A SEQUENCE OF ELEMENTARY INTEGRALS RELATED TO INTEGRALS
STUDIED BY GLAISHER THAT CONTAIN TRIGONOMETRIC AND
HYPERBOLIC FUNCTIONS

MARTIN NICHOLSON

ABSTRACT. We generalize several integrals studied by Glaisher. These ideas are then applied to obtain
an analog of an integral due to Ismail and Valent.

1. INTRODUCTION

The following integral

T sinz sinh(z/a) dxr tan"la
— = (1.1)
cos(2x) 4 cosh (2z/a) x 2

can be deduced as a particular case of entry 4.123.6 from [4]. The case a = 1 of this integral can be found
in an old paper by Glaisher [2]. More recently, symmetric cases were also stated in [3| and [8]. We are
going to generalize the above integral as

Theorem 1. Let n be an odd integer, then

/ sin(nsin~' ¢) sinh(nsinh ™' (t/a)) dt tan~la
/ . . —1 - . (12)
cos(2n sin 1 t) + cosh(Zn sinh (t/a)) tV1 —t2y/1+12/a? 2

0

When n is large, then the main contribution to the integral 1.2 comes from a small neighbourhood around
t = 0 and the integral reduces to 1.1.
Another integral by Glaisher reads (equation 24 in [2])

/OO cos x cosh x o dr— 0. (1.3)
0

cos(2x) + cosh (2z)

It would be generalized as

Theorem 2. Let n be an even integer, then

i cos(nsin~! t) cosh (nsinh ' ¢) tdt
/ 0. (1.4)

cos(2nsin~!t) + cosh (2nsinh ') V1 — 1
0

Unfortunately there doesn’t seem to be any nice parametric extensions similar to that in Theorem 1.
A particularly interesting integral is

[e.o]

dt
/ cos(K+/t) + cosh (K’\/Z) =1

—00
studied by Ismail and Valent [5]. Here K = K(k) and K’ = K(v/1 — k?) are elliptic integrals of the
first kind. Berndt [1] gives a generalization of this formula and as an intermediate result proves that (see
Corollary 3.3)

(o ¢]

/ l’45+1dl‘ B (_ )STF4S+2 0 (_1 j(2j + 1)4s+1 (1 5)
cosx + coshx 22s+1 < cosh T2+ :

0 Jj=0 2n

for positive integer s. The next theorem gives an elementary analog of 1.5.
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Theorem 3. Let s and n be a positive integers such that s < L%J Then

1

/ t2s dt
cos(2nsin™'v/t) + cosh (2nsinh™'/¢) /1 — 2

0
ﬂ(—l)s n/2 (_1)j_1 tan 7r(22jn—1) si n2 7r(22]n 1)
T 22ty Z -1 m(2j—1) 7(2j—1) : (1.6)
j—1 cosh (n sinh™" tan T) cos —35—

Kuznetsov [6] proved that

1/ sin(y/zu) dx sn(u, k)dn(u, k) (17)
2 g VT cos(y/TK) + cosh(y/zK') en(u, k) '
By differentiating with respect to u one can deduce

1 cos(y/zu) 9 o 1—k?

= dr =k k) 4+ ———. 1.8

2/ cos(y/xK) + cosh(y/zK") v en”(u, k) + cn?(u, k) (18)

RHS of this formula has a Fourier series expansion which can be obtained using fundamental relations
and the expansion of sn?(u, k) given in [9]:

72 7TjK/ (-1 Tju

Stated in this way, symmetric case K = K’ of Kuznetsov’s formula admits a finite analog of the form

Theorem 4. Let n and u be integers such that |u| < n. Then
1

/ cos (2u sin~! \/i) dt
cos (2nsin™! v/t) + cosh (2nsinh ™ V1) V1 — ¢2

2n i—1 j . (—1)j .
1)
- Z w {tanh <n sinh~! sin 7T.7> } - COS I

anzl \/1+sin2% 2n n

The finite analog of the term with sec

2 T i 1.9 is accounted for by the sum valid for integer u

2K
2n Tj  mju sin -
E (—1)7"tsin =~ cos = 20
. 2n n cos 2 + cos T
J=1

Proofs of these theorems are given in the subsequent sections 2, 3, 4, and 5. In section 6, some
discussions of the theorems are give. In particular, it will be explained that the form of the integral in
Theorem 3 is not arbitrary. Its form has been chosen to reflect a certain kind of symmetry satisfied also
by integrals in Theorems 1 and 2. Some open questions will be discussed in section 7.

