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Abstract: In this paper, we prove the existence of the approximate (o, 7)-Hermitian Yang—
Mills structure on the (o, 7)-semi-stable quiver bundle R = (&€, ¢) over compact Gaudu-
chon manifolds. An interesting aspect of this work is that the argument on the weakly
L%—subbundles is different from [Alvarez—Cénsul and Garcia-Prada, Comm Math Phys,
2003] and [Hu-Huang, J Geom Anal, 2020].
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1. Introduction

The classical Hitchin—Kobayashi correspondence establishes a deep equivalent re-
lation between the stability and the existence of the canonical metric (or connection)
on holomorphic vector bundles. The study of Hitchin—Kobayashi correspondence
has a huge story line, which can be trace back to the 1980s [5}(6,/11,/18,/19]. In
the new century, this correspondence still attracted lots of researchers’ attention
(see [24,)8./141[17L[2022] and references therein). And a lot of important and inter-
esting applications of the correspondence come out. Takuro Mochizuki awarded the
2022 Breakthrough Prize in Mathematics, due to his excellent work in holonomic
D-modules. Among these excellent work is the complete proof of a stimulating con-
jecture of Masaki Kashiwara about an extension of the Hard Lefschetz Theorem
and other nice properties from pure sheaves to semisimple D-modules [15]. It is a-
mazing that the Hitchin—-Kobayashi correspondence on the filtered flat bundle plays
a key role in the proof of Kashiwara’s conjecture. In some sense, this reveals that
the Hitchin—Kobayashi correspondence plays an important role in the development
of modern mathematics.

*The forth author is the corresponding author.
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In an earlier paper, Alvarez-Cénsul and Garcfa-Prada [1] established a Hitchin—
Kobayashi correspondence on quiver bunldes over the compact Kéhler manifold.
Recently, their result has been generalized by Hu-Huang [7] to a more general
base manifold (generalized Kahler manifold). To be specific, they proved that the
stability and the existence of Hermitian Yang—Mills metric on the quiver bundle are
equivalent. The stability condition they considered is given by a strict inequality.
When the inequality is not strict, such inequality condition is nothing but semi-
stability. And we will consider such semi-stability case in the quiver bundle. In fact
we can prove the following theorem.

Theorem 1.1. Let Q = (Qo, Q1) be a quiver, and R = (€, ¢) be a holomorphic Q-
bundle over a compact Gauduchon manifold (X,w). Assume o and T are collections
of positive real numbers o, and T,, where v € Qy. Assume that every &, = m, o &
admits non-positive mean curvature /—1A,Fu, . If R = (€,¢) is (o,7)-semi-
stable, then it admits an approzimate (o, T)-Hermitian Yang—Mills structure, i.e.
the metrics satisfying the inequality .

Remark 1.1. By the result of Nie-Zhang [16], every semi-stable holomorphic vec-
tor bundle &, over compact Gauduchon manifold X must admit a Hermitian metric
with negative mean curvature v/—1A,F H,,, if the slope of &, is negative. In a re-
cently paper, Li-Zhang—Zhang [10] gave a brief characterization of mean curvature
negativity of holomorphic vector bundles over compact Gauduchon manifold.

At first, we can not use Alvarez-Cénsul and Garcia-Prada’s techniques [1] to our
setting directly. Since their proof is rather rely on the Donaldson’s functional on
Kaéhler manifold, but this functional is not well-defined on the Gauduchon manifold.
Secondly, we can not use Hu-Huang’s results [7] to our setting neither. This is
because that they arrive at an inequality (not strictly) to get a contradiction with
the strict inequality condition, and this is of course not valid to the semi-stable case.
The proof of the main theorem will use the Uhlenbeck—Yau’s continuity method [19].
It is also worth to mention that, the perturbed equation considered in this paper
is also different to Hu—Huang [7]. In [7], the perturbed term is independent of
the vertex numbers o,. We observe that, once we add the vertex numbers o, in
the perturbed term, we can complete the proof of Theorem by adapting with
Simpson [18] and Nie-Zhang’s [16] arguments.

