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A. Abstracl

If a variable is replace by its square and subsequently enlarged by a constant during a number of iteration-steps
in quaternion-space, a network of (3) sets will be built gradually. As long as for the iteration-constant certain
conditions are fulfilled, the network will consist of: an rrnbounded set (escape-set) with trajectories escaping to
infinity during course of the iteration, a bounded set (prisoner-set) with trajectories tending to a sink-point and
a further bounded one (JULIA-set) with a fixed-point as repeller having a repulsive effect on all points of both
the other sets. The iteration will continue until the attracting sink-point of prisoner-set and the repeliing fixed-
point on JULIA-set have been found. This situation is reached if predecessor- and successor-state of the
iteration became equal. The fixed-point-condition provisionally formulated in general terms of quaternions,
can be separated into (3) sub-conditions. When heeding the HAMILTONian-rules for interactions of the
imaginary sub-spaces of the quaternion-space, each sub-condition will be appropriate for one imaginary sub-
spaces and independently debatable. Knowledge of fixed-points from this fundamental network will one enable
to study the structure of a connected JULIA-set.

The Iteration will start from (1) on real-axis, this is not a restriction on generaiity because an appropriate
scaling on real-axis can always be archived this way. It will become obvious, that the fixed-points in prisoner-
and JIILIA-set will depend on the iteration-constant only. Thus (16) different constants chosen appropriately
will enable to arrange (16) fixed-points of JLTLIA-sets in the square-points of a hyper-cube and thereby
together with the JULIA-sets to built a related JULIA-network. The symmetry-properties of this related
.IULIA-network can be studied on base of a hyper-cube's symmetry-group extended by some additional
considerations.
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7. Introduction.

In the following attention is appiied to the results of an iteration, which takes place in quaternion-space (a space
of hyper-cubes with its space-elements) a layout of this is given next:

Each hyper-cube:

o Is surrounded by (8) cubes each one with (6) surfaces. Thus all together, cubes will have (48) surfaces.
o Because the cubes wiil slmre surfaces, onlv (24) surfaces will have to be counted effectively.

The quaternion-space is spanned by a real unit-vector (e) vertical to a tripod of imaginary unit-vectors
{i^i^d,}. Among these reference-vectors t}re HAMILTONian rules must hold:

1^1. u' = (-i') : ei') : (-d,2) = t
flfjfl = (-.ff) = dl A Md = (-d,i) : ftr n Vdi : (ia} : 51.

Any point in the space is given by:

. Q=eQo+iiQ.+iQz+dQa + (Q-quaternion-variable) n ( [Qo^Qr^Qz^Qr] =realcomponents).

A sequence:

t^2- [Q --* Q'+(N = No+fNr+jNr+dN, )]'+N -* ... + (N: constant) n ([Ns^N1^N2^N3] =
real components)

iteratively executed is to considered next, where by observing the HAMILTONian rules (1^1.) the following
relations between Q and Q2 must hold:

Derivation 1^1.

Q = eQo+fQr+iQr+dQ, o
leads to +

Q2 : (eQn*fQ,+iQ,+dQ.)2 a
Q' = ezQo' + i2 Qrz +i" Qrz +dz qrz +

i zQoQr+j zQoQ2+d2QoQB+
§(jQrQr+dQrQs)+
j(iflQrQr+dQzQe)+
d(iQ.Q,+iQ*Q")

a o

banstulllwith + +
e' : (*i') : ?i') : (-dz) = 1

i'i: ?§'i\: d
i.d = (-d.i): i
d-i=(-i-d,l=i

a

Q': Qo'-Qr'-Qr'-Qr'+
i2QrQo+j2Q2Qo+d2QsQo+
dQ.Qr-,iQ, Qr-dQrQr +iQzQ"+,iQrQ-iQ*Q,

a

leads to I +
Q'- Qo'*i2QrQo-Qr'*

Qo2+.f 2QzQo-Qr'+ a

E_J
---7 V" i_.,*,'

#
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Without restriction on generality due to a free choice of an appropriate scaiing on the e-axis, (Qo =1) can be
assurned in (1^2.) and thus one may further write:

1^3. [(P: Qr+q+Qr-z) --+ (P'= qr2+Q;2*Qd2-2)+N]'+N--- ... + N6 = N;6+N;o*Nao

This iteration will run until its predecessor- and successor-state become equal. When certain restrictions on
(N) are observed, a network of (3) connected sets will be generated:

o An unbounded escape-set with trajectories escaping to infinity in execution-time of the iteration,
o A bounded prisoner-set with trajectories tending to a sink-point while the iteration is going on and

o A bounded JULIA-set with a fractal structure formed by points acting as repellers against all points of both
the other sets.

At the moment iteration stops, (2) fixed-points have been generated:

o A repeller-point (H111) on JULIA-set and
o A attractive sink-point (8I121) in prisoner-set.

f'rom sequence (1^3.) the following condition for the fixed-points must hold:

. Q;'+Q;'+Qn'-Qr-Q;-Qd+N,+,iN1+jN2*dN, = g.

This will result in the (2) fixed-point-solutions (H1roz1) with their components:

. [H;*-QJ Ap\<-Q;] 
^ [Ho-Qa] .

Thus equation (1^3.) can now be re-written as:

. H[;2+lH.;2+Hd2-I{i -Hj -Hd+N,+iN1+jN2*dN3 : g,

under (N6 = N,o+N;o*Nro) can be separated into:

1^4- Hi2-Hj+Nio+riN1 -0
1^5. Hr2-Hr+Nr6*yN, = 61

1^6. Hd2-Hd+Ndo+dN3 - 0.

Searching for the fixed-points of an appropriate network (escape-, prisoner- and JULIA-set) seems to be a
good way to enter the discussion on the structure of a connected JULIA-set. For further discussions an
invariance of forward- and backward-iterations relative to the repelling fixed-point is of major interest.

