
�i H2�bi- mMiBH �#Qmi ky v2�`b �;Q- r2 ?�/ p2`v /B{+mHi BMp2`b2 T`Q#H2Kb i?�i
�`2 BKTQ`i�Mi BM K�Mv T`�+iB+�H T`Q#H2Kb U7mM/�K2Mi�HbV �b 7QHHQrb,

RV, AMp2`b2 bQm`+2 T`Q#H2Kc i?�i Bb BM i?2 SQBbbQM 2[m�iBQM

△u = −ρ,

7`QK i?2 Q#b2`p�iBQM Q7 i?2 TQi2MiB�H u 7Q` i?2 Qmi bB/2 Q7 i?2 bmTTQ`i ρ- HQQF
7Q` i?2 bQm`+2 ρX

kV, h?2 T`Q#H2K BM i?2 ?2�i +QM/m+iBQMc i?�i Bb- 7`QK bQK2 ?2�i u(x, t)
Q#b2`p�iBQM �i � iBK2 t- HQQF 7Q` i?2 BMBiB�H ?2�i u(x, 0)X

jV, _2�H BMp2`bBQM 7Q`KmH�b 7Q` i?2 G�TH�+2 i`�Mb7Q`KX

h?2b2 T`Q#H2Kb r2`2 BM/22/ /B{+mHi BM #Qi? K�i?2K�iB+b �M/ MmK2`B+�H
`2�HBx�iBQMb Q7 i?2 bQHmiBQMb �M/ bQ- i?2v �`2 +�HH2/ BHH@TQb2/ T`Q#H2Kb �M/ p2`v
7�KQmb /B{+mHi T`Q#H2KbX

q2 r2`2 �#H2 iQ bQHp2 i?2b2 T`Q#H2Kb BM #Qi? b2Mb2b Q7 K�i?2K�iB+b �M/
MmK2`B+�H T`Q#H2Kb #v mbBM; i?2 i?2Q`v Q7 `2T`Q/m+BM; F2`M2Hb �TTHvBM; i?2
hBF?QMQp `2;mH�`Bx�iBQMX >Qr2p2`- 7Q` i?2 `2�H BMp2`bBQM 7Q`KmH� Q7 i?2 G�TH�+2
i`�Mb7Q`K- r2 M22/2/ i?2 ;`2�i TQr2` Q7 +QKTmi2`b #v >X 6mDBr�`�X

6Q` �Mv T`�+iB+�H MmK2`B+�H �M�HvbBb- i?2 BKTQ`i�Mi T`Q#H2K Bb QM i?2 /Bb@
+`2iBx�iBQM T`Q+2/m`2 7Q` �M�HviB+�H BMp2`b2 T`Q#H2K bQHmiBQMbX �i i?Bb p2`v
BKTQ`i�Mi TQBMi- r2 rBHH b22 i?�i i?2 i?2Q`v Q7 `2T`Q/m+BM; F2`M2Hb Bb p2`v ;QQ/
K�i?2K�iB+bX h?2b2 ;HQ#�H i?2Q`B2b r2`2 Tm#HBb?2/ BM i?2 #QQF (kj) �M/ Qm`
K2i?Q/ Bb �TTHB+�#H2 BM bQK2 ;2M2`�H T`Q#H2Kb BM i?2 pB2rTQBMi Q7 T`�+iB+�H
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Abstract

At least until about 20 years ago, we had very difficult inverse problems that are important in

many practical problems (fundamentals). These problems were indeed difficult in both

mathematics and numerical realizations of the solutions and so, they are called ill-posed

problems and very famous difficult problems. We were able to solve these problems in both

senses of mathematics and numerical problems by using the theory of reproducing kernels

applying the Tikhonov regularization. However, for the real inversion formula of the Laplace

transform, we needed the great power of computers by H. Fujiwara.



T`Q#H2KbX >2`2- r2 bi�i2 i?2B` 2bb2MiB�H T�`ibX >2`2- r2 rBHH bi�i2 Bib i?2Q`BiB+�H
T�`ib �M/ S`Q72bbQ` hX J�ibmm`� rBHH ;Bp2 i?2B` MmK2`B+�H 2t�KTH2b- #v mbBM;
+QKTmi2` ;`�T?B+bX

AM Q`/2` iQ }t Qm` #�+F;`QmM/ BM i?Bb T�T2`- 7QHHQrBM; (R3- RN- kR)- r2 }`bi
`2+�HH � ;2M2`�H i?2Q`v 7Q` HBM2�` K�TTBM;b BM i?2 7`�K2rQ`F Q7 >BH#2`i bT�+2b
mbBM; i?2 ;2M2`�H i?2Q`v Q7 `2T`Q/m+BM; F2`M2HbX

G2i H #2 � >BH#2`i UTQbbB#Hv }MBi2@/BK2MbBQM�HV bT�+2- �M/ +QMbB/2` E iQ #2
�M �#bi`�+i b2i �M/ h � >BH#2`i H@p�Hm2/ 7mM+iBQM QM EX h?2M- � p2`v ;2M2`�H
HBM2�` i`�Mb7Q`K 7`QK H BMiQ i?2 HBM2�` bT�+2 F(E) +QKT`BbBM; �HH i?2 +QKTH2t
p�Hm2/ 7mM+iBQMb QM E rBHH #2 ;Bp2M #v

f(p) = (f ,h(p))H, f ∈ H, URV
BM i?2 7`�K2rQ`F Q7 >BH#2`i bT�+2bX

AM ;2M2`�H- � +QKTH2t@p�Hm2/ 7mM+iBQM Bb +�HH2/ � TQbBiBp2 /2}MBi2 [m�/`�iB+
7Q`K 7mM+iBQM QM i?2 b2i E- Q` b?Q`iHv- TQbBiBp2 /2}MBi2 7mM+iBQM- r?2M Bi b�iBb}2b
i?2 T`QT2`iv i?�i- 7Q` �M �`#Bi`�`v 7mM+iBQM X : E → C �M/ 7Q` �Mv }MBi2 bm#b2i
F Q7 E- ∑

p,q∈F

X(p)X(q)k(p, q) ≥ 0.

AM Q`/2` iQ BMp2biB;�i2 i?2 HBM2�` K�TTBM; (1)- r2 7Q`K � TQbBiBp2 /2}MBi2
[m�/`�iB+ 7Q`K 7mM+iBQM K(p, q) QM E × E /2}M2/ #v

K(p, q) = (h(q),h(p))H on E×E. UkV

h?2M- i?2 7QHHQrBM;b �`2 7mM/�K2Mi�H U(R3)V,

(I) h?2 `�M;2 Q7 i?2 HBM2�` K�TTBM; (1) #v H Bb +?�`�+i2`@
Bx2/ �b i?2 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2 HK(E) �/KBiiBM; i?2 `2T`Q/m+@
BM; F2`M2H K(p, q) r?Qb2 +?�`�+i2`Bx�iBQM Bb ;Bp2M #v i?2 irQ T`QT2`iB2b,
(i) K(·, q) ∈ HK(E) 7Q` �Mv q ∈ E �M/- (ii) 7Q` �Mv f ∈ HK(E) �M/ 7Q`
�Mv p ∈ E- (f(·),K(·.p))HK(E) = f(p)X

(II) AM ;2M2`�H- i?2 BM2[m�HBiv

‖f‖HK(E) ≤ ‖f‖H

?QH/bX >2`2- 7Q` �Mv K2K#2` f Q7 HK(E) i?2`2 2tBbib � mMB[m2Hv /2i2`@
KBM2/ f∗ ∈ H b�iBb7vBM;

f(p) = (f∗,h(p))H on E

�M/
‖f‖HK(E) = ‖f∗‖H. UjV

(III) AM ;2M2`�H- i?2 BMp2`bBQM 7Q`KmH� BM (1) BM i?2 7Q`K

f 7→ f∗ U9V

BM (II) ?QH/b- #v mbBM; i?2 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2 HK(E)X

k



h?2 ivTB+�H BHH@TQb2/ T`Q#H2K (1) #2+QK2b � r2HH@TQb2/ T`Q#H2K- #2+�mb2
i?2 BK�;2 bT�+2 Q7 (1) Bb +?�`�+i2`Bx2/ �b i?2 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2
HK(E) rBi? i?2 BbQK2i`B+ B/2MiBiv UjV- r?B+? K�v #2 +QMbB/2`2/ �b � ;2M2`�H@
Bx�iBQM Q7 i?2 Svi?�;Q`2�M i?2Q`2KX

>Qr2p2`- i?Bb pB2rTQBMi Bb � K�i?2K�iB+�H QM2 �M/ Bb MQi � MmK2`B+�H QM2
�M/ MQi 2�bv iQ /2�H rBi? �M�HviB+�H �M/ MmK2`B+�H T`Q#H2KbX

*QMbB/2` i?2 BMp2`bBQM BM (1) 7Q`K�HHv- ?Qr2p2`- i?Bb B/2� rBHH #2 p2`v BKTQ`i�Mi
7Q` i?2 ;2M2`�H BMp2`bBQMb �M/ 7Q` /Bb+`2iBx�iBQM K2i?Q/X

6QHHQrBM; i?2 �#Qp2 ;2M2`�H bBim�iBQM- H2i {vj} #2 � +QKTH2i2 Q`i?QMQ`K�H
#�bBb 7Q` HX h?2M- 7Q`

vj(p) = (vj,h(p))H,

h(p) =
∑

j

(h(p),vj)Hvj =
∑

j

vj(p)vj.

