Existence Conditions, Asymptotic Behavior And
Properties Of A Class Of “Rational-Equivalence”
Nonlinear Systems.

Michael C. Nwogugu
Enugu 400007, Enugu State, Nigeria
Phone: 234-909-606-8162
Email: mcn2225@gmail.com
Phone: 234 909 606 8162
Google Scholar webpage: https://scholar.google.com/citations?user=K50Y_F4AAAAJ&hl=en.

Abstract.
Liptai, Németh, et. al. (2020) supposedly proved that in the diophantine equation (3°—1)(3°—1)=(5°-1)(5°-1) in
positive integers and where a<b and c<d, the only solution to the title equation is (a,b,c,d)=(1,2,1,1). This article
analyzes the Complexity of, and introduces properties of the equations (3°—1)(3°—1)=(5°—1)(5°~1) and g"=f", new
“Existence Conditions”, new theories of “Rational Equivalence”, and a hew theorem pertaining to the equation
g'=f". The class of equations of the type [(X*~1)(X"—1)=(Y*~1)(Y*~1)] (the “Rational-Equivalence Equation™)
includes the equation (3°—1)(3°—1)=(5°—1)(5°-1). This article also introduces simple Java codes for finding
solutions to this class of equations for positive-integers up t010°47°°®% (and even greater positive-integers
depending on available computing power).
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1. Introduction.

The equation (3°—1)(3°—1)=(5°—1)(5"-1) is among a class of diophantine equations that have applications
in many fields including Computer Science, Applied Math, Operations Research, Physics and Econophysics.

The nonlinear equation (3*-1)(3"-1) = (5°-1)(5-1) represents a class of Nonlinear Systems of the type
[OC-1)(XP—1)=(Y*~1)(Y®-1)] that have the following characteristics:

i) (3°-1)(3"-1) = (5°-1)(5%-1) is an ill-posed problem because it and both sides of the equation can vary

and behave differently over the interval O<a,b,c,d<+oo0.

ii) The system is covariant since any change in any of a, b, ¢ or d affects the other variables (regardless of

whether or not the variables are integers or non-integer real numbers).

iii) The entire system is nonlinear, and each side of the equation is nonlinear.

iv) In the realm of integers, the system preserves the relationship a,b > c,d.

The main problems/deficiencies in the Liptai, Németh, et. al. (2020) analysis are as follows:
i) Liptai, Németh, et. al. (2020) uses so many un-verified “assumptions” that its “proofs” are really just
conjectures.
ii) Liptai, Németh, et. al. (2020) didn’t prove that (a+b)>(c+d) or that a,b > c,d, or that (a+b)/(c+d) > 1.5; all
of which are critical elements of the analysis.
iii) Liptai, Néemeth, et. al. (2020) didn’t sufficiently discuss the effect(s) of the “structural” similarities of
both sides of the equation (3*—1)(3°—1)=(5°—1)(5°-1).
iv) Liptai, Németh, et. al. (2020) didn’t derive valid “Existence” conditions for the system (the equation
(3°-1)(3"—1)=(5°-1)(5°-1) is an ill-posed problem).
v) On Linear Recurrences, see Kuhapatanakul & Laohakosol (2019), Schlickewei & Schmidt (1993) and
Morgari, Steila & Elia (2000); but the formal definitions of Linear Recurrences and “Recurrence
Relations” are somewhat different from the definitions used in Liptai, Németh, et. al. (2020).
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2. Existing Literature.

Goedhart & Grundman (2015) analyzed the equation (a?cx*-1)(b%cy*—1)=(abcz*~1)?. Zhang (2014) studied
the Diophantine equation (ax“—1)(by*—1)=(abz*~1). Bennett (2007) analyzed the Diophantine equation
(x*~1)(y*~1)=(z*-1)". Bugeaud (2004) analyzed the Diophantine equation (x*—1)(y*~1)=(z*-1). Stroeker (1981)
studied the diophantine equation (2y°—3)*=x*(3x*-2). On Homomorphisms, see: Wang & Chin (2012). Kreso &
Tichy (2018) and Pakovich (2011) analyzed Diophantine Equations of the type f(X)=g(y).

