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Аналитическая теория поверхностей Мёбиуса 

(Analytical Theory of Möbius Surfaces) 
 

Franz Hermann 

Abstract 

Все конечно знают, что такое лист Мёбиуса. Берётся прямоугольная полоска бумаги 

достаточной длины относительно её ширины, перекручивается на 180 градусов и 

склеивается противоположными (короткми) сторонами. Не путайте с односторонней 

поверхностью, о которой говорится в учебниках по дифф. геометрии. Склееный лист 

Мёбиуса имеет кривизну поверхности равную нулю, как и у эвклидовой плоскости. 

Именно такой лист мёбиуса и является частью проверхности Мёбиуса. Поверхность 

Мёбиуса является односторонней поверхностью с самопересечением, поэтому сделать 

модель этой поверхности руками довольно трудно. Проверхность Мёбиуса состоит из 
четырёх правильных полуконусов, плавно переходящих друг в друга. О построении и 

исследовании этой поверхности и рассказывается в этой работе. 

 

(Everyone knows of course what a Mobius strip is. Take a rectangular strip of paper of 

sufficient length relative to its width, twist it 180 degrees and glue it on opposite (short) sides. 

Not to be confused with the one-sided surface mentioned in the diff. geometry. The glued 

Möbius strip has a surface curvature equal to zero, as in the Euclidean plane. It is such a 

mobius leaf that is part of the Mobius surface. The Möbius surface is a one-sided self-

intersecting surface, so it is rather difficult to model this surface by hand. The Mobius surface 

consists of four regular semi-cones, smoothly merging into each other. The construction and 

study of this surface is described in this work.) 
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1. ȼɜɟɞɟɧɢɟ 
 
 Ɉ ɩɨɜɟɪɯɧɨɫɬɢ Ɇɺɛɢɭɫɚ (ɩɆ) ɦɵ ɭɠɟ ɭɩɨɦɢɧɚɥɢ ɜ ɞɪɭɝɢɯ ɪɚɛɨɬɚɯ, 
ɧɚɩɪɢɦɟɪ [2], ɫɬɪ. 22-30, [14], ɫɬɪ. 218. ɇɚɩɨɦɧɢɦ ɜ ɞɜɭɯ ɫɥɨɜɚɯ, ɱɬɨ ɦɵ 
ɢɦɟɟɦ ɜ ɜɢɞɭ, ɤɨɝɞɚ ɝɨɜɨɪɢɦ ɨ ɩɆ. 
 ȼɫɟ ɤɨɧɟɱɧɨ ɡɧɚɸɬ, ɱɬɨ ɬɚɤɨɟ ɥɢɫɬ Ɇɺɛɢɭɫɚ. Ȼɟɪɺɬɫɹ ɩɪɹɦɨɭɝɨɥɶɧɚɹ 
ɩɨɥɨɫɤɚ ɛɭɦɚɝɢ, ɞɨɫɬɚɬɨɱɧɨɣ ɞɥɢɧɵ ɨɬɧɨɫɢɬɟɥɶɧɨ ɟɺ ɲɢɪɢɧɵ, 
ɩɟɪɟɤɪɭɱɢɜɚɟɬɫɹ ɧɚ 180° ɢ ɫɤɥɟɢɜɚɟɬɫɹ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɦɢ (ɤɨɪɨɬɤɦɢ) 
ɫɬɨɪɨɧɚɦɢ. ɇɟ ɩɭɬɚɣɬɟ ɫ ɨɞɧɨɫɬɨɪɨɧɧɟɣ ɩɨɜɟɪɯɧɨɫɬɶɸ, ɨ ɤɨɬɨɪɨɣ 
ɝɨɜɨɪɢɬɫɹ ɜ ɭɱɟɛɧɢɤɚɯ ɩɨ ɞɢɮɮ. ɝɟɨɦɟɬɪɢɢ, ɧɚɩɪɢɦɟɪ Д1Ж. ɋɤɥɟɟɧɵɣ ɥɢɫɬ 
Ɇɺɛɢɭɫɚ ɢɦɟɟɬ ɤɪɢɜɢɡɧɭ ɩɨɜɟɪɯɧɨɫɬɢ ɪɚɜɧɭɸ ɧɭɥɸ, ɤɚɤ ɢ ɭ ɷɜɤɥɢɞɨɜɨɣ 
ɩɥɨɫɤɨɫɬɢ. ɂɦɟɧɧɨ ɬɚɤɨɣ ɥɢɫɬ ɦɺɛɢɭɫɚ ɢ ɹɜɥɹɟɬɫɹ ɱɚɫɬɶɸ ɩɪɨɜɟɪɯɧɨɫɬɢ 
Ɇɺɛɢɭɫɚ. 
 ɂɡɜɟɫɬɧɨ ([17], ɫɬɪ. 306), ɱɬɨ ɡɚɦɤɧɭɬɚɹ ɨɞɧɨɫɬɨɪɨɧɧɹɹ ɩɨɜɟɪɯɧɨɫɬɶ 
ɞɨɥɠɧɚ ɢɦɟɬɶ ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɟ. ɉɨɜɟɪɯɧɨɫɬɶ, ɨ ɤɨɬɨɪɨɣ ɩɨɣɞɺɬ ɪɟɱɶ ɜ 
ɧɚɲɟɦ ɢɫɫɥɟɞɨɜɚɧɢɢ, ɧɟ ɡɚɦɤɧɭɬɚ. Ɍɟɦ ɧɟ ɦɟɧɟɟ, ɨɧɚ ɢɦɟɟɬ 
ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɟ. ȼɨɬ ɨɛ ɷɬɨɣ ɱɚɫɬɢ (ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɹ) ɩɆ ɩɨ ɫɭɬɢ ɢ ɛɭɞɟɬ 
ɢɞɬɢ ɪɟɱɶ ɜ ɧɚɲɟɦ ɩɨɜɟɫɬɜɨɜɚɧɢɢ. 
 ɋɞɟɥɚɬɶ ɫɚɦɨɦɭ ɩɆ ɞɨɜɨɥɶɧɨ ɬɪɭɞɧɨ. ɇɨ ɟɫɥɢ ɨɛɪɟɡɚɬɶ ɜ ɪɚɡɜɺɪɬɤɟ 
ɞɥɢɧɭ ɧɟɤɨɬɨɪɵɯ ɨɛɪɚɡɭɸɳɢɯ ɤɨɧɭɫɨɜ, ɱɬɨɛɵ ɩɪɢ ɢɡɝɨɬɨɜɥɟɧɢɢ ɢɡɛɟɠɚɬɶ 
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ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɣ ɩɨɜɟɪɯɧɨɫɬɢ, ɬɨ ɱɚɫɬɢɱɧɨɟ ɩɨɞɨɛɢɟ ɦɨɞɟɥɢ ɬɚɤɨɣ 
ɩɨɜɟɪɯɧɨɫɬɢ ɜɫɺ-ɬɚɤɢ ɩɨɫɬɪɨɢɬɶ ɦɨɠɧɨ. Ɇɵ ɞɚɠɟ ɩɨɩɵɬɚɥɢɫɶ ɩɨɤɚɡɚɬɶ ɧɚ 
ɧɟɣ, ɤɚɤ ɜɵɝɥɹɞɢɬ ɬɪɚɞɢɰɢɨɧɧɵɣ ɥɢɫɬ Ɇɺɛɢɭɫɚ (ɤɪɚɫɧɚɹ ɩɨɥɨɫɚ). 
 Ʉɚɤ ɢɡɜɟɫɬɧɨ ɩɆ Д2Ж, ɫɨɫɬɨɢɬ ɢɡ 4 ɩɨɥɭɤɨɧɭɫɨɜ, ɩɥɚɜɧɨ ɩɟɪɟɯɨɞɹɳɢɯ 
ɞɪɭɝ ɜ ɞɪɭɝɚ (Ɋɢɫ.1). 
 

 
 

Ɋɢɫ. 1 
 
 ȼ ɞɚɧɧɨɣ ɪɚɛɨɬɟ ɛɭɞɟɬ ɩɨɤɚɡɚɧ ɜɵɜɨɞ ɭɪɚɜɧɟɧɢɣ ɬɚɤɨɣ ɩɨɜɟɪɯɧɨɫɬɢ. 
 Ⱦɥɹ ɭɞɨɛɫɬɜɚ ɩɨɫɬɪɨɟɧɢɹ ɧɚɦ ɩɨɧɚɞɨɛɢɬɫɹ ɤɚɪɤɚɫ - ɨɫɧɨɜɚ, ɧɚ 
ɤɨɬɨɪɨɣ ɛɭɞɟɬ ɫɬɪɨɢɬɶɫɹ ɜɫɹ ɩɨɜɟɪɯɧɨɫɬɶ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 2 
 
 ɑɬɨ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɤɚɪɤɚɫ. Ɍɪɟɭɝɨɥɶɧɢɤ Аȼɋ – ɪɚɜɧɨɫɬɨɪɨɧɧɢɣ, 
AF = AD = AE. Ɉɱɟɜɢɞɧɨ, ɱɬɨ BD = DC. ɀɢɪɧɵɦɢ ɨɬɪɟɡɤɚɦɢ ɜɵɞɟɥɟɧɵ 
ɛɭɞɭɳɢɟ ɞɢɚɦɟɬɪɵ ɞɥɹ ɨɫɧɨɜɚɧɢɣ ɩɨɥɭɤɨɧɭɫɨɜ. ɇɚɩɨɦɧɢɦ, ɜɫɟ ɱɟɬɵɪɟ 
ɩɨɥɭɤɨɧɭɫɚ – ɹɜɥɹɸɬɫɹ ɩɪɚɜɢɥɶɧɵɦɢ ɮɦɝɭɪɚɦɢ (ɭ ɩɪɚɜɢɥɶɧɨɝɨ ɤɨɧɭɫɚ 
ɨɛɪɚɡɭɸɳɚɹ ɢɦɟɟɬ ɩɨɫɬɨɹɧɧɭɸ ɞɥɢɧɭ). Ɍɪɟɭɝɨɥɶɧɢɤ Аȼɋ ɩɪɧɚɞɥɟɠɢɬ 
ɛɭɞɭɳɟɣ ɮɢɝɭɪɟ. ȼ ɩɪɢɧɰɢɩɟ, ɦɨɠɧɨ ɩɪɢ ɩɨɫɬɪɨɟɧɢɢ ɤɚɪɤɚɫ ɢ ɧɟ 
ɢɫɩɨɥɶɡɨɜɚɬɶ, ɧɨ ɫ ɧɢɦ ɥɟɝɱɟ ɢ ɩɨɧɹɬɧɟɣ. 
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 Ɍɟɩɟɪɶ ɧɟɦɧɨɝɨ ɪɚɡɜɟɪɧɺɦ ɤɚɪɤɚɫ ɨɛɪɚɡɭɸɳɢɯ ɢ ɩɨɤɚɠɟɦ ɤɚɪɤɚɫɵ 
ɨɫɧɨɜɚɧɢɣ ɩɨɥɭɤɨɧɭɫɨɜ (ɩɨɥɭɨɤɪɭɠɧɨɫɬɢ), ɤɨɬɨɪɵɟ ɨɛɪɚɡɭɸɬ ɢɫɤɨɦɭɸ 
ɩɨɜɟɪɯɧɨɫɬɶ (Ɋɢɫ. 3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 3 
 
 ɉɨɥɭɤɨɧɭɫ Аȼɋ ɫ ɜɟɪɲɢɧɨɣ ɜ ɬɨɱɤɟ ȼ ɥɟɠɢɬ ɧɚɞ ɩɥɨɫɤɨɫɬɶɸ 
ɪɢɫɭɧɤɚ (ɩɥɨɫɤɨɫɬɶɸ ɤɚɪɤɚɫɚ ɨɛɪɚɡɭɸɳɢɯ). ɉɨɥɭɤɨɧɭɫ ȼɋА ɫ ɜɟɪɲɢɧɨɣ ɜ 
ɬɨɱɤɟ ɋ ɥɟɠɢɬ ɩɨɞ ɩɥɨɫɤɨɫɬɶɸ ɪɢɫɭɧɤɚ ɢ ɟɝɨ ɩɨɜɟɪɯɧɨɫɬɶ ɹɜɥɹɟɬɫɹ 
ɩɪɨɞɨɥɠɟɧɢɟɦ ɩɟɪɜɨɝɨ ɩɨɥɭɤɨɧɭɫɚ. ɍ ɧɢɯ ɨɛɳɚɹ ɨɛɪɚɡɭɸɳɚɹ ȼɋ. 
ɉɨɜɟɪɯɧɨɫɬɶ ɩɨɥɭɤɨɧɭɫɚ FAD ɩɪɨɞɨɥɠɚɟɬ ɩɨɜɟɪɯɧɨɫɬɶ ɜɬɨɪɨɝɨ 
ɩɨɥɭɤɨɧɭɫɚ ɢ ɥɟɠɢɬ ɧɚɞ ɩɥɨɫɤɨɫɬɶɸ ɪɢɫɭɧɤɚ. ɑɟɧɬɜɺɪɬɵɣ ɩɨɥɭɤɨɧɭɫ DAE 
ɥɟɠɢɬ ɩɨɞ ɩɥɨɫɤɨɫɬɶɸ ɪɢɫɭɧɤɚ ɢ ɟɝɨ ɩɨɜɟɪɯɧɨɫɬɶ ɡɚɦɵɤɚɟɬ ɜɫɸ ɮɢɝɭɪɭ, 
ɩɥɚɜɧɨ ɩɟɪɟɯɨɞɹ ɜ ɩɟɪɜɵɣ ɩɨɥɭɤɨɧɭɫ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 4 
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2. ɍɪɚɜɧɟɧɢя ɩɨɥɭɤɨɧɭɫɨɜ. 
 