>2M+2- #v b2iiBM;
h(p) =

∑

j

vj(p)vj,

h(·) =
∑

j

vj(·)vj.

h?mb- /2}M2
(f,h(p))HK

=
∑

j

(f, vj)HK
vj.

6Q` bBKTHB+Biv- r`Bi2 �b 7QHHQrb,

HK = HK(E).

h?2M- 7Q`K�HHv- r2 Q#i�BM,

�bbmK2 i?�i 7Q` f ∈ HK

(f,h)HK
∈ H

�M/ 7Q` �HH p ∈ E-

(f, (h(p),h(·))H)HK
= ((f ,h)HK

,h(p))H.

h?2M-
‖f‖HK

≤ ‖(f,h)HK
‖H.

A7 {Fh(p); p ∈ E} Bb +QKTH2i2 BM H- i?2M 2[m�HBiv �Hr�vb ?QH/bX
6m`i?2`KQ`2- B7,

(f0, (f ,h)HK
)H = ((f0,h)H, f)HK

for f0 ∈ N(L).

j



h?2M- 7Q` f∗ BM UAAV �M/ UAAAV

f∗ = (f ,h)HK
.

AM T�`iB+mH�`- MQi2 i?�i i?2 #�bB+ �bbmKTiBQM (f,h)HK
∈ H BM S`QTQbBiBQM

kXR- Bb- BM ;2M2`�H- MQi p�HB/ �M/ p2`v /2HB+�i2 7Q` K�Mv �M�HviB+�H T`Q#H2Kb �M/
r2 M22/ bQK2 /2HB+�i2 i`2�iK2Mi 7Q` i?2 BMp2`bBQMX

AM Q`/2` iQ /2`Bp2 � ;2M2`�H BMp2`bBQM 7Q`KmH� i?�i Bb rB/2Hv �TTHB+�#H2 BM
�M�HvbBb- �bbmK2 i?�i i?2 #Qi? >BH#2`i bT�+2b H �M/ HK �`2 ;Bp2M �b H =
L2(T, dm), HK ⊂ L2(E, dµ)- QM i?2 b2ib T �M/ E- `2bT2+iBp2Hv U �bbmK2 i?�i
7Q` dm, dµ K2�bm`�#H2 b2ib T,E- i?2v �`2 i?2 >BH#2`i bT�+2b +QKT`BbBM; dm, dµ−
L2 BMi2;`�#H2 +QKTH2t@p�Hm2/ 7mM+iBQMb- `2bT2+iBp2HvXV h?2`27Q`2- +QMbB/2` i?2
BMi2;`�H i`�Mb7Q`K

f(p) =

∫

T

F (t)h(t, p)dm(t). U8V

>2`2- h(t, p) Bb � 7mM+iBQM QM T × E- h(·, p) ∈ L2(T, dm), �M/ F ∈ L2(T, dm).
h?2 +Q``2bTQM/BM; `2T`Q/m+BM; F2`M2H 7Q` UkV Bb ;Bp2M #v

K(p, q) =

∫

T

h(t, q)h(t, p)dm(t) QM E × E.

h?2 MQ`K Q7 i?2 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2 HK Bb `2T`2b2Mi2/ �b L2(E, dµ)X
lM/2` i?2b2 bBim�iBQMb,

�bbmK2 i?�i �M �TT`QtBK�iBM; b2[m2+2 {EN}∞N=1 Q7 E b�iBb@
}2b U�V E1 ⊂ E2 ⊂ · · · ⊂ · · · , U#V

⋃∞
N=1 EN = E, U+V

∫
EN

K(p, p)dµ(p) <

∞, (N = 1, 2, ...).
h?2M- 7Q` f ∈ HK b�iBb7vBM;

∫
EN

f(p)h(t, p)dµ(p) ∈ L2(T, dm) 7Q` �Mv N -
i?2 b2[m2M+2 {∫

EN

f(p)h(t, p)dµ(p)

}∞

N=1

UeV

+QMp2`;2b iQ F ∗ BM U9V BM S`QTQbBiBQM RXR BM i?2 b2Mb2 Q7 L2(T, dm) MQ`KX

S`�+iB+�HHv 7Q` K�Mv +�b2b- i?2 �bbmKTiBQMb BM S`QTQbBiBQM kXk- rBHH #2 b�i@
Bb}2/ �miQK�iB+�HHv- �M/ bQ S`QTQbBiBQM kXk K�v #2 �TTHB2/ BM K�Mv +�b2bX
S`QTQbBiBQM kXk rBHH ;Bp2 � M2r pB2rTQBMi �M/ K2i?Q/ 7Q` i?2 6`2/?QHK BMi2@
;`�H 2[m�iBQM U8V Q7 i?2 }`bi FBM/ i?�i Bb � 7mM/�K2Mi�H BMi2;`�H 2[m�iBQMX h?2
K2i?Q/ �M/ bQHmiBQM ?�b i?2 7QHHQrBM; T`QT2`iB2b,

฀RV h?2 mb2 Q7 i?2 M�im`�HHv /2i2`KBM2/ `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2
HK r?B+? Bb /2i2`KBM2/ #v i?2 BMi2;`�H F2`M2HX

฀kV h?2 bQHmiBQM Bb ;Bp2M BM i?2 b2Mb2 Q7 H MQ`K +QMp2`;2M+2X
฀jV h?2 bQHmiBQM UBMp2`b2V Bb ;Bp2M #v f∗ BM S`QTQbBiBQM RXRX
฀9V 6Q` i?2 BHH@TQb2/ T`Q#H2K BM U8V- i?2 bQHmiBQM Bb ;Bp2M �b � r2HH@TQb2/

bQHmiBQMX

9



h?Bb pB2rTQBMi Bb- ?Qr2p2`- � K�i?2K�iB+�H �M/ i?2Q`BiB+�H QM2X AM T`�+iB+�H
�M/ T?vbB+�H HBM2�` bvbi2Kb- i?2 Q#b2`p�iBQM /�i� rBHH #2 � }MBi2 MmK#2` Q7 /�i�
+QMi�BMBM; 2``Q` Q` MQBb2b- �M/ bQ r2 rBHH K22i iQ p�`BQmb /2HB+�i2 T`Q#H2Kb
MmK2`B+�HHvX

h?2 #�bB+ �bbmKTiBQM ?2`2 7Q` i?2 BMi2;`�H F2`M2Hb Bb iQ #2HQM; iQ bQK2
>BH#2`i bT�+2bX >Qr2p2`- �b � p2`v ivTB+�H BMi2;`�H i`�Mb7Q`K- BM i?2 +�b2 Q7
6Qm`B2` BMi2;`�H i`�Mb7Q`K- i?2 BMi2;`�H F2`M2H /Q2b MQi #2HQM; iQ L2(R) �M/-
?Qr2p2`- r2 +�M 2bi�#HBb? i?2 BbQK2i`B+ B/2MiBiv �M/ BMp2`bBQM 7Q`KmH� BM i?2
bT�+2 L2(R)X

q2 +�M /2p2HQT bQK2 ;2M2`�H BMi2;`�H i`�Mb7Q`K i?2Q`v +QMi�BMBM; i?2 6Qm`B2`
BMi2;`�H i`�Mb7Q`K +�b2 i?�i i?2 BMi2;`�H F2`M2H /Q2b MQi #2HQM; iQ �Mv >BH#2`i
bT�+2- #�b2/ QM i?2 ;2M2`�H +QM+2Ti Q7 ;2M2`�HBx2/ `2T`Q/m+BM; F2`M2Hb BM (kk- R9)X

6Q` MmK2`B+�H i`2�iK2Mib �M/ T`�+iB+�H +QMbi`m+iBQMb Q7 i?2 �M�HviB+�H bQHmiBQMb-
r2 rBHH M22/ bQK2 �TT`QtBK�i2 bQHmiBQMb �M/ i?2 hBF?QMQp `2;mH�`Bx�iBQMbX

G2i L #2 �Mv #QmM/2/ HBM2�` QT2`�iQ` 7`QK � `2T`Q/m+BM; F2`M2H >BH#2`i
bT�+2 HK BMiQ � >BH#2`i bT�+2 HX h?2M- i?2 7QHHQrBM; T`Q#H2K Bb � +H�bbB+�H
�M/ 7mM/�K2Mi�H T`Q#H2K FMQrM �b i?2 #2bi �TT`QtBK�i2 K2�M b[m�`2 MQ`K
T`Q#H2K, 6Q` �Mv K2K#2` d Q7 H- r2 rQmH/ HBF2 iQ }M/

inf
f∈HK

‖Lf − d‖H.