Osgood (1975) analyzed bounds on the “diophantine approximation” of algebraic functions over fields, and
applications to differential equations. Furthermore, the equation (3°*-1)(3"-1)=(5°-1)(5°-1) can be viewed as a
differential/difference equation where: {[(3*-1)(3°-1))/[(5°-1)(5°~1)]} -1= 0; and if oy=[(3*-1)(3"-1)], and
dx=[(5°-1)(5%-1)], then (8y/ox) -1 = 0.

In Mathematical Physics, Hesamiarshad (2021) developed Equivalence Conditions and Invariants for a
class of equations; and Zeng, Deng & Wang (2021) developed Global Existence conditions for a class of equations.
On solutions of diophantine equations in Mathematical Physics, Mathematical Chemistry and Computer Math, see:
Matveev (2000), Ibarra & Dang (2006), Ren & Yang (2012), Bremner (1986), and Bitim & Keskin (2013). On
solutions to Diophantine Equations in Analysis, see Zaidenberg (1988), Bitim & Keskin (2013), and Zadeh (2019).

Chu (2008) and Lu & Wu (2016) studied dynamical systems pertaining to Diophantine equations; and each
of the equations (X*~1)(X"—1)=a, (Y~ 1)(Y*-1)=b, and (X*~1)(X*—1)=(Y*~1)(Y"-1) can approximate Dynamical
Systems. Luca, Moree & Weger (2011) discussed Group Theory as it relates to Diophantine Equations. Jones, Sato,
et. al. (1976) and Matijasevi¢ (1981) noted that primes can also be represented as Diophantine equations or as
polynomials (ie. each of the equations [(X*~1)(X"~D]+[(Y*~1)(Y*-1)], and [(X*~1)(X"~1)]-[(Y*~1)(Y®-1)] can
represent a prime). On uses of Diophantine Equations and Mersenne Composite Numbers in Cryptography, see:
Ding, Kudo, et. al. (2018), Okumura (2015), Nemron (2008) and Ogura (2012) (ie. each of the equations
X=X —1)=a; (Y°*~1)(Y*—1)=b; and [(X*~1)(X"—1)]-[(Y*—1)(Y*-1)]=c; and (X*~1)(X*—1)= (Y°~1)(Y*~1) can be
used in cryptoanalysis and in the creation of public-keys).

3. The Theorems.

Theorem-1: For Any Two Exponentials g" = f' In Real-Numbers, Regardless Of The Numerical Magnitude
Of Their Exponents, The Larger The Numerical Difference Between Their “Bases” (eg. -00<g, f <+w), The
Smaller The Probability That There Can Be More Than One Combination Of u And v That Makes g" = f"
Valid.

Proof:

This theorem is henceforth referred to as the Exponential Equivalence Theory.

If g" = f', then:

i) As | g—f| —+o0, then vlDu — +oo;

ii) As | g—f| —+00; then | v-u | — +o0;

iii) As | g-f| —-+oo; then [ | +o0-v | —0] @ [ | +oo-u | —0].

Thus as | g-f | increases in magnitude, there are increasingly fewer “qualifying” or “feasible”” combinations
of integers u and v in the intervals (v,+o0) and or (u,+), and the probability that there can be more than one
“feasible” combination of u and v decreases.

The equation g" = f', is relevant because of recurrences of 3" and 5, in the equation

@-)E-)=(-D5-1). m

Theorem-2: For (3°~1)(3°—1)=(5°-1)(5°-1) In Positive Integers, Horizontal Equivalence And Vertical
Equivalence Can Exist Where Terms On Both Sides Of An Equation Have Similar Mathematical
“Structures” And Bases.

Proof:

Assume that as a condition for (3°—1)(3"—1)=(5°~1)(5°~1), it’s possible that:

2.1) (3°-1)=(5"-1), and (3°-1)=(5"-1); or



2.2) (3*-1)=(5"-1), and (3°-1)=(5°-1).
The foregoing are some of the possible combinations of (3°-1), (5°-1), (3°-1) and (5°-1).