Instead trying to find the fixed-points directly their projections in complex planes (te^iel n [e^f] n l"^dl)
(obtained via solutions of equations (1^4.*1^6.)) are used preliminary in order to specify them indirectly.

2.1. Fixed-Points from Interation (l^3,t of Sesuence (l^l) .

From e.g. [1 A 2] it is known, that anetwork with complex escape- prisoner- and JULIA-set can be obtained,
when a sequence like:

2.L^L. ([h = eho+ihr]---+h.z+{t: elg+iill])2+l.+((h2+t)2+t)z+t--... + ([h: variable] n p - constantl).

)
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is executed recursively and the iteration finally stops due to equality of its predecessor- and successor-state.
This complex network will have properties comparabie with the network specified from (1^3.) with the
exception, it only exists in complex plane. For this complex network it ihas become obvious, there is a structural
dichotomy. Depending on the constant (/) both prisoner- and .IULIA-set may behave differently:

o For a specific f-set. the complex prisoner- and JULIA*set are connected (each on consists of one piece only)
and the prisoner-set possesses a fixed-point as sink, while the.IULIA-set has a fixed-point as a
repelier fbr the prisoner- and escape-set as well.

e In carie of an alternate l-set, prisoner- and JULIA-set wili become CANTOR-sets, which means, they
appear completely disconnected.

B. B. MANDELBROT [3] had the idea of picturing this dichotomy in a set of parameters (l) varying in the
complex plane. This leads directly to the MANDELBROT-set:

He colourecl each point in the plane of l-values black or white depending on whether th" r,""o.i,.ted JULIA-sets
respectively turned out to be one piece or dust.

What now a question about the characters of the compiex solrrtions frorn equations (1^4.-1^6.) is concerned, it
must be identified, that they are subjected to the same dichotomy as those in case of (2.1^1.). Solutions of (1^4.-
1^6.) onlv will become fixed-points, if the complex cornponents (Nro+fNr) n (l§rn+yNr) n (Noo+dNr) within
(1^3.) are extracted from the black part of the MANDELBROT-seI.

Under these conditions (1^4.) leads to the preliminary solutions:

. H[;rr:.zr = Yz*YzKL-4Nro-f4N1tr»%.

This can be fiuther evaluated by settings:

o 1-4N;6-ii4N, = (u-;ix)2 : u2-§2ux+x2

leads via a fourth-degree-equation fbr (u), to the following solutions of (u) and (x):

. u = +(%-2Nr0+((%-2Nr0)'-4Nr'»"»*

. x = *2Ny/ (t/z-2Nro+((%-2Nr0)2-4N r'D*b'^

finally to:

2.1.1^1. Hrrrort = Yz*.Ka/a-YzNro+((%-%Nro)2-7aNr'1"y"+-f Nr7(y2-2Nr0+((%-2N,o)2-4Nr')")' .

The attracting or repelling propertv of the fixed-points is in essence the derivation of the sequence for (lF) at
the locations of Hrtl&2t. This derivation can be calculated in the same way as for the real ca*se. A fixed-point is
attractive, if the absolute value of the derivation at fixed-point location is (<1), it is repelling if (>1). Therefore
one obtains:

o 12ffi;1111 ) 1 --+ I{;i11 is repeller and thus a point on corresponding JULIA-set.
o l2Hi121l ( 1 -+ H,"J21 is attractor and thus a siuk in the corresponding prisoner-set.

More details about the derivations can be fbund in the scheme (2.1.1^1.):
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Derivation 2-1-1^7-
H[rz-E[,+N;n*fN, :0 o

leads to +
I[ r,, or, : Yz *Yz(l*4N rn- r4Nr »% a o

I leads to I I I with I + +
1*4N;o-f,4Nr: u-rx :t2-i2rtx+xz o

lE[ r,, or, : YzlYzuT iYzx a o
I wherel +
leads to I

l2H,n,l : [(1+u)'+x'.1* a

l2Hr'r,l= l(l-u)"*x"l a o
1-4N;o :1tz+x'2

(4N, = 2ux) ---+ (2N' /u : x) o
1-4Nro :u'+ Nr'/rt' I

ua-(1-4Nro)uz*4Nrz : 0 a I
leads lo + T +

tz = L/z 
-2N, "* 

(,(Yz -ZNr. )'-4Nr')* o I
leads to +

u = *(Yz -2N, n*((Yz-2N,^ ) 
2-4N, 2»%»11 o I a

leads to ,t
x = * 2Nr / (y2- 2Ni0 +(( Yz -zN i s)z - 4N r'hn}n a

leads to +
W4ts21 : r/z

*
(1^-%Nro+((%-%N ro)2 -%Nr2»*»*

T
;fl Nr /(Yz-2N, o*(?/z-2N,n ) 

2-4N, 2)*)*

o

[u > 0l -' [0 < l2H,n,l : (r+lul)[l+4Nrz /u2(t+lul)'1" > 1l
[u > 0I -, [0 < l2Hr'r,l = (l-lul)[1+4N.,2 laz(L-lul)']* < 1l o

[, < 0l -* [0 > (-l2Hrrll = -(lul-1 r+4N 12 / ü (l+lul )'z|%» < -11
[u < 0I -* [0 > (-l2Hr,r,l : -(lul+l) 1+4N1 z/uz(1-lul )'1") > -1I O

leads to T
0< l2Hrrl1l > 1

o< l2H;r2rl< 1 o
leads to +

IH;111 : Component associated with repeller-point on quaternion-JULLA-set

[trr,r, : Component associated with sink-point in quaternion-prisoner-set o

Similarly (1^5.) will lead to the preliminary solutions:

c lH;1rr.2r = Yz*YzKL-4Njoii4N2»v'.