An interesting aspect of this work is that the argument on the weakly L3-
subbundles is different from the previous quiver bundle case [1,/7]. In [7], they used
Liibke-Teleman’s argument |13| to run this step. To our best knowledge, we can not
use this to our semi-stable setting. Hence, let us look back to the reference [1]. In [1],
they construct a quantity x |1, Page 22] by the eigenvalues \; of Uy = Bylios,v,
where 4, is endomorphism on &,. In some sense, it is more natural to use eigen-
values A;, of &, to construct the quantity x. Once we began by doing this to start
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the argument, another difficulty came out. The eigenvalues J; ,, the real numbers
0y, the rank of £, and other quantities are intimately entangled, and these can not
be seperated to run the next step. To fix this, we define the maximum of A;, and
the minimum of 25‘;11(/\#1,11 — Ajv), then we are lucky to construct a new and
useful quantity y, which may be of independent interest.

2. Preliminaries

In this section we introduce the basic setup and notation that will be used
throughout the paper. More detailed information on quiver bundles can be found
in [11[7].

2.1. Gauduchon manifold

Let X be an n—dimensional compact Hermitian manifold, and g be a Hermitian
metric with associated Kéhler form w. g is called Gauduchon if w satisfies 90w™ ! =
0. Throughout the paper we assume (X,w) is a Gauduchon manifold.

2.2. Quiver bundle

A quiver is a pair Q = (Qo, Q1) together with two maps h,t : Qy — (1. Elements
of Qo (resp. Q1) are called vertices (resp. arrows) of the quiver. For each a € Q1,
ha (resp. ta) is called the head (resp. tail) of the arrow a.

A holomorphic @-bundle over (X, w) is a pair R = (£, ¢), where £ is a collection
of holomorphic vector bundle &, over (X,w), for each v € Qq, and ¢ is a collection
of morphisms ¢, : & — Ena, for each a € Qq, such that &£, = 0 for all but finitely
many v € Qq, and ¢, = 0 for all but finitely many a € Q1.

2.3. (o, 7)-Hermitian Yang—Mills structure

A Hermitian metric on holomorphic @-bundle R = (£, ¢) is a collection H of
Hermitian metrics H, on &,, for each v € Q¢ with &, # 0. For each v € Qy, let
o and 7 be collections of real numbers o,, 7, with positive o,. A holomorphic Q-
bundle R = (£, ¢) is said to be admitting a (o, 7)-Hermitian Yang-Mills structure
if

CVTAF, + D a0t = D @i 0 g, =7 1de,,
ach=1(v) act—1(v)
for each v € Qo such that &, # 0, where A,, is the contraction with w, Fg, is the

curvature of the Chern connection Dy, with respect to the metric H, on &,, for
each v € Qg with &, # 0.
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Alvarez-Cénsul-Garcia-Prada [1] and Hu-Huang [7] proved a holomorphic Q-
bundle R = (£, ¢) is said to be admitting a (o, 7)-Hermitian Yang-Mills structure
if and only if R = (€, ¢) is poly-stable.

A holomorphic @-bundle R = (£, ¢) is said to be admitting an approximate
(0, 7)-Hermitian Yang—Mills structure if for every £ > 0, there exists a collection of
Hermitian metrics H, , on each &, such that

max oV "IN Fn., + Y dwodior— 30 ¢ 0du—m e, ., <
ach=1(v) act—1(v)
@2.1)

Kobayashi [9] introduced this notion for a holomorphic vector bundle (¢ = 0).

When |Qo| = 1, this notion has a strong relationship with the semi-stability of the
bundle [91[121[16,21122].

2.4. Stability and semi-stability

Given a holomorphic vector bundle &, on X, by Chern—Weil theory [23], its degree
is given by

1
= W/}(tr(\/lewFHu)7

where Fy, is the curvature of the Chern connection Dp, with respect to the metric
H, on &,. The (0, 7)-degree and (o, 7)-slope of holomorphic @Q-bundle R = (£, ¢)
are given by

deg(&y)

deg, -(R)
dego’ T(R) = (J’U deg(gv) - Tvrk(gv))a Mo, (R) el
. qu:o Zver outk(Ey)
respectively. R = (&, ¢) is called (o, 7)-(semi)stable if for all proper Q-subsheaves

R’ of R,
NG,T(R/> < (Dpo,r(R).