 ȼɜɟɞɺɦ ɫɢɫɬɟɦɭ ɤɨɨɪɞɢɧɚɬ, ɤɚɤ ɩɨɤɚɡɚɧɨ ɧɚ Ɋɢɫ. 4. Ɉɫɶ Z ɩɪɨɯɨɞɢɬ 
ɱɟɪɟɡ ɫɟɪɟɞɢɧɭ ɨɬɪɟɡɤɚ Аɋ ɢ ɬɨɱɤɭ ȼ. Ɍɨɝɞɚ ɭɪɚɜɧɟɧɢɟ ɩɪɹɦɨɝɨ ɤɪɭɝɨɜɨɝɨ 
ɤɨɧɭɫɚ ɜ ɨɛɳɟɦ ɜɢɞɟ ɛɭɞɟɬ ɢɦɟɬɶ ɜɢɞ: 
 

      22
2

2
2 YX

a

c
Z  ,     (1) 

 
ɝɞɟ c = AD, a = DC (Ɋɢɫ. 3) ɞɥɹ ɩɟɪɜɵɯ ɞɜɭɯ ɩɨɥɭɤɨɧɭɫɨɜ ɢ   15CosADc , 

  15SinADa  ɞɥɹ ɬɪɟɬɶɟɝɨ ɢ ɱɟɬɜɺɪɬɨɝɨ ɩɨɥɭɤɨɧɭɫɨɜ. 
 ȼ ɰɢɥɥɢɧɞɪɢɱɟɫɤɢɯ ɤɨɨɪɞɢɧɚɬɚɯ (R, φ, Z) ɛɭɞɟɦ ɢɦɟɬɶ ɭɪɚɜɧɟɧɢɹ 
[8]: 
 

     







2


TgZR nn ,     (2) 

 
ɝɞɟ   - ɭɝɨɥ ɩɪɢ ɜɟɪɲɢɧɟ ɤɨɧɭɫɚ. 
 Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɭɪɚɜɧɟɧɢɟ ɩɨɥɭɤɨɧɭɫɚ ɛɭɞɟɬ ɜɵɝɥɹɞɟɬɶ ɬɨɱɧɨ ɬɚɤ ɠɟ 
ɬɨɥɶɤɨ ɩɪɢ ɷɬɨɦ ɧɟɨɛɯɨɞɢɦɨ ɭɤɚɡɵɜɚɬɶ ɝɪɚɧɢɰɵ ɩɪɢɦɟɧɢɦɨɫɬɢ 
ɤɨɨɪɞɢɧɚɬɵ   ,0 . 

 Ɍ. ɨ. ɭɪɚɜɧɟɧɢɟ ɩɟɪɜɨɝɨ ɩɨɥɭɤɨɧɭɫɚ ɛɭɞɟɬ ɢɦɟɬɶ ɜɢɞ: 11 3
3

ZR  . 

ȼɬɨɪɨɣ ɩɨɥɭɤɨɧɭɫ ɢɦɟɟɬ ɬɨɱɧɨ ɬɚɤɨɟ ɠɟ ɭɪɚɜɧɟɧɢɟ. ɍɪɚɜɧɟɧɢɟ ɬɪɟɬɶɟɝɨ 
ɩɨɥɭɤɨɧɭɫɚ ɢɦɟɟɬ ɜɵɪɚɠɟɧɢɟ:   33 32 ZR  . Ⱥɧɚɥɨɝɢɱɧɨ, ɢ ɭɪɚɜɧɟɧɢɟ 
ɱɟɬɜɺɪɬɨɝɨ ɩɨɥɭɤɨɧɭɫɚ. 
 Ɉɱɟɜɢɞɧɨ, ɱɬɨ ɭɪɚɜɧɟɧɢɹ ɧɚɲɢɯ ɤɨɧɭɫɨɜ ɫɜɹɡɚɧɵ ɩɪɨɫɬɵɦ 
ɤɨɷɮɮɢɰɢɟɧɬɨɦ:  323 k , ɬ. ɟ. 13 RkR  . 
 Ɍ. ɨ., ɩɆ ɦɨɠɧɨ ɨɩɢɫɚɬɶ ɫɨɜɨɤɭɩɧɨɫɬɶɸ ɬɚɤɢɯ ɭɪɚɜɧɟɧɢɣ ɢ 
ɞɟɣɫɬɜɢɣ: 
 

       
   
   

















1444333

1333222

1222111

11

3

2

1

3
3

Rk ,Z,Y,XZ,Y,X

Rk ,Z,Y,XZ,Y,X

R ,Z,Y,XZ,Y,X

ZR

A

A

A ,   (3) 

 
ɡɞɟɫɶ iA  - ɦɚɬɪɢɰɚ ɩɟɪɟɯɨɞɚ ɨɬ ɨɞɧɨɣ ɤɨɨɪɞɢɧɚɬɧɨɣ ɫɢɫɬɟɦɵ ɤ ɞɪɭɝɨɣ. 
 ȼ ɉрилɨɠɟɧии 1 ɛɭɞɟɬ ɩɨɤɚɡɚɧ ɜɵɜɨɞ ɜɟɤɬɨɪɧɨɝɨ ɭɪɚɜɧɟɧɢɹ 
ɩɨɥɭɤɨɧɭɫɚ. ɗɬɨ ɩɨɧɚɞɨɛɢɬɫɹ ɧɚɦ ɞɥɹ ɬɨɝɨ, ɱɬɨɛɵ ɩɨɤɚɡɚɬɶ, ɤɚɤ ɧɚ ɩɆ 
ɫɬɪɨɢɬɫɹ ɥɢɫɬ Ɇɺɛɢɭɫɚ. 
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3. Пɪɟɨɛɪɚɡɨɜɚɧɢɟ ɨɪɬɨɝɨɧɚɥɶɧɵɯ ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɵɯ ɤɨɨɪɞɢɧɚɬ. 
 
 Ɍɟɩɟɪɶ ɧɚɞɨ ɭɜɹɡɚɬɶ ɜɦɟɫɬɟ ɜɫɟ ɧɚɲɢ ɱɟɬɵɪɟ ɩɨɥɭɤɨɧɭɫɚ. 
 Ʉɚɠɞɵɣ ɢɡ ɱɟɬɵɪɺɯ ɩɨɥɭɤɨɧɭɫɨɜ ɨɩɢɫɵɜɚɟɬɫɹ ɜ ɫɨɛɫɬɜɟɧɧɨɣ ɫɢɫɬɟɦɟ 
ɤɨɨɪɞɢɧɚɬ. ɗɬɨ ɦɨɠɧɨ ɩɨɧɹɬɶ ɢɡ ɭɫɬɪɨɣɫɬɜɚ ɤɚɪɤɚɫɚ (Ɋɢɫ. 2). ɉɨɦɧɢɦ, ɱɬɨ 
ɜɫɟ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɨɞɢɧɚɤɨɝɨ ɨɪɢɟɧɬɢɪɨɜɚɧɵ, ɤɚɤ ɧɚ Ɋɢɫ. 4. 
 Ȼɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɨɫɶ, ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɭɸ ɤ ɩɥɨɫɤɨɫɬɢ ɪɢɫɭɧɤɚ ɢ 
ɧɚɩɪɚɜɥɟɧɧɭɸ ɜɜɟɪɯ ɡɧɚɱɤɨɦ:      , ɚ ɧɚɩɪɚɜɥɟɧɧɭɸ ɜɧɢɡ -      . 
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 ɇɚ Ɋɢɫ. 4 ɩɨɤɚɡɚɧɵ ɤɨɨɪɞɢɧɚɬɧɵɟ ɫɢɫɬɟɦɵ ɩɟɪɜɨɝɨ ɢ ɜɬɨɪɨɝɨ 
ɩɨɥɭɤɨɧɭɫɨɜ 111 Z,Y,X  ɢ 222 Z,Y,X  ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. ȼɟɤɬɨɪ 

   i kl OO s  3
2
1

2112  - ɜɟɤɬɨɪ ɫɞɜɢɝɚ ɨɬ ɰɟɧɬɪɚ (ɬɨɱɤɚ 1O ) ɨɞɧɨɣ 

ɤɨɨɪɞɢɧɚɬɧɨɣ ɫɢɫɬɟɦɵ ɤ ɰɟɧɬɪɭ (ɬɨɱɤɚ 2O ) ɞɪɭɝɨɣ. Ɂɞɟɫɶ ABl   - ɞɥɢɧɚ 
ɨɛɪɚɡɭɸɳɟɣ ɩɨɥɭɤɨɧɭɫɨɜ (Ɋɢɫ. 3). 
 ɇɟ ɧɚ ɞɨɥɝɨ ɨɫɬɚɜɢɦ ɧɚɲɟ ɢɫɫɥɟɞɨɜɚɧɢɟ ɢ ɪɚɫɫɦɨɬɪɢɦ ɜ ɨɛɳɟɦ ɜɢɞɟ 
ɜɨɩɪɨɫ ɨ ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ ɤɨɨɪɞɢɧɚɬ ɩɪɢ ɩɟɪɟɯɨɞɟ ɨɬ ɨɞɧɨɣ ɫɢɫɬɟɦɵ ɤ 
ɞɪɭɝɨɣ. ɍɫɥɨɜɢɦɫɹ ɫɱɢɬɚɬɶ, ɱɬɨ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɢɦɟɸɬ ɨɛɳɟɟ ɧɚɱɚɥɨ (ɫ 
ɷɬɨɣ ɰɟɥɶɸ ɦɵ ɢ ɜɜɟɥɢ ɜɟɤɬɨɪ ɫɞɜɢɝɚ) ɢ ɨɞɢɧɚɤɨɝɨ ɨɪɢɟɧɬɢɪɨɜɚɧɵ. 
 Ɇɨɠɧɨ ɩɨ-ɪɚɡɧɨɦɭ ɫɬɪɨɢɬɶ ɬɚɤɢɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɢ. 
 ȼ ɛɨɥɶɲɢɧɫɬɜɟ ɭɱɟɛɧɢɤɨɜ ɩɨ ɚɧɚɥɢɬɢɱɟɫɤɨɣ ɝɟɨɦɟɬɪɢɢ 
ɪɚɫɦɚɬɪɢɜɚɟɬɫɹ ɦɟɬɨɞ ɗɣɥɟɪɚ. Ⱦɥɹ ɩɨɫɬɪɨɟɧɢɹ ɬɚɤɢɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ 
ɢɫɩɨɥɶɡɭɟɬɫɹ ɩɪɨɦɟɠɭɬɨɱɧɚɹ ɨɫɶ ɜɪɚɳɟɧɢɹ Д4Ж. Ɇɵ ɛɭɞɟɦ ɫɬɪɨɢɬɶ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɢɫɩɨɥɶɡɭɹ ɜɪɚɳɟɧɢɹ ɜɨɤɪɭɝ ɭɠɟ ɫɭɳɟɫɬɜɭɸɳɢɯ ɨɫɟɣ. ɇɚ 
ɧɚɲ ɜɡɝɥɹɞ ɬɚɤɨɣ ɩɨɞɯɨɞ ɩɪɨɳɟ ɞɥɹ ɩɪɚɤɬɢɱɟɫɤɢɯ ɪɚɫɱɺɬɨɜ. 
 ɉɨɫɬɪɨɢɦ ɦɚɬɪɢɰɭ ɩɟɪɟɯɨɞɚ ɨɬ ɨɞɧɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɤ ɞɪɭɝɨɣ 
 ɂɬɚɤ, ɢɦɟɟɦ ɞɜɟ ɨɞɢɧɚɤɨɝɨ ɨɪɢɟɧɬɢɪɨɜɚɧɧɵɟ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ: 

111 Z ,Y ,X  ɢ 222 Z ,Y ,X  (Ɋɢɫ. 5). ɇɚɱɚɥɨ ɤɨɨɪɞɢɧɚɬ ɭ ɧɢɯ ɨɛɳɟɟ. 

1X  

1Z  

A 

D 

F 

E 

11 YOB   

22 YOC   

2X  

2Z  
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 ȼɜɟɞɺɦ ɨɛɨɡɧɚɱɟɧɢɹ ɞɥɹ ɞɨɩɨɥɧɢɬɟɥɶɧɵɯ ɩɥɨɫɤɨɫɬɟɣ: 11OYXP  , 

22OXZQ  , 21OYZR  ,  
 Ⱦɥɹ ɩɟɪɟɯɨɞɚ ɨɬ ɨɞɧɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɤ ɞɪɭɝɨɣ ɞɨɫɬɚɬɨɱɧɨ ɬɪɺɯ 
ɩɨɜɨɪɨɬɨɜ. ɋɟɣɱɚɫ ɦɵ ɜ ɷɬɨɦ ɭɛɟɞɢɦɫɹ. 
 ɉɟɪɜɵɣ ɩɨɜɨɪɨɬ ɨɫɭɳɟɫɬɜɥɹɟɦ ɜɨɤɪɭɝ ɨɫɢ 1OZ  ɩɪɨɬɢɜ ɱɚɫɨɜɨɣ 
ɫɬɪɟɥɤɢ ɞɨ ɫɨɜɦɟɳɟɧɢɹ ɨɫɢ 1OY  ɫ ɩɥɨɫɤɨɫɬɶɸ R. ɉɪɢ ɷɬɨɦ ɨɫɶ 1OY  
ɩɟɪɟɯɨɞɢɬ ɜ ɨɫɶ *OY , ɨɫɶ 1OX  - ɜ ɨɫɶ *OX . Ɉɛɨɡɧɚɱɢɦ ɭɝɨɥ  *OYY1 . 
 ȼɬɨɪɨɣ ɩɨɜɨɪɨɬ ɫɨɜɟɪɲɚɟɦ ɜɨɤɪɭɝ ɜɧɨɜɶ ɨɛɪɚɡɨɜɚɧɧɨɣ ɨɫɢ *OX  
ɬɚɤɠɟ ɩɪɨɬɢɜ ɱɚɫɨɜɨɣ ɫɬɪɟɥɤɢ ɞɨ ɫɨɜɦɟɳɟɧɢɹ ɨɫɢ *OY  ɫ ɨɫɶɸ 2OY . ɉɪɢ 
ɷɬɨɦ ɨɫɶ 1OZ  ɩɟɪɟɯɨɞɢɬ ɜ ɨɫɶ *OZ . Ɉɛɨɡɧɚɱɢɦ ɭɝɨɥ  2OY*Y . 
 Ɍɪɟɬɢɣ ɩɨɜɨɪɨɬ ɧɚɞɨ ɨɫɭɳɟɫɬɜɢɬɶ ɫɧɨɜɚ ɩɪɨɬɢɜ ɱɚɫɨɜɨɣ ɫɬɪɟɥɤɢ 
ɜɨɤɪɭɝ ɨɫɢ 2OY  ɞɨ ɫɨɜɦɟɳɟɧɢɹ ɨɫɟɣ *OX  ɢ *OZ  ɫ ɨɫɹɦɢ 2OX  ɢ 2OZ  
ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. Ɉɛɨɡɧɚɱɢɦ ɭɝɨɥ  2OZ*Z . 
 Ɉɫɢ ɩɪɨɦɟɠɭɬɨɱɧɨɣ ɤɨɨɪɞɢɧɚɬɧɨɣ ɫɢɫɬɟɦɵ (X*, Y*, Z*) ɦɨɠɧɨ 
ɨɩɪɟɞɟɥɢɬɶ ɱɟɪɟɡ ɞɨɩɨɥɧɢɬɟɥɶɧɵɟ ɩɥɨɫɤɨɫɬɢ: PQ*X  , RP*Y  , 

QR*Z  . 
 Ɍɟɩɟɪɶ, ɡɧɚɹ ɢɫɯɨɞɧɭɸ, ɩɪɨɦɟɠɭɬɨɱɧɭɸ ɢ ɤɨɧɟɱɧɭɸ ɫɢɫɬɟɦɵ 
ɤɨɨɪɞɢɧɚɬ ɦɨɠɧɨ ɥɟɝɤɨ ɨɩɪɟɞɟɥɢɬɶ ɭɝɥɵ α, ȕ ɢ Ȗ. 
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 Ɍɟɩɟɪɶ ɨɩɢɲɟɦ ɧɚɲɢ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ (ɩɨɜɨɪɨɬɵ) ɧɚ ɦɚɬɟɦɚɬɢɱɟɫɤɨɦ 
ɹɡɵɤɟ. 
 ɉɟɪɜɵɣ ɩɨɜɨɪɨɬ ɢɦɟɟɬ ɫɢɫɬɟɦɭ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ: 

O 

Q 

P 

R 

α 

ȕ 

Ȗ 

1X  

1Y  

1Z  

2X  

2Y  

2Z  

X* 

Y* 

Z* 
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   
   













11

11

11

ZZ

CosYSinX*Y

SinYCosX*X




. 

