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Abstract
Since the number of linearly independent solutions of an HLODE equals the order of the HLODE, the dimension of the solution set of an
HLODE is it's order; so the dimension of all HLODESs of the same order is this order. Thus, a first order HLODE may be solved exactly using
the single HLODE ; but higher order non-elementary HLODESs require that order number of equations to solve such HLODEs - i.e. usage of
linear transformations between linearly independent HLODE solution sets of that same order. The first order HLODE being of dimension 1 may
be solved exactly by itself. Higher order HLODESs are subject to condition that the additional dimensional HLODEs must also be satisfied.

Another look at the vector space transformation technique to solving ODEs exactly.

Since the number of linearly independent solutions of an HLODE equals the order of the HLODE, the dimension of the solution set of an
HLODE is it’s order; so the dimension of all HLODE:s of the same order is this order.

Thus, a first order HLODE may be solved exactly using the single HLODE ; but higher order non-elementary HLODESs require that order
number of equations to solve such HLODEs - i.e. usage of linear transformations between linearly independent HLODE solution sets of that
same order.

ie.:
(L (m)
m
an—l—mym =0
n m=0
Pn—l—my(m) =0= < ) 3)/01,.--,)/0;1
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an—l—my(()’,’:) =0
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Yoi,...,Von Trelated by the reduction of order formula.
In particular, for second order HLODE:S:

yor + Poyor + Qoyor = 0

Yoo + Poyoz + Qovor = 0
yo1 & yoy related by the reduction of order formula.

Y'+Poy' +Qoy =0 = , Ivor,vo2

Since, for any HLODE, the middle coefficient may be transformed to any value; another second order HLODEs may
be written (without loss of generality):

WP 0w =0 & w=wet [P o [[(GR) - (BR)] [ (4P - (4P)* ] 0Ju= 0

The first order HLODE being of dimension 1 may be solved exactly by itself.
Higher order HLODES are subject to condition that the additional dimensional HLODEs must also be satisfied.
This leads to:

Theorem I.1: For differentiable functions wu,v,y1,v2,71,72,51,52, Y1, Y2, P, 0,0 ;
if  y; &y, are linearly independent solutions to y; + P;y; + Q;y; = 0
and Y, & Y, are linearly independent solutions to Y; + PY: + (Q; + ¢;)Y; = 0

such that: Ju,v : (u,v linearly independent of yy,y2 : Vx )
Y1 =Vy| +uy2
Yo =uy1 —vym

and: E|7‘1,}’2,S1,Sz .

Vi = riy1+ s
!
Yo = r2y1 +82)2

then:
0=-2(r1—s2)u' +(@1—@2)u+2(@2+s1)V

0=20r1—s2)V + (@1 —@2)v+2(r2 +s1)u'

0=u"+[2r +PJu +@ru—2r

0=1v"+[2s2+ P2V +@av—2s1u

Proof:
When y,, y, satisfy:

Vi =riyi+siy2

Yy = ray1 +82p2
_ Y] = () + 1} +ras))yr + (s) + 5152 + r151)y2
Yy = (rh + 71y +1282)y1 + (55 + 55 + r281)y2
Yi =vwi+uwn
Yo =uy1—vym
Yi =vwi+uwn _ Yi = v +vVy1r +ws +u'yy = vy +s1y2) + vy +u(rayr +s2v2) +u'ys
Y2 =uy — vy Yy = uwp +u'yr —wh —vyy = u(riyr +s1y2) +u'yr — vy +s2y2) — vy
Yy = (vri+V +ur)yr + (vs1 +usy + u' )y
Yy = (ury +u' — vy + (us) —vsa —v' )y
. Yy +PiY, = (i +up2)" + Pi(w1 +uy2)'
Yy + P2Y, = (up1 —w2)" + Pa(uyr —vy2)’




Yo+ PY, =y +w+uy + uy’2)/ +Pi(Vy1 + W +u'yy +wph)

Y+ PoY, = (u'yy +uy) —v'y2 —wh) + Pa(u'yy + wy —v'ys —wph)