3. Proof of Theorem [1.1]

Fixing a proper background Hermitian metric Hy on R = (&, ¢), denote by
H, ., = Hy,h.. For each v € @y, we consider the following perturbed equation

L? (he) == ®(Hc ) +e0y(loghe ) =0, (3.1)

(o,7)v
where

O(Hew) = ooV =IAFu., + > daodiflor— Y ¢ifevog, — 7, 1dg,.

ach=1(v) act—1(v)
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Following the techniques in [7,[13], it is not hard to show that (3.1]) is solvable
for all € € (0,1]. We omit this step here, since it is standard and tedious. Using the
assumption of (o, 7)-semi-stability, we can show that

lim €0, max |log h =0.
i R | g 67U|Ho,v

This implies that max |®(H, )| ., converges to zero as € — 0.

By an appropriate conformal change, we can assume that H satisfies
> tr(®(Ho,)) = 0.
vEQQ
Then using the maximum principle, we have

Z oytr(log he ) = 0.

vEQo

By Moser’s iteration method, it is not hard to prove the following lemma, which
is similar to [13].
Lemma 3.1. If h., € Herm™ (&, Hy,,) satisfies L (he) = 0 for some € > 0,
then

oy max |log he o | .0 < Ca( > oullloghe | L + max > 1@(How)lmo.,):
vEQo vEQo

o,T)v

where Cy only depends on g and Hy.

Before giving the detailed proof, let’s recall some notations. Fixing n €
Herm(&, H,), from [13] p. 237], we can choose an open dense subset W C X sat-
isfying at each z € X there exist an open neighbourhood U of z, a local unitary
basis {e; }7_; with respect to H, and {\; € C*°(U,R)}7_; such that

n(y) = Z Xi(y) - eily) ® €' (y)

for all y € U, where {e'}7_, denotes the dual basis of £. Let ¢ € C™®(R,R),
UelC®RxRR)and A =377, Ale; ® e/ € End(&,), where we also assume

rank(&,) = r. We denote ¢(n) and ¥(n)(A) by [18, p. 830]

o(n)(y) = Z o(\i)e; ® €

and

r

‘I’(W)(A)(y) = Z W(AJ,AZ)AEBZ ®€j.

ij=1
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Now, we are ready to prove the following identity.

Proposition 3.1. If h., € Herm+(&), Hy ) solves 1) for some ¢ > 0 and each
v € Qq, then it holds

> (/Xtr(‘I’(Ho,u)ss,v)vLov/

<\I/(s€,v)(55u86,v)v55v357v>H0,v) S —& Z U’UHSE,’UH%Q?
vEQRo X

vEQo

where s¢, =logh., and

Proof. Direct calculations yield

> [ (@) - @(Ho)s0)

vEQo

> Z /XU1z<\/j1Aw5€U(h;quaHovvhe,U%55,1))> (32)

vEQo Ho,v
= Z Uv/ (U(52,0) (0, 857v)’58v85av>H0,v7
vERo X
in which the first inequality used |1} Lemma 3.5]

Z < Z $a © (bZHE"U - Z (bZHE'v 0 Pa, 55,v>

vEQo a€h~1(v) act—1(v)

>3 0D gaogor— > grfor o6, s,

vEQo ach~1(v) a€t—1(v)
and the second equality derived from [16, Proposition 3.1].
Hence we complete the proof by combining (3.1]) and (3.2]). O

Now, we are ready to prove Theorem |L.1

Let {he,}o<e<1 be the solutions of equation (3.1) with the background metric
Hy,.

Case 1, There exists a constant Cy > 0 such that o,|/loghe o|r2 < Ca < 400
for each v € Qo. From Lemma [3.1] we have

m}z{%x ‘(I)(HE,DNHE,U = &0y m}z{%x ‘ log h€1v|H£,v < eC1(C2|Qo —l—m)?,x Z |©(H07'U)‘H0,v)'
vEQo
Then it follows that max |®(He)|H., — 0ase—0.

