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Abstract

Josephus function is a new numerical function which presented by Kouider (2019,[1]) by studying Joseph's problem . In
this paper we interesting in study of its derived function and some of its related properties for Josephus function. From
this point of view we saw that we can define a more comprehensive function than the Josephus function. And we called it
the Kouider function with basisa . e have also studied some of its related properties with proof as well.
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1. Introduction

According to the story of Josephus, which narrates his
survival from the persecution of Rome, and which was
transmitted by the Roman historian Flavius Josephus
himself (for instant , see [1],[2]). Kouider (-) introduced a
new function called the Josephus function which is
defined as follows.

Let [x] be integer part of real number X .The Josephus

function is numeric function define for all x >0 to R
where s =[Inx /1n2] by:
J(x)=2x-2"+1 (1)

In this paper, we'll study some properties of this
function, in order to know this function more. Therefore,
we study its derivative function and draw some
conclusions regarding the derivative function. That is why
we saw that we can extend this function to include any
basis and we called it the Kouider function and this is
what we will explain in detail.

Theoreml: Let J be Josephus function, we have:
D3 (x)=m2@3(x)-1) (4)
2) 37 (x)=(In2)*(3 (x)-1) )
3) 3™ (x)=(n2)" (3 (x)-1) (©)
Proof: We have J be Josephus function defined for
x eR’ to R by:

Inx

J(x)=2x el
Next, if we take

Inx
—— =S+¢

In2
[Inx ]:s (8)
In2
And, we get

this imply that,
Inx =(s+¢)In2=1In 26+2)
Then,wehavefor 0O<s<land s €eZ
x =20+ 9)
Therefore, we can get that

for O<es<landseZ (7)

Inx
2X _Z[In2]+1 +1: 2>< 23+g _25+1 +1: 25+5+1 _25+1 +l
So we have other formula of Josephus function with
O<sgs<land s €Z by
J (S ) — 25+£+1 _ 25+1 +1 (10)

it’s easy to get

J (S ) —In 2(25+£+l _25+1)
Equivalent, that for (7)-(9) and (1) we have

J'(s)=In2(J (x)-1)

then we have

J-(X):J (s): In2(2 sl _ o ) :(InZ) (2 _2 )
In2 In2 In2
and,
3 (x)=In2(2 -2 =0 (s)
Then we have,
J'(x)=In2(3 (x)-1)
For Proof (2) and (3), by derivate the inequality (4) we
have the second derivation of Josephus function

3P (x)=3"(x)=(In2)* (3 (x)-1)
Then, the same procedure we defined the n derivation of
the Josephus function by

3 (x)=(In2)" (3 (x)-1)
Theorem2: Let J® 3@ .. 3™ sequential derivatives of
the Josephus function, we have:

D 30000)=(36)-1)Xm2) @

And for n — 400,

S 5 ()
2) ;J (X): —In2
J(x)-1 In2-1
N J(i)
9 20 ) 13)
JP(x) In2-1
Proof: we have J®,J® ... 3™ sequential derivatives of
the Josephus function which defined by
JP(x)=In 2(3(x)-1)

29 (x)=(In2)" (3 (x) 1)

(12)

I (x)=(In2)" (3 (x)-1)
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We have
IV(x)+IP(x )+ 43" (x) =

In2(J (x)-1)+(In2)* (I (x )-1)+

then, we find that
3230 (0)=(3 ()-1) X (In2)

Let the sequence geometries be defined on N by v, :(|n2)”

-+(In2)" (3 (x)-1)

with basis In 2 and the first limit v, =In 2 then,
2 i In2 (14)
iZ:;(lnz) = 1((l 2)" — )
Then we substitute it in the previous equation, we find
ZJ(I)(X In2 In2)"
(J (x)-1) In2- 1(( 2)" -1)
andfor 3 (x)=1In2(J (x)-1)
;J(i)(x)i(an)n 1
J®(x)  In2-1
While n tendto 400 we have
—IN2 _ 5 58891353....
(J (x) 1) In2—-1
And
S 7 ()
>I00)
= =3.258891353....
IO (x) In2-1

Propertiel: Let J¥,...,J™ sequential derivatives of the
Josephus function, and from (12) and (13) we get:

) IV ZIV(x) (15)
J(l)(x) B J(x) 1
2) ZJ V(%) ZJ _—(In2+1) (16)
Ox) J(x) 1~ (in2-1)
Proof: By subtracting the formula (13) to (12)
,ZJ(' ) ZJ()(X 1 —In2 _In2-1
I9(x) )1 21 m2-1 Inz-1 -
And by adding formula (13) to (12) we find
ZJU(X) Z‘]()(X —(In2+1)
+ - = =5.517782707....
0 (x) J(x) 1 In2-1

