THE INDEX OF EXPANSIONS

T. AGAMA

ABSTRACT. In this paper, we study the notion of an index of sub-expansions
in an expansion. We prove the index inequality as an application.

1. Introduction

Let F := {S,;}$2, be a collection of tuples of polynomials fj € Rlx1,za,...,2,].
Then by an expansion on § € F := {&;}22; in the direction x; for 1 <1i < n, we
mean the composite map

(ry*loﬂoyoV)[zi] F— F

where
f o1 ---1 f1
f2 0 -1 fo
1) = || and BGS) = e
I 1 -0 In
with

df1 0f2 Ofn

The value of the [ th expansion at a given value a of z; is given by
(771 o ﬂ oyo v)fﬂcl](a) (S)
where (’y*loﬂO'yOV)l[xi](a) (S) is a tuple of polynomials in Rz, ..., z;—1, Tit1, ..., Tn).
Similarly by an expansion in the mixed direction ®!_, [T (7)) We mean
(Y oBoyo Vg w8 =00BovoV)g m 10(Y T oBoyo V), ,)(S)
for any permutation o : {1,2,...,l} — {1,2,...,1}. The value of this expansion
on a given value a; of z,(;) for all i € [0(1),0(l)] is given by
(v toBoyo Vet lwawl(@)(S)

where (y"1oBoyo V)el_ [esw)(an(S) 1s tuple of real numbers R. We recall from
[1] that the expansion (y"'oBovyo V)ﬁ?j] (S.) is a sub-expansion of the expansion
(fyfl ofoyo V)fmj] (8t), denoted (’yfl ofoyo V)fzj] (S.) < (’y*l ofoyo V)fzj] (S1)
if there exist some 0 < m such that

(v oBoryo V), (S:) = (v eBoyo V)IH(S.
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We say the sub- expanbion is proper if m + k = [. We denote this proper sub-
expansion by (y"'ofo~yo V)[x 1(8:) < (y7toBoyo V)[w 1(St). On the other
hand, we say the sub-expansion is ancient if m + k > [. Furthermore, we say the
mixed expansion (y"loBovo V)el_ [z, (S) is diagonalizable in the direction
[z;] (1 <j <n) at the spot S, € F with order k with § — S, not a tuple of R if

(Y oBoyoV)g  m,u)(S) = (" oBovo V)i (S

We call the expansion (y"1oBo~yo V)(z;1(Sr) the diagonal of the mixed expansion
(Y toBoyo Vel jwy](S) of order k > 1. We denote with Ol(vtoBonvo
V)iz,1(Sr)] the order of the diagonal. In this paper, we study the notion of an
index of a sub-expansion in an expansion. By denoting index of the sub-expansion

(yroBoyoV)e, (S:) < (Y oB oo V), (S:) by [(71 0ofoyoV)y,(S) :
(vt oBoyoV)u,(S:)|, we prove the inequality

Theorem 1.1 (The index inequality). Let (y~' ooy 0oV),,1(S1) < (v 'ofo
Yo V)4,1(82) <+ < (v o Boyo V), (Sn) - a chain of sub-expansions of the
expansion (y~' o B0y 0 V), (Sn). Then

(171 0 B0y 0 V)ia(Sa) : (1710 foy 0 Ty sl} Z{ Lo B0y 0 V) (Si)

: (Y7 o Boyo V), (8]

2. Sub-expansion
Definition 2.1. Let F = {S;}52, be a Collectlon of tuples of polynomials in the ring
Rlzy,za,...,2,]. We say the expansion (y~toBo~yo V)[ ](SZ) is a sub-expansion
of the expansion (vloBoyo V) (St) denoted (y"1ofovyo V)[l 1(8:) <
(v toBoyo V)[x (S¢) if there ex1st some 0 < m such that

(Y oBoro V) (S:) = (v o Boy o VIEH(S)).

