be chosen to accommodate the mass of the up quark, down quark and

electron, respectively. Namely, one arrives at the mass formulas

me = 6CLR (44>
m, = 201 +3CLr+ 2CRrR — \/4(CLL — Crr)?>+ Cip (45)
mqg = 201, 4+3CLr+ 2CgrR + \/4<CLL - CRR)2 + C%,R (46>

Then, using the phenomenological values
me = 0.51 MeV m, = 2.2 MeV mg=4.7T MeV (47)
one obtains

Crp = 0.084 MeV Cpp =1.11 MeV Crr = 0.49MeV (48)

VI. Neutrino Masses and Isospin Nonconservation

In discussions of neutrino masses there is always the question whether they are

of Dirac or Majorana type. Within the tetron model, neutrinos have the same
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spacetime properties as the other quarks and leptons, because all isospin excita-
tions inherit their SO(3,1) transformation properties from the underlying octonion

representation of SO(6,1) - which is Dirac.

This means, neutrinos are special only because of their small masses. In the tetron
model small neutrino masses arise in the following way: among the 24 isospin excita-
tions, which are the quarks and leptons, there are always 3 G4-singlet modes which
are approximately massless. This has to do with the conservation of total isospin.
The 3 masses are suppressed because they correspond to the vibrations of the 3

components of the total internal angular momentum vector within one tetrahedron

4 4 4
1
i T i) — a s \I]Iﬂ?\lja 49
;(QL Qri) ; =5 ; (49)
Whenever this quantity is conserved
dS/dt = 0 (50)

the neutrino masses will strictly vanish. In fact, the combinations of Heisenberg,
DM and torsional interactions (27), (28), (42) and (43) considered so far, conserve
total isospin. They fulfill (50) and give no contribution to the neutrino masses. A
signal for the conservation of isospin is the appearance in all those equations of the
linear combinations

RNo=—=30+) & (51)

b#a

A, enters d3 in the form of the sum Y A, - and this sum trivially vanishes.
Nonvanishing contributions to the neutrino masses will be derived below in a sys-

tematic and comprehensive way. In order to enlighten the procedure, first consider

as a simple example an isospin conserving torque of the form

dQ,

dt (QZ Ql) + (@3 - Cjl) + (@4 - él) = &1 (52)

and compare it with an isospin violating one

dQ,

— = iNp(Qy — Qo) = Npd, (53)

with some tiny new coupling Ny and Qg = (@;) denoting the ground state value of
Q1. Similarly dQ;/dt = iNy(Q; — (@,)) for j = 2,3, 4.
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What is the physical meaning of such an isospin violating contribution? After all,
(53) does not exhibit any interaction of @1 with the other 62,3,4. It is an isospin
non conserving reset torque towards Cjo and effects a mysterious steady gain or loss

of isospin, which certainly needs understanding.

In my opinion there is only one plausible explanation: in order that isospin does
not disappear into nirvana, the most straightforward assumption is the existence of
some kind of nucleus sitting at the center of each tetrahedron and to whom isospin
can be transferred, at least in tiny doses. There may be other explanations, but I
find this one particularly appealing, because one may speculate that the nuclei are
responsible for an additional stabilization of the substrate’s skeleton structure in
Fig. 1.

As seen below, in addition to giving neutrino masses, the coupling N also enters
all the other quark and lepton mass formulas. Therefore, there is always this tiny
exchange of isospins with the nucleus, whenever a tetrahedron of isospins gets excited

to a quark or a lepton.