This can be further evaluated by settings:

. 1*4N;o-.fl4N2 - (.rr-jy)' =v2-i2vy+y2

leads via a fourth-degree-equation for (v), to the following solutions for (v) and (y):

. v = +(t/z-2N ;s*((%-2Njo)' - Nr'»*»*

. y : *2N2/ (a/z-2Njo+((%-2Nj0)2-4N r',b*b*

finally to:

2.1-L^2- H[;1rr2l:r/z*.(/a*YzN;6+((%-7zN;6)2-YnN2'\"'b"+iNr/(y2-2Nj0+((Yz-2N;s)2-4Nr'D*D".

The attracting or repelling property of the fixed-points is in essence tlie derivation of the sequence for (lF) at
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the locations of E[.;1rrz1. This derivation can be calculated in the same way as for the real case. A fixed point is
attractive. if the absolute value of the derivation at fixed-point location is (<1), it is repelling, if it is (>1). This
leads in the actual cases to:

. l2H;p1l ) 1 ---+ Ifl;111 is repeller and thus a point on corresponding JULIA-set.

. l2H;r211 ( 1 ---+ E[r121 is attractor and thus a sink in the corresponding prisoner-set.

More details about the derivations can be found in the following scheme (2.L.1^2.):

Derivation 2.1.7^2.
Hr'-lHr+N;o*jNz : 0 a

leads to I +
H r,, or, = Yz *Yz(l -4N ro-j4N2»% o o

leadstolll withl + +
1-4N,o-.r4Nr: (v-jy z:vz-iZvy*yz o

lH[,,, or, = Yz+YzvT-iYzy o o
where +

leads ta

I 2H,,.' I : I(t+vl' +y'l* a

l2E{,,,,1 : l(l-v)" +v'1" a o
1-4Nro:Yz*yz

(4N,:2vy) ---+ (2N,/v: y) )
1*4N;o --v"* N[r'/v' I

v"-(1-4Nrn)v'+4Nr' : 0 a I
leads lo + l

vo = Yz-2N r "*(('/z-2N,n)'-4Nr')* a I
leads to + I

Y - *«t/2-2N,"*((1/z-2N,.n)2-4Nr2)%)1t o lo a
leads to I +

l, : *2N, /«Yz-2N, "*((Yz-2N, nlz *4N"1) )% a a
leads to +

H;1p21 : t/z

*
(t/a- YzN i o * ((/a *YzN 

; s)z -r/nN z2 D*l*
+

iN z / KYz-2N,n+((%-2N,n )2-4Nr1'»%

o

[v > 0l --- [0 < l2Hr,r,l : (r+lvl) +41{ z' / v' (t+lvl )'1" > 1

[v > 0l ---+ [O < l2H,'r,l = (l-lvl) +4T{,2 I vz ( L-lvl )21* < t o

[" < 0l --- [0 > (-l2H;r,.rl = -(lvl-1 r*4N22 /v2(1+lvl)21%» < -11
[v < 0I -* [O > (-12E,'r,l = -(lvl+r) L+At{ z' / vz(l-lvl )'1"} > -11 o

leads to +
0< 2[{,,,, >1
0< lzwt2l < 7 a

leads to +
Hrtr, : Component associated with repeller-point on quaternion-JUL[A-set

Mipl : Com ponent associated with sink-point in qu aternion-prison er-set o

And last not least condition (1^6.) will lead to the preliminary solutions:

. Hatrszt = 1/z+1/z[l-4Nd0-d4Ns»%.

This can be further ev aluated by settings:

o 1-4N66-d4N3 - (w-dz\2 : w2-d2wz+zz
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Ieads via a fourth-degree-equation for' (w), to the following solutions for (w) and (z):

. w : +(%-2Ndo+((%-2Ndo)'-4Nr')*)"

. z -- +2N3/(Yz-2Ndo+((y2*2Nd0)2-4N r'l)*h*

finally to:

2.1-L^3. Horrozl --1/z*(Ya-YzNro+((%*%Ndo)2-%N3'»'y'+dm, /{(Yz-2Nas+((Yz-2N46)2-4Nr2»*»*.

The attracting or repelling property of the fixed-points is in essence the derivati,rn of the sequence for (tr) at
the iocations of Hr11o21. This derivation can be calculated in the same way as for the real case. A fixed- point is
attractive, if the absolute value of the derivation at fixed-point location is (<1), it is repelling. if it is (>1). This
leads in the actual cases to:

o l2EI7r11l ) 1 -+ lHa111 is repeller and thus a point on corresponding JULIA-set.
c l2E{.a141( 1 -+ Hrg21 is attractor and thus a sink in the cr,irresponding prisoner-set.

More details about the derivation can be found in the following scheme (2.1.1^3.):

Derivation 2.1.7^3.
Hr'-flr+Nan-FdNr = 0 o

leads to I +
W- all p.21 = Yz *Yz (L -4Nro -d4N3»% o o

leadstolllwrthl + +
1-4Ndo-d4§" - (w-dz z =wz-d2wz+zz o

H rn or', : r/z *t/zwT dYzz a a
where +

leads to

12H,,,,1 - [(t+w)2+22]% o

l2Hrrz| - l(l-w\'+2"1* o a
1-4Nrn =w'+z'

(4N.: 2wz\ ---+ (2N*/w: z) a
1-4Nro: w2+4N.2/wz I

w"-(1-4Nrn)w'+4N*'= 0 a
leads to + +

wz = Yz -2N, o* ((Yz -2N,n ),-4N.,)* o
leads to +

w +(%-zN,n*((%-2N,n )'-4N*2)*)* a a o
leads to +

z : *2N"/ (yz-2N,"+(,(Yz-2N u")z*4N"2)%»1ä a o
leads to +

Wortuzl = t/,

+
(1^-%N d o + ( ( %-% N do ) 

z 
-'/oN t'b' 

uh' u

T
d,N t / KYz -2N,n+ (C/z -2N, n ) 