 
 ȼɬɨɪɨɣ ɩɨɜɨɪɨɬ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ: 
 

   
   













*X*X

CosZSin*Y*Z

SinZCos*YY




1

12

. 

 
 Ɍɪɟɬɢɣ ɩɨɜɨɪɨɬ: 
 

   
   













22

2

2

YY

Cos*XSin*ZX

Sin*XCos*ZZ




. 

 
 Ɉɫɜɨɛɨɠɞɚɹɫɶ ɨɬ ɩɪɨɦɟɠɭɬɨɱɧɵɯ ɤɨɨɪɞɢɧɚɬ Х*, Y* ɢ Z* 
ɨɤɨɧɱɚɬɟɥɶɧɨ ɩɨɥɭɱɚɟɦ: 
 

    












1331321312

1231221212

1131121112

ZaYaXaZ

ZaYaXaY

ZaYaXaX

,    (4) 

 
ɝɞɟ            SinSinSinCosCosa 11 ; 
           SinSinCosSinCosa 12 ;     (5) 
     SinCosa 13 ; 
 
     CosSina 21 ; 
     CosCosa 22 ;        (6) 
  Sina 23 ; 
 
           CosSinSinSinCosa 31 ; 
           CosSinCosSinSina 32 ;     (7) 
     CosCosa 13 . 
 

 Ɇɚɬɪɢɰɚ 

















333231

232221

131211

aaa

aaa

aaa

A  ɧɚɡɵɜɚɟɬɫɹ ɦɚɬɪɢɰɟɣ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ 

ɤɨɨɪɞɢɧɚɬɧɨɣ ɫɢɫɬɟɦɵ. 
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 ȼɟɪɧɺɦɫɹ ɤ ɧɚɲɟɣ ɡɚɞɚɱɟ ɢ ɫɧɨɜɚ ɩɨɫɦɨɬɪɢɦ ɧɚ Ɋɢɫ. 5. ɉɨɫɪɟɞɫɬɜɨɦ 
ɜɟɤɬɨɪɚ ɫɞɜɢɝɚ ɦɨɠɧɨ ɩɪɢɜɟɫɬɢ ɫɢɫɬɟɦɵ 111 Z ,Y ,X  ɢ 222 Z ,Y ,X  ɤ ɨɛɳɟɦɭ 
ɧɚɱɚɥɭ ɤɨɨɪɞɢɧɚɬ 2O . 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 7 
 
 Ɂɞɟɫɶ ɩɥɨɫɤɨɫɬɶ Q – ɷɬɨ ɩɥɨɫɤɨɫɬɶ ɪɢɫɭɧɤɚ, ɩɥɨɫɤɨɫɬɶ P ɩɪɨɯɨɞɢɬ 
ɱɟɪɟɡ ɨɫɶ 1X  ɢ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɩɥɨɫɤɨɫɬɢ ɪɢɫɭɧɤɚ, ɩɥɨɫɤɨɫɬɶ R ɩɪɨɯɨɞɢɬ 
ɱɟɪɟɡ ɨɫɶ 1Z  ɢ ɬɨɠɟ ɩɟɪɩɟɧɞɢɤɭɥɹɪɧɨ ɩɥɨɫɤɨɫɬɢ ɪɢɫɭɧɤɚ. Ɉɬɤɭɞɚ ɧɚɯɨɞɢɦ: 

 0 ,  60 . 
 Ɇɚɬɪɢɱɧɵɟ ɷɥɟɦɟɧɬɵ ɡɚɞɚɸɬɫɹ ɮɨɪɦɭɥɚɦɢ (5), (6), (7). Ɇɨɠɟɦ ɧɚɣɬɢ 
ɦɚɬɪɢɰɭ ɩɟɪɟɯɨɞɚ. 
 















 


21023

010

23021

1A . 

 
 Ɍɟɩɟɪɶ ɩɪɟɨɛɪɚɡɨɜɚɧɢɟ ɤɨɨɪɞɢɧɚɬ, ɫɜɹɡɵɜɚɸɳɢɟ ɭɪɚɜɧɟɧɢɹ ɩɟɪɜɨɝɨ 
ɢ ɜɬɨɪɨɝɨ ɩɨɥɭɤɨɧɭɫɨɜ ɦɨɠɧɨ ɡɚɩɢɫɚɬɶ ɜ ɦɚɬɪɢɱɧɨɣ ɮɨɪɦɟ: 
 

      

















1

1

1

1222

Z

Y

X

AZYX .    (8) 

 
 ȼɵɪɚɠɟɧɢɟ (8) ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɡɚɩɢɫɢ ɜɨ ɜɬɨɪɨɣ ɫɬɪɨɱɤɟ ɫɨɜɨɤɭɩɧɨɫɬɢ 
(3)    222111

1 Z ,Y ,XZ ,Y ,X A . 
 Ⱦɥɹ    333222

2 Z ,Y ,XZ ,Y ,X A  ɜɟɤɬɨɪ ɫɞɜɢɝɚ ɛɭɞɟɬ ɢɦɟɬɶ ɜɢɞ: 

   i kl OO s  3
2
1

3223 , ɦɚɬɪɢɰɚ ɩɟɪɟɯɨɞɚ 





















21023

010

23021

2A . 

 
 
 
 

212 YYO   
1X  

2X  
2Z  

1Z  

*YO 2  

X* 

Z* 
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 Ⱦɥɹ    444333
3 Z ,Y ,XZ ,Y ,X A  ɜɟɤɬɨɪ ɫɞɜɢɝɚ 034 s , ɚ ɦɚɬɪɢɰɚ 

ɩɟɪɟɯɨɞɚ 














 


21023

010

23021

3A . 

 Ɍ. ɨ., ɦɵ ɩɨɥɧɨɫɬɶɸ ɫɞɟɥɚɥɢ ɚɧɚɥɢɬɢɱɟɫɤɨɟ ɨɩɢɫɚɧɢɟ ɩɆ. 
 Ɋɚɫɫɦɨɬɪɢɦ ɪɚɡɜɺɪɬɤɭ ɩɨɥɭɱɟɧɧɨɣ ɩɨɜɟɪɯɧɨɫɬɢ (Ɋɢɫ. 8). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 8 
 
 Ʉɪɚɫɧɵɣ ɩɪɹɦɨɭɝɨɥɶɧɢɤ, ɜɩɢɫɚɧɧɵɣ ɜ ɧɚɲɭ ɪɚɡɜɺɪɬɤɭ, ɢ ɟɫɬɶ 
ɪɚɡɜɺɪɬɤɚ ɩɪɢɜɵɱɧɨɝɨ ɧɚɦ ɥɢɫɬɚ Ɇɺɛɢɭɫɚ, ɤɨɬɨɪɵɣ ɦɵ ɦɨɠɟɦ ɫɤɥɟɢɬɶ ɢɡ 
ɩɪɹɦɨɭɝɨɥɶɧɨɝɨ ɤɭɫɤɚ ɛɭɦɚɝɢ. 
 Ȼɭɞɟɦ ɨɛɨɡɧɚɱɚɬɶ ɞɥɢɧɭ ɤɪɚɫɧɨɝɨ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ ɱɟɪɟɡ L, ɚ ɲɢɪɢɧɭ 
– ɱɟɪɟɡ H. Ɍ. ɤ. ɪɚɫɫɦɚɬɪɢɜɚɟɦɵɣ ɥɢɫɬ Ɇɺɛɢɭɫɚ ɥɟɠɢɬ ɧɚ ɩɪɹɦɵɯ ɤɪɭɝɨɜɵɯ 
ɩɨɥɭɤɨɧɭɫɚɯ, ɬɨ ɟɝɨ ɞɥɢɧɭ ɢ ɲɢɪɢɧɭ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɩɪɟɞɟɥɶɧɵɦɢ, ɚ ɢɯ 

ɨɬɧɨɲɟɧɢɟ 
H
L

  - ɩɪɟɞɟɥɶɧɵɦ ɨɬɧɨɲɟɧɢɟɦ. 

 ɇɟɨɛɯɨɞɢɦɨ ɫɞɟɥɚɬɶ ɭɬɨɱɧɹɸɳɢɟ ɪɚɡɴɹɫɧɟɧɢɹ ɤ ɩɨɤɚɡɚɧɧɨɣ ɧɚ Ɋɢɫ. 
8 ɪɚɡɜɺɪɬɤɟ.  
 1. ɉɨɥɭɤɨɧɭɫ ɫ ɭɝɥɨɦ ɩɪɢ ɜɟɪɲɢɧɟ 60° ɪɚɡɜɨɪɚɱɢɜɚɟɬɫɹ ɧɚ ɩɥɨɫɤɨɫɬɢ 
ɜ ɫɟɤɬɨɪ ɤɪɭɝɚ ɫ ɭɝɥɨɦ ɪɚɜɧɵɦ 90°. 
 
 

A B 

C 

C 

D 

E 

E 

F 
P S 

O 

N 

ω 

K 
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 2. ɉɨɥɭɤɨɧɭɫ ɫ ɭɝɥɨɦ ɩɪɢ ɜɟɪɲɢɧɟ 30° ɪɚɡɜɨɪɚɱɢɜɚɟɬɫɹ ɧɚ ɩɥɨɫɤɨɫɬɢ 

ɜ ɫɟɤɬɨɪ ɤɪɭɝɚ ɫ ɭɝɥɨɦ ɪɚɜɧɵɦ 
2

32
  . 

 ɋɞɟɥɚɟɦ ɧɟɛɨɥɶɲɢɟ ɞɨɩɨɥɧɢɬɟɥɶɧɵɟ ɩɨɫɬɪɨɟɧɢɹ. ɉɪɹɦɚɹ SN 
ɹɜɥɹɟɬɫɹ ɫɪɟɞɧɟɣ ɥɢɧɢɟɣ ɬɪɚɩɟɰɢɢ, ɨɛɪɚɡɨɜɚɧɧɨɣ ɪɚɫɫɟɱɟɧɢɟɦ ɤɪɚɫɧɨɝɨ 

ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ ɨɬɪɟɡɤɨɦ Аȼ. Ɉɬɪɟɡɨɤ SNPD  . Ɉɱɟɜɢɞɧɨ, ɱɬɨ 
2
L

SN  , ɚ 

2
H

PD  . 

 Ɍɟɩɟɪɶ ɜɵɱɢɫɥɢɦ ɞɥɢɧɭ ɢ ɲɢɪɢɧɭ ɤɪɚɫɧɨɝɨ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ ɧɚ 
ɪɚɡɜɺɪɬɤɟ. Ɍɪɟɭɝɨɥɶɧɢɤɢ OSB ɢ OCN – ɹɜɥɹɸɬɫɹ ɩɪɹɦɨɭɝɨɥɶɧɵɦɢ ɢ 

ɩɨɞɨɛɧɵɦɢ. ɉɨɷɬɨɦɭ ɫɩɪɚɜɟɞɥɢɜɨ ɪɚɜɟɧɫɬɜɨ: 
OS
OC

OB
ON

 . LONSO
2
1

  ɢɥɢ 

SOLON 
2
1 , lSB

2
1

  ɢ     l
CosCos

SB
OS

 


2
1 .     Tg

l
TgBSOB 

2
, ɚ 

 





  TglOBlOC

2
1

1 . ɉɨɞɫɬɚɜɢɦ ɷɬɢ ɡɧɚɱɟɧɢɹ ɜ ɩɨɥɭɱɟɧɧɨɟ ɪɚɜɟɧɫɬɜɨ 

ɩɪɨɩɨɪɰɢɣ:  
 

 

  l
Cos

Tgl

Tgl

l
Cos

L










 

















2
1
2
1

1

2
1

2
1

2
1

. ɍɩɪɨɳɚɹ ɷɬɨ ɪɚɜɟɧɫɬɜɨ 

ɧɚɯɨɞɢɦ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɞɥɢɧɵ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ: 
 
         CosSinlL  2 .     (9) 
 

 ɂɡ ɬɪɟɭɝɨɥɶɧɢɤɚ SPD ɦɨɠɟɦ ɡɚɩɢɫɚɬɶ:  SinSPH  2 . PBlSP 
2
1 , 

 Tg
KB

PB  , 











2
3

1lKB . Ɉɤɨɧɱɚɬɟɥɶɧɨ ɩɨɥɭɱɚɟɦ: 

 
           CosSinlH  32 .    (10) 
 
 Ʉɚɤ ɜɢɞɢɦ, ɞɥɢɧɚ ɢ ɲɢɪɢɧɚ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ ɡɚɜɢɫɹɬ ɬɨɥɶɤɨ ɨɬ 
ɞɥɢɧɵ ɨɛɪɚɡɭɸɳɟɣ ɢɫɯɨɞɧɵɯ ɩɨɥɭɤɨɧɭɫɨɜ. Ɇɨɠɟɦ ɡɚɩɢɫɚɬɶ ɜɵɪɚɠɟɧɢɟ 
ɞɥɹ ɩɪɟɞɟɥɶɧɨɝɨ ɨɬɧɨɲɟɧɢɹ ɞɥɢɧɵ ɤ ɲɢɪɢɧɟ ɩɪɚɜɢɥɶɧɨɝɨ ɥɢɫɬɚ Ɇɺɛɢɭɫɚ: 
 

    
   

     


CosSin

CosSin





32

2 .    (11) 
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 ɉɪɢ ɭɫɥɨɜɢɢ, ɱɬɨ 


 5946
2

32
,  ɩɨɥɭɱɚɟɦ ...,

H
L

94628533 . 

Ɍɨɱɧɵɟ ɩɨɫɬɪɨɟɧɢɹ ɩɨɤɚɡɵɜɚɸɬ, ɤɚɤ ɜɵɝɥɹɞɢɬ ɝɟɨɦɟɬɪɢɹ ɥɢɫɬɚ Ɇɺɛɢɭɫɚ 
ɩɪɢ ɞɚɧɧɵɯ ɪɚɫɱɺɬɚɯ (ɲɢɪɢɧɚ ɭɦɵɲɥɟɧɧɨ ɡɚɭɠɟɧɚ). 
 