With contributions (53) alone, however, all 3 neutrinos v., v, and v, get the same
mass of order Np. To obtain different masses it is instructive to remember how
the different masses for the 3 families were obtained in the case of the other quarks
and leptons, namely by use of isospin-preserving Heisenberg, torsional and DM
interactions. Analogously, one may construct isospin violating DM and Heisenberg
interactions by replacing A — § in (32) and (33). One obtains
WG . L
flgtL = iNp(Qri — Qo) + Nu(QLi x Qo) (54)
+2Np{—(Qri x Qo) +i(—(Qri — Qo) + (Qri — Qo)Po)Qo]}
= iNpop + NH(ELi X C50) + 2ND{_(gLi x C50) + i(_gLi + ((gLiQO)@O>]}

and similarly for Cj ri- This procedure leads to different masses for the 3 neutrino

mass eigenstates vy, v5 and v3 of the following form
m(l/l) = 4NT m(VQ) = NT + NH m(V3) = 4NT - NH - 4ND (55)

As mentioned before, all other quarks and leptons get similar contributions to their

masses from Ny, Ny and Np. However, since the isospin violating couplings N are
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assumed to be tiny (< 1eV), they can be neglected in the mass formulas which were

presented in the preceeding sections.

One may accommodate (55) to the results from neutrino oscillation experiments.
Consider first the case of the so called ‘normal mass hierarchy’ m(v;) < m(ry) <

m(vs) where
m(vy)/eV = 0.001 m(vz)/eV =0.0087  m(vs)/eV = 0.048 (56)

Lacking experimental informations on m(rvy) I have guessed here a value of 0.001
eV. In the normal hierarchy limit m(vy) < m(r2) < m(v3) one sees that m(v4)
is a measure of the torsional coupling Ny, m(v,) measures the strength Ny of the
Heisenberg coupling and m(vs) of the DM coupling Np. The situation is thus similar
as for the other quarks and leptons, where the heavy family mass is dominated by
DM interactions, the second family by Heisenberg and the light family by torsional

couplings.

In the case of the so called ‘inverted hierarchy’ one has
m(11)/eV = m(y)/eV = 0.0245 m(vs3)/eV = 0.001 (57)

where this time the assumption is made on the (unknown) mass m(vs). Trying to
accommodate (57) with (55) one obtains Ny &~ 0. At the same time a small m(vy)
leads to Np ~ N7, i.e. an accidental compensation between torsional und DM

contribution is needed to occur.

In summary, it was found in this section, that the masses m(vy), m(vy) and m(vs)
are a measure of the strength of the isospin-violating torsional, Heisenberg and DM
interactions, respectively. This happens in a similar way, as the masses of the first,
second and third family of quarks and (non-neutrino) leptons are determined by
the strength of the isospin-conserving torsional, Heisenberg and DM interactions,

cf. the discussion at the beginning of Sect. V.

VII. CKM and PMNS Mixing

This section deals with the mixing of families and the question to what extent it

can be deduced from tetron ideas. Since as much as 8 of the 19 free SM parameters
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arise from the mixing, one would like to see their number reduced by BSM ideas.
This is the reason why in the literature a lot of suggestions for relations among
the CKM resp PMNS matrix elements can be found, mostly on the basis of ad hoc
assumptions on additional discrete symmetries, from which such relations can then

be derived.

In the tetron model, the transition from ’isomagnetic’ to mass eigenstates is ob-
tained directly via the diagonalization process described in the last sections. Since
the isomagnetic eigenstates are to be identified with the weak interaction eigenstates,
this offers a straightforward method to determine the CKM and PMNS matrix en-
tries. Within the mathematica program presented in the appendix the physical
mass eigenstates can be obtained from the isomagnetic eigenstates by simply chang-
ing the command ’eigenvalues’ to ’eigensystem’ in the last line. The results, which
at first sight look rather cumbersome, will now be discussed and presented here in

a condensed and compact form.

First of all, for symmetry reasons one need not write down the full 24x24 output.
It is enough to give 6x6 results for quarks and 3x3 results for leptons. The reason
is that for the leptons there is an identical contribution to the mass eigenstates from
all 4 tetrons 1, 2, 3 and 4 on the tetrahedron, i.e. the structure of the eigenstate is
always of the form of a sum 1 4+ 2 4+ 3 + 47, so that for the presentation it suffices
to write down the contribution from tetron 1. Similarly, for the quarks there is a
symmetry structure '3 x 1 —2 — 3 —4’ (for the first color, and '3 x2—1—-3—4" and
'3 x 3 —1—2—4 for the other two). Knowing this, it is again enough to present
the result of tetron 1 of the first color.