Ai Bb +H2�` i?�i r2 �`2 +QMbB/2`BM; QT2`�iQ` 2[m�iBQMb- ;2M2`�HBx2/ bQHmiBQMb �M/
+Q``2bTQM/BM; ;2M2`�HBx2/ BMp2`b2b rBi?BM i?2 7`�K2rQ`F Q7 f ∈ HK �M/ d ∈ H-
?�pBM; BM KBM/

Lf = d. UdV
>Qr2p2`- i?Bb T`Q#H2K ?�b � +QKTHB+�i2/ bi`m+im`2- bT2+B�HHv BM i?2 BM}MBi2

/BK2MbBQM >BH#2`i bT�+2b +�b2- H2�/BM; BM 7�+i iQ i?2 +QMbB/2`�iBQM Q7 ;2M2`�HBx2/
BMp2`b2b UBM i?2 JQQ`2@S2M`Qb2 b2Mb2VX 6QHHQrBM; i?2 `2T`Q/m+BM; F2`M2H i?2Q`v-
r2 +�M `2�HBx2 Bib +QKTHB+�i2/ bi`m+im`2X �Mvr�v- i?2 T`Q#H2K im`Mb iQ #2
r2HH@TQb2/ rBi?BM i?2 `2T`Q/m+BM; F2`M2Hb i?2Q`v 7`�K2rQ`F BM i?2 7QHHQrBM;
T`QTQbBiBQM,

6Q` �Mv K2K#2` d Q7 H- i?2`2 2tBbib � 7mM+iBQM f̃ BM HK

b�iBb7vBM;
inf

f∈HK

‖Lf − d‖H = ‖Lf̃ − d‖H U3V

B7 �M/ QMHv B7- 7Q` i?2 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2 Hk �/KBiiBM; i?2 F2`M2H
/2}M2/ #v k(p, q) = (L∗LK(·, q), L∗LK(·, p))HK

L∗d ∈ Hk. UNV
6m`i?2`KQ`2- r?2M i?2`2 2tBbib � 7mM+iBQM f̃ b�iBb7vBM; U3V- i?2`2 2tBbib � mMB[m2Hv
/2i2`KBM2/ 7mM+iBQM i?�i KBMBKBx2b i?2 MQ`Kb BM HK �KQM; i?2 7mM+iBQMb b�i@
Bb7vBM; i?2 2[m�HBiv- �M/ Bib 7mM+iBQM fd Bb `2T`2b2Mi2/ �b 7QHHQrb,

8



fd(p) = (L∗d, L∗LK(·, p))Hk
QM E. URyV

>2`2- i?2 �/DQBMi QT2`�iQ` L∗ Q7 L- �b r2 b22- 7`QK

(L∗d)(p) = (L∗d,K(·, p))HK
= (d, LK(·, p))H

Bb `2T`2b2Mi2/ #v FMQrM d, L,K(p, q)- �M/ HX 6`QK i?Bb S`QTQbBiBQM jXR- r2 b22
i?�i i?2 T`Q#H2K Bb r2HH@2bi�#HBb?2/ #v i?2 i?2Q`v Q7 `2T`Q/m+BM; F2`M2Hb- i?�i
Bb i?2 2tBbi2M+2- mMB[m2M2bb �M/ `2T`2b2Mi�iBQM Q7 i?2 bQHmiBQMb BM i?2 T`Q#H2K
�`2 r2HH@7Q`KmH�i2/X AM T�`iB+mH�`- MQi2 i?�i i?2 �/DQBMi QT2`�iQ` Bb `2T`2b2Mi2/
BM � ;QQ/ r�vc i?Bb 7�+i rBHH #2 p2`v BKTQ`i�MiX h?2 2ti`2K�H 7mM+iBQM fd Bb i?2
JQQ`2@S2M`Qb2 ;2M2`�HBx2/ BMp2`b2 L†d Q7 i?2 2[m�iBQM Lf = dX h?2 +`Bi2`B�
UNV Bb BMpQHp2/ �M/ bQ i?2 JQQ`2@ S2M`Qb2 ;2M2`�HBx2/ BMp2`b2 fd Bb MQi ;QQ/-
r?2M i?2 /�i� +QMi�BM 2``Q` Q` MQBb2b BM bQK2 T`�+iB+�H +�b2bX

q2 b?�HH +QMbB/2` bQK2 T`�+iB+�H �M/ KQ`2 +QM+`2i2 `2T`2b2Mi�iBQM BM i?2 2t@
i`2K�H 7mM+iBQMb BMpQHp2/ BM i?2 hBF?QMQp `2;mH�`Bx�iBQM #v mbBM; i?2 i?2Q`v Q7
`2T`Q/m+BM; F2`M2HbX _2+�HH i?�i 7Q` +QKT�+i QT2`�iQ`b i?2 bBM;mH�` p�Hm2b �M/
bBM;mH�` 7mM+iBQMb `2T`2b2Mi�iBQMb �`2 TQTmH�` �M/ BM � b2Mb2- i?2 `2T`2b2Mi�iBQM
K�v #2 +QMbB/2`2/ +QKTHB+�i2/X

6m`i?2`KQ`2- r?2M d +QMi�BMb 2``Q` Q` MQBb2b- 2``Q` 2biBK�i2b �`2 BKTQ`i�MiX
6Q` i?Bb 7mM/�K2Mi�H T`Q#H2K- r2 ?�p2 i?2 7QHHQrBM; `2bmHib,

�i }`bi- r2 M22/

G2i L : HK → H #2 � #QmM/2/ HBM2�` QT2`�iQ`- �M/ /2}M2 i?2
BMM2` T`Q/m+i- α

〈f1, f2〉HKα
= α 〈f1, f2〉HK

+ 〈Lf1, Lf2〉H

7Q` f1, f2 ∈ HK X h?2M (HK , 〈·, ·〉HKα
) Bb � `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2

r?Qb2 `2T`Q/m+BM; F2`M2H Bb ;Bp2M #v

Kα(p, q) = [(α+ L∗L)−1Kq](p).

>2`2- Kα(p, q) Bb i?2 bQHmiBQM K̃α(p, q) Q7 i?2 7mM+iBQM�H 2[m�iBQM

K̃α(p, q) +
1

α
(LK̃q, LKp)H =

1

α
K(p, q), URRV

i?�i Bb +Q``2bTQM/BM; iQ i?2 6`2/?QHK BMi2;`�H 2[m�iBQM Q7 i?2 b2+QM/ FBM/ 7Q`
K�Mv +QM+`2i2 +�b2bX >2`2-

K̃q = K̃α(·, q) ∈ HK 7Q` q ∈ E, Kp = K(·, p) 7Q` p ∈ E.

e



AM i?2 hBF?QMQp 7mM+iBQM�H

f ∈ HK 7→
{
α ‖f : HK‖2 + ‖Lf − d : H‖2

}
∈ R

�ii�BMb i?2 KBMBKmK �M/ i?2 KBMBKmK Bb �ii�BM2/ QMHv �i fd,α ∈ HK bm+? i?�i

(fd,α)(p) = 〈d, LKα(·, p)〉H.