YZ +P1YL = v”yl + 2v/y’1 + vy'{ + u”yz + 2u’y'2 + uy'z’ +

+Pi(Vy1 +w +u'yr +wh)

=
{ Yo+ PyY, =u'y; +2u'y) +wy| —v"ys = 20'y5 —wyh +
{/

+ Py(u'yr +uy|) —v'ys —vy))

YZ +P1YL =vV'y1 + Pvyr + 20 + Py + wl +u'ys + Pru'ys + 2u'yh + Pruyh + uyh

Yo+ PyY, = u'yy + Pou'yy + 2u'y| + Pouyy + uy| —v'"ys — Pov'ys — 2v'y, — Povyh — vy

Yy+PY, = [V'yi+ Pviyr + 20y + Prwyy + w1+
Ny + [u"ys + Pru'yy + 2u'ys + Pruys + uyh ]
Yy + PyY, = [u'"y, + Py + 2u'y| + Pouy', + wy! ]+
— [V'y2 + Pov'ys + 20y + Pavyh +vy5 ]
‘ YZ +P1YL =[OV + P )y + v + Pv)y +wi ]+
Ny +[W" + Py )y, + Qu' + Piu)ys + uys
Yy +PyY, = [(u" + P )y + Qu' + Pyu)y| +uyl] +
L —[(V" + PV )ys + (V' + Pyv)ys + vyh ]
( YZ +P1YL = [(V" + Py + 2V (riy1 +s1p2) + vy + Piy))] +
Ny +[W" + P )ys + 2u' (ray1 + s2y2) +u(ys + P1ys)]
Yy +PyYy, = [(u" + Pou' )y +2u' (riy1 + s1y2) + u(y) + Payy)] +
— [V + Pv)ys + 2V (ray1 + 5212) + v(¥s + Payh)]
. Yy +P1Y, = [(vV' +Pv)yi + 2V ey + 2Vs1y2 + v + Piyy)] +
Ny +[W" + Py )ys + 2u'ray1 + 2u's2ys + u(ys + P1yh)]
Yy + PyY, = [(u" + Py )y, +2u'riy + 2u's1y2 + u(y| + Poyi)]+
—[(V" + PV )ys + 2V'ry1 + 2V sov0 + v(1h + Pays)]
. Yy+P1Y, = [(vV' +[2ri + PyV)y1 + 2Visiy2 + vy + Piy))] +
Ny +[(W" + [252 + P1Ju' )ys + 2u'rayy + u(ys + P1yh)]
Yo+ PyY, = [(u" +[2r1 + P2Ju")y1 + 2u's1y2 + u(y] + Poy))]+
—[(V" +[282 + P2 ]V)y2 + 2Vt +v(ys + Payh)]
’ Yy+PiY, = [(vV' +[2ri + PyV)y1 + 2u'rays + v + Piyy)] +
Ny +[(W" + [250 + P1Ju" )ys + 2V's1y2 + u(yy + P1yy)]
Yo+ PyY, = [(u" +[2r) + P2Ju")y1 — 2V'ray1 +u(y| + Pay))] +
—[(V" +[282 + PaV)y2 = 2u's1y2 +v(yy + Payy)]
’ Yo+ PY, = [(vV' +[2ri + Pi]V + 2ru" )y1 +v(y] + Piy))] +
Ny +[(u" + [252 + P1Ju' + 251V )y2 +u(ys + P1y5)]
Yo+ PyY, = [(u" +[2r) + P2Ju’ = 2rpv")y1 +u(y| + Pyy'))] +
—[(V" + 282 + P2V = 2s1u")y2 +v(yh + Pay5)]
. Yo +P1Y,+ 01+ @)Y, = [(V"+ [2r1 + P1]V + 2ru )y1 + v + Piyy)] +
+[(u" + [252 + P1Ju' + 251V )y2 +u(ys + P1y5)]
N +(Q1+ 1)1 +uy2)
Yy +P2Yy + (02 +@2)Y, = [(" +[2r1 + P2u' = 2rv")y1 + u(y| + Payy)]+
—[(V" +[252 + P2V = 2510 )y2 + v(y5 + P2y3)]
+ (02 + @2)(uy1 —vy2)
. Yi+P1Y,+ 01+ @)Y, = [(V"+ [2r1 + P1 ]V + v+ 2ru' )y1 + v + Piy) + Oiy1)] +
Ny +[(W" + 252 + P1Ju' + @ru+ 251V )ys + u(ys + P1ys + 01y2)]
Yy +PYy + (02 +02)Y, = [(u" + [2r1 + PaJu' + @au—2r2v" )y1 + u(y + Poy') + Qay1)] +
L —[(V" +[282 + P2V + @ov = 2s51u' )ys + v(y5 + Poyy + 0212)]
So, for:

,1,+P1Y,1 +(Q1 +(p1)Y1 =0= Yg+P2Yl2+(Q2+(02)Y2
I+ Py + 01 = 0= 5 + Py + 0oys
0=[(V'"+[2r1 + PV +@v+2ru )y ]+ [ +[2s2 + Py Ju' + @ru+2s1v')y2] ‘

0 =[@" +[2r1 +P2Ju' + @au—2rv")y1 1= [(V' + [252 + P2V + @2v — 2s1u')y2]
and if: y; & y» are linearly independant:

0=v'+2r +P\ ]V +@v+2ru' |0=u"+[250+P1Ju' +@iu+2sV ‘
—

0=u"+[2r +PJu' + @au—2rv' | 0 =v" +[250 + Py ]V + @2v — 2511




0=u"+[252+P1Ju' +Qru+2sv' |0 =V"+[2r1 + Py ]V + @1v+2ru

—
0=u"+[2r +PJu' +@au—2rv' | 0 =" +[250 + Py ]V + @2v — 2511

. 0=2(s2—r)u +(@1—@)u+2(s1+r2)v' [0 =201 —s2)v' + (@1 —@2)v+2(r2 + 1)t/
0=u"+[2r +Plu + @u—2r 0=1v"+[2s2+Po ]V +@ov—2s1u

. 0==-201—s)u' +(@1—@2)u+2@2+s1)v' | 0=2(r1 —s2)V' + (@1 — @2)v+2(r2 + 51t
0=u"+[2r +PJu + @au—2r 0=1v"+[2s2 + P2V + @av—2s1u
0=-2(r1—s2)u' + (@1 —Q2)u+2(r+s1)V

_ 0=201—s2)V + (@1 —@2)v+2(r2 +s1)u'

0=u"+[2r +PJu + @au—2r

0=1v"+[2s2+Po ]V +@ov—2s1u

O

Corollary I.1: For differentiable functions u,v,y1,y2,71,72,51,82, Y1, Y2, P,Q, ¢ ;
if  y; & y, are linearly independent solutions to y; + Py + Q;y; = 0
and Y, & Y; are linearly independent solutions to Y} + PY; + (Q; + ¢;)Y; = 0

such that: Ju,v : (u,v linearly independent of yi,y> : Vx )
Y1 =vwi+un
Yo =uyr -y
and: 3ry,r2,81,52 :
Yi=ryr+siyn
Yy = Fay1 +$2)2
then:
if: rm+s51)=0& (ri—s2)+0
for: /
[(l’l +52) +P2] + ‘/[(l"l +52) +P2]2 +4r%
P2 = @1 - (r1—s2)| log >
then:
A ((";1_;”22)) +‘/[(r1 +52) + Pa] % J[0r1 +52) + P2 + 413
- 27”2
-4
Proof:
Given the main theorem:
if: rm+s51)=0& (ri—s2)+0
( , J' (p1—92) (02)
0209 oguy w1
, [leimed) (p1-¢2)
R
= < f (@1-9) \' y om0 (@1 —92) f (@1-92) y[leize) (@1-92)
o R e e I | PSR I eyl I (SR PRy I (i —s2) *
I(cﬂl Q2) ! I((pl Q2) “I (p1-02) I((m Q2)
0- GRS R N R | S R (e Bl I P R A I )
. / oy 1 [A2me2) (p1-02)
0:((((01_(02)) +L((¢1_¢2))> (r1—52)
(r1 = s2) P\ (11— s2)
.[ (p1-¢2) yleze) (p1-92)
+|:21"1+P]é (((il S) (7"1—S2) + @ae (7"1—S2)
11— 52
(p1-92)
+ 2L (@192 gDz) I (’”I_SZ)
Ny 2 (i -s) ¢
' 2 __J' (p1-92) (02)
0 - {M) +L(_M) i —s2) ©
(r1—s2) N (r1 —s2)
[leimed) (p1-02) (oo (p1-02)
A R L ey
ri—s82
y[le-es) (p1-¢2)
+2r2% ((q;i _f;)) (rn—s) "
«