Case 2, lim Y o, loghe |2 — oc.
gHO’UEQo
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Claim If R = (&, ¢) is (o, 7)-semi-stable, then for each v € Qg it holds

lim max |®(H. »)|a. , = 0. (3.3)

e—=0 X ev

If the claim does not hold, then there exist § > 0 and a subsequence ¢; — 0, i —
400, such that

Z oyl|10g he; vllL2 — 400

vEQo
and
max Z |®(He, o)la.,., =¢i max Z ovlloghe, v|n., , = 0. (3.4)
vEQo vEQo
Setting

SE,;,’U

Se; o = loghe, v, liyv = ||381',v||L27 Ue; v = T
7,V

it follows that }_ o tr(ovue,») = 0 and [lue, o[ 2 = 1. Then combining (3.4) with
Lemma [3.1] we have

0
Z lei,v Z m — m)?,x Z |(D(H0,’U)‘H0’v (35)
VEQo vEQo
and
C
max [ue, | < l;‘( > oulin + max > | @(How)lh,) < Cs < +00. (3.6)
iv vEQo vEQo

Step 1 We will show that |[ue, o[/z2 are uniformly bounded. Since ||uc, | z2 = 1,
|12 are uniformly bounded.

we only need to prove ||due, ,

By Proposition for each h.,, it holds

S ([ @ o i) + 00 [ i (it ) @ ). Bt i)
vEQo X X
(3.7)
< —¢g Z ouliv,
vEQo

Substituting (3.5 into (3.7, we have

) _ _
- + Z (/Xtr(‘I)(HO,v)usi,v) +UU/Xli,v<\I’(li,vusi,v)(a&,uei,v)a881,u€i,v>H0m)

03 vEQRo

<&y max |®(Ho,v)| .., -
vEQo
(3.8)
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Consider the function

L T=1Y;
Wl by) = {<>1

T TFY.
From (3.6), we may assume that (z,y) € [-Cs, Cg] x [—Cs, Cg]. It is easy to check
that
- 717 >y
(i 1y) — &Y vy (3.9)
+m7 € S y7

increases monotonically as | — +oo. Let ¢ € C*°(R x R,R™) satisfying ((z,y) <
(r —y)~! whenever x > y. From (3.8)), (3.9) and the arguments in [18, Lemma 5.4],

we have
+ Z / tI‘ HOU UE»”’U) +UU/ <C(uei,v)(5£'vusi,v)agé'vus,-,'t)Ho,U)
vEQo (3.10)
<& Z m)?X|(I’(HO,v)|Ho,U
vEQo
for ¢« > 1. In particular, we take C(x y) . It is obvious that when (z,y) €
[—Cs,Ce] x [-Cs,Cg and = > y, 3C < = ThlS implies that
03 + Z / tr(®(Ho,p)Ue, v )-i—O'U/ 30 ——|0¢, u5“v|H0 )
vEQRo
<&y max [®(Ho,o ) ..
vEQo

for i > 1. Then we have

> / 0e, e, wlhy , — < C7 > max |®(Ho,o) a1, , Vol(X).

vEQo ! vEQRo

Thus, u,,, are bounded in L?. Then we can choose a subsequence {ugij v} such
that we, o, — oo, Weakly in L2,. For simplicity, we still denoted by {u,, , }. Noting
that L? < L?, we have

1= / e, 2, — / hson 2, -
X X

This indicates that ||tco,v||z2 = 1 and ue , is non-trivial.

Using (3.10) and following a similar discussion as in |18, Lemma 5.4], it holds

&t 2 ([ @ )un) +0, [ (o) Oe ). D))

vEQo
<0
(3.11)
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Step 2 Using Uhlenbeck and Yau’s trick from [19], we construct a subsheaf which
contradicts the (o, 7)-semi-stability of R = (&, ¢).