6m`i?2`KQ`2- (fd,α)(p) b�iBb}2b

|(fd,α)(p)| ≤

√
K(p, p)

2α
‖d‖H. URkV

h?Bb T`QTQbBiBQM K2�Mb i?�i BM Q`/2` iQ Q#i�BM ;QQ/ �TT`QtBK�i2 bQHmiBQMb-
r2 Kmbi i�F2 � bm{+B2MiHv bK�HH α- ?Qr2p2`- ?2`2 r2 ?�p2 `2bi`B+iBQMb 7Q` i?2K-
�b r2 b22- r?2M d KQp2b iQ d′- #v +QMbB/2`BM; fd,α(p)− fd′,α(p) BM +QMM2+iBQM
rBi? i?2 `2H�iBQM Q7 i?2 /Bz2`2M+2 ‖d − d′‖HX h?Bb 7�+i Bb � p2`v M�im`�H QM2-
#2+�mb2 r2 +�MMQi Q#i�BM ;QQ/ bQHmiBQMb 7`QK i?2 /�i� +QMi�BMBM; 2``Q`bX >2`2
r2 rBb? iQ FMQr ?Qr iQ i�F2 � bK�HH α � T`BQ`B �M/ r?�i Bb i?2 #QmM/ 7Q` BiX
h?2b2 T`Q#H2Kb �`2 p2`v BKTQ`i�Mi T`�+iB+�HHv �M/ /2HB+�i2 QM2b- �M/ r2 ?�p2
K�Mv K2i?Q/bX

h?2 #�bB+ B/2� K�v #2 ;Bp2M �b 7QHHQrbX q2 2t�KBM2 7Q` p�`BQmb α i2M/BM; iQ
x2`Q- i?2 +Q``2bTQM/BM; 2ti`2K�H 7mM+iBQMbX "v 2t�KBMBM; i?2 b2[m2M+2 Q7 i?2
�TT`QtBK�i2 2ti`2K�H 7mM+iBQMb- r?2M Bi +QMp2`;2b iQ bQK2 7mM+iBQM MmK2`B+�HHv
�M/ �7i2` i?2M r?2M i?2 b2[m2M+2 /Bp2`;2b MmK2`B+�HHv- Bi rBHH ;Bp2 i?2 #QmM/
7Q` α MmK2`B+�HHvX a22 U6mDBr�`� 2i �H kyy3c 6mDBr�`� 2i �H kyyNc 6mDBr�`� kyRyVX

6Q` i?Bb BKTQ`i�Mi T`Q#H2K �M/ i?2 K2i?Q/ Q7 G@+m`p2- b22 UG�rbQM 2i �H
RNdkc >�Mb2M RNNkV- 7Q` 2t�KTH2X

h?2 hBF?QMQp `2;mH�`Bx�iBQM Bb p2`v TQTmH�` �M/ rB/2Hv �TTHB+�#H2 BM MmK2`@
B+�H �M�HvbBb 7Q` Bib T`�+iB+�H TQr2`X h?2 �TTHB+�iBQM Q7 i?2 i?2Q`v Q7 `2T`Q/m+BM;
F2`M2Hb rBHH ;Bp2 KQ`2 +QM+`2i2 `2T`2b2Mi�iBQMb Q7 i?2 2ti`2K�H 7mM+iBQMb BM i?2
hBF?QMQp `2;mH�`Bx�iBQMX

AM/22/- r2 r2`2 �#H2 iQ ;Bp2 K�Mv ;QQ/ MmK2`B+�H bQHmiBQMb +QMi�BMBM; i?2
ivTB+�H /B{+mHi BMp2`b2 T`Q#H2Kb BM i?2 SQBbbQM 2[m�iBQM �M/ ?2�i 2[m�iBQMX
q2 rBHH `272` iQ i?2 KQbi /B{+mHi T`Q#H2K BM i?2 `2�H BMp2`bBQM 7Q`KmH� Q7 i?2
G�TH�+2 i`�Mb7Q`KX

6Q` �M mT@iQ@/�i2 BM7Q`K�iBQM QM i?2 G�TH�+2 BMp2`bBQM 7Q`KmH� �M/ Bib �T@
THB+�iBQMb- b22 (R8)X

*QMbB/2` i?2 BMp2`bBQM 7Q`KmH� Q7 i?2 G�TH�+2 i`�Mb7Q`K

(LF )(p) = f(p) =

∫ ∞

0

e−ptF (t)dt, p > 0

d



7Q` bQK2 M�im`�H 7mM+iBQM bT�+2bX
PM i?2 TQbBiBp2 `2�H HBM2 R+- +QMbB/2` i?2 MQ`K

{∫ ∞

0

|F ′(t)|2
1

t
etdt

}1/2

7Q` �#bQHmi2Hv +QMiBMmQmb 7mM+iBQMb F b�iBb7vBM; F (0) = 0X h?Bb bT�+2 HK

�/KBib i?2 `2T`Q/m+BM; F2`M2H

K(t, t′) =

∫ min(t,t′)

0

ξe−ξdξ. URjV

h?2M-
∫ ∞

0

|(LF )(p)p|2dp ≤
1

2
‖F‖2HK

; UR9V

i?�i Bb- (LF )(p)p Bb � #QmM/2/ HBM2�` QT2`�iQ` 7`QK HK BMiQ L2(R
+, dp) =

L2(R
+)X aQ- i?2 7QHHQrBM; `2bmHi ?QH/b,

6Q` �Mv g ∈ L2(R
+) �M/ 7Q` �Mv α > 0- BM i?2 b2Mb2

inf
F∈HK

{
α

∫ ∞

0

|F ′(t)|2
1

t
etdt+ ‖(LF )(p)p− g‖2L2(R+)

}
UR8V

= α

∫ ∞

0

|F ∗′
α,g(t)|

2 1

t
etdt+ ‖(LF ∗

α,g)(p)p− g‖2L2(R+)

i?2`2 2tBbib � mMB[m2Hv /2i2`KBM2/ #2bi �TT`QtBK�i2 7mM+iBQM F ∗
α,g �M/ Bi Bb

`2T`2b2Mi2/ #v
F ∗
α,g(t) =

∫ ∞

0

g(ξ) (LKα(·, t)) (ξ)ξdξ. UReV

>2`2- Kα(·, t) Bb /2i2`KBM2/ #v i?2 7mM+iBQM�H 2[m�iBQM฀ 7Q` Kα,t′ = Kα(·, t
′), Kt =

K(·, t)-

Kα(t, t
′) =

1

α
K(t, t′)−

1

α
((LKα,t′)(p)p, (LKt)(p)p)L2(R+). URdV

q2 +�H+mH�i2 i?2 �TT`QtBK�i2 BMp2`b2 F ∗
α,g(t) #v mbBM; UReVX "v i�FBM; i?2

G�TH�+2 i`�Mb7Q`K Q7 URdV rBi? `2bT2+i iQ t- #v +?�M;BM; i?2 p�`B�#H2b t �M/ t′

(LKα(·, t))(ξ) =
1

α
(LK(·, t))(ξ)−

1

α
((LKα,t)(p)p, (L(LK·)(p)p))(ξ))L2(R+).

UR3V
>2`2-

K(t, t′) =

{
−te−t − e−t + 1 7Q` t ≤ t′

−t′e−t′ − e−t′ + 1 7Q` t ≥ t′.

3



(LK(·, t′))(p) = e−t′pe−t′
[ −t′

p(p+ 1)
+

−1

p(p+ 1)2

]
+

1

p(p+ 1)2
.

∫ ∞

0

e−qt′(LK(·, t′))(p)dt′ =
1

pq(p+ q + 1)2
.

h?2`27Q`2- #v b2iiBM; �b (LKα(·, t))(ξ)ξ = Hα(ξ, t)- r2 Q#i�BM i?2 6`2/?QHK
BMi2;`�H 2[m�iBQM Q7 i?2 b2+QM/ FBM/,

αHα(ξ, t) +

∫ ∞

0

Hα(p, t)

(p+ ξ + 1)2
dp = −

e−tξe−t

ξ + 1

(
t+

1

ξ + 1

)
+

1

(ξ + 1)2
, URNV

r?B+? Bb +Q``2bTQM/BM; iQ URRVX "v bQHpBM; i?Bb BMi2;`�H 2[m�iBQM- >X 6mDBr�`�
/2`Bp2/ � p2`v `2�bQM�#H2 MmK2`B+�H BMp2`bBQM 7Q`KmH� 7Q` i?2 BMi2;`�H i`�Mb7Q`K
�M/ ?2 2tT�M/2/ p2`v ;QQ/ �H;Q`Bi?Kb 7Q` MmK2`B+�H �M/ `2�H BMp2`bBQM 7Q`KmH�b
Q7 i?2 G�TH�+2 i`�Mb7Q`KX 6Q` KQ`2 /2i�BH2/ `272`2M+2b �M/ +QKK2Mib 7Q` i?Bb
2[m�iBQM- b22 U6mDBr�`� 2i �H kyy3c 6mDBr�`� 2i �H kyyNc 6mDBr�`� kyRyVX

