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Abstract. We consider the notable circle for the arbelos arising from Laurent
expansion appeared in [1], [2, 3] in detail.
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In [1], [2, 3], we have considered a notable circle, which is denoted by ¢ in Figure

1, arising from Laurent expansion under the definition of division by zero calculus
[4]. In this remark we consider the properties of the circle in detail.
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Figure 1.

For a point O on the segment AB, we consider an arbelos configuration con-
sisting of three circles «, § and ~ of diameters AO, BO and AB, respectively,
where |AO| = 2a and |BO| = 2b . The radical axis of o and  is called the
axis. We use a rectangular coordinate system with origin O such that the farthest
point on « from AB has coordinates (a, a). The point of coordinates (kv/ab, 0) is

denoted by I, where Iy = O. The external common tangents of v and 5 meet in
1



2 REMARKS ON THE CIRCLE ARISING FROM LAURENT EXPANSION

the point of coordinates (2ab/(b — a),0), which is denoted by E. The axis meets
the two common tangents in the points /., and the circle v in the points I.s.

Let the line EI; touch a and § at P and @), respectively, and let the lines
PI 1 and QI_; meet o and 8 again in S and R, respectively. The four points

have coordinates
b
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where 7y = ab/(a + b), and lie on the circle of center D and radius given by

D.<a—b \/@) Va2 + 18ab + b2
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It seems that this circle has never been considered in the long history of studying
the arbelos. However the circle has recently been discovered by using Laurent

expansion under the definition of division by zero calculus [1], [2, 3], [4]. We
denote the circle by 4.

The circle § makes the same angle with the circles @ and 5. The line DI is

the perpendicular bisector of PQ, and DI, and the two tangents of § at P and @)
meet in a point on the circle of diameter I 13, whose coordinates equal

4ab(b — a) vab(a® + 10ab + b?)
(a+0)2 "’ (a+0b)? '

The line DI, passes through the midpoint of the segment joining O and the center
of 7, and this point and O and I; lie on the circle of radius (a + b)/4 and center
D. The line DO is perpendicular to the line F1_;.

The line ET; has an equation 3(a — b)z — 2v/aby + 6ab = 0 and is the radical
axis of the circles v and §. The perpendicular from D to this line passes through
the center of v. Let € be the circle of center E passing through O. It is orthogonal
to any circle touching a and 8 at points different from O, and is also orthogonal
to 0 and the circle of diameter OI;. The circle of diameter OI; and ~ and the line
EI5 meet in the point of coordinates

( 2ab(b — a) 2abv/ab )
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