2. PROOF OF THEOREM 1
We break the proof into a series of lemmas.
Lemma 5. Let n be an odd integer. Then we have the partial fractions expansion

sin(nsin~! ¢) sinh(nsinh ™' (t/a)) 2n
cos(2n sin~! t) + cosh(2n sinh™! (t/a)) 12

z”: (—1)-1 (a cos 77r(22];1) + z) (a + i cos 77“22];1)) 2.1)
=1 22jn DA ( — 1+ 2iacos (22] 1)) — a2 sin? %

Proof. When n is an odd integer, the expressions

2nsin(nsin~! ¢) sinh(nsinh ™' (t/a)) /t*, cos(2nsin't) + cosh(2nsinh™*(¢/a))



are polynomials in 2 of degrees n — 1 and n, respectively:
sin(nsin~' ¢) sinh(nsinh™'(t/a))  2n _ Pa(t?)
cos(2nsin~!t) + cosh(2nsinh ' (t/a)) 12 Qn(t?)
Let us find the n roots of the denominator polynomial @, (z). @n(z) can be written as
Qn(z) = cos(nsin™' v/z + insinh ™' (vz/a)) cos(nsin™' vz — insinh ™! (vz/a)),

and thus its roots can be found from the equations

25 —1
in~ty/z £isinh (v /a) = 77(;)’ i=1,2,..n,
n

or equivalently from the equations
JT 1+ o Z\F\/m—sm (Z;n_ D i_12..n
One can get rid of the radicals to come to a quadratic equation with respect to x:
n(2j ~ 1) "= w(2i—1)
n 2n

One can easily deduce from this that the n roots of the denominator polynomial are

2 <(1 — a?)? + 4a? cos? > + 2za?(1 — a?) sin® =0, j7=12,...,n.

2j—1)\ " 2j —1
T = a2—1+2iacosM a?sin® L), ji=12,...n. (2.2)
2n 2n
Now we can find the partial fractions expansion
P 1 .CE]
E 2.3
Qn t2 ZL‘] t2 — ajj ( )

A simple calculation shows that

Q. (z5) z; cosh(nsinh_l(\/@/a)) z; cos(nsin™! \/z;)
Py 1(xy) - Va2 +z;  sin(nsin™' /z;) V1 -z sinh(nsinh ™' (\/z; /a))”
The equation cos(2n sin™* VZ;j) + cosh(2n sinhfl(\/x*j/a)) = 0 implies
cosh(n sinh_l(\/:)Tj/a)) = pjsin(n sin~! VZ5), cos(n sin ! VZ;) = iv;jsinh(n sinh_l(\/gr:?/a))7
where p; = &, v; = . To determine the signs p;,v;, one can consider the limiting case a >> 1. We

have ) 5 5
1 , q 1
\/Fj:sinﬂ(‘;n) ~ ' sin ult ;n )cos m( ;n ) +0(a™?).

a

This means

2= i m(2) - 1) 2
in~" Jz; = o sin ——— +O(a™7).

a
From this it follows that u; = v; = (—1)7~! and thus

pQ(<)>_ <\/7 \/:>

sin “(ZQJn 1) < — 1+ 2iacos (2; 1))

(a cos W(QJ iCi i z) (a + i cos %) .

Substituting this into 2.3 we get the desired result. O

= i(-1)

Lemma 6.

1
/ 1 tdt
)t (a2 — 1+ 2iacos ”(22];1)> — a? sin? ﬂéjin_l) V1-12/1+1/a?

-1 : -1 m(2j—1)
_ tan 2a4l—ztanh cos =5~ — (2.4)
i(acos (J )+z> <a+icos7r(2j7n_)>




4

Proof. Composition of two substitutions t2 = 1 — (1 + 1/a?)sin? ¢, (0 < ¢ < tan"!a) and tan¢ = s,
(0 < s < a) reduces this integral to an integral of a rational function. O

Lemma 7. For n odd, one has
v e
.ow(25-1)
=1 sin =5 —
Proof. Put t =1, a =4 in Lemma 5. U
From the three lemmas above it follows immediately that

/1 sin(nsin~! ¢) sinh(n sinh ! (t/a)) dt

) cos(2nsin~'t) + cosh(2nsinh ! (t/a)) tv/1 — 12 V1+12/a?

tan"la i = (—1)771
AT

(25— 1)
D) tanh™" cos o
2n

sin

To finish the proof, note that the sum in this formula is 0 because (since n is odd) j-th and (n+1— j)-th
terms cancel each other out.