AM T�`iB+mH�`- >X 6mDBr�`� bQHp2/ i?2 BMi2;`�H 2[m�iBQM URRV rBi? eyyy TQBMib
/Bb+`2iBx�iBQM rBi? eyy /B;Bib T`2+BbBQM #�b2/ QM i?2 +QM+2Ti Q7 BM}MBi2 T`2+BbBQM
r?B+? Bb BM im`M #�b2/ QM KmHiBTH2@T`2+BbBQM �`Bi?K2iB+X h?2M- i?2 `2;mH�`Bx�iBQM
T�`�K2i2`b r2`2 α = 10−100, 10−400 bm`T`BbBM;HvX 6Q` i?2 BMi2;`�H 2[m�iBQM- ?2
mb2/ i?2 .1 7Q`KmH� #v >X h�F�?�b?B �M/ JX JQ`B- mbBM; /Qm#H2 2tTQM2MiB�H
i`�Mb7Q`KbX >X 6mDBr�`� r�b bm++2bb7mH BM /2`BpBM; MmK2`B+�HHv i?2 BMp2`bBQM 7Q`
i?2 G�TH�+2 i`�Mb7Q`K Q7 i?2 /Bbi`B#miBQM /2Hi� r?B+? r�b T`QTQb2/ #v oX oX
E`vx?MBv �b � /B{+mHi +�b2X h?Bb 7�+i rBHH K2�M i?�i i?2 �#Qp2 `2bmHib p�HB/ 7Q`
p2`v ;2M2`�H 7mM+iBQMb �TT`QtBK�i2/ #v i?2 7mM+iBQMb Q7 i?2 `2T`Q/m+BM; F2`M2H
>BH#2`i bT�+2 HK(R+)X

q2 b?Qr2/ K�Mv 6B;m`2b 7Q` i?2 MmK2`B+�H 2tT2`BK2Mib BM i?2 +QKTH2i2
p2`bBQM (3) #v S`Q72bbQ` >X 6mDBr�`�X 6Q` i?2 ?2�i +QM/m+iBQM T`Q#H2K- #v (Rj)X

h?2 ;2M2`�H i?2Q`v BM i?Bb b2+iBQM r�b 2ti2M/2/ iQ i?2 >BH#2`i bT�+2 7`�K2@
rQ`F #v mbBM; i?2 ;2M2`�HBx2/ `2T`Q/m+BM; F2`M2Hb BM (kk) rBi? S`Q72bbQ` uX
a�r�MQX

J2�Mr?BH2- BM ;2M2`�H- i?2 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2 HK ?�b � +QKTHB@
+�i2/ bi`m+im`2- �M/ bQ r2 ?�p2 iQ +QMbB/2` i?2 �TT`QtBK�i2 `2�HBx�iBQM Q7 i?2
�#bi`�+i >BH#2`i bT�+2 HK #v i�FBM; � }MBi2 MmK#2` Q7 TQBMib Q7 EX � }MBi2
MmK#2` Q7 /�i� rBHH #2 H2�/ iQ � /Bb+`2iBx�iBQM T`BM+BTH2 �M/ T`�+iB+�H K2i?Q/-
#2+�mb2 +QKTmi2`b +�M /2�H rBi? � }MBi2 MmK#2` Q7 /�i�X

"v i�FBM; � }MBi2 MmK#2` Q7 TQBMib {pj}
n
j=1- r2 b2i

K(pj , pj′) := ajj′ . UkyV

N



h?2M- B7 i?2 K�i`Bt A :=‖ ajj′ ‖ Bb TQbBiBp2 /2}MBi2- i?2M- i?2 +Q``2bTQM/BM;
MQ`K BM HA +QKT`BbBM; i?2 p2+iQ`b x = (x1, x2, ..., xn)

T Bb /2i2`KBM2/ #v

‖x‖2HA
= x∗Ãx,

r?2`2 Ã = A−1 = ‖ãjj′‖X
q?2M r2 �TT`QtBK�i2 i?2 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2 HK #v i?2 p2+iQ`

bT�+2 HA- i?2M 7`QK S`QTQbBiBQM 9XR- i?2 7QHHQrBM; Bb /B`2+iHv /2`Bp2/,

AM i?2 HBM2�` K�TTBM;

f(p) = (f ,h(p))H, f ∈ H UkRV

7Q`
{p1, p2, ..., pn},

i?2 KBMBKmK MQ`K BMp2`b2 f∗An
b�iBb7vBM;

f(pj) = (f ,h(pj))H, f ∈ H UkkV

Bb ;Bp2M #v

f∗An
=

n∑

j=1

n∑

j′=1

f(pj)ãjj′h(pj′), UkjV

r?2`2 ãjj′ �`2 �bbmK2/ i?2 2H2K2Mib Q7 i?2 +QKTH2t +QMDm;�i2 BMp2`b2 Q7 i?2
TQbBiBp2 /2}MBi2 >2`KBiB�M K�i`Bt An +QMbiBimi2/ #v i?2 2H2K2Mib

ajj′ = (h(pj′),h(pj))H = K(pj , pj′).

>2`2- i?2 TQbBiBp2 /2}MBi2M2bb Q7 An Bb � #�bB+ �bbmKTiBQMX

h?2 7QHHQrBM; T`QTQbBiBQM b?Qrb i?2 +QMp2`;2M+2 Q7 i?2 �TT`QtBK�i2 BMp2`b2b
BM S`QTQbBiBQM 8XRX

G2i {pj}∞j=1 #2 � b2[m2M+2 Q7 /BbiBM+i TQBMib QM E- i?�i Bb i?2
TQbBiBp2 /2}MBi2M2bb BM S`QTQbBiBQM 8XR 7Q` �Mv n �M/ � mMB[m2M2bb b2i 7Q` i?2
`2T`Q/m+BM; F2`M2H >BH#2`i bT�+2 HK c i?�i Bb- 7Q` �Mv f ∈ HK - B7 �HH f(pj) = 0-
i?2M f ≡ 0X h?2M- BM i?2 bT�+2 H

lim
n→∞

f∗An
= f∗. Uk9V

6`QK i?2 `2bmHi- r2 +�M Q#i�BM /B`2+iHv i?2 mHiBK�i2 `2�HBx�iBQM Q7 i?2 `2T`Q@
/m+BM; F2`M2H >BH#2`i bT�+2b �M/ i?2 mHiBK�i2 b�KTHBM; i?2Q`v,

UlHiBK�i2 `2�HBx�iBQM Q7 `2T`Q/m+BM; F2`M2H >BH#2`i bT�+2bVX
AM i?2 ;2M2`�H bBim�iBQM �M/ 7Q` � mMB[m2M2bb b2i {pj} Q7 i?2 b2i E b�iBb7vBM; i?2
HBM2�`Hv BM/2T2M/2M+2 BM S`QTQbBiBQM 8XR-

‖f‖2HK
= ‖f∗‖2H = lim

n→∞

n∑

j=1

n∑

j′=1

f(pj)ãjj′f(pj′). Uk8V

Ry



UlHiBK�i2 b�KTHBM; i?2Q`vVX AM i?2 ;2M2`�H bBim�iBQM �M/
7Q` � mMB[m2M2bb b2i {pj} Q7 i?2 b2i E b�iBb7vBM; i?2 HBM2�`Hv BM/2T2M/2M+2 BM
S`QTQbBiBQM 8XR-

f(p) = lim
n→∞

(f∗An
,h(p))H = lim

n→∞




n∑

j=1

n∑

j′=1

f(pj)ãjj′h(pj′),h(p)




H

UkeV

= lim
n→∞

n∑

j=1

n∑

j′=1

f(pj)ãjj′K(p, pj′).

AM S`QTQbBiBQM 8XR- 7Q` �Mv ;Bp2M }MBi2 MmK#2` f(pj)- j = 1, 2, ..., n- i?2 `2bmHi
BM S`QTQbBiBQM 8XR Bb p�HB/X J2�Mr?BH2- S`QTQbBiBQM 8Xk �M/ S`QTQbBiBQM 8X9 �`2
p�HB/ r?2M r2 +QMbB/2` i?2 b2[m2M+2 f(pj)- j = 1, 2, ...- 7Q` �Mv K2K#2` f Q7
HK X h?2 b2[m2M+2 f(pj)- j = 1, 2, ...- 7Q` �Mv K2K#2` f Q7 HK Bb +?�`�+i2`Bx2/
#v i?2 +QMp2`;2M+2 Q7 Uk8V BM S`QTQbBiBQM 8XjX h?2M- �Mv K2K#2` f Q7 HK Bb
`2T`2b2Mi2/ #v UkeV BM i2`Kb Q7 i?2 b2[m2M+2 f(pj)- j = 1, 2, ..., BM S`QTQbBiBQM
8X9X

AM i?2 ;2M2`�H b2iiBM; BM S`QTQbBiBQM 8XR- �bbmK2 i?�i r2 Q#b2`p2/ i?2 p�Hm2b
f(pj) = αj , j = 1, 2, ..., n- 7Q` � }MBi2 MmK#2` Q7 TQBMib {pj}- i?2M 7Q` i?2 r?QH2
p�Hm2 f(p) Q7 i?2 b2i E- ?Qr +�M r2 +QMbB/2` Bi\

PM2 B/2� Bb iQ +QMbB/2` i?2 7mM+iBQM f1(p), �KQM; i?2 7mM+iBQMb b�iBb7vBM; i?2
+QM/BiBQMb f(pj) = αj , j = 1, 2, ..., n- r2 +QMbB/2` i?2 KBMBKmK MQ`K K2K#2`
f1(p) BM HK(E)X h?Bb 7mM+iBQM f1(p) Bb /2i2`KBM2/ #v i?2 7Q`KmH�-

f1(p) =

n∑

j=1

CjK(p, pj)

r?2`2- i?2 +QMbi�Mib {Cj} �`2 /2i2`KBM2/ #v i?2 7Q`KmH�,

n∑

j=1

CjK(pj′ , pj) = αj′ , j
′ = 1, 2, ..., n.