We say the sub-expansion is proper if m —|— k = 1. We denote this proper sub-
expansion by (y"!of3 ovoV)fw” (S.) < (y7toBono V) (St) On the other hand,
we say the sub-expansion is ancient if m+k > [. In general we say the expansion
(vt oBoy0oV),(Sa) is a sub-expansion of the expansion (™' ofoy0V),,1(Ss)
along the directions [z, (1)],. .., [T,)] each with multiplicity k; for 1 <i <1 < n,
where o : {1,2,...,n} — {1,2,...,n} if and only if

(Y oBoyoV)uy(Sa) = (7 0BovoV)gr (o ki © (Y 08070 V)yE1(Sh).
We denote this sub-expansion by

(Y o B0ov0 V)@ (Sa) ey o) (YT 0B070 V)0 1(Sh)-
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Definition 2.2. Let (y™' o oy 0 V), )(S.) and (y7' o S o7y o V)y, (S) be
expansions. By the index of the expansion (y1oB0v0 V)(z;)(S2) in the expansion

(vt oﬁofyoV)[xj](St), denoted |:(’yl oﬂo'yoV)[wj](St) c(y7t oﬁo’yoV)[xj](Sz)} ,
we mean the value of » € N such that

(Y oBovoV)u (S.) = (" oBoyo V)i (5)
and we write

{(v—l 0 Boyo V), (S): (v~ 08 owovm(sz)} .

We say the index is finite if and only if it exists and we write

[(7‘1 0B070 V) (Se): (Y oBfoyo V)[xﬂ(&)} < oo

On the other hand, if no such value exists then we say the index is infinite and we
write

[(7‘1 0070 V)w,(S): (Y o Boyo V)[zj}(sz)} = e

Proposition 2.3. Let (y"' o fovy0o V), (S.) and (v o foyo V), (S) be
expansions. Then

708070 V80 (7708070 Ve (8)] < o0

if and only if (Y"1 o Boyo V), 1(S:) < (v ofoyo V)L, (S

Proof. This is a simple consequence of the notion sub-expansions of an expansion
and the index of an expansion. O

Proposition 2.4. Let (y~'ofoyoV), 1(S1), (v ' 0f0y0V)(,,)(S2) and (v~ ofoyo
V)iz,1(S3) be expansions. If [(’y_loﬁofyoV)[rj](Sg) : ("/_105070V)[%](82):| < 00

and |:(fy_1 ofovyo V)[Ij](SQ) : (’7_1 oforyo v)[Ij](Sl)] < 00 then
[(71 ofoyo v)[xj](s?)) : (771 offoyo v)[%](sl)} < 0o

Proof. Suppose [(v—l 0B 070V, (Ss) : (7! o/ﬁovovnzj](82>] < oo and

(v loBoyoV),(S2): (v toBoyo V)[mj](Sl)} < 00. Then there exist some
r,s € N such that we can write

(Y ' oBoyoV)u(Se) = (v oBoyo V) (Ss)

and

(Y toBoyoV)e (S1)=(""eBoyo V)i, (Sa).
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It follows that

(Y oBoyo V)L, (81) = (v eBoyo V)i, (S
= (v Oﬁovov)T“ '(Ss)

so that (771 o B oyo V)[wj](83) : (’)/71 o ﬂ o7y o V)[m]](&) < Q0. [l
Remark 2.5. Next we show that the index of a sub-expansion in an expansion
decreases with further expansions.
Proposition 2.6. Let (Y™ ofoyoV),,(S1) < (v 'o B 070 V),;)(S2). If there
exists an | € N such that (y™' o foyo V), (S1) < (v 'oBfoyo V) (82) then
(Y 'oBoyoV), (S): (v eBoyo V)[wj](Sl)} < {(71 00y 0V), (S2)
t(y o Boyo V), (S1)|-

Proof. Suppose (Y™ ' of0oy0V),1(81) < (v o foyo V), (S2) then there exists
some s € N such that

(Y toBoyoV)e (Si1)=(""eBoyo V)i (Sa).

Under the regularity condition (y~' o foy0 V), 1(S1) < (v toBoyo V)fg;j](Sg)
there exists some u € N such that we can write

(Yt oBoyoV), (S1) = (v oBoyo V) (S)
so that
(7 o Boyo V)i (S2) = (77 0 Boryo V)HHH(Sy)
and v < u+ 1 = s. The claimed inequality follows by making the substitutions

(1708009 ),(82): (7108070 )i (S1)] = wamd |7 0500 V)52

(Lo Boro vmﬂ(sl)} s .

Remark 2.7. Next we relate the index of the smallest sub-expansion in a collection
of chains of sub-expansion in their mother expansion to the index of other sub-
expansions in other sub-expansion.