Corollaryl: We have J be Josephus function which
defined in (1). Then we get

1) himJ(x)=1

x —0
2) xILanJ (x )=+

Proof:

limJ (x) = "rg(zx —zu%flﬁuljz Ii[r;[Zx _olliglme +1]
we have that "m[ln_x] ____and lime* =0 sowe

x>0l IN2 X —>—o0
find limJ (X):l
x —0

N x I n
XILT”‘J (x)= XILTL(ZX —ZUTZJA +1J = XILT”[ZX —e[[":‘ZJ 1} : +l]

we get that ;) qlln);}+1jln2 +oo @A Jim e = 4oo
n

X —>+0 X =>4

thenwe find |im J (x) 400 — oo Whichiis

X —>—+o0

Under (7) we havefor 0<g<land s eZ
s = INX _ then if x o0 we find s —+a. And with
In2

(9) we get,

Inx
lim [ZX _2["12}1_’_1}: lim (25+g+1_25+1+1) . Hence,

X >+ S —>+w

lim (23+g+1_25+1+1): lim 25+1<25 —l)+l' Since

S —>+0 S—>+0

O<s<lwehave 1<2°<2then 0<2°-1<1
therefore, 2 —1 > O then we get
lim 2°7(2° —1) +1=+o0

S+

2. Kouider Function with basis a

Now, we define a new numerical function with basis a
which we symbolize by K, (x) and defined for all x >0
to R by:

K,(x)=ax —a*"+1 (18)
where s =[Inx /Ina]-
Obviously, for a =2 the function Ka(x) becomes the

Josephus function which defined in (1) by

J(x)=K,(x)=2x dwEl
It is clear that a  ]0;1] L ]1;+o0[ because s =[Inx /Ina]

defined for all a >0 with a=1.
Definition2: The Kouider function with basis a is every
defined functionon R’ to R by

Inx

K, (x)=ax —a[R}l +1
with a e ]0;1] U Ji; +o0]
Theorem3: Let K, be Kouider function have basisa .

Then we have:
1) Ka(an)zl where n eZ,

(19)

For 0<a<1and a>1 we find

2) limK,(x)=1 (20)
x >0
o for O<ax<l
¥ XILerK (X) {+oo for a>1 )
Proof:

Ina"

(1) K,(a")=axa" —a{ '”a} +l=a"t—al""11-1.

@) timk, ()= lim[ax —am:}l+lJ= Ii[n[ax _ (] +1]

x -0 x -0 x >0
We have that "m[[lnx }Lljlna:—oo if Ina>0
x;O Ina

where a>1.Then, |im e*

X —>—c0

0<a<1, we have |im([|”x }+1jlna=—oo . Then
So\LIna

—0-Andif Ina<0 where

x —0

lim e* =0. Therefore, we find for all a 0,1 U Ji;+o[

X -0

limK, (x)=1- Next proof (3),

x =0

lim K., (x) = lim [ax —a[l'n"z]ﬂujz lim [ax ol +1]

X =+ X —>+0 X —>+0



we get that for g  ]0;1] L [1; +oo

lim [[In }Ll]lna +00
X —>+00 Ina

Next we find |jm e* = 400 . Then for ae]O ]_[u]l,+oo[

X —>+00

lim K, (x ) = +o0—oo Whichis

X —>+oo

Wetakefor 0<e<iland s eZ

InX s (22)
Ina
Then we have,
X :a(s+g) (23)
Since,
s = ['”_X} (24)
Ina

If x >+ then s >+ if a>1and s »—wo if 0<a<l.
Next, under (23) and (24), we find

lim [ax —a“n“ﬂ +1]— Ilm( st a5*1+l)—slirll(as*1(af —1)+1)'

X =40 —-0

Since if 0 <a <1 we have 1>a® >a where
O0<e<1limpliesthat a—1<a® —-1<0. Then we find

lim [ax -am“u]_ lm (a°* (2 ~1)+1) =

X =40 S——0

And if a >1 with (23) and (24), we find

X >+ S0

lim [ax —a{mﬂﬂjz lim (as*“‘*1 a5*1+l)—slirll(as*1(af —1)+1)

we have for 0 <& <1, 1<a® <a implies that
O0<a‘®—1<a—1with s >0. Thenwe find
a‘—1>0,with s >0

lim [ax —a[mﬂﬂ]: lim (a°% (2 ~1)+1) =+

X =40 S+

Theorem4: Let k o kM sequential derivatives of the
Kouider function(19), we have
K. (x)=(Ina)" (K, (x)-1) (25)
where K is the function derived from rank n
Proof: We have K, be Kouider function with basis a
defined for x e R to R by:
Cax gl

K.(x)=ax —a") +1
where a e 0;1] U J1;+o0]
Next, Under (22) and (23), we can get that

Inx

ax _a{m} +l=axa™ —a*t+1=as"t —ast 11
So we have other formula of Kouider function have a
basis a with 0<g <land s € Z by

K,(s)=a""-a"+1 (26)
it’s easy to get
K,(s)=Ina(a""-a"")
Equivalent, that for (23)-(24) and (19) we have
K.(s)=Ina(K,(x)-1)

then we have

K'(X)i K;(S)i Ina(as+s+l_as+1) (lna) ( 5+e+1
@ "~ Ina Ina Ina
and,

s+1) K (S)