UQ7 +Qm`b2- r2 �bbmK2 i?�i ‖K(pj′ , pj)‖ Bb TQbBiBp2 /2}MBi2VX
6Q` i?Bb T`Q#H2K- b22- JQ- uX �M/ ZB�M- hX UkyR9V , amTTQ`i p2+iQ` K�+?BM2

�/�Ti2/ hBF?QMQp `2;mH�`Bx�iBQM K2i?Q/ iQ bQHp2 .B`B+?H2i T`Q#H2K U(Re)V- �b
� M2r MmK2`B+�H �TT`Q�`+? #v � mbm�H +QKTmi2` bvbi2K H2p2H- r2 mb2 � bT2+B�H
TQr2`7mH +QKTmi2` bvbi2K #v >X 6mDBr�`�X AM T�`iB+mH�`- i?2v +�M /2�H rBi?
2``Q`M2bb /�i�X

J2�Mr?BH2- #v S`QTQbBiBQM RX9- r2 +�M +QMbB/2` i?2 7mM+iBQM f2(p) /2}M2/
#v

f2(p) = (f∗An
,h(p))H

RR



BM i2`Kb Q7 f∗An
BM S`QTQbBiBQM jXRX h?Bb BMi2`TQH�iBQM 7Q`KmH� Bb /2T2M/BM; QM

i?2 HBM2�` bvbi2KX
6Q` �M�HviB+�H T`Q#H2Kb- r2 M22/ /Bb+`2iBx�iBQM �M/ mbBM; � }MBi2 MmK#2`

Q7 /�i� BM Q`/2` iQ Q#i�BM �TT`QtBK�i2 bQHmiBQMb #v mbBM; +QKTmi2`b- i?2 ivT@
B+�H K2i?Q/b �`2 }MBi2 2H2K2Mi K2i?Q/ �M/ /Bz2`2M+2 K2i?Q/- ?Qr2p2`- i?2B`
T`�+iB+�H �H;Q`Bi?Kb rBHH #2 +QKTHB+�i2/ /2T2M/BM; QM +�b2 #v +�b2- /2T2M/BM;
QM i?2 /QK�BMb �M/ /2T2M/BM; QM i?2 /BK2MbBQMb- ?Qr2p2`- i?2 �#Qp2 K2i?@
Q/b �`2 2bb2MiB�HHv bBKTH2 �M/ mMB7Q`K K2i?Q/ BM T`BM+BTH2- +�HH2/ i?2 �p2B`Q
/Bb+`2iBx�iBQM K2i?Q/X >Qr2p2`- i?2 ?�`/ rQ`F T�`i Bb iQ bQHp2 i?2 HBM2�` bBKmH@
i�M2Qmb 2[m�iBQMb- +QKTmi2` TQr2`b `2[m2bi2/ �`2 BM+`2�bBM; �M/ bQ- BM 7mim`2-
i?2 �#Qp2 bBKTH2 K2i?Q/ K�v #2 2tT2+i2/ iQ #2+QK2 � bi�M/�`/ K2i?Q/X 6Q`
i?2 ;2M2`�H BM7Q`K�iBQM �M/ MmK2`B+�H `2bmHib- b22 U*�bi`Q 2i �H kyR9c *�bi`Q 2i
�H kyR9VX

J�Mv MmK2`B+�H 2tT2`BK2Mib 7Q` i?2 b�KTHBM; i?2Q`v #v S`QTQbBiBQM 8X9 r2`2
;Bp2M #v (N)X AM T�`iB+mH�`,

q2 b?Qr2/ � ;2M2`�H b�KTHBM; i?2Q`2K �M/ i?2 +QM+`2i2 MmK2`B+�H 2tT2`@
BK2Mib 7Q` i?2 bBKTH2bi �M/ ivTB+�H 2t�KTH2bX q2 ;�p2 i?2 b�KTHBM; i?2Q`2K
BM i?2 aQ#QH2p >BH#2`i bT�+2b rBi? MmK2`B+�H 2tT2`BK2M+2bX 6Q` i?2 aQ#QH2p
>BH#2`i bT�+2b- b�KTHBM; i?2Q`2Kb b22K iQ #2 � M2r +QM+2TiX

6Q` i?2 ivTB+�H S�H2v@qB2M2` bT�+2b- i?2 b�KTHBM; TQBMib �`2 �miQK�iB+�HHv
/2i2`KBM2/ �b i?2 +QKKQM b2Mb2- ?Qr2p2`- BM Qm` ;2M2`�H b�KTHBM; i?2Q`2K-
r2 +�M b2H2+i i?2 b�KTHBM; TQBMib 7`22Hv �M/ bQ- +�b2 #v +�b2- 7QHHQrBM; bQK2 �
T`BQ`B BM7Q`K�iBQM Q7 � +QMbB/2`BM; 7mM+iBQM- r2 +�M i�F2 i?2 2z2+iBp2 b�KTHBM;
TQBMibX q2 b?Qr2/ i?2b2 T`QT2`iB2b #v i?2 +QM+`2i2 2t�KTH2b- #v K�Mv 6B;m`2bX

*QMbB/2` � T`QiQivT2 /Bz2`2MiB�H QT2`�iQ`

Ly := αy′′ + βy′ + γy. UkdV

>2`2- +QMbB/2` � p2`v ;2M2`�H bBim�iBQM i?�i i?2 +Q2{+B2Mib �`2 �`#Bi`�`v 7mM+@
iBQMb QM i?2B` M�im`2 �M/ QM � ;2M2`�H BMi2`p�H IX

6Q` bQK2 T`�+iB+�H +QMbi`m+iBQM Q7 bQK2 M�im`�H bQHmiBQM Q7

Ly = g Uk3V

7Q` � p2`v ;2M2`�H 7mM+iBQM g QM � ;2M2`�H BMi2`p�H I-

U*�bi`Q 2i �HH kyR9c *�bi`Q 2i �H kyR9V G2i mb }t � TQbBiBp2
MmK#2` h �M/ i�F2 � }MBi2 MmK#2` Q7 TQBMib {tj}

n
j=1 Q7 I bm+? i?�i

(α(tj), β(tj), γ(tj)) 6= 0

7Q` 2�+? jX h?2M- �M QTiBK�H bQHmiBQM yAh Q7 i?2 2[m�iBQM Uk3V Bb ;Bp2M #v

yAh (t) =
1

2π

∫ π/h

−π/h

FA
h (ξ)e−itξdξ

Rk



BM i2`Kb Q7 i?2 7mM+iBQM FA
h ∈ L2(−π/h,+π/h) BM i?2 b2Mb2 i?�i FA

h ?�b i?2
KBMBKmK MQ`K BM L2(−π/h,+π/h) �KQM; i?2 7mM+iBQMb F ∈ L2(−π/h,+π/h)
b�iBb7vBM;- 7Q` i?2 +?�`�+i2`BbiB+ 7mM+iBQM χh(t) Q7 i?2 BMi2`p�H (−π/h,+π/h),

1

2π

∫

R

F (ξ)[α(t)(−ξ2) + β(t)(−iξ) + γ(t)]χh(ξ) exp(−itξ)dξ = g(t) UkNV

7Q` �HH t = tj �M/ 7Q` i?2 7mM+iBQM bT�+2 L2(−π/h,+π/h)X
h?2 #2bi 2ti`2K�H 7mM+iBQM FA

h Bb ;Bp2M #v

FA
h (ξ) =

n∑

j,j′=1

g(tj)ãjj′(α(tj′)(−ξ2) + β(tj′)(−iξ) + γ(tj′)) exp(itj′ξ). UjyV

>2`2- i?2 K�i`Bt A = {ajj′}
n
j,j′=1 7Q`K2/ #v i?2 2H2K2Mib

ajj′ = Khh(tj , tj′)

rBi?