2 

-4N" 
2»%»"

o

[w > 0l -* [0 < l2Hrn,l : (f+lwl) +4Ntz lwz(l+lwl)21" > 1I
[w > OI -* [0 < l2Bo,rrl = (l-lwl) *4Nt2 /wz(l*lwl)'l *<11 a

llw < 0l ---, [0 > (-l2Hr",l - -( wl-1 1*4Nr2/wz(r+lwl )zl%) < -11
[w < 0l --+ [0 > (-l'2W,,,1: wl+t [1+4N"2/w' tL-lwl\'\"» > -ll a

leads to +
o< 2[,[,,r, >1
0< 2Wo,r, <1 a

leads to I +
Har, : Component associafed with repeller-point on quaternion-JULlA-set

lHarzr : Component assoc,ilfed with sink-point in quaternion-prisoner-set a
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(H) as a quaternion can generally be written in a form like:

. H = [(aoz + a12 + a22 +arz 1"'1. exp{O ( iiar +.ia 2+ d,as) / (a12 +a22 +arz)'u)}

= T.exp{nO}

= T.exp{iür+jür+d,*r}
= (t..exp{iü1}). (tr.exp{.fl ür}). (tr.exp{dür})
: tr(cos{ür}+;isin{V.}).tr(cos{ür}+jsin{üz}).t"(cos{ü"}+dsin{ü"}).

Because (Hrttort A lH;1rrz1 A Hatrszl ) -.y be expressed as (2.1.1^1. - 2.1.1^3.), this will further lead to:

. tr(cos{ür}+fsin{üt}).+
IH,rrorr : {t/z*(Ta-%Nr6+((7a-YzNro)2-7aNr',»"»"}+;{N 1/«y2-2N rc*((Yz-2N;6)',-4Nr',)"»"}

. tz(cos{ür}+jsin{![r]) =>

I{;1rrz1 - {Yz*(a/a-YzN;s*((L/a-YzNro)2-7aN r'}"\"}+i {N2/(Yz-2N;0+((%-2Njo)'-aNr')")*}
o tr(cos{ür}+dsin{ür})+.

Horrorr = {Yz*(/a-%Nro+((%-YzNor)2-a/+Nr2)v')%}+d{N3/(7u -2Nd0+((%-2Nro)'-aNr')*)"}.
Thus the fixed-points for JULIA- and prisoner-set will become:

2.1.2^1. Hrq = lH;111.H;111.8Ia111-2

: {t/z * (t/r-72 N,s + ( ( %- 7z N, o ) 
2 

- % N.', » "» " } 
* ; { N 1 / (Yz - 2N ; s+ ( ( % - 2 N, o )' - 4N r' » "» " } .

{a/z + (1/a-YzN ro + ( (%- % N; s)z -'/nN r2y"D" } - i {N, / « % - 2 Nj o + « C/z - 2N ; s)2 -4Nr') 
*) * 

} -

{t/z*(a/a-YzNd0+((%*%Noo)2-r/aNrz\")"}-d{N, /(t/z-2Nas*((%-2Nd0)2-4N32»"»*}-2
2-1.2^2. Hrzl = I{ir2t.I{jt2l.H[,rp1-2

: {Yz-(/a-yrNr0+((%-%N,r)2-yaNr'»"»"}+;{N 1f (t/z-2N n+((%-2Nro)2-4Nr,»"»"}.
{Yz-(Ya-YzN;0+((%-%Nj n)2-,/nNrzy"D"}+i{Nr/(%-2Nj0+( C/z-ZN;s)2-4N22»"»"}.
{Yz-(la-YzNd0+((%-%N or)2-1/aNr2lJ")"}+d{N, / (Yz-2N as*((%-2Nd0)2-+Nr2\%yh}-2.

' :.', , : . i..r :;

A JULIA-set is a complete invariant fractal with respect to forward- and backward-iteration. A j-th pre-
image (in a trackward-iteration) and a k-th image (in a forward-iteration) starting from the repeller (H111

giverr by equation 2.L.2^1.) are to be obtained by:

2.3^1. lmages: R(+1) - H1112+N, R(+2) * 1p(+1)]2+N,...., R(+K)= [[t(+«-tl1z*N,.....
2-3^2- Pre-images: R1^2(-1) = i(E{rrt*N)", Rr-r{-') = *(Rr^z(-')-N)*,....., Rr^r(-r): *(Rr^r(-'*')-N)',..... .

Because (H111) is a point of the JULIA-set, R (+K) and R(-r) cannot in tire basin of attraction of infinity
otherwise the initial point (X{1r1) would have to be part of the escape-set too. On the other hand, botir kinds of
images cannot be in the interior (ttre prisoner-set), because then (H111) would then have to be from prisoner-set
too, what again is not the case. Thus R(+K) and R(-r) must be from the boundary (the JULIA-set). The reason for
all this can also be found in the continuity of the quadratic transformation. Arbitrarily ciose to the images and
pre-images there are escaping* and prisoner-points and the continuity of iteration implies, neighbourhood
relation must hold for the whole set of transforrnation points. This finaliy leads to a JULIA-set being invariant
with respect to forward- and backward-transformation a-s well.

The total, unlimited set of images and pre-images from the repellers on JULIA-set deterurines the fractal
structure of the JLTLIA-set.

3. Svmmetries of s related JaLIA-Network.
It is obvious from equations (2.L-2^L.) and (2.1.2^2.), the fixed-points (Hrrozr) of the network (escape*

prisoner- and JULIA-set) obtained from iteration (1^3.) depend on selection of (N) only. Thus (16) different
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choices of (N's) chosen appropriately from the black part of the MAI\{DELBROT-set will define (16) different
fixed-points (X{rrr) for JULIA-sets as square*points of a hyper-cube. This hyper-cube together with the
JULIA-sets belonging io each of the square-points will represent a related JULIA-network. The symmetry-
properties of this JULIA-network is to be obtained on base of a hyper-cube's symmetry-group extended by
some additional considerations.

The symmetry*group of a cube can be derived from the symmetry-group of a square. With this knowledge in
mind all hints are provided to further obtain the symmetry-group of a hyper-cube. The symmetry-group of a
hyper-cube with additional considerations will then finally iead to the symmetry- properties of the related
JULIA-network.

i- '.i.' ,. ; ::.;. a.. .:' ,- . ;:.,.