 
 

Ɋɢɫ. 9 
 

 ȿɫɥɢ ɨɬɧɨɲɟɧɢɟ 
H
L , ɬɨ ɩɨɥɭɤɨɧɭɫɵ ɩɟɪɟɫɬɚɸɬ ɛɵɬɶ ɤɪɭɝɨɜɵɦɢ. 

Ɍ. ɟ. ɜ ɨɫɧɨɜɚɧɢɢ ɬɚɤɢɯ ɩɨɥɭɤɨɧɭɫɨɜ ɛɭɞɭɬ ɥɟɠɚɬɶ ɷɥɥɢɩɫɵ. ȼ ɩɪɟɞɟɥɟ 
ɩɨɥɭɱɚɟɦ ɬɚɤɭɸ ɜɵɪɨɠɞɟɧɧɭɸ ɪɚɡɜɺɪɬɤɭ: 
 
 
 
 
 
 
 
 

Ɋɢɫ. 10 
 
 ɇɟ ɬɪɭɞɧɨ ɜɵɱɢɫɥɢɬɶ, ɱɬɨ ɞɥɢɧɚ ɢ ɲɢɪɢɧɚ ɜɵɪɨɠɞɟɧɧɨɝɨ ɥɢɫɬɚ 

Ɇɺɛɢɭɫɚ ɛɭɞɭɬ ɢɦɟɬɶ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɮɨɪɦɭɥɵ: lL
2
3

0   ɢ 

  lH  13
2
3

0 . Ɍɨɝɞɚ ɩɪɟɞɟɥɶɧɨɟ ɨɬɧɨɲɟɧɢɟ ɪɚɜɧɨ: ...,3662
13

3
0 


  

 ȿɫɥɢ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɥɟɧɬɭ Ɇɺɛɢɭɫɚ, ɤɚɤ ɫɚɦɨɫɬɨɹɬɟɥɶɧɭɸ 
ɨɞɧɨɫɬɨɪɨɧɧɸɸ ɩɨɜɟɪɯɧɨɫɬɶ, ɛɟɡɨɬɧɨɫɢɬɟɥɶɧɨ ɤ ɨɩɢɫɵɜɚɟɦɨɣ ɜɵɲɟ ɩɆ 
[10Ж, ɬɨ ɩɪɟɞɟɥɶɧɨɟ ɡɧɚɱɟɧɢɟ ɞɥɹ ɨɬɧɨɲɟɧɢɹ ɞɥɢɧɵ ɤ ɲɢɪɢɧɟ ɜ 
ɜɵɪɨɠɞɟɧɧɨɦ ɫɥɭɱɚɟ ɛɭɞɟɬ ɢɦɟɬɶ ɡɧɚɱɟɧɢɟ 30  . ɗɬɨ ɦɨɠɧɨ 
ɩɪɨɢɥɥɸɫɬɪɢɪɨɜɚɬɶ ɫɥɟɞɭɸɳɢɦ ɨɛɪɚɡɨɦ: 
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Ɋɢɫ. 11 
 
 Ɂɞɟɫɶ ɬɪɟɭɝɨɥɶɧɢɤ ɜ ɪɚɡɜɺɪɬɤɟ ɥɢɫɬɚ Ɇɺɛɢɭɫɚ (Ɋɢɫ. 11) ɹɜɥɹɟɬɫɹ 
ɪɚɜɧɨɫɬɨɪɨɧɧɢɦ. 
 
4. Ɍɨɩɨɥɨɝɢя ɩɨɜɟɪɯɧɨɫɬɢ 
 
 ɉɟɪɟɪɢɫɭɟɦ ɟɳɺ ɪɚɡ ɪɚɡɜɺɪɬɤɭ ɩɨɜɟɪɯɧɨɫɬɢ Ɇɺɛɢɭɫɚ ɢ ɜɜɟɞɺɦ ɧɨɜɵɟ 
ɨɛɨɡɧɚɱɟɧɢɹ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 12 
 
 ɇɟ ɬɪɭɞɧɨ ɡɚɦɟɬɢɬɶ, ɱɬɨ ɞɚɧɧɚɹ ɪɚɡɜɺɪɬɤɚ ɬɨɩɨɥɨɝɢɱɟɫɤɢ 
ɷɤɜɢɜɚɥɟɧɬɧɚ ɩɪɹɦɨɭɝɨɥɶɧɢɤɭ, ɩɨɤɚɡɚɧɧɨɦɭ ɧɚ Ɋɢɫ. 13. 
 
 
 
 

A A≡B 

C 

C 

E 

E 

F 

F≡K 

O 
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Ɋɢɫ. 13 
 
ɂɦɟɧɧɨ ɬɚɤɨɟ ɩɪɟɞɫɬɚɜɥɟɧɢɟ ɢɦɟɟɬ ɬɨɩɨɥɨɝɢɱɟɫɤɚɹ ɦɨɞɟɥɶ ɩɪɨɟɤɬɢɜɧɨɣ 
ɩɥɨɫɤɨɫɬɢ. Ⱦɪɭɝɢɦɢ ɫɥɨɜɚɦɢ, ɧɚ Ɋɢɫ. 13 ɦɵ ɜɢɞɢɦ ɬɨɩɨɥɨɝɢɱɟɫɤɭɸ ɫɯɟɦɭ 
ɦɨɞɟɥɢ ɩɪɨɟɤɬɢɜɧɨɣ ɩɥɨɫɤɨɫɬɢ. ɇɚɩɨɦɧɢɦ, ɞɥɹ ɩɨɥɭɱɟɧɢɹ ɦɨɞɟɥɢ 
ɧɟɨɛɯɨɞɢɦɨ ɨɬɨɠɞɟɫɬɜɢɬɶ ɩɪɨɬɢɜɨɩɨɥɨɠɧɵɟ ɨɬɪɟɡɤɢ, ɢɦɟɸɳɢɟ 
ɨɞɢɧɚɤɨɜɨɟ ɛɭɤɜɟɧɧɨɟ ɨɛɨɡɧɚɱɟɧɢɟ ɬɚɤ, ɱɬɨɛɵ ɧɚɩɪɚɜɥɟɧɢɹ ɷɬɢɯ ɨɬɪɟɡɤɨɜ 
ɫɨɜɩɚɥɢ. 
 Ɍ. ɨ., ɩɪɨɞɟɥɵɜɚɹ ɚɧɚɥɨɝɢɱɧɭɸ ɩɪɨɰɟɞɭɪɭ ɨɬɨɠɞɟɫɬɜɥɟɧɢɹ ɫ 
ɪɚɡɜɺɪɬɤɨɣ, ɩɨɤɚɡɚɧɧɨɣ ɧɚ Ɋɢɫ. 11, ɬɨɱɧɨ ɬɚɤ ɠɟ ɩɨɥɭɱɚɟɦ ɬɨɩɨɥɨɝɨ-
ɝɟɨɦɟɬɪɢɱɟɫɤɭɸ ɦɨɞɟɥɶ ɩɪɨɟɤɬɢɜɧɨɣ ɩɥɨɫɤɨɫɬɢ. 
 Ɋɚɫɫɦɨɬɪɢɦ ɬɪɢɚɧɝɭɥɹɰɢɸ ɪɚɡɜɺɪɬɤɢ, ɩɨɤɚɡɜɧɧɨɣ ɧɚ Ɋɢɫ. 12. Ⱦɥɹ 
ɩɨɞɫɱɺɬɚ ɱɢɫɥɚ ɗɣɥɟɪɚ ɨɬɪɟɡɨɤ ɋɈɋ ɦɨɠɧɨ ɧɟ ɭɱɢɬɵɜɚɬɶ, ɧɚ 
ɬɪɢɚɧɝɭɥɹɰɢɸ ɨɧ ɜɥɢɹɧɢɹ ɧɟ ɢɦɟɟɬ (ɬ. ɤ. ɩɪɢ ɷɬɨɦ ɞɨɛɚɜɥɹɟɬɫɹ 1 ɬɨɱɤɚ, 2 
ɝɪɚɧɢ ɢ 3 ɪɟɛɪɚ). ɇɚɩɨɦɧɢɦ ɮɨɪɦɭɥɭ ɗɣɥɟɪɚ: 
 
       .     (12) 
 
 Ⱦɥɹ ɧɚɲɟɣ ɪɚɡɜɺɪɬɤɢ ɢɦɟɟɦ: ɜɟɪɲɢɧ (ȼ) - 4 (A, F, E, C), ɝɪɚɧɟɣ (Ƚ) – 
4 (ɱɟɬɵɪɟ ɩɨɥɭɤɨɧɭɫɚ), ɪɺɛɟɪ (Ɋ) – 7 (EC, EF, FA, AC, AB, FC, CK). 
Пɨɦɧɢɦ, ɱɬɨ ɨɞɢɧɚɤɨɜɨ ɨɛɨɡɧɚɱɟɧɧɵɟ ɪɺɛɪɚ ɨɬɨɠɞɟɫɬɜɥɹɸɬɫɹ. 
ɉɨɞɫɬɚɜɥɹɹ ɞɚɧɧɵɟ ɡɧɚɱɟɧɢɹ ɜ ɮɨɪɦɭɥɭ (12), ɩɨɥɭɱɚɟɦ 1 . ɂɦɟɧɧɨ 
ɬɚɤɢɦ ɱɢɫɥɨɦ ɗɣɥɟɪɚ ɯɚɪɚɤɬɟɪɢɡɭɟɬɫɹ ɩɪɨɟɤɬɢɜɧɚɹ ɩɥɨɫɤɨɫɬɶ. Ɍ. ɨ., ɦɵ 
ɩɨɥɭɱɢɥɢ ɢɡ ɩɆ ɟɳɺ ɨɞɧɭ ɦɨɞɟɥɶ ɩɪɨɟɤɬɢɜɧɨɣ ɩɥɨɫɤɨɫɬɢ. 
 ɉɨɥɭɱɟɧɧɚɹ ɦɨɞɟɥɶ ɢɧɬɟɪɟɫɧɚ, ɧɚɩɪɢɦɟɪ, ɬɟɦ, ɱɬɨ ɧɚ ɞɚɧɧɨɣ ɦɨɞɟɥɢ 
ɦɨɠɧɨ ɜɜɟɫɬɢ ɩɨɧɹɬɢɟ ɦɚɤɫɢɦɚɥɶɧɨɣ ɢ ɦɢɧɢɦɚɥɶɧɨɣ ɞɥɢɧɵ ɩɪɨɟɤɬɢɜɧɨɣ 
ɩɪɹɦɨɣ. ɇɚɞɨ ɡɚɦɟɬɢɬɶ, ɱɬɨ ɩɨɧɹɬɢɟ ɪɚɫɫɬɨɹɧɢɹ ɜ ɩɪɨɟɤɬɢɜɧɨɣ ɝɟɨɦɟɬɪɢɢ 
ɨɬɫɭɬɫɬɜɭɟɬ. ɉɪɨɟɤɬɢɜɧɚɹ ɝɟɨɦɟɬɪɢɹ – ɷɬɨ ɧɟ ɦɟɬɪɢɱɟɫɤɚɹ ɝɟɨɦɟɬɪɢɹ. ɇɨ 
ɦɵ ɫɬɪɨɢɥɢ ɩɆ ɜ ɪɚɦɤɚɯ ɤɥɚɫɫɢɱɟɫɤɨɣ (ɷɜɤɥɢɞɨɜɨɣ) ɝɟɨɦɟɬɪɢɢ, ɩɨɷɬɨɦɭ 
ɦɨɠɟɦ ɢ ɝɨɜɨɪɢɬɶ ɨ ɞɥɢɧɟ ɩɪɹɦɵɯ, ɩɨɥɭɱɟɧɧɨɣ ɦɨɞɟɥɢ. 
 ȿɳɺ ɪɚɡ ɪɚɫɫɦɨɬɪɢɦ ɪɚɡɜɺɪɬɤɭ ɧɚ Ɋɢɫ. 11. ɂɫɯɨɞɹ ɢɡ ɩɨɫɬɪɨɟɧɢɣ ɧɟ 
ɬɪɭɞɧɨ ɡɚɦɟɬɢɬɶ, ɱɬɨ ɨɧɚ ɨɛɥɚɞɚɟɬ ɰɟɧɪɚɥɶɧɨɣ ɫɢɦɦɟɬɪɢɟɣ. ɐɟɧɬɪ 
ɫɢɦɦɟɬɪɢɢ ɧɚɯɨɞɢɬɫɹ ɜ ɬɨɱɤɟ Ɉ (АɈ = Ɉȼ). 
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 Ɍ. ɨ., ɥɸɛɚɹ ɩɪɹɦɚɹ, ɩɪɨɯɨɞɹɳɚɹ ɱɟɪɟɡ ɬɨɫɤɭ Ɉ, ɛɭɞɟɬ ɩɪɨɟɤɬɢɜɧɨɣ 
ɩɪɹɦɨɣ ɞɥɹ ɦɨɞɟɥɢ. Ʉɚɤ ɧɟ ɬɪɭɞɧɨ ɡɚɦɟɬɢɬɶ, ɧɚɢɛɚɥɶɲɚɹ ɩɪɹɦɚɹ ɛɭɞɟɬ 
ɨɛɪɚɡɨɜɚɧɚ ɨɬɪɟɡɤɨɦ ɋɈɋ. Ɉɛɨɡɧɚɱɢɦ ɟɺ ɞɥɢɧɭ ɱɟɪɟɡ MAXL . Ɍɨɝɞɚ 
 

    
2

2

2
3

2 L
l

LMAX 









 .    (13) 

 
Ʉɨɷɮɮɢɰɢɟɧɬ 2 ɜ ɮɨɪɦɭɥɟ (13) ɧɚɩɨɦɢɧɚɟɬ ɧɚɦ ɨ ɬɨɦ, ɱɬɨ ɦɨɞɟɥɶ 
ɩɪɨɟɤɬɢɜɧɨɣ ɩɥɨɫɤɨɫɬɢ – ɷɬɨ ɨɞɧɨɫɬɨɪɨɧɹɹ ɩɨɜɟɪɯɧɨɫɬɶ ɢ, ɱɬɨɛɵ 
ɜɟɪɧɭɬɶɫɹ ɜ ɢɫɯɨɞɧɭɸ ɬɨɱɤɭ, ɞɜɢɝɚɹɫɶ ɩɨ ɩɪɹɦɨɣ, ɧɚɞɨ ɩɪɨɣɬɢ ɷɬɨ 
ɪɚɫɫɬɨɹɧɢɟ ɞɜɚɠɞɵ. ɍɫɥɨɜɧɨ ɝɨɜɨɪɹ, ɫɜɟɪɯɭ ɢ ɫɧɢɡɭ ɩɨɜɟɪɯɧɨɫɬɢ. 
 Ɉɱɟɜɢɞɧɨ, ɦɢɧɢɦɚɥɶɧɨɣ ɩɪɹɦɨɣ ɦɨɞɟɥɢ ɛɭɞɟɬ ɨɬɪɟɡɨɤ Аȼ. ȼɜɨɞɹ 
ɚɧɚɥɨɝɢɱɧɵɟ ɨɛɨɡɧɚɱɟɧɢɹ, ɩɨɥɭɱɚɟɦ: 
 

     lLMIN  2 .     (14) 
 