K, (x)=Ina(a*>"—

Then we have,
K.(x)=Ina(K,(x)-1)
Then the same procedure for K@ K ?, . K™

sequential derivatives of the Kouider function with basis
a defined by

KP(x)=Ina(K, (x)-1)
K (x)=(na)*(K, (x)-1)
KL (x) = (na)' (K, () -1)

KM (x)=(Ina)" (K, (x)-1)
Consequentially, we defined the n derivation of the
Kouider function with basis a by

K (x)=(Ina)" (K, (x)-1)
Corollary2: Solve the following differential equation

£ (x)=(Ina)" (f (x)-1)

f(am)=1 for mez

™ js the function derived from rank n of f , is

f(x)=K.(x)
Theorem5: Let K K? .. K" sequential derivatives
of the Kouider function, we have:

D3k 06)= (K, (x)-1) 3 (ina) @D
Andw{th l<a<e for n — +o0,

2) iZ[;l:Ka(i)(X)_ —Ina

where f

- (28)
K,(x)-1 Ina-1

g 2K 1 (29)
KO(x) Ina-1

Proof: we have K ") sequential derivatives of the
Kouider function which defined by

K. (x) = (Ina)" (K, (x ) -1)

We have
KO )+K@ (x )4+ KM (x)=
Ina(K,(x)-1)+(Ina)’ (K, (x )=1)+-+(Ina)" (K, (x ) -

then, we find that
izil;ng(x )= (K, (x )—1)§(Ina)i

Let the sequence geometries be defined on N by v, :(Ina)”

with basis Ina and the first limit v_ = Ina then,
Ina
Z(In a) = ((In a)' — ) (30)
Then we substltute itin the previous equation, we find
Z K( )(X Ina

(K. ()-D) =ina1((na) -1)
and for K (x )=Ina(K, (x )-1)

;K;D(X) (Ina)" -1

KO(x)

While with N tend to +o0 and if 0 <Ina <1 implie
l<a<e (e=2.718281828...) we have

Ina—1

1)



SKOC) e g 2KT0)
(K.(x)-1) Ina-1 K®(x) Ina-1

Propertie2: Let @ k( sequential derivatives of the
Kouider function(19), and from (28) and (29) we get:

1) ZK(”(X) ZK“)(X) (31)
KOG (K001

2) ;Ka(l)(x) 2K< (x) —(Ina+1) (32)
K& (x) (K (x)- 1) (Ina-1)

for a e Jie[ With e =exp(e)

Proof: By subtracting the formula (29) to (28)

ZK(l)(X) ZK<)(X -1 —Ina Ina—1
K& (x) (K (x)- 1) Ina-1 Ina-1 Ina-1

And by adding formula (29) to (28) we find

pILSICIND ARUEY

KGO (k009
The following figure(1) represent the graph of the
Kouider function with basis 2 (the blue) and with the

—(Ina+1)
Ina-1

basis 1 (the green)
2

4l

Figure 1. The graph of K, and K
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3. Kouider Function with basis e

Definition3: The Kouider function with basis e is

numerical function defined forall x >0 to R by
K, (x)=ex —e™I* 41 (33)

with e =2.718281828...

Theorem6: Let KW, K?, ... K

of the Kouider function with basis e (33), we have

K. (x)=K,(x)-1 (34)

where k™ is the function derived from rank n

Proof: under (25) for a=e we have

K. ™ (x)=(Ine)" (K, (x)-1)=K,(x)-1

Corollary3: Solve the following differential equation
{f M(x)=f (x)-1

f (em)zl for meZ

(") sequential derivatives

where ™ is the function derived from rank n of f , is

f(x)=K,(x)
Theorem7: Let K, K® ... K" sequential derivatives
of the Kouider function with basis e , we have:

D SkO)=n(k.(x)-1) @

Andfcl)_rn—>+oo,
o ()

2 KD (36)
K (x)fl

3) &_1 (37)
<T()

Propertie3: Let K K ... K" sequential derivatives

of the Kouider function with basis e (33), and from (36)
and (37) we get:

3) ZKE‘“(X) ZK(')(X) L (38)
K& (x) (K (x)-1)

4) ZK<”(x) ZK< (x) ) (39)
K(l)(x) K o (X)— 1)

Now, we get a functlon named Modified Kouider function
with basis e which defined for all x >0 to R by as the
following:

MK, (x )=ex —e!™F*  (40)
We note that
K.(x)=MK, (x)+1 (41)
It is easy to get that
K (x)=MKS (x)
Theorem8: Let K K® ... K" sequential derivatives
of the Kouider function with basis e (33), we have
K. ™ (x)=MK™ (x) (34)
where K,™ is the function derived from rank n
Proof: under (41), it is easy to get that
K. (x) = MK (x)
Corollary4: Solve the following differential equation
fO(x)=f (x)
{f (em)=0 for
™ is the function derived from rank n of f , is

m e Z

where f
f (X ) —ex _e[lnx]+1_

Conclusion

In this paper, We provided some definitions of the new
function, and we reached very surprising results related to
it. We also concluded that there is a function that verifies
that for every real number x >0 There is a function checks

that f ™ =f and f (em)zo forall m eZ is as we named
Modified Kouider function with basis e (40).
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