If (3*-1)=(5°-1), and (3°—1)=(5"-1); then by “Horizontal Equivalence”:
2.3) (3*-1)=(5"-1), and 3°=5°
2.4) (3°-1)=(5"-1), and 3°=5%

That is because (3°-1) and (5°-1) have similar or the same mathematical “structure” — namely, an
exponential (whose base and exponent are both positive integers) from which one is subtracted. Similarly, (3°-1)
and (5°—1), have similar or the same “structure” which is an exponential (whose base and exponent are both
positive integers) from which one is subtracted. Also (3°—1)(3°~1) and (5°—1)(5°—1) have similar or the same
mathematical “structure” — namely, the multiplicative product of exponentials (whose base and exponent are
positive integers) from which one is subtracted. However, in the Equation (3*-1)(3°-1) = (5°-1)(5°-1),
(3°—1)(3°—1) and (5°—1)(5°—1) can behave differently over the interval 0<a,b,c,d<+o because of the differences in
the magnitude of the bases and exponents.

Note that Eq.-2.3 and Eq.-2.4 apply only to a sub-set of solutions for the equation (3*-1)(3"-1) =
(5°-1)(5"-1) in positive integers a<b, and c<d.

To confirm “Horizontal Equivalence”:
(3%-1)(3°-1)=(5°-1)(5"-1), and thus [(3*-1)/(5°-1)] * [(3"-1)/(5°-1)] = 1; and for a sub-set of solutions of
the equation (3°-1)(3"-1)=(5°-1)(5°-1):
[(3*-1)/(5°-1)] =1; and [(3"-1)]/(5°-1)] = 1; and therefore:
3°=5% and 3°=5%

It follows that by “Vertical Equivalence” and in order for Equations 2.3 & 2.4 to be valid, then for a sub-set of
solutions of the equation (3*-1)(3"—1)=(5"-1)(5%-1):
a=b; and c=d; (2.5)

That is because (for a sub-set of solutions to the Equation (3°~1)(3°—1) = (5°-1)(5°-1)) the equations (3*~1)=(5°-1),
and (3°-1)=(5"-1), have the same mathematical “structure”, and are part of, or were derived from the same
equation which is (3°—1)(3°—1)=(5°~1)(5°-1).

To confirm “Vertical Equivalence”:
As above, and for a sub-set of solutions of the equation (3*-1)(3°-1)=(5°-1)(5"-1), [(3*-1)/(5°-1)] *
[(3°-1)/(5°-1)] = 1, and thus:
[(3*-1)/(5°-1)] =1; and [(3°-1)]/(5°-1)] = 1; and given that both foregoing equations have similar Bases
(and also 3= 5° and 3°=5"), therefore:
a=b, and c=d

Theorem-3: Given The Differences In The Magnitudes Of The Bases Of Exponents On Both Sides Of The
Equation (3°-1)(3"-1) = (5°-1)(5°-1) (ie. 3 versus 5), For The Equation To Be Valid, Then: a,b > ¢,d.
Proof:

Ln[(3*1)(3"-1)] = Ln[(5°-1)(5°-1)]; (3.1)
3.2) Ln(3*-1)+Ln(3"-1) = Ln(5°-1) + Ln(5°-1); (3.2)
As a,b,c,d —+oo (and for relatively medium and large values of a,b,c and d):

(32-1) —3°

(3-1) —3°

(5°-1) —5°

(5°-1) —5°
So that: [(3°)(3")] = [(59)(5")]; (3.3)



Ln[(3°)(3")] = Ln[(5")(5")]; (34)
Ln(3%)+Ln(3") = Ln(5°)+Ln(5%

aLn(3)+bLn(3) = cLn(5)+dLn(5)

(Ln3)(a+b) = (Ln5)(c+d)

(atb)/(c+d) =Ln5/Ln3 =147~ 1.5 (3.5
(3%-1)(3°-1) = (5°-1)(5°-1) can be expressed as (X*—1)(X"-1) = (Y*-1)(Y-1)

By Horizontal Equivalence above (and for a sub-set of solutions to the Equation (3°-1)(3°-1) = (5°-1)(5°-1)), and
since X<Y in positive integers, then a<b, and c<d, and:
X®=Y°®, and thus a>c. (3.6)
X°=Y*; and thus b>d. (3.7)
Note that Eq.-3.6 and Eq.-3.7 apply to a sub-set of solutions for the equation (X*—1)(X*—1) = (Y°*-1)(Y*-1) in
positive integers a<b, and c<d.