3. PROOF OF THEOREM 2

Lemma 8. Let n be an even integer. Then

cos(nsin™! ) cosh (nsinh™'(t/a)) B (-2 qn
cos(2nsin~! ¢) + cosh (2nsinh ' (¢/a)) 2 1+a*
n (—1)a? sin 7T(22J'*1) (acos% +i> <a+icos %)
+ g : . —.
j=12n (a2 — 1+ 2iacos ﬂ(zgn_l)) 2 <a2 — 1+ 2iacos Léjn_l)) — a2 sin? 7r(22]n_1)

Proof. When n is even, the functions cos(nsin™'¢) and cosh (nsinh ™ (¢/ a)) are a polynomials in ¢ of
degree n/2. This means we can write

cos(nsin~'t) cosh (nsinh™!(t/a)) B Ry—1(t%)

cos(2nsin~! ¢) + cosh (2nsinh ™' (t/a)) B Qn(t?) '
where R,,_; is a polynomial of order n — 1 and @,, was defined in the proof of the Lemma 5. @, (z) has
n roots given by 2.2.
To find the constant C' consider the limit ¢ — 400 assuming that a > 0. In this case

sin~lt = g —iln(2t) + O™ 1), sinh~!(t/a) = In(2t/a) + O(t™ 1),
and we get
(_l)n/Z a™
2 1+a?

Since the order of the polynomial R,_; is smaller than the order of the polynomial ),, we can write the
partial fractions expansion

C =

Ry i(t?) = Roa(zy) 1
QnEtQ) _Z -

A calculation similar to that in Lemma 5 shows that

M _2n z; sinh(nsinh_l(m/a)) B z; sin(nsin™! \/@) )
Rp-1(z)) a Tj (\/E cos(nsin_l,/mj) \/1—7:cjcosh(nsinh_1(\/:7j/a))
.. 2n X . €T
B (_I)J_lmij <\/a2 —:l'j B Z\/1 _ij>

N2
: . (2j-1)
2n(—1)7 (a2 — 1+ 2iacos %)

a? sin 7“223;1) (a cos M2=D Z) (a + i cos L%*l)) ‘

2n 2n

This completes the proof of the lemma. O



Using Lemmas 6 and 8 we find

/l cos(nsin~! t) cosh(n cosh™! (t/a)) tdt
) cos(2nsin™!t) + cosh(2nsinh ™ (t/a)) V1 — 121/1 + t2/a2

(_1)n/2 s tauah*1 cos ™= _jtan=lg m(25 — 1)

= tan"!(1/a) + a® 2n A sin ,
2 14a? Z on (a2 — 1+ 2iacos ”%ﬂ:”) 2n
and in particular when a =1
1 .
/ cos(nsin™! ¢) cosh (nsinh ™' ¢) tdt o« (=12 i:( 1y 7 + 4itanh ™! cos %
cos(2nsin~! t) + cosh (2n sinh ! t) 1— 16 16mn cot 7r(2] 1)

j=1

m - (25 — 1)

=— | (-1)"?n - —1)/ tan ——— |.

16n <( )" =3 (1Y ban =
J=1

To calculate the sum in this expression we use Lemma 8 with ¢t =1 and a — oo to get

n

: 25 —1
Z (—1)’ tan 77(;1) = (-1)"?n.
7j=1
This completes the proof of the theorem.
4. PROOF OF THEOREM 3

Here we restrict the consideration to the symmetric case a = 1.

Lemma 9. The following partial fractions expansion holds for positive integers s and n such that k < L%J

425
cos(2nsin~! /t) + cosh(2n sinh ! v/2)
(-1)° LA 1 (—1)~!tan % 1 + cos? 7r(22jn—1) sin? 71'(22jn—1) 2s
R 42 4 z:izii)) cosh (n sinh ™! tan ”(22]77:1» cot? ”(22]77:1) <cos ”(227'71—1) >

Proof. From consideration of the limit ¢ — +o00 once can see (similarly to that in Lemma 8) that the
leading coefficient of the polynomial Q,(t) = cos(2nsin™! v/#) + cosh(2nsinh ™ v/#) is 2277 1(1 + (—1)")
and thus that Q,(t) is an even polynomial of degree 2 | % |. Its roots are (see 2.2)

i sin2 7= jsin? M2 n
o By =12
] — 2 _1 ] ] -_— 2_1 ) e ) PICEXEY .
9 cos ©Z=1 5 ) 9 cos MZ=1) 5 ) 2
n n