The symmetry-group of a square can best be described by the group-table below, consisting of (64)
permutations of the square-points (contained in the entries of the table) obtained when (8) operations act on
the square. The (8) operations consist of:

r The identity-operation (id) to reinstall the starting configuration,
. (3) right-turning rotations ( [rr - n /21 n lr, -- xl A [r, = 3n /21) around the centre of the square,

. (4) flip-operations (fr^f2^fr^fr) with respect to indicated directions.

The permutations within entries (1 ---+ 64) of the group-table have the meaning:

r Positions of edge-points after an operation of column(0) having acted on the square

o Positions of edge-points after operation of row(0) being performed on top of operation in column(0).

* id f1 T2 fa f1 fr. f* f^
id I

0123
=id

LZ33012
:fI

v Lz d230t
=fr

ul.zJ1230
=fq

LZö3210
-f,

utzöo321
-f,

oLzS
1032
=fo

u L't 32103
=f^

I1 3 U LZ
30t2
-f1

;JVLz2301
--f2

vL41230
=f3

'vLz0123
:id

2103
-f4

3210
-fI

o321
-f,

vLzto32
-f*

t2 öul230L
_ L,

JUTt23(J
_ la

IoL23
=id

JUI
30t2
:Tr

5Ut
LO32
:f*

t 3g I2103
-f^

ZöUL3210
-fl

.IöUL
o32L
-ü.

r3 z5u1230
:f3

0123
=id

I
30L2
-f1

I 230L
llz

032L
-f,

1032
-f"

I 2103
-f4

rZJU
32t0
-fI

f1 i I LU3270
-fI

öz Luo321*b.
JZ tU1032

-f3

ö-2L1)2LO3
-f4

:'ZLUo723
=id

SZLU
3012
-f1

2301
-12

ZLU7230
- 

ta

f2 törL
0321
-f2

6ZL1032
=f*

öt L2103* f 
^

özL32IO
-f,

öa t1230
:fr

IoL23
:id

JIL3012
:fI

ötL2301
=lt

f3 to32
:f*

I 2103
:fn

LU 3Z
3210

-f- 
lt

tu-i5z0321
*f2

LUö-Z230t
:f2

u3zL230
:f3

LUSZ
0123
:id

LUöZ3012
-11

f. -f,LÜ:l
2lo3
-fi

IV'3210
-fl

IUJ
0321
-f,

lgJ1032
-f*

IUJ
30t2
:fi

2301
= I.».

IUJ7230
=fr

IUJ0123
=id

id r, I3

-<r.-n r:r4>

,il
l

{

I
I
II0

t f2 E1a f

The yellow-marked sub-group is the cyclic group of the square.
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From symmetry-group of a square, (3) symmetry-sub-groups of a cube can be derived by replacing:

o Rotations around centre of square by right-turning rotations (R1^R2^R3) around each of the axes
(AB^CD^EF):
> (IAB I (onrurur')] n [CD r (otr"uru)] A [EF -L (o""unt))

o Flip-operations (f1^f2^f3^f4) with respect to directions (black^red^blue^green) respectivelv replaced by
mirror-operations (m1^m2^ms^ma) with respect to appropriate mirror-planes:
> (NKLM)-m1-, \O264)--r-, (GHIJ)-m3- and (1573)-ma-plane for rotation in AB-direction
> (OPQR)-m1*, (0167)-*r-, (NKLM)-mr- and (25431-ma-plane for rotation in CD-direction
> (OPQR)-m1-, (0563)-*r-, (GHIJ)-mr- and (1274)-na-plane for rotation in EF-direction.

Under these conditions one will obtain (3) symmetry-sub-groups of a cube with respect to the directions
(AB^CD ^EF), each one is isomorphic with the symmetry-group of a square.

The first sub-group based on direction (AB) follows imrnediately with (64) elements, which belonging to
multiplications of operations(column(0)) and operations(row(0)):

* id FL, R, R3 IIlr llf2 m IIl4

AB

id T0L23
:id

t 40l3012
-Rl

0a+230L
-FLr

oo r.1230:R.
a oo3210
=ml

4t0o32L
:fri

o4,l1"032
= IIlr

2103
= IIIa

Rr 14013012
-Rl

o-t 42301
-R,

no71230
=Rr

o123
=id

I2103
= IIlr

, oa,32tO
= I[r

4't oo321
= IIle

o4 tto32
= IIlc

R2 al4
2301
-R,

äo71230
-R"

ot23
=id

'I 4öl
301"2_R,

a4 r t

1032
= IIlq

2103
: II1A

, Dä
32LO
= IIlr

4IO
032L
: fllr

R,3 5b /1230
-R*

45b l0123
=id

't 4ua3012
= ft,,

It't 4b2301
-R2

/L'tö5
oa2t
= IIlz

b4{ö
1032
= l]lr

t'b4 t2103
: III4

'ib54
3270
: IIII

NKLM IIll
', b5 43210
: II}r

11, tri)o321
: II}E

547t'1032
: IIIq

65.47210a
=ßt

4bo,o123
:id

'I 4lrtj3012:R,
ti / 4b2301
:FL,

btt a 41230
- IL-l

0264 IIl2 4to0321
: IIIT

ö4-I I

1032
: II}C

2103
: TIII

'lob,
32r.0
= IIIr

ab,1230
=R.

Qt23
=id

-l 4d
3012
-R,

6 t 4t,2301:R,
GIIIJ m3 t4'l I

1032
= IlLq

2to3
: IIIT

7 0ö3210
: IIIr

4tb0321
= IIlr

ot42301
=R,

äb /L230
:R"

456 (
ot23
:id

,4b tt3012
=R.