By “Vertical Equivalence” (and for a sub-set of solutions to the Equation (3*-1)(3"-1) = (5°-1)(5°-1)), then:
a=h; and c=d; for most solutions to the equation (3*~1)(3"-1) = (5-1)(5°-1) (3.8)

Note that Eq.-3.8 applies only to a sub-set of solutions for the equations (3*-1)(3°-1) = (5°-1)(5°-1) and

(X*=1)(X*—1) = (Y*=1)(Y*-1) in positive integers a<b, and c<d.

Given that X<Y, and that in the equation (X*-1)(X"—1) = (Y*~1)(Y®~1) in positive integers a<b, and c<d, both
sides of the equation have the same or similar mathematical “structure”, for the equation to be valid, it follows that:
a,b>c,d. (3.9)

Some of the foregoing results, “conditions” and inequalities differ substantially from the Liptai, Németh, et. al.
(2020) conjectures and result [(a,b,c,d) =(1,2,1,1)] which implies that there can be more than one solution for the
equation (3*-1)(3"-1)=(5°-1)(5°-1). Also, a,b > c,d may imply that there is more than one solution for the equation
@-1)(3-1)=(-1)5"-1). m

(3%-1)(3°-1)=(5°-1)(5"-1)

[(3-1)/(5%-1)] * [(3"-1)]/(5°-1)] = 1; and thus for a sub-set of solutions of equation(3*-1)(3"—1)=(5°—1)(5"-1):
[(3a—1)/(5°—1b)] =1; and [(3"-1)]/(5°-1)] = 1; and:
3*=5% and 3°=5%

Theorem-4: The Liptai, Németh, et. al. (2020) Solution Doesn’t Satisfy All The Existence-1 Conditions.
It’s given that: a <b, and ¢ < d. As explained herein and above, and by “Horizontal Equivalence”:

4.1) (3%-1)=(5°-1), and 3°=5°

4.2) And simultaneously: (3°—1)=(5°-1), and 3°=5"

As explained above, and by “Vertical Equivalence”, then:

4.3) a=b; and c=d;

As noted above, and given Theorem-3 above, and the differences between the bases (3 and 5 respectively) of the
exponentials, for (3*-1)(3°-1) = (5°-1)(5%-1) to be valid:

44)ab>cd



From Equation-4.1: 3°=5°, and given that: a <b, and ¢ < d, then if a,c = 0, then a,b,c.d = 0; and then:
(3%-1)(3*-1) = (5°-1)(5°-1); and thus, the Liptai, Németh, et. al. (2019) conjecture and result [ie.
(a,b,c,d)=(1,2,1,1,)] don’t apply to (a,b,c,d)=(0,0,0,0).

From Equation-4.1, 3*°=5°, and then:
4.5) Logs(5°) = a = Ln(5/Ln(3) = c[Ln(5)/Ln(3)] =a=cl.465 =cl.5
4.6) Logs(3%) = ¢ = Ln(3%/Ln(5) = a[Ln(3)/Ln(5)] = ¢ = a0.683 = a0.7

From Equation-4.1, 3°=5°, and it follows that the absolute number of possible (both “matching” and “incorrect™)
combinations of the positive integers 0< a,c <+ (0< a, b, ¢, d < +o0) exceeds ten billion and may be as much as
infinity. Because the numerical difference between 3 and 5 is not large (on a scale of zero to +oo) then it follows
that there is a high probability that there can be more than one combination of positive integers aand ¢ (0O<a, b, c, d
< +o0) that satisfy all the following conditions (the “Existence-1 Conditions™) that make the equation and
inequalities (3°-1)(3°-1) = (5°-1)(5"-1), a< b and ¢ < d valid:

4.7) a=b=c1.465 (=cl.5)

4.8) ¢ =d ~ a0.683 ~ a0.7

4.9) 0<a,c <+oo; and 0<a,b,c,d <+oo are integers

4.10) a=b; and c=d,;

4.11) a,b >c.d;

4.12)a<b,and c <d;

4.13) (3%-1)(3°-1) = (5°-1)(5°-1); and thus (3°-1)(3"-1) = (5°-1)(5"-1).