([ (i-e0Y i ((@-02Y (91— 92)
_ Q1 — P2 1 (@1 —¢2 1 (@1 -9
0= ( (r1—s2) ) ! 4( (r1 —s2) ) *lanr Pl (r1 —s2) TeaT
(P1-@2)
Lol @1=0) | (r—s2)
= J 2 (=) ©
([ (@i=90)\ i (p1—92) 1 (91 —92)
0= ( (r1 —s52) ) i 4( (r1 —s2) ) 22t Pa]y (r1 —s2) TeeT
(1 —92)
Lo, (01-0) J (r—s2)
L 2 (r1—s2)
(@1 —¢2) (1 —¢2)
I (It ) NP (It ) oy “ ey @
2 (r1—s2) 2 (r1-s2)
I (o1 - <P2)dx f (p1-¢2)
= 0=[(ri+s2)+P2]+m (rl—Sz) (I”l—Sg)
I((Dl (02) I((Dl (02)
= 0=[(r1+52) +P2]| e =52 “ || 1= (r—s2) "
.[ (pi-¢2) (@r1-¢2)
:>0=[(I"1+S2)+P2] (7"1—S2) +ry—r) (}"1—S2)
f (p1-¢2) ? I (p1-¢2)
=1 (rl_SZ) —[(r1 +52) + P2] (rl_sz) -r2=0
_ I (((f,_i_;,p;)) _ [(l’1+52)+P2]i‘/[(1"1+S2)+P2]2+4r%

21"2

= [leize2) (@1-92) . 1, g( [(r1 +52) + P2l £ J[(r1 +52) + P2]* + 473 )

(1’1 —Sz) 21"2

[(r1+52)+P2:|i‘/[(r1+S2)+P2]2+4r% /
= @1 =@+ (r1 —s2)| log o
Su=e I (((/’)’1 —;pzz)) ‘/ [(r1 +52) + P2 £ 1/£(I’1 +52) + Py + 413
ra

O

Corollary 1.2: For differentiable functions u,v,y1,y2,71,72,51,52, Y1,Y2,P, 0,0 ;
if  y; &y, are linearly independent solutions to y; + Py + Q;y; = 0
and Y, & Y, are linearly independent solutions to Y; + PY: + (Q; +¢;)Y; = 0

such that: Ju,v : (u,v linearly independent of yy,y2 : Vx )
Y1 = VY| +uy2
Yo =uy1—vym

and: E|7‘1,}’2,S1,Sz .

Vi =iy +siyn
!
Yo = ray1 +8522

then:
if: (l’2+S1) +0 & (ri—s2)=0

u= cosh(kj Jkzrﬁpz)dxd )
<v= —sinh(k [ | (2r1+P2)dde>

—J.(2r1+P2 )dx

[P =02 = k(ra +s1)e

Proof:
Given the main theorem:
1f (ra+s1)+0 & (r1—52)=0

0 = (@1 —@2))u+2(2 +s1)V
0= ((01 —goz)v+2(r2 +s1)u
0=u"+[2r +PJu +@ru—2r'

= <

0=1v"+[2s2+ P2V +@av—2s1u

0=(p1—02)(u+v)+2(r +sl)(v+u)l
0=(01—02)(v—u)+2(r2+s1)(u—-v)
0=u"+[2r +PJu +@ru—2r

0=1v"+[2s2+ P2V +@av—2s1u




(pr—-¢2)  (+uw) /
_2(1’12+s?) = ey - Uoswrv)
(P1—¢2)  (w-v) _ '
20 t+s1)  (w—v) = (log(u=v))