L573 m4 I2103
= IIla

f oo3210
= IIlr

+7 0o321
= lllr

c4't
1032
= Illc

'I 4Ul
3012_R,

o7 4230r
: Ilo

)o,1230
=R.

o1z3
:id

s 6

4 4

& i)

o I ü

&,
tt

..n.....'
il v

i3
,1,

b:

/t

[#r

/: ,."'f,""tt I

*

I
I

l rrr 'Ils "'r'
'7

t-r

2

{}
G

/
lj..#:

:H

/
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A second sub-group based on direction (CD) follows next with (64) elements belonging to multiplications of
operations(column(0) ) and operations(row(0)):

* id R1 R2 R3 ffi1 II12 rrl3 rlr4

CD

id rztrs037 4

=id
t t26

4037
:R,

ti t L,7 403
= IL"

,abL
3740
=R"

bozL423,}
= IIlr

tb6zo473
: IIIE

3047
: ff.r

6Z L7304
= IIL

R1 4037_R,
ooI7 403
:R,

37 40
:Re

L40a37 4

=id
0i\7304
= fra

I4730
= III,I

rao,t473
= IIlr

atoao47
= IIlc

R2 obrz
7 4fJe
:R,

zt,na7 40
=R"

LZbo37 4

=id
ö LZ4037
-R,

,L'3047
= Illc

ot L
7301
: IIIr

47?O
= lllr

a47 3

= IIle
R3 I

37 40
-R*

Io37 4

=id
oL440,37
_Rl

ost7 403
-R,

roqo473
= IIL2

Iza47
3 fllr

o4\
7304
: III4

!4730
: II11

OPQR IIll I4730
: Illr

la0
o473
= IIII

z IjJ047
: IIh

tizrS
7AO4
= IIla

t-26bo37 4

=id
5 tz64037
-R1

trSt z7 443
-R2

ztjbt37 40
- R.

ot67 m2 rto
o473
=n2

i I
3047
= IIlr

o4L7304
-ffi4

r4730
: II11

ztt5l37 40
-R,3

I265o37 4

=id

blzrt
4fJ17_I[,

6 5 LZ7 403
-I[2

NKLM IIl3 z.t5tt3047
- IIl3

6Ztb
7304
= IIl4

bazt4730
= II11

lbözo473
=m2

tt b 1z7 403
-R2

za')t
37 40
= R:r

rzbS
o37 4

=id
b LZ It

4437
_RI

254.3 IIl4 ö-2tb?zo4
= IIla

i,ljia L
473fJ
= IIlr

L|,az0473
=frr

zrbt
3047
= IIh

itL'Ln
4037
-Rl

a b L27 403
:R,

zt'bl37 40
-R"

LZ A a,o37 4

=id

4

*

[i....

ff,'
/

b r}

q 4

,
D

.)

tJ

/i

i/
6

M

4

D

2

D

2

ü

i
'.§rI

Finally one obtains a sub-group based or direction (EF) uüich fbllows next with (64) elements belonging to
all multiplications of operations(column(0) ) and operations(row(0) ):

* id R1 R2 R3 IIll m2 m3 fr4

EF

id zo l0154
:id

4016
-Rr

I 'I öZ
540L
: Fl,

o-/ ä1540
=R.

57b4510
: IIIT

Z ö'I{J45'
= IIlr

bzö lto45
: IIh

'trj-23
5104

= IIII

R1 3Zö'r
4015
-Rl

T:tztt5401
=ILe

ti't tz1540
=R"

ä0 4 ,oa54
=id

I OZ51.O4
= IIla

öao45LO
: IIIr

äöl
0451

: IIIZ
1045
= IIlq

I

R2 1öZ5401
=R,

o7 J1540
=R.

zo Iot54
=id

4015
=R,

1045
= IIla

'taz
5104

=ßt

5162451,O
= IIlr

zö'tt,
0451

= IItl
rl3 ö7 ä-t1540

-R.
o154
=id

4015
-RI

5401
=Re

045r,
= IIlc

1045
= IIlr

t oä
8LO4
= IIla

J1045LO
= IIlr

OPQR Illl öTöZ4510
= IIIr

zältto451
=m2

940,1045
= IIlr

5104
= IIla

ao to154
:id

I
4015
-R1

161
5401
_Ru

o{J1540
=Ro

0563 II7-2 z3lIto451
= lflz

ö23't
1045
: III*

'tözö
5104
- rtr4

STttz4510
= IIlr

ort
L540
=Rr

zo I0154
=id

I
4015
-rLI

I öt
5401
-R2

Udo E. Steinemann, About Structurc of a connected Quaternion-Julia-§ef and Symmetries of a related JULIA-Netuort, ilfi/202A.
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G}II.] IIt3 öz3t1045
= III*

't|tz3
5to4
:m4

5't 6245tO
=ml

zö'tot45t
: lllz

't özo540t
-R2

n t öz
L540
:Rc

za l öo154
=id

7t-rb't
4(J15
:Rr

a274 rr14
'tö23

5104
= In4

3'1 6 '2

4510
=m1

-2 3'a ö0451
:m2

ö23't
1045
:m3

3ZE'I4015
-R1

'l 3-t65401
-R2

a l öz1540
-R3

zö'r 3OlYr4
:id

I
a

§

/
4

ü
/

/
a

lt-

/

/ AJ
/

0

In addition ( ) flip-operations (FE^F6^F7^Fs) with respect to the space-diagorials of the cube will irave be taken into
colrsideration. The properties of these operations are summarized in the next table:

* id f5 f6 f7 fn
id oL23

=id
o7 45

=f"
6145
:f^

I
6725
-f7

a
67 43
-fs

f5 o7 45
=f"

0123
:id

4bul
6723

A
ZbU'T6143
=id

4öU l
6L25

B
f6 2attJ'a

6145
-f6

45UI
6723

A
4t5lt7ot23
:id

2btir4743
C

ro725
D

f7 6725
-f7

a61,4s
=id

Io743
C

I4123
=id

ot45
E

f8 I6743
-f*

6r.25
B

Io725
D

0145
E

0123
:id

Thus finally (25) symmetry-operations in total wili make up the symmetry-group of a cube.