4.14) 3#=5°

4.15) 3°=5¢

Given the foregoing conditions, a, b, ¢ and d can be calculated by iteration and or optimization.

It also follows that there are no upper bounds on a, b, ¢ and d. Thus, there is a high probability that there is more
than one solution for the Diophantine equation (3*-1)(3"-1) = (5°1)(5"-1), where a <b, and ¢ < d are integers,
because:
i) the Liptai, Németh, et. al. (2020) result (a,b,c,d)=(1,2,1,1) doesn’t satisfy all the “Existence-1
Conditions”; and
ii) the absolute number of possible (both “matching” and “incorrect”) combinations of the two positive
integers 0< a,c <too (0<a,b,c,d < +o0) exceeds ten billion and may be as much as infinity. gy

Theorem-5: The Liptai, Németh, et. al. (2020) Conjecture And Result Don’t Satisfy All The Existence-2
Conditions; And For The Equation (3°-1)(3"-1) = (5°-1)(5%-1) To be Valid In Positive Integers a<b, and c<d
As Construed, Then:
i) (atb)/(c+d)>1; And
ii) ab>c,d;
iii) b-a>d-c;
Proof:
a<b,andc<d
As explained herein and above, and by “Horizontal Equivalence”:
(3%-1)(3*-1) = (5°-1)(5°-1)
If (3°-1) = (5°-1), and (3°-1)=(5"-1); then
5.1) (3*-1) = (5°-1), and 3°=5°
5.2) (3"-1) = (5°-1), and 3°=5";

and by “Vertical Equivalence”:
5.3) a=b; and c=d;

From Theorem-3:
54)ab>c,d



Given “Vertical Equivalence” and the differences in the magnitudes of the integers on both sides of the equation
(3*-1)(3°-1) = (5°-1)(5%-1) (ie. 3 versus 5):

5.6) (3%-1)(3*-1) = (5°-1)(5*-1)

Furthermore and as explained herein and above:
5.7) (atb)/(c+d) =Ln5/Ln3 =147~ 1.5

If (3°-1)=(5°-1), and (3"-1)=(5"-1); then

3°=5°, and 3°=5% and thus by “vertical equivalence™:

5.8) b-a > d-c;

5.9) if b>a, and d>c; and a,b,c, and d are positive integers then b>1 and d>1.

Thus, the conditions for the validity of the equation and inequalities (3*-1)(3°-1) = (5°-1)(5°-1), a<b, and c <d
in positive integers (the “Existence-2 Conditions”) are as follows:

5.10) (at+b)/(ctd) = 1.5

5.11) 3°=5° and 3°=5":

5.12) (3%-1)(3*-1) = (5°-1)(5°-1)

5.13) 0< a,c <+oo; and 0<a,b,c,d <+oo are positive integers

5.14) a=b; and c=d are positive integers

5.15) a,b > c.d;

5.16) a <b, and ¢ < d; are positive integers.

5.17) b-a > d-c;

5.18) if b>a, and d>c; and a,b,c, and d are positive integers then b>1 and d>1.

5.19) That means that for each of ¢ and d to be positive integers, they must be even numbers (and not odd

numbers) which when multiplied by 1.5, produces another positive integer (there is no odd number which

when multiplied by 1.5, produces a positive integer). The smallest such even number integer is 2.