Khh(t, t
′) =

1

2π

∫

R

[α(t)(−ξ2) + β(t)(−iξ) + γ(t)][α(t′)(−ξ2) + β(t′)(−iξ) + γ(t′)]

·χh(ξ) exp(−i(t− t′)ξ)dξ UjRV

Bb TQbBiBp2 /2}MBi2 �M/ i?2 ãjj′ �`2 i?2 2H2K2Mib Q7 i?2 BMp2`b2 Q7 A Ui?2 +QKTH2t
+QMDm;�i2 Q7 AVX

h?2`27Q`2- i?2 QTiBK�H bQHmiBQM yAh Q7 i?2 2[m�iBQM Uk3V Bb ;Bp2M #v

yAh (t) =
n∑

j,j′=1

g(tj)ãjj′
1

2π
[−α(tj′)

∫ π
h

−π
h

ξ2e−i(t−tj′ )ξdξ

+iβ(tj′)

∫ π
h

−π
h

ξe−i(t−tj′ )ξdξ + γ(tj′)

∫ π
h

−π
h

e−i(t−tj′ )ξdξ].

�i }`bi- r2 �`2 +QMbB/2`BM; �TT`QtBK�i2 bQHmiBQMb Q7 i?2 /Bz2`2MiB�H 2[m�iBQM
Uk3V �M/ �i i?Bb TQBMi- r2 �`2 +QMbB/2`BM; i?2 S�H2v@qB2M2` 7mM+iBQM bT�+2b
rBi? T�`�K2i2` h �b �TT`QtBK�iBM; 7mM+iBQM bT�+2bc i?2 7mM+iBQM bT�+2b �`2
7Q`K2/ #v �M�HviB+ 7mM+iBQMb Q7 i?2 2MiB`2 7mM+iBQMb Q7 2tTQM2MiB�H ivT2 i?�i
�`2 /2+`2�bBM; iQ x2`Q 2tTQM2MiB�H Q`/2`X L2ti- #v mbBM; i?2 6Qm`B2` BMp2`bBQM-
i?2 /Bz2`2MiB�H 2[m�iBQM Uk3V K�v #2 i`�Mb7Q`K2/ iQ UkNVX >Qr2p2`- iQ bQHp2
i?2 BMi2;`�H 2[m�iBQM UkNV Bb p2`v /B{+mHi 7Q` i?2 ;2M2`�HBiv Q7 i?2 +Q2{+B2Mi
7mM+iBQMbX aQ- r2 �bbmK2 UkNV Bb p�HB/ QM bQK2 }MBi2 MmK#2` Q7 TQBMib tj X h?Bb
�bbmKTiBQM rBHH #2 p2`v `2�bQM�#H2 7Q` i?2 /Bb+`2iBx�iBQM Q7 i?2 BMi2;`�H 2[m�iBQMX
"v i?Bb �bbmKTiBQM r2 +�M Q#i�BM �M QTiBK�H �TT`QtBK�i2 bQHmiBQMb BM � p2`v
bBKTH2 r�vX

>2`2- r2 �bbmK2 i?�i 2[m�iBQM Uk3V Bb p�HB/ QM I �M/ bQ- �b bQK2 T`�+iB+�H
+�b2 r2 rQmH/ HBF2 iQ +QMbB/2` i?2 2[m�iBQM BM Uk3V QM I b�iBb7vBM; bQK2 #QmM/�`v

Rj



+QM/BiBQMbX AM i?2 T`2b2Mi +�b2- i?2 #QmM/�`v +QM/BiBQMb �`2 ;Bp2M �b x2`Q �i
BM}MBiv 7Q` I = RX

>Qr2p2`- Qm` `2bmHi ;Bp2b i?2 �TT`QtBK�i2 ;2M2`�H bQHmiBQMb b�iBb7vBM; #QmM/@
�`v p�Hm2bX 6Q` 2t�KTH2- 7Q` � }MBi2 BMi2`p�H (a, b)- r2 +QMbB/2` t1 = a �M/ tn = b
�M/ α(t1) = β(t1) = α(tn) = β(tn) = 0X h?2M- r2 +�M Q#i�BM i?2 �TT`QtBK�i2
bQHmiBQM ?�pBM; i?2 �`#Bi`�`v ;Bp2M #QmM/�`v p�Hm2b yAh (t1) �M/ yAh (tn)X AM �/@
/BiBQM- #v � bBKTH2 KQ/B}+�iBQM r2 K�v ;Bp2 i?2 ;2M2`�H �TT`QtBK�i2 bQHmiBQMb
b�iBb7vBM; i?2 +Q``2bTQM/BM; #QmM/�`v p�Hm2bX

6Q` � }MBi2 BMi2`p�H +�b2 I- 7QHHQrBM; i?2 #QmM/�`v +QM/BiBQMb- r2 +�M +QM@
bB/2` i?2 +Q``2bTQM/BM; `2T`Q/m+BM; F2`M2Hb #v i?2 aQ#QH2p >BH#2`i bT�+2bX >Qr@
2p2`- i?2 +QM+`2i2 `2T`2b2Mi�iBQMb Q7 i?2 `2T`Q/m+BM; F2`M2Hb �`2 BMpQHp2/ /2@
T2M/BM; QM i?2 #QmM/�`v +QM/BiBQMbX >Qr2p2`- r2 +�M biBHH +QMbB/2` i?2K �M/
r2 +�M mb2 i?2KX

P7 +Qm`b2- 7Q` � bK�HH2` h r2 +�M Q#i�BM � #2ii2` �TT`QtBK�i2 bQHmiBQMX
6Q` i?2 `2T`2b2Mi�iBQM UjRV Q7 i?2 `2T`Q/m+BM; F2`M2H Khh(t, t

′)- r2 +�M +�H@
+mH�i2 Bi 2�bBHvX

h?2 p2`v bm`T`BbBM; 7�+ib �`2, 7Q` p�`B�#H2 +Q2{+B2Mib HBM2�` /Bz2`2MiB�H 2[m�@
iBQMb- r2 +�M `2T`2b2Mi i?2B` �TT`QtBK�i2 bQHmiBQMb b�iBb7vBM; i?2B` #QmM/�`v
+QM/BiBQMb rBi?Qmi BMi2;`�HbX �TT`QtBK�i2 7mM+iBQM bT�+2b K�v #2 +QMbB/2`2/
rBi? i?2 S�H2v@qB2M2` bT�+2b �M/ i?2 aQ#QH2p bT�+2bX 6Q` K�Mv +QM+`2i2 2t@
�KTH2b �M/ MmK2`B+�H 2t�KTH2b- b22 U*�bi`Q 2i �H kyR9c *�bi`Q 2i �H kyR9VX q2
b?Qr2/ 6B;m`2b Q7 i?2 MmK2`B+�H 2tT2`BK2MibX a22 �HbQ U_Q+?� kyR9V 7Q` bQK2
�TTHB+�iBQMb iQ MQMHBM2�` T�`iB�H /Bz2`2MiB�H 2[m�iBQMbX

(R) LX �`QMbx�DM- h?2Q`v Q7 `2T`Q/m+BM; F2`M2HbX h`�MbX �K2`X J�i?X aQ+X-
URN8yV- jjdĜ9y9X

(k) GX SX *�bi`Q- >X 6mDBr�`�- a- a�BiQ?- uX a�r�MQ- �X u�K�/� �M/ JX u�@
K�/�- 6mM/�K2Mi�H 2``Q` 2biBK�i2b BM2[m�HBiB2b 7Q` i?2 hBF?QMQp `2;mH�`@
Bx�iBQM mbBM; `2T`Q/m+BM; F2`M2HbX AMi2`M�iBQM�H a2`B2b Q7 LmK2`B+�H J�i?@
2K�iB+b UkyRyV- AM2[m�HBiB2b �M/ �TTHB+�iBQMb kyRy- aT`BM;2`- "�b2H,
3d@RyR

(j) GX SX *�bi`Q- >X 6mDBr�`�- JX JX _Q/`B;m2b- aX a�BiQ? �M/ oX EX hm�M-
�p2B`Q .Bb+`2iBx�iBQM J2i?Q/ BM J�i?2K�iB+b, � L2r .Bb+`2iBx�iBQM S`BM@
+BTH2- J�h>1J�hA*a qAh>Plh "PlL.�_A1a, al_o1ua AL Sl_1
J�h>1J�hA*a- 1/Bi2/ #v S�MQb S�`/�HQb �M/ h?2KBbiQ+H2b JX _�bbB�b
jd@Nk aT`BM;2` UkyR9VX