 Ʌɨɝɢɱɧɨ ɜɜɟɫɬɢ ɟɳɺ ɨɞɧɭ ɛɟɡɪɚɡɦɟɪɧɭɸ ɤɨɧɫɬɚɧɬɭ, ɤɚɤ 
ɯɚɪɚɤɬɟɪɢɫɬɢɤɭ ɩɨɜɟɪɯɧɨɫɬɢ Ɇɺɛɢɭɫɚ: 
 

...,
L

L

MIN

MAX 30872  

 
 ȼɜɟɞɺɦ ɩɨɧɹɬɢɟ ɫɨɩɭɬɫɬɜɭɸɳɟɝɨ ɦɧɨɝɨɝɪɚɧɧɢɤɚ. ɋɨɩɭɬɫɬɜɭɸɳɢɯ 
ɦɧɨɝɨɝɪɚɧɧɢɤɨɜ ɞɥɹ ɞɚɧɧɨɣ ɦɨɞɟɥɢ ɞɜɚ: ɜɧɟɲɧɢɣ ɢ ɜɧɭɬɪɟɧɧɢɣ. ɑɬɨ ɷɬɨ 
ɬɚɤɨɟ ɛɭɞɟɬ ɩɨɧɹɬɧɨ ɢɡ ɪɢɫɭɧɤɨɜ. ȼɧɟɲɧɢɣ ɦɧɨɝɨɝɪɚɧɧɢɤ ɢɦɟɟɬ ɜɢɞ (Ɋɢɫ. 
14, ɫɥɟɜɚ): 
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 ɑɬɨɛɵ ɛɵɥɨ ɩɨɧɹɬɧɨ, ɦɵ ɧɚ Ɋɢɫ. 14 ɫɩɪɚɜɚ ɩɨɜɬɨɪɢɥɢ Ɋɢɫ. 2. Ɍ. ɨ., 
ɱɬɨɛɵ ɩɨɫɬɪɨɢɬɶ ɜɧɟɲɧɢɣ ɫɨɩɭɬɫɬɜɭɸɳɢɣ (ȼɫ) ɦɧɨɝɨɝɪɚɧɧɢɤ ɧɚɞɨ ɜɡɹɬɶ 
ɬɨɱɤɢ ɜ ɫɟɪɢɞɢɧɟ ɞɭɝɢ Аɋ ɢ ɞɭɝɢ Аȼ. ɗɬɨ ɬɨɱɤɢ R ɢ P ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ. ɂ 
ɫɨɟɞɢɧɢɬɶ ɫ ɬɨɱɤɚɦɢ, ɤɚɤ ɩɨɤɚɡɚɧɨ ɧɚ Ɋɢɫ. 14 ɫɥɟɜɚ. Ɍɨɩɨɥɨɝɢɱɟɫɤɢ (ȼɫ) 
ɦɧɨɝɨɝɪɚɧɧɢɤ ɷɤɜɢɜɚɥɟɧɬɟɧ ɞɜɭɦ ɬɟɬɪɚɷɞɪɚɦ, ɢɦɟɸɳɢɦ ɨɛɳɭɸ ɝɪɚɧɶ 
(Аȼɋ). 
 ȼɧɭɬɪɟɧɧɢɣ ɫɨɩɭɬɫɬɜɭɸɳɢɣ (ɜɫ) ɦɧɨɝɨɝɪɚɧɧɢɤ ɩɨɤɚɡɚɧ ɧɚ Ɋɢɫ. 15. 
ɋɬɪɨɢɬɫɹ ɨɧ ɚɧɚɥɨɝɢɱɧɨ (ȼɫ) ɦɧɨɝɨɝɪɚɧɧɢɤɭ ɢ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ Ɋɢɫ. 13 
ɫɩɪɚɜɚ. Ɉɱɟɜɢɞɧɨ, (ȼɫ) ɦɧɨɝɨɝɪɚɧɧɢɤ ɬɨɩɨɥɨɝɢɱɟɫɤɢ ɷɤɜɢɜɚɥɟɧɬɟɧ ɞɜɭɦ 
ɬɟɬɪɚɷɞɪɚɦ ɢɦɟɸɳɢɦ ɨɛɳɟɟ ɪɟɛɪɨ (ɨɬɪɟɡɨɤ AD). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 15 
 
 Ɇɵ ɜɜɟɥɢ ɩɨɧɹɬɢɟ ɫɨɩɭɬɫɬɜɭɸɳɢɯ ɦɧɨɝɪɚɧɧɢɤɨɜ ɞɥɹ ɭɞɨɛɫɬɜɚ 
ɞɟɥɟɧɢɹ ɩɆ ɧɚ ɜɧɟɲɧɸɸ ɢ ɜɧɭɬɪɟɧɧɸɸ ɱɚɫɬɢ. Ɍɚɤɨɟ ɞɟɥɟɧɢɟ ɦɨɠɧɨ ɛɵɥɨ 
ɛɵ ɨɩɪɟɞɟɥɢɬɶ ɢ ɩɨ ɞɪɭɝɨɦɭ (ɧɚɩɪɢɦɟɪ, ɩɪɨɫɬɨ ɪɚɡɞɟɥɢɬɶ ɧɚ ɛɨɥɶɲɢɟ ɢ 
ɦɚɥɵɟ ɩɨɥɭɤɨɧɭɫɵ), ɧɨ ɜ ɞɚɥɶɧɟɣɲɟɦ ɧɚɦ ɩɨɬɪɟɛɭɟɬɫɹ ɩɨɧɹɬɢɟ ɤɚɪɤɚɫɚ, 
ɤɨɬɨɪɵɣ ɭɞɨɛɧɨ ɜɨɫɩɪɢɧɢɦɚɬɶ, ɤɚɤ ɱɚɫɬɶ ɦɧɨɝɨɝɪɚɧɧɢɤɚ. 
 ɂɬɚɤ, ɬɟɩɟɪɶ ɧɚɲɚ ɩɨɜɟɪɯɧɧɨɫɬɶ ɩɪɟɞɫɬɚɜɥɟɧɚ ɞɜɭɦɹ ɱɚɫɬɹɦɢ: 
ɜɧɟɲɧɟɣ ɢ ɦɧɭɬɪɟɧɧɟɣ. 
 ɂɡɜɟɫɬɧɨ, ɱɬɨ ɦɢɧɢɦɚɥɶɧɵɣ ɩɟɪɢɦɟɬɪ ɢɦɟɟɬ ɢɦɟɧɧɨ ɪɚɜɧɨɫɬɨɪɨɧɧɢɣ 
ɬɪɟɭɝɨɥɶɧɢɤ Д3], ɫɬɪ. 279. Ɉɫɧɨɜɵɜɚɹɫɶ ɧɚ ɷɬɨɦ ɛɭɞɟɦ ɫɱɢɬɚɬɶ, ɱɬɨ ɱɚɫɬɶ 
ɤɚɪɤɚɫɚ, ɚ ɢɦɟɧɧɨ - ɬɪɟɭɝɨɥɶɧɢɤ Аȼɋ ɮɢɝɭɪɚ ɠɺɫɬɤɚɹ. ɉɨɷɬɨɦɭ ɢ ɜɧɟɲɧɹɹ 
ɱɚɫɬɶ ɩɨɜɟɪɯɧɨɫɬɢ, ɫɨɨɬɜɟɬɫɬɜɭɸɳɚɹ (ȼɫ) ɦɧɨɝɨɝɪɚɧɧɢɤɭ ɬɨɠɟ ɧɟ 
ɩɨɞɜɟɪɠɟɧɚ ɞɟɮɨɪɦɚɰɢɢ. 
 ȼɧɭɬɪɟɧɧɹɹ ɠɟ ɱɚɫɬɶ ɦɨɠɟɬ ɪɚɫɫɦɚɬɪɢɜɚɬɶɫɹ, ɤɚɤ ɩɨɞɜɢɠɧɚɹ ɱɚɫɬɶ. 
ɗɬɨ ɦɨɠɟɬ ɛɵɬɶ ɨɫɭɳɟɫɬɜɥɟɧɨ ɡɚ ɫɱɺɬ ɞɜɢɠɟɧɢɹ ɬɨɱɤɢ D ɜɞɨɥɶ ɨɬɪɟɡɤɨɜ 
ED ɢ DF. 
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 ɉɪɢ ɷɬɨɦ ɭɝɨɥ ω ɛɭɞɟɬ ɢɡɦɟɧɹɬɶɫɹ: 
3

0
  . Ɍ. ɨ., ɭɪɚɜɧɟɧɢɹ (9) ɢ 

(10) ɦɨɠɟɦ ɫɱɢɬɚɬɶ ɜɧɭɬɪɟɧɧɢɦɢ ɮɭɧɤɰɢɹɦɢ, ɯɚɪɚɤɬɟɪɢɡɭɸɳɢɦɢ ɧɚɲɭ 
ɩɨɜɟɪɯɧɨɫɬɶ. ɉɨ ɫɭɬɢ ɭɪɚɜɧɟɧɢɹ (9) ɢ (10) ɦɨɠɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ, ɤɚɤ 
ɩɚɪɚɦɟɬɪɢɱɟɫɤɢɟ ɭɪɚɜɧɟɧɢɹ, ɝɞɟ ɜ ɤɚɱɟɫɬɜɟ ɩɚɪɚɦɟɬɪɚ ɛɭɞɟɬ ɜɵɫɬɭɩɚɬɶ 
ɭɝɨɥ ω. Ɍ. ɨ., ɦɵ ɩɨɥɭɱɚɟɦ ɭɠɟ ɰɟɥɵɣ ɤɥɚɫɫ ɩɨɜɟɪɯɧɨɫɬɟɣ Ɇɺɛɢɭɫɚ. 
 

       CosSinlL  2  
            (15) 

         CosSinlH  32  
 
 Ⱦɢɮɮɟɪɟɧɰɢɪɭɹ ɭɪɚɜɧɟɧɢɹ (15), ɩɨɥɭɱɚɟɦ ɬɚɤɢɟ ɡɚɜɢɫɢɦɨɫɬɢ: 
 

   
 1kH
L



 ,    

 2kL
H



 , ɝɞɟ     Coslk  31 , 

    Sinlk  32 . 
 
ɂɥɢ: 
 

       2
22

3lH
L

L
H







 









 

 





,    (16) 

 
ɤɪɨɦɟ ɬɨɝɨ: 
 

    L
L





2

2


,  H

H





2

2


.    (17) 

 
 Ɋɚɫɫɦɨɬɪɢɦ ɩɟɪɜɵɟ ɩɪɨɢɡɜɨɞɧɵɟ ɮɭɧɤɰɢɣ  L  ɢ  H . ɉɨɥɭɱɢɦ 
ɞɢɮɮɟɪɟɧɰɢɚɥɶɧɵɟ ɭɪɚɜɧɟɧɢɹ: 

A 

E 

F 

D 



©Ɏɪɚɧɰ Ƚɟɪɦɚɧ  Аɧɚɥɢɬɢɱɟɫɤɚɹ ɬɟɨɪɢɹ ɩɨɜɟɪхɧɨɫɬɟɣ Мɺɛɢɭɫɚ 

17 

 

    


SinCosl
d
dL

 2 , 

            (18) 

      


SinCosl
d
dH

 32 . 

 
 ɂɡɜɟɫɬɧɨ [16Ж ɫɬɪ. 368, ɱɬɨ ɭɪɚɜɧɟɧɢɹ ɜɢɞɚ (18) ɧɢ ɱɬɨ ɢɧɨɟ, ɤɚɤ 
ɭɪɚɜɧɟɧɢɹ ɞɟɮɨɪɦɚɰɢɢ. Ɍɨɥɶɤɨ ɜ ɧɚɲɟɦ ɫɥɭɱɚɟ ɷɬɢ ɭɪɚɜɧɟɧɢɹ ɨɩɢɫɵɜɚɸɬ 
ɧɟ ɧɚɩɪɹɠɟɧɢɹ ɢ ɜɹɡɤɨɫɬɶ, ɚ ɞɥɢɧɭ ɢ ɲɢɪɢɧɭ ɩɨɜɟɪɯɧɨɫɬɢ. 
 ɇɢ ɧɚ ɱɬɨ ɧɟ ɧɚɦɟɤɚɹ ɨɬɦɟɬɢɦ, ɱɬɨ ɭɪɚɜɧɟɧɢɹ ɬɢɩɚ (17) ɲɢɪɨɤɨ 
ɪɚɫɩɪɨɫɬɪɚɧɟɧɵ ɜ ɮɢɡɢɤɟ (ɫɦ., ɧɚɩɪɢɦɟɪ Д3Ж ɫɬɪ.97, ɷɬɨ ɢ ɭɪɚɜɧɟɧɢɹ 
ɤɨɥɟɛɚɬɟɥɶɧɨɝɨ ɞɜɢɠɟɧɢɹ, ɢ ɭɪɚɜɧɟɧɢɹɟ ɞɜɢɠɟɧɢɹ ɷɥɟɤɬɪɨɧɚ, ɢ ɭɪɚɜɧɟɧɢɟ 
ɒɪɺɞɢɧɝɟɪɚ…). 
 ɍɪɚɜɧɟɧɢɟ (16) ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɯɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɭɪɚɜɧɟɧɢɟɦ 
ɩɨɜɟɪɯɧɨɫɬɢ Ɇɺɛɢɭɫɚ. 
 Ɉɬɦɟɬɢɦ ɬɚɤɠɟ, ɱɬɨ ɢɫɫɥɟɞɭɟɦɚɹ ɩɨɜɟɪɯɧɨɫɬɶ ɨɛɥɚɞɚɟɬ ɢ ɨɫɶɸ 
ɜɪɚɳɟɧɢɹ. ɇɚ Ɋɢɫ. 11 ɨɫɶ ɜɪɚɳɟɧɢɹ ɩɪɨɯɨɞɢɬ ɱɟɪɟɡ ɬɨɱɤɭ Ɉ ɢ ɩɪɹɦɭɸ 
ɪɚɡɜɺɪɬɤɢ Еɋ. ȼ ɫɜɺɪɧɭɬɨɦ ɜɢɞɟ ɩɆ (Ɋɢɫ. 16) ɨɫɶ ɜɪɚɳɟɧɹ ɩɨɤɚɡɚɧɚ 
ɝɨɥɭɛɵɦ ɰɜɟɬɨɦ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 16 
 