It follows that the number of possible (both “matching” and “incorrect”) combinations of positive integers
O<a,c<-+oo (0<a, b,c,d<-+o0) that satisfy the equation (3*~1)(3°—1) = (5°-1)(5"-1) can be many. It also follows that
there are no upper bounds on a, b, ¢ and d. Because the Liptai, Németh, et. al. (2020) result (a,b,c,d)=(1,2,1,1)
doesn’t satisfy all the “Existence-2 Conditions”, there may be more than one solution for the equation (3*-1)(3°-1)
= (5°-1)(5°-1) where a < b, and ¢ < d are positive integers. -

Theorem-6: The Liptai, Németh, et. al. (2020) Conjecture And Result (For The Equation (3°-1)(3"-1) =
(5°-1)(5°-1) To be Valid In Positive Integers a<b, and c<d) Satisfy All The Following Existence-3 Conditions:

i) (atb)/(ct+d)>1; And (a+b)/(c+d) =1.5

i) c=d;

iii) a,b>c,d;

iv) b-a>d-c;

v) (3%3")-3%-3" = (5°57)-5°-57;

vi) The Lower-Bound is (a,b,c,d)=(1,2,1,1).

Proof:

6.1) (3%-1)(3"-1) = (5>-1)(5*-1)

6.2) (3%-1)(3"-1) = (3°3")-3%-3"+1

6.3) (5°-1)(5"-1) = (5°57)-5°-5%+1

6.4) Thus: (3*3°)-3%-3"+1 = (5°5")-5°-5%+1; and (3°3")-3%-3" = (5°5%)-5¢-5
6.5) 3¢*).32.3" = 5*0)_5c.54 and 3@*). 5 D= 32430 5e5¢

Thus, (a+b)/(c+d)>1; and
ab>c,d



As noted above, c=d.

Since a,b,c and d are positive integers, in order for the inequalities b>a and c>d to be valid, then b>1 and d>1, a>1
and ¢>1 and since c=d, then: ¢,d >1.
If c,d =1, then (a+b) = 3.

By tryinga =1 or 2 and b = 1 or 2, and substituting in the equation (3*-1)(3°-1) = (5°-1)(5°-1), the lower
bound is (a,b,c,d) = (1,2,1,1).

Alternatively (and without proving that c=d), if d=1 and c=1, and since (a+b) = (1.5c+1.5d), then (a+b) = 3.
By tryinga=1or 2 and b = 1 or 2, and substituting in the equation (3°*-1)(3"-1) = (5°-1)(5"-1), the lower bound
is (a,b,c,d) =(1,2,1,1).

The Existence-3 Conditions are as follows:
i) (atb)/(ct+d)>1; And (a+b)/(c+d) =1.5
ii) c=d;
iii) a,b>c,d;
iv) b-a>d-c;
V) 3(a+b)_3a_3b — 5(c+d)_5c_5d

But there are potentially many combinations of “qualifying” a and ¢ (or a, b, ¢ and d) such that the equation
(3%-1)(3°-1) = (5°-1)(5°-1) most probably has more than one solution.

Theorem-7: The Equation (3°-1)(3°-1) = (5°-1)(5°-1) In Positive Integers Is Subject To “Matching
Reduction”, But The Liptai, Németh, et. al. (2020) Conjecture And Result [(a,b,c,d)=(1,2,1,1)] Don’t Conform
To “Existence-4 Conditions” Which Are As Follows:

i) 3°=5°

i) 3°=5"

iii) 3@+0)=5(d

iV) [X(a+b)'Y(C+d)-xb-xa+YC+Yd]=O.

Proof:

7.1) (3°-1)(3"-1) = (5°-1)(5"-1) can be expressed as (X*—1)(X"—1)=(Y*-1)(Y®-1), which is:

7.2) [XEXP-XP-X+1]=[YOYO-YO-Y+1]; and [X©@™P-X -X3=[Y ¢ D-ye- Y]

7.3) [XEPY DX XAy +Y=0. If “similar” terms are matched in this Eq-7.3 (ie. matched with regards to
opposite-signs, LHS/RHS of Eq.-7.1, and the structures of the variables), this equation supports the position that for
a sub-set of solutions to the equation [(3°-1)(3"-1) = (5°-1)(5"-1)], X*=Y¢ and X"=Y" and X®@=Y: which is a
necessary condition for validity of Eq.-7.3. This matching process and equivalency is henceforth referred to as the
“Matching Reduction” of an equation.