From and the technique in [18, Lemma 5.5], we conclude that the eigenval-
ues of U, are constant almost everywhere. Let A, < Aa < -+ < Aj,, be the dis-
tinct eigenvalues of uo . The facts that }°, o tr(ovtics,n) = 0 and [[ueevllrz =1
force 2 <1 <r. For each A;, (1 <j <1—1), we construct a function

Pj,:R—=R
such that

P‘ o 17 X S )\j,ln
v —
O, xT Z )\j+1,v~

Setting 7 = Pjy(Uoo,v) and &;, = m;,(Ey), from [18], we have

(1) mj € LE;
Hy,,
(2) 7‘—]2’,1) = Tjv = ,/T;':UUJ )

(3) (Idgjyu — Wj,v)ggj,vﬂ'j,v =0.

-1

By Uhlenbeck and Yau’s regularity statement of L%-subbundle [19], {;, i1

determine [ — 1 coherent sub-sheaves of &,. Since

Z tr(0pUoo,w) =0

vEQo
and
-1
Uoo,v = )\l,vid&, - Z()\j+1,v - )\j,v)’]rj,v7
j=1
it holds
-1
D (Aork(E) = > (Njg10 — Ajw)ourk(E),)) = 0. (3.12)
vEQo j=1
Denote by
-1 -1
Ay = max A, ;(/\jﬂ,ﬁ —Njs) = 11)[16153) j:1(>\j+1,u —Xjw)-

Then from (3.12), we have

-1
> aAark(E) = > Y (Vs — Aja)ourk(Ej ). (3.13)

vEQo vEQp j=1
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Construct

-1
X = VOI(X) ()‘175 dego’,T (R) - (AJ'JFL8 - Aj,ﬁ) dego’,T(Rj))) .

j=1

On one hand, substituting (3.13]) into y, we have

-1

X > Vol(X) S (it = Aa) 32 0utk(€50) (o (R) — pior (Ry)). (3.14)

Jj=1 vEQo

On the other hand, from [1}[18}|19], we have the following Chern—Weil formula

Vol(X) deg(5) = 3 ([ (VTMFny i, = [ ool ). (319

vEQo

Substituting (3.15)) into x, we have

-1

X = Z / OyV — 1A FH() 1,7>\l 'UIdE Z()\j+1,ﬁ - )\j,'ﬁ)ﬂj,v>
vEQo Jj=1 o
+ Z avz j+1,0 2)[19e, 7TJ,UHL2
vEQo  Jj=1
-1
-3 nVel(X) (Amrk(a,) ~ S Naro — )\j’a)l‘k((‘,’jm)))
vEQo j=1
-1
Z / vV _]-AwFHU,w)\l,vIdSv - Z()\j+1,7j - )\j v )75, v>H + Z Oy Z j+1v
vEQo j=1 T weQo  g=1
-1
= X, mllFe = 3 7 VOI(X) (Aark(€0) = 30 (g1 = Xi)iK(E50)))
vEQo Jj=1
-1 -1
+ ) / ooV =1MuFr, (A = Ao)lde, + O (N1 = Aw) = D (Njs1s = X)) o
vEQo Jj=1 Jj=1
-1 -1
+ Z ou ) (Njt15 — Z i — Aol Og, 7rj7v||L2
vEQo j=1 j=1
-1 -1
+ > TvVOI(X)(()\l,v = Nk(E) + O (Nas = Aw) = (i — )\j,v))fk(gj,v))>
vEQo Jj=1 j=1

-1

Z / HO v uoo,v>H0,1, + <Uv Z()\jJrl,v - )\j,v)(dpj,v)Q(uoo,v)(g&,uoo,v)a5&,uoo,v>Hgy,,)

vEQo Jj=1
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where the function dP;, : R x R = R is defined by
Piw(@) = Pjo(y)

T #y;

dPju(z,y) = Ty ’
/ —
P (%), T =1y.
By (3.11) and the same arguments in [12| p. 793-794], it holds that
)
< ——. 3.16
X< (3.16)

Combining (3.14)) with (3.16), we arrive at a contradiction to (o, 7)-semi-stability
on the quiver bundle R = (£, ¢). O

Declarations

Funding: The forth author is supported by the Natural Science Foundation of
China [Grant Number 12201001], the Natural Science Foundation of Anhui Province
[Grant Number 2108085QA17], the Natural Science Foundation of Universities of
Anhui Province [Grant Number KJ2020A0009].

Data Availability Statement: The manuscript has no associated data.