 Ɋɚɫɫɦɚɬɪɢɜɚɹ ɪɚɡɥɢɱɧɵɟ ɯɚɪɚɤɬɟɪɢɫɬɢɤɢ ɩɆ, ɢɧɬɟɪɟɫɧɨ ɨɛɪɚɬɢɬɶ 
ɜɧɢɦɚɧɢɟ ɧɚ ɨɫɟɜɭɸ ɥɢɧɢɸ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ, ɩɨɥɭɱɚɸɳɟɝɨɫɹ ɜ ɪɚɡɜɺɪɬɤɟ 
ɩɆ. Ɉɧɚ ɜɫɟɝɞɚ ɞɨɥɠɧɚ ɩɪɨɯɨɞɢɬɶ ɱɟɪɟɡ ɬɨɱɤɭ Ɉ ɩɚɪɚɥɥɟɥɶɧɨ ɛɨɥɶɲɟɣ 
ɫɬɨɪɨɧɟ ɪɨɡɨɜɨɝɨ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ, ɜɩɢɫɚɧɧɨɝɨ ɜ ɪɚɡɜɺɪɬɤɭ (Ɋɢɫ. 12). ɉɨ 
ɫɭɬɢ, ɨɫɟɜɚɹ ɥɢɧɢɹ ɥɢɫɬɚ Ɇɺɛɢɭɫɚ, ɤɨɬɨɪɵɣ ɫɜɨɪɚɱɢɜɚɟɬɫɹ ɢɡ ɪɨɡɨɜɨɝɨ 
ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ, - ɷɬɨ ɦɨɞɟɥɶ ɩɪɨɟɤɬɢɜɧɨɣ ɩɪɹɦɨɣ ɧɚ ɦɨɞɟɥɢ ɩɪɨɟɤɬɢɜɧɨɣ 
ɩɥɨɫɤɨɫɬɢ. ɉɪɢɧɢɦɚɹ ɇ=0 ɜ ɮɨɪɦɭɥɟ (10) ɢ ɞɟɥɚɹ ɷɥɟɦɟɧɬɚɪɧɵɟ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ, ɩɨɥɭɱɚɟɦ ɬɚɤɭɸ ɮɨɪɦɭɥɭ ɞɥɹ ɩɪɨɟɤɬɢɜɧɨɣ ɩɪɹɦɨɣ: 
 

A B 
Ɉ 
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      


Tg




2
,     (19) 

 

ɡɞɟɫɶ ɜ ɮɨɪɦɭɥɟ (10) ɩɪɢɧɢɦɚɸɬɫɹ ɬɚɤɢɟ ɡɧɚɱɟɧɢɹ: l=1, 
2

2
32 






 



 . 

 ɉɨɦɧɹ, ɱɬɨ ɩɪɨɟɤɬɢɜɧɚɹ ɩɪɹɦɚɹ ɡɚɦɤɧɭɬɚ ɬ. ɟ. ɬɨɩɨɥɨɝɢɱɟɫɤɢ 
ɝɨɦɟɨɦɨɪɮɧɚ ɨɤɪɭɠɧɨɫɬɢ, ɦɨɠɧɨ ɭɫɦɨɬɪɟɬɶ ɜ ɜɵɪɚɠɟɧɢɢ (18) ɧɟɤɨɬɨɪɭɸ 
ɚɧɚɥɨɝɢɸ ɫ ɨɤɪɭɠɧɨɫɬɶɸ ɧɚ ɟɜɤɥɢɞɨɜɨɣ ɩɥɨɫɤɨɫɬɢ, ɝɞɟ ɱɢɫɥɨ π – ɷɬɨ 
ɨɬɧɨɲɟɧɢɟ ɞɥɢɧɵ ɨɤɪɭɠɧɨɫɬɢ ɤ ɟɺ ɞɢɚɦɟɬɪɭ. ɉɨɧɹɬɢɟ ɭɝɥɚ ɜ ɩɪɨɟɤɬɢɜɧɨɣ 
ɝɟɨɦɟɬɪɢɢ ɨɬɫɭɬɫɬɜɭɟɬ, ɧɨ ɧɢɤɬɨ ɧɚɦ ɧɟ ɦɟɲɚɟɬ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɭɝɨɥ ɜ 
ɦɨɞɟɥɢ ɩɪɨɟɤɬɢɜɧɨɣ ɩɥɨɫɤɨɫɬɢ. 
 ȿɳɺ ɪɚɡ ɩɟɪɟɪɢɫɭɟɦ Ɋɢɫ. 12 ɢ ɨɬɦɟɬɢɦ ɧɚ ɧɺɦ ɝɪɚɧɢɱɧɵɟ ɩɨɥɨɠɟɧɢɹ 
ɩɚɪɚɦɟɬɪɚ ω. ɉɨɫɬɪɨɟɧɢɹ ɩɨɤɚɡɵɜɚɸɬ, ɱɬɨ ɦɚɤɫɢɦɚɥɶɧɨɟ ɡɧɚɱɟɧɢɟ 
ɩɚɪɚɦɟɬɪɚ ɨɩɪɟɞɟɥɹɟɬɫɹ ɭɝɥɨɦ АCD (ɩɨ ɩɨɫɬɪɨɟɧɢɸ ɩɪɹɦɨɭɝɨɥɶɧɢɤɚ, 
ɩɨɤɚɡɚɧɧɨɝɨ ɛɥɟɞɧɨɡɟɥɺɧɵɦ ɰɜɟɬɨɦ ɧɚ Ɋɢɫ. 17). Ɇɢɧɢɦɚɥɶɧɨɟ ɡɧɚɱɟɧɢɟ 
ɩɚɪɚɦɟɬɪɚ ɛɭɞɟɬ ɭɝɥɨɦ АCG, ɤɨɝɞɚ ɩɪɹɦɨɭɝɨɥɶɧɢɤ ɜɵɪɨɠɞɚɟɬɫɹ ɜ ɫɜɨɸ 
ɨɫɟɜɭɸ ɥɢɧɢɸ, ɬ. ɟ. ɤɨɝɞɚ ɟɝɨ ɲɢɪɢɧɚ ɫɬɚɧɨɜɢɬɫɹ ɪɚɜɧɚ ɧɭɥɸ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 17 
 
 Ɋɚɫɫɱɺɬɵ ɩɨɤɚɡɵɜɚɸɬ, ɱɬɨ  21.69max , ɚ  15min . 
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5. Ʌɢɧɢя ɫɚɦɨɩɟɪɟɫɟɱɟɧɢя 
 
 Ɍɨɱɧɵɟ ɩɨɫɬɪɨɟɧɢɹ (Ɋɢɫ. 18) ɩɨɤɚɡɵɜɚɸɬ, ɱɬɨ ɩɨɜɟɪɯɧɨɫɬɶ Ɇɺɛɢɭɫɚ 
ɢɦɟɟɬ ɥɢɧɢɸ ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɹ (ɧɚ ɪɢɫɭɧɤɟ ɩɨɤɚɡɚɧɚ ɤɪɚɫɧɵɦ ɰɜɟɬɨɦ). 
 

 
 

Ɋɢɫ. 18 
 
 ɑɬɨ ɠɟ ɩɪɟɞɫɬɚɜɥɹɟɬ ɫɨɛɨɣ ɷɬɚ ɥɢɧɢɹ? ɉɨ ɫɭɬɢ ɞɟɥɚ ɥɢɧɢɹ 
ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɹ ɨɛɪɚɡɨɜɚɧɚ ɩɟɪɟɫɟɱɟɧɢɟɦ ɛɨɥɶɲɨɝɨ (ɭɝɨɥ ɩɪɢ ɜɟɪɲɢɧɟ 
60°) ɢ ɦɚɥɨɝɨ (ɭɝɨɥ ɩɪɢ ɜɟɪɲɢɧɟ 30°) ɩɨɥɭɤɨɧɭɫɨɜ ɢ ɫɨɫɬɨɢɬ ɢɡ ɞɜɭɯ 
ɫɢɦɦɟɬɪɢɱɧɵɯ ɱɚɫɬɟɣ. 
 Ɋɚɫɫɦɨɬɪɢɦ ɤɚɪɤɚɫ ɧɚɲɟɣ ɩɨɜɟɪɯɧɨɫɬɢ. ɉɪɟɞɫɬɚɜɢɦ ɫɟɛɟ, ɱɬɨ 
ɛɨɥɶɲɨɣ ɢ ɦɚɥɵɣ ɩɨɥɭɤɨɧɭɫɵ ɪɚɜɧɨɦɟɪɧɨ ɜɵɪɚɫɬɚɸɬ ɧɚ ɤɚɪɤɚɫɟ ɢɡ ɫɜɨɢɯ 
ɜɟɪɲɢɧ (ɬɨɱɤɢ А ɢ ȼ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 19 
 
 ȼɢɞ ɫɜɟɪɯɭ ɩɨɤɚɡɚɧ ɧɚ Ɋɢɫ. 19 ɫɥɟɜɚ. Ɇɚɥɟɧɶɤɢɟ ɤɪɭɠɨɱɤɢ – ɷɬɨ 
ɬɟɤɭɳɢɟ ɬɨɱɤɢ ɧɚ ɨɫɧɨɜɚɧɢɹɯ ɩɨɥɭɤɨɧɭɫɨɜ. Ɋɢɫɭɧɨɤ 19 ɫɩɪɚɜɚ – ɷɬɨ ɩɪɨɫɬɨ 
ɧɟɛɨɥɶɲɨɣ ɪɚɡɜɨɪɨɬ ɥɟɜɨɝɨ ɪɢɫɭɧɤɚ, ɱɬɨɛɵ ɥɭɱɲɟ ɦɨɠɧɨ ɛɵɥɨ 

А 

ȼ 



©Ɏɪɚɧɰ Ƚɟɪɦɚɧ  Аɧɚɥɢɬɢɱɟɫɤɚɹ ɬɟɨɪɢɹ ɩɨɜɟɪхɧɨɫɬɟɣ Мɺɛɢɭɫɚ 

20 

ɩɪɟɞɫɬɚɜɢɬɶ ɫɟɛɟ ɩɨɥɤɨɧɭɫɵ ɍɜɟɥɢɱɟɧɢɟ (ɧɚɬɹɝɢɜɚɧɢɟ ɧɚ ɤɚɪɤɚɫ) 
ɩɨɥɭɤɨɧɭɫɨɜ ɢ ɞɜɢɠɟɧɢɟ ɬɟɤɭɳɟɣ ɬɨɱɤɢ ɦɨɠɧɨ ɯɚɪɚɤɬɟɪɢɡɨɜɚɬɶ ɞɜɭɦɹ 
ɜɟɤɬɨɪɚɦɢ (ɞɥɹ ɤɚɠɞɨɝɨ ɩɨɥɭɤɨɧɭɫɚ), ɚ ɜɟɫɶ ɩɪɨɰɟɫɫ ɪɨɫɬɚ ɛɭɞɟɦ 
ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɜ ɧɟɤɨɬɨɪɨɦ ɮɚɡɨɜɨɦ ɩɪɨɫɬɪɚɧɫɬɜɟ. Ɉɞɢɧ ɜɟɤɬɨɪ 
ɪɚɫɩɨɥɨɠɟɧ ɧɚ ɨɛɪɚɡɭɸɳɟɣ ɩɨɥɭɤɨɧɭɫɚ. ȼɬɨɪɨɣ – ɧɚ ɞɢɚɦɟɬɪɟ ɨɫɧɨɜɚɧɢɹ. 
Ⱦɭɝɢ ɨɫɧɨɜɚɧɢɣ ɩɨɥɭɤɨɧɭɫɨɜ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɮɪɨɧɬɨɦ ɞɜɢɠɟɧɢɹ (ɪɨɫɬɚ 
ɩɨɥɭɤɨɧɭɫɨɜ). Ɍɟɤɭɳɚɹ ɬɨɱɤɚ – ɷɬɨ ɩɟɪɟɫɟɱɟɧɢɟ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ, 
ɜɨɫɫɬɚɜɥɟɧɨɝɨ ɧɚ ɤɨɧɰɟ ɜɬɨɪɨɝɨ ɜɟɤɬɨɪɚ ɫ ɮɪɨɧɬɨɦ ɞɚɧɧɨɝɨ ɩɨɥɭɤɨɧɭɫɚ. 
 Ɉɱɟɜɢɞɧɨ, ɜ ɤɚɤɨɣ-ɬɨ ɦɨɦɟɧɬ ɮɪɨɧɬɵ ɩɨɥɭɤɨɧɭɫɨɜ ɧɚɱɧɭɬ 
ɩɟɪɟɫɟɤɚɬɶɫɹ, ɚ ɥɢɧɢɹ ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɹ ɛɭɞɟɬ ɨɩɪɟɞɟɥɹɬɶɫɹ ɫɨɜɩɚɞɟɧɢɟɦ 
ɬɟɤɭɳɢɯ ɬɨɱɟɤ. 
 Ɍɟɩɟɪɶ ɞɚɞɢɦ ɦɚɬɟɦɚɬɢɱɟɫɤɨɟ ɨɩɢɫɚɧɢɟ ɷɬɨɝɨ ɩɪɨɰɟɫɫɚ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 20 
 
 ɇɚ Ɋɢɫ. 20 ɫɩɪɚɜɚ ɩɨɤɚɡɚɧɨ ɨɫɧɨɜɚɧɢɟ ɩɨɥɭɤɨɧɭɫɚ ɜ ɫɟɱɟɧɢɢ EG (ɢɥɢ 
ɜ ɫɟɱɟɧɢɢ KN). Ɂɞɟɫɶ iu  - ɞɥɢɧɚ ɞɢɚɦɟɬɪɚ ɨɫɧɨɜɚɧɢɹ ɩɨɥɭɤɨɧɭɫɚ, ɬɨɱɤɚ Ɍ – 

ɨɫɧɨɜɚɧɢɟ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ, ɭɩɢɪɚɸɳɟɝɨɫɹ ɜ ɬɟɤɭɳɭɸ ɬɨɱɤɭ ɮɪɨɧɬɚ, ip  - 

ɞɥɢɧɚ ɷɬɨɝɨ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ, iv  - ɨɬɪɟɡɨɤ ɞɢɚɦɟɬɪɚ, ɨɬɫɟɤɚɟɦɵɣ 
ɨɫɧɨɜɚɧɢɟɦ ɩɟɪɩɟɧɞɢɤɭɥɹɪɚ. 
 Ɋɚɦɤɚɯ ɧɚɲɢɯ ɨɛɨɡɧɚɱɟɧɢɣ ɫɩɪɚɜɟɞɥɢɜɨ ɜɵɪɚɠɟɧɢɟ  iiii vuvp 2 . 
Ɍɨɝɞɚ ɜɵɪɚɠɟɧɢɟ 
 
       222111 vuvvuv      (20) 
 
ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɩɚɪɚɦɟɬɪɢɱɟɫɤɢɦ ɭɪɚɜɧɟɧɢɟɦ ɥɢɧɢɢ ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɹ ɜ 
ɨɛɳɟɦ ɜɢɞɟ. 
 Ⱦɥɹ ɨɩɪɟɞɟɥɺɧɧɨɫɬɢ ɛɭɞɟɦ ɫɱɢɬɚɬɶ ɢɧɞɟɤɫ 1 ɩɪɢɧɚɞɥɟɠɚɳɢɦ ɤ 
ɛɨɥɶɲɨɦɭ ɩɨɥɭɤɨɧɭɫɭ, ɚ ɢɧɞɟɤɫ 2 – ɤ ɦɚɥɨɦɭ. 
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 ɇɚɲɚ ɡɚɞɚɱɚ - ɧɚɣɬɢ ɮɭɧɤɰɢɢ  1122 u,vvv   ɢ  1122 u,vuu  , ɱɬɨɛɵ 
ɡɚɩɢɫɚɬɶ ɩɚɪɚɦɟɬɪɢɱɟɫɤɨɟ ɭɪɚɜɧɟɧɢɟ ɥɢɧɢɢ ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɹ ɜ ɹɜɧɨɦ ɜɢɞɟ. 
 ȼ ɞɚɥɶɧɟɣɲɟɦ ɧɚɦ ɩɨɧɚɞɨɛɢɬɫɹ ɡɧɚɱɟɧɢɟ ɫɢɧɭɫɚ 15°. ȼɜɟɞɺɦ 

ɨɛɨɡɧɚɱɟɧɢɟ:  





2
32

15Sins . ɉɨɦɧɹ, ɱɬɨ lAB  , ɦɨɠɟɦ ɡɚɩɢɫɚɬɶ: 

sAGuEG  22 . 
 OEAOAEAG  . Ɍɪɟɭɝɨɥɶɧɢɤ KBN – ɪɚɜɧɨɫɬɨɪɨɧɧɢɣ. 