Thus, for a sub-set of solutions to the equation [(3*-1)(3°—1) = (5°-1)(5°-1)], 3*=5° and 3"=5, and 3¢*"=5(*%: and
taking the natural log of both sides of 3%*=5¢% the result is:

7.4) (a+b)Ln3=(c+d)Ln5

7.5) (a+b)/(c+d) = Ln5/Ln3=1.465 =1.5

7.6) Logs5“"=(a+h)

There are potentially many combinations of X®* and Y% in positive integers that make the equation
Xy D=0 valid. There are potentially and infinitely many combinations of X, Y, a, b, ¢ and d that make the
equations X*=Y® and X"=Y? valid. Thus its highly probable that there is more than one solution for the equation
@B-1)(3™-1) = (5-1)(5"-1). m



3. Computer Codes For Verifying The Rational-Equivalence Equation.

The following simple Java code (and its variants) can be used for finding feasible solutions for (a,b,c,d) in the
Rational-Equivalence Equation [(3*-1)(3"—1)]=[(5°-1)(5°-1)] and similar classes of equations and for Positive
Integers up to 10%**"%%%%% (and even greater positive-integers depending on available computing power):

Inta, b, c,di,j k m;

Intp=3;

Int q =5;

Int e = (p**a)-1;

Int f = (p**b)-1;

Int g = (g**c)-1;

Int h = (q**d)-1;

Int x = (((((2000000000000000000000000000000000000000000000000000000000000000000000000000000000000 **
10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000)**
10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000)**
10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000)**
10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000)**
10000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000000);

For (a=i; i=1; i <= x):
For (b=j; j=1; j <= x):
For (c=k; k=1; k <= X):
For (d=m; m=1; m <= x):
if((e*f) == (g*h)):
System.out.println(“A feasible solution is: ”+a+, ”+b+ , "+c+ “” +d+ «.”);
d+=1;
c+=1;
b+=1,;
a+=1;

4. Conclusion.

The equation (3°*—1)(3"-1)=(5°-1)(5°-1) is an ill-posed problem because its properties change over different
intervals. Contrary to Liptai, Németh, et. al. (2020), it’s likely that the equation (3*~1)(3"~1)=(5"-1)(5"-1) in
positive integers a<b and c<d, has more than one solution.

List of Abbreviations Used:
No abbreviations were used.

Disclosures:
« Availability of data and material — not applicable, and no empirical research was done.
e Funding — this article wasn’t funded by any grants.
e Authors' Contributions — I single-handedly prepared this article
e Acknowledgements — not applicable.
« Conflicts of Interest — not applicable (there are no conflicts of interest).

o Compliance With Ethical Standards — this article complies with all ethical standards. The research

doesnt involve human participants and/or animals.

Bibliography.
Bennett, M. (2007). The Diophantine equation (x*~1)(y*~1)=(z*~1)". Indagationes Mathematicae, 18, 507-525.

Bitim, B. & Keskin, R. (2013). On some Diophantine equations. Journal Of Inequalities & Applications, 162
(2013).



Bremner, A. (1986). On Diophantine equations and nontrivial Racah coefficients. Journal of Mathematical Physics,
27, 1181 (1986); https://doi.org/10.1063/1.527123.

Bugeaud, Y. (2004). On the Diophantine equation (x*~1)(y*~1)=(z*-1). Indagationes Mathematicae, 15, 21-28.
Chu, M. (2008). Linear algebra algorithms as dynamical systems. Acta Numerica, 17, 1-86.

Ding, J., Kudo, M., et. al. (2018). Cryptanalysis of a public key cryptosystem based on Diophantine equations via
weighted LLL reduction. Japan Journal of Industrial and Applied Mathematics, 35, 1123-1152.

Goedhart, E. & Grundman, H. (2015). Diophantine approximation and the equation (a’cx*—1)(b%y*—1)=(abcz*—1)>.
Journal of Number Theory, 154, 74-81.