For further calculations, we will need explicit values of sin™' | /Z; and sinh™! | /Z;, where the principal
branches of the multivalued functions are implied. First, one can write

in~! T =& —iny, sinhT /T = @) — i,
with &;,nj,¢;,%; > 0. Further, from elementary identities 1 — 2t = cos(2sin™'v/#) and 1 + 2t =
cosh(2sinh™! \/%) one can see that

cos(2¢;) cosh(2n;) = cosh(2¢p;) cos(2¢;) =

sin2 T(2i—-1)
sin(2¢;) sinh(2n;) = sinh(2¢;) sin(2;) = —_2-.
cos T&=1)
2n
These equations can be easily solved to yield
m(2j — 1) L m@i-1)
fj = @bj = T an Ny =e; = §Smh tanT,

e ( ) ( )
-1 ™ 2] —1 i . 1 ™ 2] -1
11 1/.’L'j:T—§Slnh tanT,



w25 —1 1 27 —1
sinh ™! VT = (jz) + 3 sinh~! tan 7T(‘;n)
Similarly
27 —1 ] 27 —1
f—i( J )—i-;sinh_ltanﬂ-( ;n )7
27 —1 1 27 —1
sinh ™" /7 = _m@i—1) im ) + 3 sinh™! tan T2 =1 ;n )

For s < L%J we have the partial fractions expansion

tQS B TL/2 .’I;?S 1 ngs 1
Qn(t) ; (Qé(wj) Q)

Calculations using the formulas above yield

. o m(2j-1)
4ni(—1)7 cos® T

Qn(5) = —Qu(y;) =

sin W(szn_l) (1 + cos? 7r(22jn_1))
Now substitute this into the formula above. O
Using Lemma 9 and the following consequence of Lemma 6
/1 1 dt 7 cot? &L
n
sint Z&-0 /T t? 2 9 m(25-1)"
4% + cos? 477(222;1_1) 1+ cos 2n

one can easily complete the proof of Theorem 3.

5. PROOF OF THEOREM 4

Both cos (2u sin™! \/i) and cosh (2u sinh™! \/i) are polynomials in ¢ when w is an integer. Therefore,
proceeding exactly as in the previous section one obtains that the integral in question is

a1 (2j—1)
x % L om(2i—1) cosh (u sinh™" tan =5 > 7(2j — Du
—» (—=1)""tan < cos
A 20 cosh <n sinh~! tan %) 2n
Using

cosh (uz) _ 1 g~ (=) sin "G w2y — 1)u

N o CcOos

cosh(nz) n =1 cosh z — cos m(2y—1) 2n

2n
2 1)

and the trivial identity cosh (sinh*1 tan M) =1/ cos , one can rewrite this sum as a symmetric

2n
double sum

" COS COS
m(25—-1) m(2y—1) 2n 2n
2n cos 2n

J+y sin (22];1) sin (22y D (2 —Du 72y —1)u
D IE
— cos

Jy=1

After some simple algebra the summand can be transformed as

. w(j+y—1 . (j— . .
Ly S0P s B n(G oy =Dy w = g
2 Sin2 ﬂ(j;yfl) + Sin2 71'(]2'7y) n n .
n n

j —y and j 4+ y have the same parity. Taking into account this fact and periodicity of the summand, the
summation can be performed independently over j —y and j 4+ y to yield

Zr 1
sin? W( ) _ gin? % (22 — Du 2T su
—1 Sin” —5—* +sin

Because of trivial identities
n n
2 1u TU
3 cos T2y +Du TR
n n

r=1



valid for integer 0 < u < n, and the summation formulas

i sinh? 2 n coth(nz)
sinh? 2 +sin2 ™  cothz
x=1 n
- cosh? z n tanh(nz)
—1 sinh? z + sin? % tanhz

the sum under consideration becomes

COS COS

1. —1 . w(2y—1 _
n_coth (n sinh™ " sin %) 7(2y — 1u nz:l sin? ZZ  tanh (nsinh ™' sin Z%) 2rzu
Tr(2y—1)) n 1+ sm2 T tanh (sinh ! sin %) no
2n n

y=1 coth (sinh_1 sin
Now it is easy to bring this to the form stated in the theorem.

6. DISCUSSION

(i) A different proof of theorem 1 was given by P. Teruo Nagasava in a Math Stack Exchange post [7].
By using a clever substitution he was able to reduce the integral to an integral of a meromorphic function
over the real line, and then use contour integration to evaluate it. From his solution one can also easily
understand why the integral is independent of n.