1uKNKB  . Ɍɨɝɞɚ 1ulAK  . Ɍɪɟɭɝɨɥɶɧɢɤ АКɈ – ɪɚɜɧɨɛɟɞɪɟɧɧɵɣ (АК = 
КɈ). ɂɡ ɬɪɟɭɝɨɥɶɧɢɤɚ АКɈ ɧɚɯɨɞɢɦ:  13 ulAO  . 1vKT  . ɈЕ =ɈɌ. 
Ɍɨɝɞɚ  11 ulvOE  . Ɍɟɩɟɪɶ ɦɨɠɟɦ ɡɚɩɢɫɚɬɶ: 

       11111 133 ulvulvulAG  . ɉɨɞɫɬɚɜɥɹɹ ɩɨɥɭɱɟɧɧɨɟ 
ɜɵɪɚɠɟɧɢɟ ɜ 2u  ɩɨɥɭɱɚɟɦ. 
 
        112 132 ulvsu  .    (21) 
 
 Ⱦɚɥɟɟ, ETEGv 2 . ɂɡ ɬɪɟɭɝɨɥɶɧɢɤɚ ЕɈɌ ɩɨɥɭɱɚɟɦ: OTsET  2 . 
ɉɨɦɧɢɦ, ɱɬɨ ɈЕ =ɈɌ. Ɍɨɝɞɚ   112 ulvsET  . ɉɨɞɫɬɚɜɢɦ ɧɚɣɞɟɧɧɨɟ 
ɜɵɪɚɠɟɧɢɟ ɢ, ɪɚɧɟɟ ɧɚɣɞɟɧɧɨɟ, ɜɵɪɚɠɟɧɢɟ ɞɥɹ EG ɜ 2v . ɉɨɥɭɱɚɟɦ: 
 
     12 32 ulsv  .     (22) 
 
 ɉɨɞɫɬɚɜɥɹɹ (21) ɢ (22) ɜ ɭɪɚɜɧɟɧɢɟ (20) ɢ, ɩɟɪɟɯɨɞɹ ɤ ɛɟɡɢɧɞɟɤɫɧɨɣ 
ɡɚɩɢɫɢ, ɧɚɯɨɞɢɦ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɩɚɪɚɦɟɬɪɢɱɟɫɤɨɝɨ ɭɪɚɜɧɟɧɢɹ ɥɢɧɢɢ 
ɫɚɦɨɩɟɪɟɫɟɱɟɧɢɹ ɜ ɹɜɧɨɦ ɜɢɞɟ ɞɥɹ ɮɚɡɨɜɨɝɨ ɩɪɨɫɬɪɚɧɫɬɜɚ ɩɨɜɟɪɯɧɨɫɬɢ 
Ɇɺɛɢɭɫɚ: 
 
        034 2  lUVUlsUVV .   (23) 
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 ȼ ɡɚɤɥɸɱɟɧɢɟ, ɯɨɱɟɬɫɹ ɫɤɚɡɚɬɶ ɟɳɺ ɞɜɚ ɫɥɨɜɚ ɜɨɬ ɨ ɱɺɦ. Ȼɟɡɭɫɥɨɜɧɨ, 
ɜɫɟɦ ɡɧɚɤɨɦɨ ɩɨɧɹɬɢɟ, ɤɨɬɨɪɨɟ ɧɚɡɵɜɚɟɬɫɹ «Ɂɨɥɨɬɨɟ ɫɟɱɟɧɢɟ». 

Ɏɭɧɞɚɦɟɧɬɚɥɶɧɵɦ ɱɢɫɥɨɦ ɷɬɨɝɨ ɩɨɧɹɬɢɹ ɹɜɥɹɟɬɫɹ ɱɢɫɥɨ 
2

51
 . 

ɏɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɭɪɚɜɧɟɧɢɟɦ ɞɥɹ ɷɬɨɝɨ ɱɢɫɥɚ ɹɜɥɹɟɬɫɹ ɭɪɚɜɧɟɧɢɟ: 
012  XX . «Ɂɨɥɨɬɨɟ ɫɟɱɟɧɢɟ» ɩɪɨɹɜɥɹɟɬ ɫɟɛɹ ɧɟ ɬɨɥɶɤɨ ɜ ɪɚɡɥɢɱɧɵɯ 

ɨɛɥɚɫɬɹɯ ɱɟɥɨɜɟɱɟɫɤɨɣ ɞɟɹɬɟɥɶɧɨɫɬɢ, ɧɨ ɢ ɜ ɩɪɢɪɨɞɟ ɜ ɫɚɦɨɦ ɲɢɪɨɤɨɦ 
ɫɦɵɫɥɟ ɷɬɨɝɨ ɫɥɨɜɚ. Ʉɚɤ ɜ ɦɟɝɚ-, ɦɚɤɪɨ-, ɬɚɤ ɢ ɜ ɦɢɤɪɨɦɢɪɟ. ɉɪɢɜɟɞɭ ɜɫɟɝɨ 
ɥɢɲɶ ɨɞɧɨ ɜɵɫɫɤɚɡɵɜɚɧɢɟ: «…ɦɨɠɧɨ ɭɬɜɟɪɠɞɚɬɶ, ɱɬɨ ɜ ɬɟɨɪɢɢ 
ɷɥɟɤɬɪɨɫɥɚɛɵх ɜɡɚɢɦɨɞɟɣɫɬɜɢɣ ɜɨɡɧɢɤɚɸɬ ɨɬɧɨɲɟɧɢɹ, ɩɪɢɛɥɢɠɺɧɧɨ 
ɫɨɚɩɚɞɚɸɳɢɟ ɫ «ɡɨɥɨɬɵɦ ɫɟɱɟɧɢɟɦ», ɢɝɪɚɸɳɢɦ ɜɚɠɧɭɸ ɪɨɥɶ ɜ ɪɚɡɥɢɱɧɵх 
ɨɛɥɚɫɬɹх ɧɚɭɤɢ ɢ ɢɫɤɭɫɫɬɜɚ.» [11, ɫɬɪ. 522]. Ɇɵ ɝɨɜɨɪɢɦ, ɬɚɤ ɫɤɚɡɚɬɶ, ɨ 
ɥɢɧɟɣɧɨɦ «Ɂɨɥɨɬɨɦ ɫɟɱɟɧɢɢ». 
 ɇɨ ɦɚɥɨ ɤɬɨ ɡɧɚɟɬ, ɱɬɨ ɫɭɳɟɫɬɜɭɟɬ ɩɨɧɹɬɢɟ ɩɥɚɧɚɪɧɨɝɨ (ɞɜɭɦɟɪɧɨɝɨ) 
«Ɂɨɥɨɬɨɝɨ ɫɟɱɟɧɢɹ» Д3], ɫɬɪ. 176. Ɂɞɟɫɶ ɪɟɱɶ ɢɞɺɬ ɭɠɟ ɨ ɩɚɪɟ ɱɢɫɟɥ. 
Ʉɥɸɱɟɜɵɦɢ ɱɢɫɥɚɦɢ ɡɞɟɫɶ ɛɭɞɭɬ ɱɢɫɥɚ: 32P  ɢ 1-Ɋ. 
ɏɚɪɚɤɬɟɪɢɫɬɢɱɟɫɤɢɦ ɭɪɚɜɧɟɧɢɟɦ ɞɥɹ ɱɢɫɥɚ Ɋ ɛɭɞɟɬ: 0142  XX . 
ɂɦɟɧɧɨ ɫ ɷɬɢɦɢ ɱɢɫɥɚɦɢ ɦɵ ɜɫɬɪɟɱɚɟɦɫɹ ɧɚ ɩɪɨɬɹɠɟɧɢɢ ɜɫɟɝɨ ɧɚɲɟɝɨ 
ɢɫɫɥɟɞɨɜɚɧɢɹ. ɗɬɨ ɢ ɜɵɪɚɠɟɧɢɹ (11), (20) ɢ (21), ɢ ɮɨɪɦɭɥɵ ɞɥɹ ɭɝɥɚ ω, ɢ 
ɩɪɨɩɨɪɰɢɹ 0 . 
 Ɍɚɤɠɟ ɨɬɦɟɬɢɦ, ɱɬɨ ɦɵ ɪɚɫɫɦɚɬɪɢɜɚɥɢ ɩɨɜɟɪɯɧɨɫɬɢ Ɇɺɛɢɭɫɚ 
ɩɨɫɬɪɨɟɧɧɵɟ ɧɚ ɤɚɪɤɚɫɟ ɪɚɜɧɨɫɬɨɪɨɧɧɟɝɨ ɬɪɟɭɝɨɥɶɧɢɤɚ. Ⱥɧɚɥɨɝɢɱɧɵɟ 
ɩɨɫɬɪɨɟɧɢɹ ɜɨɡɦɨɠɧɨ ɩɪɨɜɟɫɬɢ ɧɚ ɤɚɪɤɚɫɚɯ ɥɸɛɵɯ ɬɪɟɭɝɨɥɶɧɢɤɨɜ, ɱɬɨ 
ɦɨɠɟɬ ɛɵɬɶ ɬɟɦɨɣ ɨɬɞɟɥɶɧɨɝɨ ɢɫɫɥɟɞɨɜɚɧɢɹ. Ʉɫɬɚɬɢ, ɢɡ ɤɚɪɤɚɫɨɜ ɜ ɜɢɞɟ 
ɩɪɚɜɢɥɶɧɨɝɨ ɬɪɟɭɝɨɥɶɧɢɤɚ ɫɥɨɠɟɧɚ ɢ ɩɪɨɫɬɟɣɲɚɹ ɩɢɪɚɦɢɞɚ – 
ɷɥɟɦɟɧɬɚɪɧɵɣ ɬɟɬɪɚɷɞɪ (Ɋɢɫ. 22, ɫɥɟɜɚ). 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 22 
 
 ɋɠɢɦɚɹ ɷɥɟɦɟɧɬɚɪɧɵɣ ɬɟɬɪɚɷɞɪ ɜ ɬɨɱɤɭ (Ɋɢɫ. 22, ɫɩɪɚɜɚ), ɩɨɥɭɱɚɟɦ 
ɭɡɟɥ ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɨɣ ɪɟɲɺɬɤɢ, ɢɡ ɤɨɬɨɪɨɝɨ ɪɚɜɧɨɦɟɪɧɨ ɜɵɯɨɞɢɬ 12 
ɪɺɛɟɪ. Ɍ. ɨ., ɩɪɨɞɨɥɠɚɹ ɧɚɲɭ ɮɚɧɬɚɡɢɸ, ɦɨɠɧɨ ɩɪɟɞɩɨɥɨɠɢɬɶ, ɱɬɨ 
ɢɫɫɥɟɞɨɜɚɧɢɟ ɩɆ ɩɨ ɫɭɬɢ – ɷɬɨ ɢɫɫɥɟɞɨɜɚɧɢɟ ɭɡɥɚ ɧɟɤɨɬɨɪɨɣ 
ɩɪɨɫɬɪɚɧɫɬɜɟɧɧɨɣ ɪɟɲɺɬɤɢ. 
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ɉрилɨɠɟɧиɟ 1 
ȼɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ ɤɨɧɢɱɟɫɤɨɣ ɩɨɜɟɪɯɧɨɫɬɢ. 
 