Consider first the leptons and introduce an orthonormal system of unit vectors S,
S, and S, which describe the possible directions of 6@ 1, of tetron 1 in internal space.
Similarly, T, T, and T for 5@R. (x,y,2) is assumed to be a Cartesian coordinate
system in internal space, with z corresponding to the axis of quantization. Using
this notation, the result for the leptons is such that the 6x6 matrix for tetron 1

decouples to two separate 3x3 systems for (5@ L+ 5@ r and 5@ L— 5@ R, respectively.
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By abuse of notation the neutrino mass eigenstates are obtained as

2] -1 —1 —1 S, + 1T,
1 1 V3, 1 3
Vy| — ﬁ 1 5 + 5t —5 = 51t Sy —|-Ty (58)
v ~1 L4 13 S 4T
3 2 2 2 2 x x

From the discussion of isospin conservation in section VI we know that neutrinos
arise from variations of the total isospin. Therefore, the appearance of sums S +
T is not surprising. Thus, the neutrino mass eigenstates are 'far away’ from the
weak interaction eigenstates Sand T , and consequently the resulting PMNS mixing
matrix will be 'far away’ from the unit matrix. This is much in contrast to the case
of quarks where it will be seen below that the mass eigenstates are small deviations
S+€T and —eS+T from the weak eigenstates S and T'. The smallness of € originates
partly from the dominance of the top mass over the other fermion masses, and it

leads to the well known hierarchy in the CKM matrix elements.

The matrix in (58) is similar to the PMNS matrix sometimes used in trimaximal
mixing, the difference being that in the tetron model Vpy;ns gets another contribut-
ing factor from e, pu and 7. Namely, the tetron model mass eigenstates for e, p and

T are given by

i =5 | Ly 1| s, -, (59)
1 3, _ 1 3,
r R R [ R

It is worth noting that all the eigenstates (58) and (59) are extremely stable under
variations of isospin couplings. It only happens that some of the matrix elements
change signs, when signs of DM, HH or torsional couplings are changed in the

mathematica program.

In contrast to the lepton mixing there is a dependence of the quark mixing on the
absolute magnitudes of DM, HH and torsional couplings - and therefore indirectly
on the masses and Yukawa couplings. An interesting point is that there is even a
rather strong dependence of the quark mixing matrix on the LR-couplings, which

determine the lepton masses.
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More in detail, the mass eigenstates for the up-type quarks are givrn by

1
u = m[(sx + €1Tx) + (Sy + ElTy) + (Sz + esz)] (60)

1 1+iv/3 1—iv3

c = \/gm[ 9 (Sx + EQT;E> + T(Sy + EQTy) — (SZ + EQTZ>]
1 1—1iV3 14143
t \/g\/reg[_ 9 (SCE + 63Tx) - 9 (Sy + €3Ty) - (SZ + 63T2)]

and for the down quarks

d = —— L [(caS.+T) + (—aaSy + T) + (—e1S. + T)] (61)

V31 +¢€
1 14+iv3 1—iv3
— —€5, +1,) — ————(—€S, +T) + (—eS, + T,
\/g\/reg[ 9 ( 2 ) 2 ( 20y y) ( 2 )]
1 1—1iv3 14+1iv/3
( Z\/_(_635x+Tx)+ +iv3
V3\/1+ € 2 2

Three small numerical coefficients appear in these equations

(_E3Sy + Ty) - (_6352 + TZ)]

e=024 =005 e =0.0072 (62)

proving that the quark mass eigenstates are indeed not far away from the weak

eigenstates, and therefore the mixing is small.

One may compare to the corresponding measured entries of the CKM matrix
[Via| =022 |Vas| =0.040  |Vis| =~ 0.005 (63)

in order to verify agreement by and large. More should not be expected from this
calculation which is leading order with respect to many types of corrections. No
effect from RG running is taken into account, for example, and next-to-leading
effects from the large DM-couplings may overwhelm the tiny contributions from

torsional interactions.