Theorem 2.8. Let (v~ 'ofoyoV),,1(81) < (v 'ofoyoV), (Sg) < (v to
BoyoV)(z,1(Sn) - a chain of sub-expansions of the expansion (y~ OBO'yOV)[IJ (Sn).
Then

(v oBov0oV) ) (Sn) : (Y o Boyo V), } Z{ Yo Boyo V), (Sir1)

: (771 ofBo~vyo V)[wj](Si) — (n—2).
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Proof. By appealing to Proposition 2.3 then [(y~toBo0~0 V)ie;1(Sit1) : (y"topBo

o V)[Ij](&) < oo for all 1 <i <n—1 and there must exist some r; € N such
that

(vt oBovo V), (Sa1) = (v o Boyo V)i (Sn).
Again there exists some ry € N such that

(7' oBoyo V), (Sn2) = (v 0Boyo V) (Sn-1)
so that

(Yt oBoryo V), (Suz)= ("o Boyo V)i (Su-1)
= (v e Boy o V)TN (S).

Similarly there exists some r3 € N such that

(Y oBoyo V), (Sns) = (v oBoyo V)i (Sn-s)
so that

(Y oBoyo V), (Sn-3) = (v oBoyo V) (Sn-2)
(" oﬁovoV){;j””fQ(sn).

By repeating this argument and taking cognisance of the fact [('yl ofoxyo
Ve, (Si1) : (v o BoyoV) L, (Si)| < oo forall 1 <i<n—1, we obtain

(Y7 0 B0y 0 V), (81) = (v o Boyo v)pirtrat itz g )

and it follows that

(,y—loﬁofyoV)[mj](Sn) ( - oﬂofyov :| Zrn i — n— )

The claim follows since |(y'ofoy0 V), (Siy1) s (v} oﬁoyoV)[zj](Si)] =Tp_i
for1<i<n-—1. O

We now obtain an important inequality as a consequence of Theorem 2.8 relating
the index of the smallest sub-expansion in their mother expansion to local indices
in each sub-expansion of the sub-expansions in the chain.

Corollary 2.9 (The index inequality). Let (y~' o B oy 0V)y,1(81) < (v tofo
Y0 V)g,1(S2) <+ < (v oBoyo V), (Sn) - a chain of sub-expansions of the
expansion (y~' o foy0oV)y,,)(Sn). Then

(v oBov0oV) ) (Sn) : (Y T oBoyo V), } Z{ Yo fBoyo V), (Sir1)

t(vy o Boyo V)L, (Si)|-
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Theorem 2.10. Let (v ' o ovy0 V), 1(S1) < (v loBoyoV)y,(S2) - a sub-
expansion of the expansion. If there exists some s € N such that (y"1ofovyo
V)i, (S2) < (771 o Boy o V), (S1), then

s+1= [(71 0foy0oV)u(Se): (v ofoyo V)[%.](Sl)}

+ {(71 0f0y0o V), (S1): (v oforyo V)[ij](52)]~

Proof. Under the condition (y™' o 070 V),,1(S1) < (Y7 ' oBoyoV)y,(S), it
follows that there exists some [ € N such that

(Y oBoyoV)u(S1) = (" eBoyo V), (S)

so that [(’yl 0foyoV), (S2): (v oﬁo'yoV)[mj](Sl)} = 1. Again (y"loBo~yo

V)[Slj](Sg) < (ytoBoyoV)y,(S1) for some s € N implies that there exist some
r € N such that we can write

(Yt oBoyo V)i, (S2) =y oBoyo V) (S)

so that {(7‘1 0f070V),1(81): (v toBoyo V)[Smj](SQ)} = r. It follows that we
can write
(Y 'oBoyoV),, (S2) = ("t oBoyo V)i (S1)
=(v ' oBoryoV) 178
and we can further write s +1 = r + [. The claim follows by the following substi-

utions [(71 o ooV, (52): (Y'oBoyo v)[xj](sl)] =1l and [(71 ofovyo
V)i )(S1): (v o Boyo V), (S)| = O

2.1. Applications to additive number theory.

Remark 2.11. Next we state a consequence of this result which one can view as an
application to theory of partitions in additive number theory.

Corollary 2.12. Let (v ' ofoy0 V), 1(S1) < (v 1 oBoyoV)y,(S2) such that
(Y toBoyo V)P (S2) < (v HoBoyo V), (S1). If [(7_1 0B070V)y,;(S2):

J

(170 5070 V)i (S1)| and |77 0 G070 T S1) (17 0 Bor 0 T, (S2)

are both prime numbers, then s+ 1 can be written as a sum of two prime numbers.
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