 ɑɬɨ ɡɧɚɱɢɬ ɩɨɫɬɪɨɢɬɶ ɜɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ ɩɨɜɟɪɯɧɨɫɬɢ. ɗɬɨ ɡɧɚɱɢɬ 
ɜɵɜɟɫɬɢ ɜɵɪɚɠɟɧɢɟ ɞɥɹ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɚ, ɤɨɬɨɪɵɣ ɫɨɟɞɢɧɹɟɬ ɧɚɱɚɥɨ 
ɤɨɨɪɞɢɧɚɬ ɢ ɬɟɤɭɳɭɸ ɬɨɱɤɭ ɢɫɤɨɦɨɣ ɩɨɜɟɪɯɧɨɫɬɢ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 1 
 
 ɉɪɟɞɜɚɪɢɬɟɥɶɧɨ ɞɥɹ ɩɨɫɬɪɨɟɧɢɹ ɧɚɦ ɩɨɧɚɞɨɛɢɬɫɹ ɜɜɟɫɬɢ ɩɨɧɹɬɢɟ 
ɟɞɢɧɢɱɧɨɝɨ ɜɟɤɬɨɪɚ ɧɚɩɪɚɜɥɟɧɢɹ Д7Ж.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 2 
 
 Ɋɚɫɫɦɨɬɪɢɦ ɟɞɢɧɢɱɧɭɸ ɨɤɪɭɠɧɨɫɬɶ (Ɋɢɫ. 2). Ɂɞɟɫɶ ɜɟɤɬɨɪɵ  i  ɢ  j  - 

ɟɞɢɧɢɱɧɵɟ ɨɪɬɵ. Ɍɨɝɞɚ ɜɟɤɬɨɪ     Sin jCos i e   ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ 
ɟɞɢɧɢɱɧɵɦ ɜɟɤɬɨɪɨɦ ɧɚɩɪɚɜɥɟɧɢɹ, ɝɞɟ φ – ɬɪɚɞɢɰɢɨɧɧɵɣ ɩɨɥɹɪɧɵɣ 
ɩɚɪɚɦɟɬɪ Д6Ж.  
 ȼɵɜɟɞɟɦ ɜɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ ɞɥɹ ɩɨɜɟɪɯɧɨɫɬɢ ɩɨɥɭɤɨɧɭɫɚ. 
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Ɋɢɫ. 3 
 
 ɉɭɫɬɶ ABC , ɚ ɨɛɪɚɡɭɸɳɚɹ ɤɨɧɭɫɚ Аȼ = l. Ɍɨɝɞɚ ɜɟɤɬɨɪ PB  
ɡɚɦɟɬɚɟɬ ɩɨɜɟɪɯɧɨɫɬɶ ɩɨɥɭɤɨɧɭɫɚ ɜ ɬɨ ɜɪɟɦɹ ɤɚɤ ɜɟɤɬɨɪ OP  
ɩɨɜɨɪɚɱɢɜɚɟɬɫɹ ɜɨɤɪɭɝ ɬɨɱɤɢ Ɉ ɧɚ ɭɝɨɥ φ, φ  ;0 . 

 ȼɜɟɞɺɦ ɨɛɨɡɧɚɱɟɧɢɟ ɞɥɹ ɩɨɜɟɪɯɧɨɫɬɢ ɩɨɥɭɤɨɧɭɫɚ:  ,lMn . 
 Ɍɟɩɟɪɶ ɦɨɠɟɦ ɡɚɩɢɫɚɬɶ ɜɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ ɩɨɥɭɤɨɧɭɫɚ, 
ɩɨɤɚɡɚɧɧɨɝɨ ɧɚ Ɋɢɫ. 3. 
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 Sin eCos kl,lMn ,    (1) 

 

ɡɞɟɫɶ OPOBPB   ɢ 




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
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

CoslOB , 
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





2


SinlOP , ɚ     Sin jCos i e  . 

 ɋɨɝɥɚɫɧɨ ɨɩɢɫɚɧɢɸ ɤɚɪɤɚɫɚ ɩɆ (Ɋɢɫ. 1)  60 . Ɍɟɩɟɪɶ ɦɨɠɟɦ 
ɡɚɩɢɫɚɬɶ ɭɪɚɜɧɟɧɢɟ ɩɟɪɜɨɝɨ ɩɨɥɭɤɨɧɭɫɚ: 
 

   .   e klM  3
2
1

1      (2) 

 
 ȼɬɨɪɨɣ ɬɢɩ ɩɨɥɭɤɨɧɭɫɚ ɯɚɪɚɤɬɟɪɢɡɭɟɬɫɹ ɜɟɥɢɱɢɧɚɦɢ:  30  (ɭɝɨɥ 

FAD ɩɪɢ ɜɟɪɲɢɧɟ А), ɨɛɪɚɡɭɛɳɚɹ lAF 
2
3 . 

 

   




  3232

4
3

3  e klM .    (3) 
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 ɉɨɦɧɢɦ, ɱɬɨ   32
2
1

15 Sin ;   32
2
1

15 Cos . Ɍɚɤɠɟ 

ɩɨɦɧɢɦ, ɱɬɨ 21 MM  ; 43 MM  . 
 Ɇɵ ɩɨɫɬɪɨɢɥɢ ɜɟɤɬɨɪɧɵɟ ɭɪɚɜɧɟɧɢɹ ɩɪɨɥɭɤɨɧɭɫɨɜ ɩɪɢ ɭɫɥɨɜɢɢ, ɱɬɨ 
ɧɚɦ ɞɚɧɵ ɨɛɪɚɡɭɛɳɢɟ. Ɍ. ɟ. ɩɪɢ ɢɡɦɟɧɟɧɢɢ ɭɝɥɚ φ ɨɬ 0° ɞɨ 180°, ɞɚɧɧɚɹ 
ɨɛɪɚɡɭɸɳɚɹ ɛɭɞɟɬ ɡɚɦɟɬɚɬɶ ɩɨɜɟɪɯɧɨɫɬɶ ɩɨɥɭɤɨɧɭɫɚ. Ɍ. ɨ. ɦɵ ɩɨɥɭɱɢɥɢ 
ɩɨɜɟɪɯɧɨɫɬɶ, ɯɚɪɚɤɬɟɪɢɡɭɟɦɭɸ ɨɬɪɟɡɤɨɦ (ɨɛɪɚɡɭɸɳɟɣ) ɢ ɨɞɧɢɦ 
ɩɚɪɚɦɟɬɪɨɦ (ɭɝɥɨɦ φ). ɑɬɨɛɵ ɩɨɥɭɱɢɬɶ ɜɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ ɩɨɜɟɪɯɧɨɫɬɢ, 
ɨɩɢɫɵɜɚɟɦɨɟ ɪɚɞɢɭɫ-ɜɟɤɬɨɪɨɦ, ɚ ɧɟ ɨɛɪɚɡɭɸɳɟɣ ɧɟɨɛɯɨɞɢɦɨ ɜɜɟɫɬɢ ɟɳɺ 
ɨɞɢɧ ɧɟɤɨɬɨɪɵɣ ɩɚɪɚɦɟɬɪ. Ⱥ ɢɦɟɧɧɨ:   OMt,  , ɝɞɟ  t,M   - ɬɟɤɭɳɚɹ 
ɬɨɱɤɚ ɢɫɤɨɦɨɣ ɩɨɜɟɪɯɧɨɫɬɢ (Ɋɢɫ. 1). ɉɪɢ ɷɬɨɦ ɦɨɠɧɨ ɫɤɚɡɚɬɶ, ɱɬɨ 
ɩɚɪɚɦɟɬɪ t ɞɥɹ ɤɚɠɞɨɝɨ ɤɨɧɤɪɟɬɧɨɝɨ ɡɧɚɱɟɧɢɹ ɭɝɥɚ φ ɩɪɨɛɟɝɚɟɬ ɡɧɚɱɟɧɢɹ ɨɬ 
0 ɞɨ 1. ɂɫɤɨɦɨɟ ɭɪɚɜɧɟɧɢɟ ɛɭɞɟɬ ɢɦɟɬɶ ɜɢɞ: 
 

     tSin eCos klt, n 






















22
 .   (4) 

 
 ɉɚɪɚɦɟɬɪ t ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɚɥɝɟɛɪɚɢɱɟɫɤɢɦ, ɬ. ɤ. ɨɧ ɨɬɫɭɬɫɬɜɭɟɬ ɧɚ 
ɧɚɲɢɯ ɪɢɫɭɧɤɚɯ. ɉɨɤɚɠɟɦ ɩɪɢɦɟɪ, ɤɚɤ ɦɨɠɧɨ ɜɜɟɫɬɢ ɝɟɨɦɟɬɪɢɱɟɫɤɢɣ 
ɩɚɪɚɦɟɬɪ ɞɥɹ ɭɪɚɜɧɟɧɢɹ (4). 
 Ɋɚɫɫɦɨɬɪɢɦ ɬɟɤɭɳɟɟ ɫɟɱɟɧɢɟ ɧɚɲɟɝɨ ɩɨɥɭɤɨɧɭɫɚ ɜ ɧɟɤɨɬɨɪɵɣ 
ɦɨɦɟɧɬ i  . 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 4 
 
 ȼ ɬɨ ɜɪɟɦɹ, ɤɚɤ ɪɚɞɢɭɫ-ɜɟɤɬɨɪ OM  ɛɭɞɟɬ ɩɪɨɛɟɝɚɬɶ ɨɬɪɟɡɨɤ Ɋȼ ɭɝɨɥ 

θ ɛɭɞɟɬ ɢɡɦɟɧɹɬɶɫɹ ɨɬ 0° ɞɨ 
2
 . ɍɝɨɥ θ ɛɭɞɟɦ ɧɚɡɵɜɚɬɶ ɟɫɬɟɫɬɜɟɧɧɵɦ ɢɥɢ 

ɝɟɨɦɟɬɪɢɱɟɫɤɢɦ ɩɚɪɚɦɟɬɪɨɦ ɤɨɧɢɱɟɫɤɨɣ ɩɨɜɟɪɯɧɨɫɬɢ. Ɉɫɬɚɺɬɫɹ ɧɚɣɬɢ 
ɡɚɜɢɫɢɦɨɫɬɶ ɬɟɤɭɳɟɣ ɬɨɱɤɢ Ɇ ɨɬ ɩɚɪɚɦɟɬɪɚ θ . 
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 ɂɫɩɨɥɶɡɭɹ ɫɨɨɬɧɨɲɟɧɢɹ ɩɨɞɨɛɢɹ ɬɪɟɭɝɨɥɶɧɢɤɨɜ (Ɋɢɫ. 4) ɢ 
ɩɪɨɫɬɟɣɲɢɯ ɚɥɝɟɛɪɚɢɱɟɫɤɢɯ ɩɪɟɨɛɪɚɡɨɜɚɧɢɣ ɩɨɥɭɱɚɟɦ ɬɚɤɭɸ ɡɚɜɢɫɢɦɨɫɬɶ: 
 

 
   



CosCtgSin

Sin
ltlMP











2

. 

 
Ɇɨɠɟɦ ɩɟɪɟɩɢɫɚɬɶ ɭɪɚɜɧɟɧɢɟ (19) ɬɚɤɢɦ ɨɛɪɚɡɨɦ: 
 

    
   


CosCtgSin

Sin
Sin eCos kl, n
































2
22

.  (5) 

 
 ɍɪɚɜɧɟɧɢɟ (5) ɢ ɟɫɬɶ ɜɟɤɬɨɪɧɨɟ ɭɪɚɜɧɟɧɢɟ ɩɨɥɭɤɨɧɭɫɚ. 
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ɉрилɨɠɟɧиɟ 2 
ɍɝɥɵ Эɣɥɟɪɚ. 
 
 Ɇɵ ɧɟ ɛɭɞɟɦ ɩɨɞɪɨɛɧɨ ɪɚɫɫɦɚɬɪɢɜɚɬɶ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ ɗɣɥɟɪɚ, ɷɬɨ 
ɦɨɠɧɨ ɧɚɣɬɢ ɩɪɚɤɬɢɱɟɫɤɢ ɜ ɤɚɠɞɨɦ ɭɱɟɛɧɢɤɟ ɩɨ ɚɧɚɥɢɬɢɱɟɫɤɨɣ ɝɟɨɦɟɬɪɢɢ 
ɜ ɩɪɨɫɬɪɚɧɫɬɜɟ ɬɪɺɯ ɢɡɦɟɪɟɧɢɣ. ɉɨɤɚɠɟɦ ɬɨɥɶɤɨ ɩɪɢɧɰɢɩɢɚɥɶɧɨɟ ɨɬɥɢɱɢɟ. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Ɋɢɫ. 1 
 
 Ⱦɜɟ, ɨɞɢɧɚɤɨɝɨ ɨɪɢɟɧɬɢɪɨɜɚɧɧɵɟ ɫɢɫɬɟɦɵ ɢɦɟɸɬ ɨɛɳɟɟ ɧɚɱɚɥɨ 
ɤɨɨɪɞɢɧɚɬ. Ɍɟɩɟɪɶ, ɱɬɨɛɵ ɩɟɪɟɣɬɢ ɨɬ ɨɞɧɨɣ ɫɢɫɬɟɦɵ ɤɨɨɪɞɢɧɚɬ ɤ ɞɪɭɝɨɣ 
ɗɣɥɟɪ ɢɫɩɨɥɶɡɨɜɚɥ ɞɨɩɨɥɧɢɬɟɥɶɧɭɸ ɨɫɶ d (ɜ ɥɢɬɟɪɚɬɭɪɟ ɨɧɚ ɧɚɡɵɜɚɟɬɫɹ 
ɥɢɧɢɟɣ ɭɡɥɨɜ Д12Ж). Ɂɞɟɫɶ 2211 OYXOYXd  . 
 ɉɟɪɜɵɣ ɩɨɜɨɪɨɬ – ɷɬɨ ɜɪɚɳɟɧɢɟ ɜɨɤɪɭɝ ɨɫɢ 1Z  ɞɨ ɫɨɜɩɚɞɟɧɢɹ ɨɫɢ 

1OX  ɫ ɥɢɧɢɟɣ ɭɡɥɨɜ. 
 ȼɬɨɪɨɣ ɩɨɜɨɪɨɬ – ɷɬɨ ɜɪɚɳɟɧɢɟ ɜɨɤɪɭɝ ɥɢɧɢɢ ɭɡɥɨɜ ɞɨ ɫɨɜɦɟɳɟɧɢɹ 
ɨɫɢ 1Z  ɫ ɨɫɶɸ 2Z . 
 Ɍɪɟɬɢɣ ɩɨɜɨɪɨɬ – ɷɬɨ ɜɪɚɳɟɧɢɟ ɜɨɤɪɭɝ ɨɫɢ 2Z  ɞɨ ɫɨɜɦɟɳɟɧɢɹ ɥɢɧɢɢ 
ɭɡɥɨɜ ɫ ɨɫɶɸ 2OX . 
 ɉɨɥɭɱɚɟɦ ɬɚɤɢɟ ɩɪɟɨɛɪɚɡɨɜɚɧɢɹ: 
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           SinCosSinCosCose 11 ; 
           SinCosCosSinCose 12 ;     (1) 
     SinSine 13 ; 
 
           CosCosSinSinCose 21 ; 
           CosCosCosSinSine 22 ;     (2) 
     CosSine 23 . 
 
     SinSine 31 ; 
     SinCose 32 ;        (3) 
  Cose 33 ; 
 
ɂɡ ɫɨɨɬɧɨɲɟɧɢɣ (5), (6), (7) ɧɚ ɫɬɪ. 7 ɢ ɫɨɨɬɧɨɲɟɧɢɣ (1), (2), (3) ɞɚɧɧɨɝɨ 
ɩɪɢɥɨɠɟɧɢɹ ɧɚɯɨɞɬɢɦ ɫɜɹɡɶ ɦɟɠɞɭ ɩɪɟɨɞɪɚɡɨɜɚɧɢɹɦɢ ɗɣɥɟɪɚ ɢ 
ɩɪɟɨɛɪɚɡɨɜɚɧɢɹɦɢ, ɤɨɬɨɪɵɦɢ ɦɵ ɩɨɥɶɡɨɜɚɥɢɫɶ ɜɵɲɟ: 
 

   
 

     

           
   





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