The numbers in (62) are obtained for the particular couplings used in the mathe-
matica program in the Appendix corresponding to the phenomenological quark and
lepton mass values. For other combinations of the couplings/masses the ¢; turn out
to be different. In fact, they are the only quantities within the eigenvector formulas

which - through the isospin couplings - depend on the fermion masses. For example,
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for smaller values of the top mass, they become larger and thus the CKM mixing -

in particular €3 - becomes larger, too.

VIII. Summary and Discussion

In this paper it was shown how the observed spectrum of quarks and leptons can
be derived from isospin interactions among tetrons. After clarifying the relations
between SM Yukawa couplings and the isomagnetic couplings, the magnitude of the
latter was adapted to the observed mass values. Furthermore, in Sect. III it was
shown how these coupling parameters themselves can be calculated from exchange
integrals involving the fundamental scalar and triplet potentials V; and V3 among
tetrons. The resulting optimized predictions for the masses can be found at the end

of the mathematica program in Appendix A. Numbers are understood in GeV.

As turns out, Dzyaloshinskii-Moriya couplings are the largest, while Heisenberg
interaction terms are smaller. It is a feature of the DM interaction to give masses
only to the third family. In particular the top mass is the only excitation with
mass of order Ap, because it corresponds to a minimum energy of the tetrahedral
isospin Hamiltonian (37) and this is clearly linked to the SSB of the ordered isospins,
i.e. to how the aligned tetrahedral ’stars’ are oriented collectively in internal space.
This ordering takes place below the transition temperature Ap, while isospins are

distributed randomly (i.e. SU(2) symmetric) at temperatures above the Fermi scale.

All other quark and lepton masses naturally turn out to be much smaller. For
example, the Heisenberg interactions characteristically give equal contributions to
the masses of the seond and third family, keeping the first family massless. The first
family then obtains its masses from still smaller torsional interactions, as explained

in Sect. V.

As a byproduct of the calculations some suggestive solutions within the tetron model
to several outstanding classical problems of particle physics have appeared:

-The hierarchy problem of why the Fermi scale is so small as compared to the
Planck scale. In the tetron model this is due to the smallness of exchange integrals
as compared to direct ones, see the discussion after (15) in Sect. III.

-The tinyness of neutrino masses arises from the conservation of tetron isospin. Tiny
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isospin violating interactions have been introduced in Sect. VI in order to get the
neutrino masses, and their physical origin has been clarified. Note that isospin in
the tetron model is not an abstract concept but corresponds to real rotations in the
3 extra dimensions.

-Concerning the observed CKM und PMNS matrix elements, it was seen in the
numerical results presented in Sect. VII, how the dominance of the top quark mass
determines the CKM mixings to be small, while on the other hand the large mixings

in the lepton sector are due to the conservation of isospin.

In the tetron model the internal dynamics of quarks and leptons is intertwined, and
therefore it is not surprising that CKM mixing parameters also depend on the lepton
masses/yukawa couplings. Details of these and other dependencies will be analyzed

in a forthcoming publication.

Appendix: A Mathematica Program to calculate the Quark and Lepton

Masses and Eigenstates

The following code allows to calculate quark and lepton masses and mixings, given
the isospin couplings as defined in the main text. The resulting masses in GeV can
be found at the bottom line of the program. Mathematica results for the mixings

are not printed explicitly, but presented in more compact form in section VII.

s10:={-1,-1,-1} /V3
dellu:={d1x,dly,d1z} * ef
del2u:={d2x, —d2y, —d2z} * ef
del3u:={—d3x, d3y, —d3z}  ef
deldu:={—d4x, —d4y, d4z} = ef

t10:= + 510

eellu:={elx, ely,elz} = ef
eel2u:={e2x, —e2y, —e2z} * ef
eel3u:={—e3x, e3y, —e3z} * ef
eeldu:={—edx, —edy, edz} x ef
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dd1l:=del2u + del3u + del4u — 3 * dellu
dd2:=dellu + del3u + del4u — 3 * del2u
dd3:=dellu + del2u + del4u — 3 * del3u
dd4:=dellu + del2u + del3u — 3 * del4u