0=u"+[2r +PJu +@au—2r

L 0=1v"+[2s2+Po ]V +@ov—2s1u

J~(§01 §02)
2(7”2+S1) —u+v
I((Pl Q2)
2(r2+sl) —u—v

0=u"+[2r +PJu +@au—2r

L 0=1v"+[2s2+Po ]V +@ov—2s1u

.[ (p1-92) I (p1-92)
2(r +s1) 2(r2+sl) - 2u
.[ (p1-92) I (p1-92)
2(ra +s1) 2(r2+sl) — 7y
0=u"+[2r +PJu + @au—2r
0=1v"+[2s2+Po ]V +@ov—2s1u
_ (@1 —92)
u= cosh( 202 +51) dx)
o (91— 92)
Vv = —Sll’]h( de)
0=u"+[2r +PJu + @au—2r
. 0=1v"+[2s2+Po ]V +@ov—2s1u
_ (91— 92)
u = COSh( de)
o (@1 —92)
= smh( 202 +51) dx)
_((p1—92) ) .. (1 —¢2) (e1-92) )’ (1 —92)
0= (Z(M +51) ) Smh( 2(r2 +s1) dx) i (2(F2 +51) ) COSh( 2(r2 +51) dx) i
(1 —92) (p1—92) (@1 —¢2)
[27"1 +P2]2(2— (I 2(}"2 +S1) dX) + @2 COSh(I de) +
(@1 -¢2) (@1 -¢2) ,
+27”2 2(7”2 S1) ('[ 2(7”2 +S1) )
NACGETDAY (1 —¢2) (91— 92) (91— ¢2) ,
0= (2(”2 +Sl)) COSh( 2(r2 +Sl)dx) (2(7”2 +51) ) (J. 2(ra +s1) )+
(1 —¢2) (1 —92) : (01— 92)
+ 252+ P, ]2(r2 T C sh(j 2(r2+S1)dx) ¢2$1nh(j—2(r2+S1)dx) +

(p1 —¢2) (@1 (Dz)
_2S12(r2+sl) Oz(r2+s1) )

(p1 —¢2)
2(r2+sl)dx)

u= cosh(

(p1 —¢2)
2(r2+sl)dx)

V= —sinh(

([ (p1—92) (p1 —¢2) (p1 —¢2) ((Pl (Pz)
0= (2(1’2-{-51)) (J. 2(1’2+Sl)dx) [21" +P]2(2+Sl) ( 2(1’2-{-51) )
(p1 —¢2) (p1 —¢2) (p1 —¢2) (o1 —¢@2) (02) (o1 —¢@2) (02)
+(2(r2+s1)) COSh( 2(r2+s1)dx)+"’2°05h0 2(r2+sl)dx)+2r 20 + 0 20 +51) )
NACEIDRY (p1—92) (@1 — <P2) (<P1 <P2)
0_(2(r2+51)) ""Sh( 2(r2+51)dx) M ey i ( 202 +51) )
(1 —92) (1 —92) : (p1—92) (1 —92) (@1 —¢2) ,
* (2(1"12%—5?)) O 2(1”12+S?)dx> "’”mh(f 2(1*12+S?)dx) 2s 12(;2+sj) O 2(1”12+S?) )




_ (@1 —92)
u—cosh( 202 +51) x)

o (91— ¢2)
Vv = smh( 207 1 51) x)

_| (Loi=92) —¢2) |
0_|:(2(r2+51)) +12r P ]

smh( ((Pl (PZ)

&) +

2(7”2 +S1)

= < > =
+ |:(—(¢1 —¢2) ) + )+ 2y 2L

“)

[ (oi-92)Y —¢2) |
0_|:(2(r2+51)) + 1252+ P ]

2(1’2-{-51)
(<P1 ¢2)
cosh( 227 s1)
cosh( ((/)1 (pz)
2(1’2-{-51)

N

N ((@1-@2) )2_ g
2(7”2+S1) 2 !