Conflict of interest: The authors have no conflict of interest.

References

[1] L. Alvarez—Cénsul, O. Garcia-Prada, Hitchin-Kobayashi correspondence, quivers, and
vortices, Commun. Math. Phys. 238 (2003), 1-33.

[2] 1. Biswas, H. Kasuya, Higgs bundles and flat connections over compact Sasakian man-
ifolds, Commun. Math. Phys. 385 (2021), 267-290.

[3] U.Bruzzo, B.G. Otero, Metrics on semistable and numerically effective Higgs bundles,
J. Reine Angew. Math. 612 (2007), 59-79.

[4] X. Chen, R. Wentworth, A Donaldson-Uhlenbeck—Yau theorem for normal varieties
and semistable bundles on degenerating families, arXiv:2108.06741, 2021

[5] S.K. Donaldson, Anti self-dual Yang—Mills connections over complex algebraic sur-
faces and stable vector bundles, Proc. Lond. Math. Soc. 3 (1985), 1-26.

[6] N. J. Hitchin: The self-duality equations on a Riemann surface, Proc. London Math.
Soc. 3 (1987), 59-126.

[7] Z. Hu, P. Huang, The Hitchin—Kobayashi correspondence for quiver bundles over
generalized Kahler manifolds, J. Geom. Anal. 30 (2020), 3641-3671.

[8] I.M. i Riera, A Hitchin—-Kobayashi correspondence for Kahler fibrations, J. Reine
Angew. Math. 528 (2000), 41-80.

[9] S. Kobayashi, Differential geometry of complex vector bundles, Publications of the
Mathematical Society of Japan, 15, Princeton University Press, Princeton, NJ, 1987.

[10] C. Li, C. Zhang, X. Zhang, Mean curvature negativity and HN-negativity of holomor-
phic vector bundles, arXiv:2112.00488, 2021.
[11] J. Li, S. T. Yau, Hermitian—Yang—Mills connection on non-Kdhler manifolds. In:

Mathematical Aspects of String Theory, pp. 560-573, World Scientific, New York,
1987.



February 23, 2023 10:16

12 Dan-Ni Chen, Jing Cheng, Xiao Shen, Pan Zhang

[12]
[13]
[14]
[15]
[16]

[17]
18]

[19]
[20]
21]
22]

[23]

J. Y. Li, X. Zhang, Existence of approrimate Hermitian—FEinstein structures on semi-
stable Higgs bundles, Calc. Var. 52 (2015), 783-795.

M. Liibke and A. Teleman, The Kobayashi—Hitchin correspondence, World Scientific
Publishing, 1995.

M. Liibke and A. Teleman, The universal Kobayashi—Hitchin correspondence on Her-
mitian manifolds, Mem. Amer. Math. Soc. 183 (2006), no. 863, vi+97

T. Mochizuki, Wild harmonic bundles and wild pure twistor D-modules, Astérisque,
340 (2011).

Y. Nie, X. Zhang, Semistable Higgs bundles over compact Gauduchon manifolds, J.
Geom. Anal. 28 (2018), 627-642.

W. Ou, Admissible metrics on compact Kdhler varieties, arXiv:2201.04821, 2022.

C. T. Simpson, Constructing variations of Hodge structure using Yang-Mills theory
and applications to uniformization, J. Amer. Math. Soc. 1 (1988), 867-918.

K. Uhlenbeck, S. T. Yau, On the existence of Hermitian-Yang-Mills connections in
stable vector bundles, Commun. Pure Appl. Math. 39S (1986), S257-S293.

D. Wu, X. Zhang, Higgs bundles over foliation manifolds, Sci. China Math. 64 (2021),
399C420.

C. Zhang, P. Zhang, and X. Zhang, Higgs bundles over non-compact Gauduchon
manifolds, Trans. Amer. Math. Soc. 74 (2021), 3735-3759.

P. Zhang, Semi-stable holomorphic vector bundles over generalized Kdihler manifolds,
Complex Variables and Elliptic Equations 67 (2022), 1481-1495.

W. Zhang, Lectures on Chern—Weil theory and Witten deformations, World Scientific,
2001.