edl:=eel2u + eel3u + eeldu — 3 x dellu
ed2:=eellu + eel3u + eeldu — 3 « del2u
ed3:=eellu + eel2u + eeldu — 3 * del3u
ed4:=eellu + eel2u + eel3u — 3 x del4u

del:=del2u + del3u + del4u — 3 * eellu
de2:=dellu + del3u + del4u — 3 * eel2u
de3:=dellu + del2u + del4u — 3 * eel3u
de4:=dellu + del2u + del3u — 3 * eel4u

eel:=eel2u + eel3u + eel4u — 3 *x eellu
ee2:=eellu + eel3u + eeldu — 3 * eel2u
eed:=eellu + eel2u + eel4u — 3 * eeld3u
eed:=eellu + eel2u + eel3u — 3 * eeldu

vddl:= — 2 x dd1 + 2 * dd1.s10 * s10
vdd2:= — 2 x dd2 + 2 * dd2.s10 % s10
vdd3:= — 2 %« dd3 + 2 * dd3.s10 % s10
vdd4:= — 2 x dd4 + 2 % dd4.s10 x s10

vedl:= — 2 x edl + 2 x ed1.s10 * s10
ved2:= — 2 x ed2 + 2 % ed2.510 * s10
ved3:= — 2 x ed3 + 2 x ed3.510 * s10
ved4:= — 2 x ed4 + 2 *x ed4.s10 * s10

vdel:= — 2 x del + 2 x del.s10 % s10
vde2:= — 2 x de2 + 2 x de2.s10 * s10
vde3d:= — 2 x de3 + 2 x de3.s10 * s10
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vded:= — 2 x ded 4+ 2 x ded.s10 % s10

veel:= — 2 x eel 4+ 2 x eel.s10 x s10
vee2:= — 2 x ee2 + 2 * ee2.5s10 x s10
veed:= — 2 x ee3 + 2 x ee3.s10 * s10
veed:= — 2 x eed 4+ 2 x ee4.s10 x s10

ss:= — 10.70000000000000000
st:= — 0.07700000000000000
tt:= — 0.22000000000000000
Jss:=0.32000000000000000
jtt:=0.01020000000000000
jst:=0.01750000000000000
f£:=0.00049000000000000
gg:=0.00113000000000000
fg:=0.00008500000000000
ne:= — (0.00000000000103000
nm:= — (0.00000000000790000
nt:=0.00000000001350000

nddl:= — 2 % dellu + 2 * dellu.s10 * s10
ndd2:= — 2 % del2u + 2 * del2u.s10 * s10
ndd3:= — 2 *x del3u + 2 * del3u.s10 * s10
ndd4:= — 2 % deldu + 2 * del4u.s10 * 510

neel:= — 2 x eellu + 2 % eellu.s10 * s10
nee2:= — 2 x eel2u + 2 x eel2u.s10 * s10
need:= — 2 x eel3u + 2 x eel3u.s10 * s10
need:= — 2 x eel4u + 2 * eel4u.s10 * s10

zx1l:=

Coefficient[ss * (2 * Cross[s10,dd1] + i * vdd1)+
nt * (2 * Cross[s10, dellu] + ¢ * ndd1)
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+st * (2 * Cross[s10, ed1] + i * ved1)

+jss * Cross[s10, dd1] + jst * Cross[s10, ed1] + nm * Cross[s10, dellu]
+i % ff x dd1 + i * fg * ed1 + i * ne * dellu, ef, 1]

7ZX2:=

Coefficient|ss * (2 * Cross[s10,dd2] + ¢ x vdd2)+

nt * (2 * Cross[s10, del2u] + ¢ * ndd2)

+st * (2 * Cross[s10, ed2] + i * ved?2)

+jss * Cross[s10, dd2] + jst * Cross[s10, ed2] + nm * Cross[s10, del2u]
+i % ff x dd2 + @ * fg *x ed2 + i * ne * del2u, ef, 1]

zx3:=

Coefficient|ss * (2 * Cross[s10, dd3] + ¢ x vdd3)+

nt * (2 * Cross[s10, del3u] + i * ndd3)