3.3. Svmmetries of a Hyper-Cube.

If one replaces in a cube:

o Each pair of parallel planes involved in one of the rotations (R1 V R2 V Rs) by a quadruple of cubes (from
hyper-cube's structure) with surfaces parallel to a perpendicular common axis of rotation out of
(aFv16veO,

11
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. Each mirror-plane of a cube by a 3-dimensional object with a pair of parallel planes suitable fbr a further'
more mirror'-operation,

(3) symmetry-sub-groups of a hyper-cube are obtained, each isomorphic with the symmetry-group of a square
ald a symmetry-sub-groups of a cube. Each symmetry-sub-group of the hyper-cube consists of:

o Right-turning rotations (R1A R2 A Rr), around a (c$ V 16 v e()-axis,
r Mirror-operation (Mr A M2 A M3 A M+) with respect to the appropriate mirror-objects.

The first sub-group based on direction (aB) follows immediately with (64) permutations according to all
rnultiplications of operations(column(0) ) and of operations(row(0) ):

* id R1 R2 R3 M1 M, M3 M,

op

id
MNOP

IJKL
AB C D

:id

llEl'
PMNO

LIJK
D AB C

:R,
OPMN

KLIJ
C D AB
:R,

NOPM
JKLI

I]C DA

-R"

PONM
LK.]I

D C BÄ

-Ml

MPON
ILKJ

AD C B

:M,
NMPO

JILK
B AD C

=M"

G !'E]
ONMP

1{.rIL
C B AD

=M,

R1

H E}'
PMNO

LI.IK
D AB C

-R,

OPMN
KLIJ

C D,AB

-Rr

NOPM
JKLI

BCDA

=R*

MNOP
IJKL

AB C D

=id

ONMP
KJII,

C BAD_M,

llGt
PONM

L K.I I
DCBA

_MI

MPON
ILK.]

AD C B

-M2

!' ! Ell l
NMPO

JILK
B AD C

:M.

R,
OPMN

KLI.I
C D AB
:R,

NOPM
.]KLI

BCDA
:R"

MNOP
I.IKL

AB C D

:id

PMNO
LI.]K

D AB C
*Rr

NMPO
JILK

B AD C

=M"

G}'E
ONMP

KJIL
C B AD_M

PONM
LKJI

DCBA

-Ml

MPON
II,KJ

AD C B

-M,
R3

T'Gfl
NOPM

JKLI
BCDA_R,

U T'G]
MNOP

IJKL
AB C D

:id

H E}'I
PMNO

LIJK
D AB C

_R,
OPMN

KLIJ
C D AB

-R"

MPON
ILKJ

AD C B

-M,

NMPO
JILK

B AD C_M,

GI-El
ONMP

KJIL
C B AD

-Mo

HGI'
PONM

LKJI
DCRA

:Mr

X pv €q0rr M1
PONM

LKJI
DCBA

-M1

MPON
ILKJ

AD (] B

:M,

NMPO
JILK

B AD C

-M*

GID
ONMP

XJIL
C B AB

:Mo

MNOP
IJKL

AB C f)

:id

PMNO
LIJK

D AB C

-Rl

OPMN
KLIJ

C D AB
_R,

NOPM
JKLI

BCDA

=R"
IKOM

AC G E M2
MPON

ILK.]
AD C B

_M?

t'Elll
NMPO

JILK
B AD C

:M*
ONMP

K.]IL
C B AD

:Ma

Itu!
P O NM

LKJi
D C BA

-Mr

NOPM
.IKLI

BCDA

-R*

E!'U
MNOP

IJKL
AB C D

:id

IIE}'I
PMNO

LIJK
D AB C

-RI

OPMN
KLIJ

C D AB

-R"

t'

xQc)
x$oo M3

NMPO
JILK

R AD C

:M*

U I E]
ONMP

KJIL
C B AD

=M,

PONM
T,K-It

DCßA

:Mr

MPON
ILKJ

Af) C' B

=M,

OPMN
KLI.I

C D AB

-R2

NOPM
.IKLi

DCDA

:R"

MNOP
IJKL

ABC I)

=id

l1 Er I

PMNO
LIJK

D AB C

:R,
JNPL

BF II D M4

G f []
ONMP

K.IIL
C BAD

-M4

PONM
LKJI

DCBA

-Ml

MPON
ILK.]

AD C B_M,

t
NMPO

JILK
N AD O

-M.

PMNO
LI.]K

D AB C

-Rl

OPMN
KLIJ

C D AB

-R2

NOPM
JKLI

BCDA

-R*

MNOP
IJKL

AB C D

=id
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A second sub-group based on direction (1ö) follows next with (64) permutations according to all mrrltiplications
of operations(olumn(0)) and of operations(row(0)):

* id R1 R2 R3 M1 M2 M3 M

,Yö

id
!

JKON
ILPM

AD }I E

:id

NJKO
MILP

E AD II
_R,

G T'b
ONJK

PMIL
H N AD

-R2

KON.'
LPMI

DHE A

:R.

f,GU
NOKJ

MPLI
E IIDA

-Ml

JNOK
IMPL

AE I{ D

:M,
KJNO

LIMP
D AE H

:M.

OKJN
PLIM

II D AE
:M,

R1
NJKO

MILP
E ADH
:R,

(i tö
ONJK

PMIL
H E AD

:FL,

KONJ
LPMI

DIIE A

=R*

.]KON
ILPM

AD II E

=id

OKJN
PI, IM

II D IiE
:Mn

T'GC
NOKJ

MPLI
E lIDA

-Mr

JNOK
IMPL

AE II D

:M,
K.]NO

LIMP
D AE N

-Ma

trL2

ONJK
PMIL

H E AD_R,

U U I]
KON.'