Hesamiarshad, M. (2021). Equivalence Conditions and Invariants for the General Form of Burgers’ Equations.
Journal Of Nonlinear Math Physics (2021). https://doi.org/10.1007/s44198-021-00022-9.

Ibarra, O. & Dang, Z. (2006). On the solvability of a class of diophantine equations and applications. Theoretical
Computer Science, 352(1-3), 342-346.

Jones, J. P., Sato, D., et. al. (1976). Diophantine Representation of the Set of Prime Numbers. American
Mathematical Monthly, 83, 449-464.

Kreso, D. & Tichy, R. (2018). Diophantine equations in separated variables. Periodica Mathematica Hungarica,
76, 47-67.

Liptai, K., Németh, L., Soydan, G. & Szalay, L. (2020). Resolution of the equation (3*'—1)(3*—1)=(5"*~1)(5"*~1).
Rocky Mountain Journal of Mathematics, in press. https://arxiv.org/abs/2001.09717.

Luca, F., Moree, P., & Weger, de, B. M. M. (2011). Some Diophantine equations from finite group theory: $\Phi_m
(x) = 2p”n -1%. Publicationes Mathematicae (Institutum Mathematicum Universitatis Debreceniensis), 78(2), 377-
392.

Matijasevi¢, Y. (1981). Primes are nonnegative values of a polynomial in 10 variables. Journal of Soviet
Mathematics,

Matveev, E. (2000). An explicit lower bound for a homogeneous rational linear form in logarithms of algebraic
numbers. Il. Izv. Ross. Akad. Nauk Ser. Mat., 64 (2000), 125-180. English translation in lzvestia Mathematics, 64,
1217-1269.

Nemron, 1. (2008). An original abstract over the twin primes, the Goldbach Conjecture, the friendly numbers, the
perfect numbers, the Mersenne composite numbers, and the Sophie Germain primes. Journal of Discrete
Mathematical Sciences and Cryptography, 11(6), 715-726.

Ogura, N. (2012). On Multivariate Public-key Cryptosystems. PhD thesis, Tokyo Metropolitan University (2012).

Okumura, S. A (2015). Public key cryptosystem based on diophantine equations of degree increasing type. Pacific
Journal of Industrial Mathematics, 7(4), 33-45.

Osgood, C. (1975). Effective bounds on the “diophantine approximation” of algebraic functions over fields of
arbitrary characteristic and applications to differential equations. Indagationes Mathematicae, 78(2), 105-119.

Pakovich, F. (2011). Algebraic curves P(x)—Q(y)=0 and functional equations. Complex Variables &. Elliptic
Equations, 56(1-4), 199-213 (2011)

Ren, Z. & Yang, D. (2012). A Diophantine problem from mathematical physics. JP Journal of Algebra, Number
Theory and Applications, 29(2).

Schlickewei, H. & Schmidt, W. (1993). Linear equations in members of recurrence sequences. Annali della Scuola
Normale Superiore di Pisa - Classe di Scienze, 20, 219-246.

Stroeker, R. (1981). On the diophantine equation (2y’*—3)=x*(3x*-2) in connection with the existence of non-trivial
tight 4-designs. Indagationes Mathematicae, 84(3), 353-358.

Wang, L. & Chin, C. (2012). Some property-preserving homomorphisms. Journal of Discrete Mathematical
Sciences and Cryptography, 15(2-3).


https://doi.org/10.1063/1.527123
https://doi.org/10.1007/s44198-021-00022-9
https://arxiv.org/abs/2001.09717

Zadeh, S. (2019). Diophantine equations for analytic functions. Online Journal of Analytic Combinatorics, 14, 1-7.

Zaidenberg, M. (1988). Transcendental solutions of Diophantine Equations. Functional Analysis And Its
Applications, 22, 322-324.

Zeng, F., Deng, Q. & Wang, D. (2021). Global Existence and Blow-Up for the Pseudo-parabolic p(x)-Laplacian
Equation with Logarithmic Nonlinearity. Journal Of Nonlinear Mathematical Physics (2021).

Zhang, Z. (2014). The Diophantine equation (ax“-1)(by*—1)=(abz*~1). Journal of Number Theory, 136, 252-260.

10