+st * (2 * Cross[s10, ed3] + i * ved3)

+jss * Cross[s10, dd3] + jst * Cross|[s10, ed3] + nm * Cross[s10, del3u]
+i * ff x dd3 + i * fg * ed3 + 7 * ne * del3u, ef, 1]

zx4:=

Coefficient|ss * (2 * Cross[s10, dd4] + ¢ x vdd4)+

nt * (2 * Cross[s10, del4u] + i * ndd4)

+st * (2 * Cross[s10, ed4] + i * ved4)

+jss * Cross[s10, dd4] + jst * Cross|[s10, ed4] + nm * Cross[s10, del4u]
+i % ff x dd4 + i * fg x ed4 + i * ne * deldu, ef, 1]

zx5:=Coefficient[st * (2 * Cross[s10,del] + i * vdel)

+tt * (2 * Cross[s10, eel] + i * veel) + nt * (2 x Cross[s10, eellu] + ¢ * neel)
+jst * Cross[s10, del] + jtt * Cross[s10, eel] + nm * Cross[s10, eellu]

+i * gg *x eel + i x fg * del + i * ne x eellu, ef, 1]

zx6:=Coefficient[st * (2 * Cross[s10, de2] + i * vde2)

+tt * (2 * Cross[s10, ee2] + i * vee2) + nt * (2 x Cross|[s10, eel2u] + i * nee2)
+jst * Cross[s10, de2] + jtt * Cross[s10, ee2] + nm * Cross[s10, eel2u]

+i * gg * ee2 + i * fg * de2 + i * ne *x eel2u, ef, 1]

zx7:=Coefficient|[st * (2 * Cross[s10, de3] + i * vde3)

+tt * (2 * Cross[s10, ee3] + i * vee3) + nt * (2 * Cross[s10, eel3u] + ¢ * nee3)
+jst * Cross[s10, de3] + jtt * Cross[s10, ee3] + nm * Cross[s10, eel3u]
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+i % gg * ee3 + i * fg x de3 + i * ne * eel3u, ef, 1]

zx8:=Coeflicient[st * (2 * Cross[s10, de4] + i x vded)

+tt * (2 * Cross[s10, ee4] + i * vee4) + nt * (2 x Cross|[s10, eeldu] + i * need)
+jst * Cross[s10, de4] + jtt * Cross[s10, ee4] + nm * Cross[s10, eel4u]

+i % gg * eed + i * fg x ded + i * ne * eeldu, ef, 1]

S535:=Flatten[i{zx1, zx2, zx3, zx4, zx5, zx6, zx7, zx8}]

Eigenvalues|

{

Coefficient[S535, d1x, 1],
Coefficient[S535, d1y, 1],
Coefficient[S535, d1z, 1],
Coefficient[S535, d2x, 1],
—Coefficient[S535, d2y, 1],
—Coefficient[S535, d2z, 1],
—Coefficient[S535, d3x, 1],
Coefficient[S535, d3y, 1],
—Coefficient[S535, d3z, 1],
—Coefficient[S535, d4x, 1],
—Coefficient[S535, d4y, 1],
Coefficient[S535, d4z, 1],
Coefficient[S535, elx, 1],
Coefficient[S535, ely, 1],
Coefficient[S535, elz, 1],
Coefficient[S535, 2x, 1],
—Coefficient[S535, €2y, 1],
—Coefficient[S535, €2z, 1],
—Coefficient[S535, e3x, 1],
Coefficient[S535, €3y, 1],
—Coefficient[S535, €3z, 1],
—Coefficient[S535, e4x, 1],
—Coefficient[S535, edy, 1],
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Coefficient[S535, e4z, 1]

}
]

{170.794,170.794,170.794, 4.35497, 4.35497, 4.35497, 1.74351,
1.33497,1.33497,1.33497, 0.10551, 0.097825, 0.097825, 0.097825,
0.00477782,0.00477782,0.00477782,0.00221218, 0.00221218,
0.00221218,0.00051,4.7123 * 10" — 11,8.92766 * 10" — 12,1.02624 = 10" — 12}
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