I,PMI
DHE A*R"

.]KON
lLPM

AD II E

:id

NJKO
MILP

E AD II

-Rl

K.INO
LIMP

D AE H

-M*

!
OKJN

PLIM
H D AE

-Ma

NOKJ
MPLI

E IIDA

-Ml

.]NOK
IMPL

AE H D

-M,
R3

KONJ
LPMI

DHE A

=R"

.IKON
ILPM

AD II E

=id

NJKO
MILP

E AD II
:R,

ONJK
PMII,

H E AD
:R,

.]NOK
IMPL

AE H D

:Mz

KJNO
LIMP

D AE II

-M3

G Cts }'
OKJN

PLlM
H D AE

-M4

NOKJ
MP-Li

E IIDA
*Ml

oTU(P
ofrpq M1

NOKJ
MPLI

E IIDA

-Ml

ßa'G
JNOK

IMPL
AE }I D

-M2

UU T-
KJNO

LIMP
D AE H

-Mr

OKJN
PLIM

II D AE

-M4

['
JKON

ILPM
AD II E

:id

}'U U
NJXO

MILP
E AD H

-Rl

ONJK
PMIL

II E AD
_R,

U u lr,
KONJ

LPMI
DHH A

=R"
IJOP

AB G H M2
JNOK

IMPI,
AE II T)

-M2

CB F G
KJNO

LIMP
D AE II

-Ma

OKJN
PLIM

II D AE

-M4

r (, !r
NOKJ

MPLI
II IIDA

-Ml

U §IE
KONJ

LPMI
DHE A

-R.

JKON
ILPM

AD II E

:id

NJKO
MTLP

D AD H
*Rl

ONJK
PMIL

II E AD

-R2

\ pv §q0üK MB
KJNO

LIMP
D AD II

-Ma

G Uts }'
OKJN

PI. IM
H D AE

-M4

NOKJ
MPLI

E IIDA

-M1

JNOK
IMPL

AE rI D

_M,

ON.IX
PMII,

H E A1)

-R2

KONJ
LPMI

DIIE A

:R.

.,I(ON
II,PM

AD }I E

=id

NJKO
MILP

E AD II
_R,

LKLM
DCFE M4

G Uß ß
OKJN

PLIM
H D AE

-M4

f u u5
NOKJ

MPLI
E IIDA

-Ml

JNOK
IMPL

AE I{ D_M,
KJNO

LIMP
D AE }I

-M*

N.]KO
MILP

E AD II
_R,

ONJK
PMIL

II E AD

-IL,

KONJ
LPMI

DIIE A

=R.

JKON
ILPM

AD I{ E

:id
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And finally a sub-group based on direction (e() with (64) permutations will follow according aII multiplications
of operations(column(0)) and operations(row(0)):

* id R1 R2 R,3 M1 M2 M* M

eq

id
Aß g I]

IJNM
LKOP

DCGH
:id

M IJN
PLKO

IIDCG

-Rl

NM I J
OPLX

GHDC

-R"

bI ts
JNMI

KOPL
CGTII)

-R.

E !ö
MNJI

POKL
IIGCD

-Ml

A E FB
IMN.'

LPOK
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In addition to these (21) symmetry-operations (8) flip-operations will have be considered, due to the (8)
quatelnion- diagonals of the hypercube:

Together wiih (20O) symmetry-operations for the (8) inner cubes of a hyper-cube, (232) symmetry-
operations in total have to be counted for a hyper-cube and are responsible for its symmetry-group.
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3.4. Svmmetrv-Group of' the related JULIA-Network.

The (16) different fixed-points (H1r^re1o,ru») by definition from above will form a hyper-cube in quaternion-
space. Thus a probe-point moving from (flp^ u1) to (H11^ *1) by execution of a hyper-cube's symmetry-
operations will change its (N) fluently from (Nu"q) to (N1ry)- Due to the fact, that each of the images or pre-
images must follow equations (2.3^L. A2.3^2) in any position of the probe, they will always be adapted in
relation to the probe's location. Therefore the probe in essence mediates between the JULIA-sets with fixed*
points (H1r^a) and (Hrr^q).

In summery one may say, that the related JULIA-network under the action of any symmetry-operation of a
hyper-cube will remain completely in itself. Thus, related JULIA-network and the symmetry-operations of a
hyper-cube will built a symmetry-group.

4. Summarv.

The iteration of sequence (1^3.) in quaternion-space - with restrictions from MANDELBROT-set on the
complex components of its iteration-constant - resulted in a network of (3) sets. An unbounded escape-set
(with trajectories escaping to infinity) accompanied by a set caught in a limited area (prisoner-set, whose
trajectories tended to a sink-point) and the boundary-set of the prisoner-set built by points acting repulsively
on points from escape- and prisoner-set as well.

Tire iteration stopped if the sink-point of the prisoner-set and a fixed repeller-point on JULIA-set had been
obtained, that is, when equality between the iteration's predecessor- and successor'-state had been reached. A
Quatelnion-condition for this stop-everrt (the fixed-point-condition) could be formulized and - by taking into
account the HAMILTONian rules - could be separated into three sub-conditions (according to the quaternion-
space's complex subspaces). Every one of these sub-conditions could subsequently be solved independently. On
base of these results it became possible to express the quaternion fixed-points of prisoner- and JIJLIA-set as
well.

With knowledge of the fixed-repeller'-point of a.lULIA-set it became possible to describe the structure of the
JLTLIA-set by the set of images and pre-images, which are obtained from forward- or backward-iteration
relative to the repeller.

Fixecl-points arrd JLILIA-set of the network, obtained by iterative execution of sequence (1^3.) wiil oniy
depended on the choice of the actual iteration-constant. Therefore, ( 16) constants appropriately chosen from
black part of the MANDELBROT-set will make it possibie to arrange the repeller-fixed-points of the
iteratively obtained JULIA-sets in the square-points of a hyper-cube. Fixed-points and their JULIA-sets
positioned this way will then represent a related JULIA-network. The set of quaternion-points of the related
JULIA-network together with tlte symmetry-operations of a hyper-cube will form the symmetry-group of the
related,IIlLIA-network.
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