_sinh( (<P1 (p2)

2(r, +51)

)+
“)

So, restricting @1, @2, P2,71,72,51 such that the coefficients are independent of

sinh( de) & cosh(j' (91-92)

_ 2(r2 +51) 2(r> +Sl)
_ (p1=¢2)
u = cosh( 202+ 51) dx)
— _ginn( [Lo1=92)
= smh( 202 ¥ 51) dx)
_( (1 —92)
0= (2(r2+51)> + [2r] + P3]
IR 0= ((@1 (/)2))2Jr 2 (p1—92)
2(ry +s1) 02 2(ra + 1)
(91— 92)
0= (2(r2+51)) + [252 + P2 ]
_((pi—@2) \" o (p1—
. 0= (2(r2+51)) $2= 281 2(ra + 1)

u = cosh( —(gol ¢2) x)

2(1"2 +S1)

o (01— 92)
= < v smh( 2(r2 +s1) x)

0= (M) +[2r) + Py 2L = 02)

2(1’2 +Sl)
. - (@1 —92)
= ACARNS 2V
u—cosh( 202 +51) x)

_ Q;ﬂl)
NN Sm(ﬂmﬂﬂx

0= (p1—92) eI(2r1+P2)dx le—j(2r1+P2)dx
2(r2 +s1)

P2 = —0]

u= cosh( de)

2(7”2 +S1)

_ ginh[ [{o1=@2)
= < y = smh( 2(r2+s1)dx)

01 = @+ 2k(r2 + 51 )e_j (BriFa)de

P2 = —0]

u= cosh( de)

2(7”2 +S1)

_ _ginh[ [{o1=@2)
Ny y = smh( 2(r2+s1)dx)

01 = @+ 2k(r2 + 51 )e_j (BriFa)de

(p2 _ —k(}"z + Sl)e—j(2r1+P2)dx

u= cosh(kfe_I (2VI+P2)dxdx>

=9 |v= —sinh(k [ el (2’1+P2’”’xdx>

Q1 =—02=k(ra+s1)e

) —I(2V1+P2 )dx

O

Corollary 1.3: For differentiable functions w,v,y1,y2,71,72,51,52,Y1,Y2,P,0,¢ ;




if  y; & y, are linearly independent solutions to y; + P;y; + Q;y; = 0
and Y, & Y, are linearly independent solutions to Y; + PY: + (Q; + ¢;)Y; = 0

such that: Ju,v : (u,v linearly independent of yi,y> : Vx )
Y1 =Vy| +uy2
Yo =uyr —vym

and: E|I”1,}’2,S1,Sz .

Vi =riy1 + s
!
Yo = r2y1 +82)2

then:
if: (r+s51)+0 & (r1—s2)+0
Proof:
Given the main theorem:
1f (ra+s1)+0 & (r1—52)#0

(ri—=s2) ;  (¢1— (PZ) _—y
(ry +51) Z(rz +Sl)
=s) o (@i—92)
= ars)” T 2 s)”
0= u" +[2r1 + PoJu' + @ou—2rp'
0 =v"+[252+ P2 ]V + @ov — 2511
(ri—s2) , (¢1— (PZ) =/
(ry +51) Z(rz +Sl)
=s) o (@i—92)
(mts1) . 20m+s1) "
= < ( ) 1 _ (1= 92)
— / _ 1= 52 ——
O0=u +[2r+P2lu +q@ru 2r2|: (r2 +51) 2(’”2+S1) :|
— T (e, (pi—g) }
! 0=v"+[252+P2]v' +p2v zsl[ (r2+s1)  2(ra+s1)
(ri—s2) , (¢1— (PZ) !
(ry +51) Z(rz +Sl)
n=s) o (@i—92)
(mts1)  202+s1)
= < ( ) (p1—92)
. oy, {ri=s2) (@1 -92)
0=u +|:27”1+P2 2r2(r2+S1):| |:(p2+2r22(1’2+s1) :|u
ozv”+|:252+P2+251(1 Sz):| |:¢2+25M:|v
\ ( " Sl) 2(1’2-%-51)

O

Although these theorems, corollaries, and equations may seem pointless/purposeless, further research examination and investigation yield

worthwhile results.