(9) GX SX *�bi`Q- >X 6mDBr�`�- hX ZB�M �M/ aX a�BiQ?- >Qr iQ +�i+? bKQQi?BM;
T`QT2`iB2b �M/ �M�HviB+Biv Q7 7mM+iBQMb #v +QKTmi2`b\ J�h>1J�hA*a
qAh>Plh "PlL.�_A1a, al_o1ua AL ALh1_.Aa*ASGAL�_u _1@
a1�_*>- 1/Bi2/ #v S�MQb S�`/�HQb �M/ h?2KBbiQ+H2b JX _�bbB�b RyRĜRRe
aT`BM;2` UkyR9VX

R9



(8) >X 6mDBr�`�- �TTHB+�iBQMb Q7 `2T`Q/m+BM; F2`M2H bT�+2b iQ `2�H BMp2`bBQMb Q7
i?2 G�TH�+2 i`�Mb7Q`KX _AJa EQmFvmm`QFm ReR3 Ukyy3V- R33ĜkyNX

(e) >X 6mDBr�`�- hX J�ibmm`�- aX a�BiQ? �M/ uX a�r�MQ- UkyyNV LmK2`B+�H
`2�H BMp2`bBQM Q7 i?2 G�TH�+2 i`�Mb7Q`K #v mbBM; � ?B;?@�++m`�+v MmK2`B+�H
K2i?Q/X 6m`i?2` S`Q;`2bb BM �M�HvbBb, 8d9Ĝ83j qQ`H/ a+BX Sm#HX- >�+F2M@
b�+F- LC UkyyNVX

(d) >X 6mDBr�`�- UkyRyV LmK2`B+�H `2�H BMp2`bBQM Q7 i?2 G�TH�+2 i`�Mb7Q`K #v
`2T`Q/m+BM; F2`M2H �M/ KmHiBTH2@T`2+BbBQM �`Bi?K2i`B+X S`Q;`2bb BM �M�HvbBb
�M/ Bib �TTHB+�iBQMb- S`Q+22/BM;b Q7 i?2 di? AMi2`M�iBQM�H Aa��* *QM;`2bb,
k3NĜkN8 qQ`H/ a+B2MiB}+ UkyRyVX

(3) >X 6mDBr�`� �M/ LX >B;�b?BKQ`B- LmK2`B+�H BMp2`bBQM Q7 i?2 G�TH�+2 i`�Mb@
7Q`K #v mbBM; KmHiBTH2@T`2+BbBQM �`Bi?K2iB+X GB#2`i�b J�i?2K�iB+� UM2r
b2`B2bV- UkyR9V- LQX k- 8ĜkRX

(N) >X 6mDBr�`� �M/ aXa�BiQ?- h?2 ;2M2`�H b�KTHBM; i?2Q`v #v mbBM; `2T`Q/m+@
BM; F2`M2HbX *PLh_A"lhAPLa AL J�h>1J�hA*a �L. 1L:AL11_@
AL: AM >QMQ` Q7 *QMbi�MiBM *�`�i?2Q/Q`v 2/bX S�MQb S�`/�HQb �M/ h?X
JX _�bbB�b- aT`BM;2` UkyRyVX

(Ry) SX *X >�Mb2M- �M�HvbBb Q7 /Bb+`2i2 BHH@TQb2/ T`Q#H2Kb #v K2�Mb Q7 i?2 G@
+m`p2X aA�J _1oA1q- j9 URNNkV- 8eR@83yX

(RR) *X GX G�rbQM �M/ _X CX >�MbQM- aQHpBM; H2�bi b[m�`2b T`Q#H2KbX S`2MiB+2@
>�HH- 1M;H2rQQ/ *HBzbX URNd9VX

(Rk) �X LX EQHKQ;Q`Qz- ai�iBQM�`v b2[m2M+2b BM >BH#2`iǶb bT�+2X "QHH2iBM
JQbFQpbFQ;Q :Qbm/�`bip2MQ;Q lMBp2`bBi2i�- J�i2K�iBF� URN9RV k, 9yTTX
UBM _mbbB�MV

(Rj) hX J�ibmm`� �M/ aX a�BiQ?- �M�HviB+�H �M/ MmK2`B+�H BMp2`bBQM 7Q`KmH�b
BM i?2 :�mbbB�M +QMpQHmiBQM #v mbBM; i?2 S�H2v@qB2M2` bT�+2bX �TTHB+�#H2
�M�HvbBb- UkyyeV- NyRĜNR8X

(R9) hX J�ibmm`� �M/ aX a�BiQ?- :2M2`�H BMi2;`�H i`�Mb7Q`Kb #v i?2 +QM+2Ti Q7
;2M2`�HBx2/ `2T`Q/m+BM; F2`M2Hb- SX .�M 2i �H U2/bXV- L2r h`2M/b BM �M�Hv@
bBb �M/ AMi2`/Bb+BTHBM�`v �TTHB+�iBQMbX h`2M/b BM J�i?2K�iB+b- "B`F? mb2`
UkyRdV- jdNĜj3eX

(R8) oX JBb?`� �M/ .X _�MB- G�TH�+2 i`�Mb7Q`K BMp2`bBQM mbBM; "2`Mbi2BM QT@
2`�iBQM�H K�i`Bt Q7 BMi2;`�iBQM �M/ Bib �TTHB+�iBQM iQ /Bz2`2MiB�H �M/
BMi2;`�H 2[m�iBQMb- S`Q+X AM/B�M �+�/X a+BX UJ�i?X a+BXV UkykyV Rjy,ey
?iiTb,ff/QBXQ`;fRyXRyydfbRky99@yky@y8dj@tX

(Re) uX JQ �M/ hX ZB�MK- amTTQ`i p2+iQ` K�+?BM2 �/�Ti2/ hBF?QMQp `2;@
mH�`Bx�iBQM K2i?Q/ iQ bQHp2 .B`B+?H2i T`Q#H2KX �TTHX J�i?X *QKTmiX

UkyR9V- 8yNĜ8RNX
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(Rd) 1X JX _Q+?�- � `2T`Q/m+BM; F2`M2H >BH#2`i /Bb+`2iBx�iBQM K2i?Q/ 7Q` HBM2�`
S.1b rBi? MQMHBM2�` `B;?i@?�M/ bB/2X GB#2`i�b J�i?2K�iB+� UM2r b2`B2bV-

UkyR9V- MQX k- NR@Ry9X

(R3) aX a�BiQ?- >BH#2`i bT�+2b BM/m+2/ #v >BH#2`i bT�+2 p�Hm2/ 7mM+iBQMb- S`Q+X
�K2`X J�i?X aQ+X- URN3jV- d9Ĝd3X

(RN) aX a�BiQ?- AMi2;`�H h`�Mb7Q`Kb- _2T`Q/m+BM; E2`M2Hb �M/ i?2B` �TTHB+�@
iBQMbX SBiK�M _2bX LQi2b BM J�i?X a2`B2b jeN URNNdV- �//BbQM q2bH2v GQM;@
K�M- >�`HQr- *_* S`2bb- h�vHQ` � 6`�M+Bb :`QmT- "Q+� _�iQM GQM/QM-
L2r uQ`F UBM ?�`/ +Qp2`VX

(ky) aX a�BiQ?- o�`BQmb QT2`�iQ`b BM >BH#2`i bT�+2 BM/m+2/ #v i`�Mb7Q`KbX AMi2`@
M�iBQM�H CX Q7 �TTHB2/ J�i?X R URNNNV- RRRĜRkeX

(kR) aX a�BiQ?- h?2Q`v Q7 `2T`Q/m+BM; F2`M2Hb, �TTHB+�iBQMb iQ �TT`QtBK�i2
bQHmiBQMb Q7 #QmM/2/ HBM2�` QT2`�iQ` 2[m�iBQMb QM >BH#2`i bT�+2bX �K2`X
J�i?X aQ+X h`�MbHX a2`X k, kjy UkyRyV- RydĜRjdX

(kk) aX a�BiQ? �M/ u- a�r�MQ- :2M2`�HBx2/ `2T`Q/m+BM; F2`M2Hb �M/ ;2M2`�HBx2/
/2Hi� 7mM+iBQMb- SX .�M 2i �H U2/bXV- L2r h`2M/b BM �M�HvbBb �M/ AMi2`/Bb+B@
THBM�`v �TTHB+�iBQMbX h`2M/b BM J�i?2K�iB+b- "B`F? mb2` UkyRdV- jN8Ĝ9yyX

(kj) aX a�BiQ? �M/ uX a�r�MQ- h?2Q`v Q7 _2T`Q/m+BM; E2`M2Hb �M/ �TTHB+�iBQMb-
.2p2HQTK2Mib BM J�i?2K�iB+b - aT`BM;2` UkyReVX

Re