(ii) When u = 0, the sum in theorems 3 and 4 is simplified as

n/2 (—1)~ tan 7r(22j—1) n coth (n sinh ™! sin 7r(2+:1)) n
m _ _ =
j—1 cosh (n sinh ™! tan %) y=1 coth (Sinhfl sin ﬂ(22ya;1)) :

(iii) Theorem 4 implies the integration formula
1

1 / sin (2n sin~! \f) Vtdt
cos(2n51n 1\f)—kcosh(Qnsmh 1\f) ( 2ﬂj)\/ﬁ

-1

sin 72 j (=1
=1———-2n  tanh | nsinh~'sin —= ,
\J1+sin? 2n
2n
where j is an integer.

(iv) We briefly discuss the motivation behind the theorems presented in this paper. Let us introduce

the notation i~
o, = 2nsinh™ ! sin o (6.1)

n
where we assume the principal branches of the multivalued functions. With this definition one can rewrite

the integral in Theorem 1 with a =1 as
1
/ sin (n sin™! t) sinh (n sinh™! t) sin & 7”” sinh % dz
Cos (2n sin—! t) + cosh (2n sinh~! ) V1 — t4 COS TTX + cosh o sinh O‘I '

As we will now show, the last integral has an interesting symmetry.
When y is real, then oy, is purely imaginary. Let us define y, by the equation
Qiy, = TN,
and consider the integral over an interval on the imaginary axes

0 Yx
o ‘nh Y gipn v
J_ / sin %7 sinh dz _ / sinh 57 sin dy
— =
cosmz + COSh a, sinh <= cos Y + cos( oy /1)

1Y
Making change of variables a;, = mis in 6.1 we get
s Y
— =sinh —=
sin o™ = sin o,
which implies that
TY = Q.



Since cos ¥ 4 cosh 7% = 2, it is easy to show that
dy ds

in 78 inh @s°
sin 7 sinh <
Thus the integral under consideration becomes

n
i TS ginh Qs
J sin 5 sinh % ds
= — .
cos s + cosh as sinh <&

0
To recap what we have just showed:

0
sin %7 sinh S sin %’ sinh ds 2n
/ 2 / ) Ys = — ln( + \/>)
0

cosmz + cosh o smh COS TS —|— cosh o sinh ag T
1Y«

In words, the integral of the function
sin %7 sinh %>

cosz + cosh a,
taken over a certain segment of the imaginary axis, turns out to be equal to the integral of this function
taken over a segment of the real axis.
The integral in theorem 1 has been chosen to have the same kind of symmetry:

; 12k 4k+2 i
0/ cos(2nsin~!v/%) + cosh (2nsinh V%) V1 — t2 COS T —|— cosh @ sinh 92’
n
/ (sin Qn)4k+2 dz / (sin 2n)4k+2 dr _ 2 1 14 v3)
= —In
cos 1z + cosh o, sinh <= cos mx + cosh a, sinh 9= Yu
0

1Y
7. SOME OPEN QUESTIONS

First question is concerned with an extension of theorem 4 to the non-symmetric case a # 1.
The second question is concerned with some integration formulas similar to 1.1 and 1.3. By contour
integration it is fairly easy to prove the integration formula

Ji 1 de  a+p
/Im { cosh (e~%x) cosh (e~Ax) } v 92 (7.1)
0

For this, we take the function {cosh (eio‘z) cosh (eiﬁ z) }_1 and integrate it along the contour composed of
two rays arg z = 0, arg z = a + [, and two circular arcs, one around the origin, and the other around the
complex infinity. The integrals over the rays combine to the integral in 7.1 multipled by 2¢. The integral
over the arc at infinity vanishes, while the arc around the origin gives the contribution —i(« + ). The
final step is to notice that there are no poles inside the contour.

Writing out the integrand explicitly and taking the sum of two integrals with +3 one obtains

/ sin(z sin «) sinh(x cos ) cos(z sin ) cosh(zx cos ) dr _ «

{cosh(2z cos ) + cos(2z sin @)} {cosh(2z cos 3) + cos(2zsin3)} = 8°

Although this formula was derived for real o and [ it can be continued analytically to complex values.
The question is to find a finite analog of this integral similar to the one in theorem 1. Direct naive
extension does not work, even for the integral with a = 3

[ee]
sin(rsina)sinh(zcosa) dr «

{cosh(z cos @) + cos(zsina)}? = 2

It might be worth mentioning the sum closely related to these integrals
oS (wn;os@) cosh (wn;inﬁ)

x(n -
Z cos(mn cos§) + cosh(nnsind) 16’




where x(n) = sin ¢ is Dirichlet character modulo 4.
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