MAJORIZATION IN THE FRAMEWORK OF 2-CONVEX SYSTEMS

GEORGE PRECUPESCU

Abstract. We define a 2-convex system by the restrictions xj +x2+...+x, =ns, e(x;)+e(x2) +
co.te(xn) =nk, xy > x> ... >x, where e: I — R is a strictly convex function. We study
the variation intervals for x; and give a more general version of the Boyd-Hawkins inequalities.
Next we define a majorization relation on Ag by x <,y © Ti(x) <Ti(y) VI <k<p-—1
and By(x) < Bi(y) Vp+2<k<n (for fixed 1 < p<n-—1) where Tp(x) = x| +... +x;,
By (x) = X+ ... +x,. The following Karamata type theorem is given: if x,y € Ag and x <, y
then f(x;)+f(x2)+...+F (%) <fO1)+52)+...+f(yn) V f:I— R 3-convex with respect
to e. As a consequence, we get an extended version of the equal variable method of V. Cirtoaje

1. Introduction. The main results, definitions and notations

DEFINITION 1. Let I C R an interval. A continuous, strictly convex function
e: I — R is called acceptable if it cannot be further extended by continuity on /.

Let m = inf(I) € R, M = sup(I) € R. If m ¢ I we infer from the above definition
that either m = —oo, or m is finite but lim,_,, e(x) = +oo (and similarly for M).
Xi+x2+...+x, =ns
We will study systems of the form (S): ¢ e(x;) +e(x2) +... +e(x,) =nk  where
X 2X22 ... 2 Xy
n>3, e:1— R is acontinuous, strictly convex, acceptable function and s,k are real
constants with s € I. We call such a system 2-convex or (S)—sistem and use the nota-
tion S(e,s,k,n). We denote the solutions set by Ags. A necessary condition for Ag to be
nonempty is that e(s) < k (by the convexity of e). A nonempty (S)-system it’s called
trivial if Ag has only one element. Because e is strictly convex we see that e(s) = k
< Ag={(s,s...,5)},s0 (S) it’s trivial in this case. We will prove in the next sections
that Ag is a compact and connected set.

REMARK 1. We can also consider 2-concave systems S(e,s,k,n) (for which the
function e is strictly concave) and their theory is completely similar. In practice, we
can associate to each concave system S(e, s, k,n) the convex system S'(—e,s, —k,n) for
which A§ = Ag etc.

An important role in the study of the (S)-systems will be played by the so-called
p—invariants.

DEFINITION 2. Let S(e,s,k,n) be an (S)-system and 1 < p <n—1. We say
that (S) admits invariants of order p if the following system
pa+ (n—p)b=ns

pela) + (n— p)e(b) = nk
a>b



is nonempty.

As we shall see, any such solution (a,,b,) is unique and we denote by (a,|bp)s
the n-tuple (a,,...ap,bp,...b,) € Ag . If (S) admits p—invariants V1 <p <n—1 we
say that (S) is complete and in this case we consider the intervals

[an-1, a1] ifp=1,
Ip =19 [bp-1,a,] ifl<p<n,
[bn—ly bl] ifp:n

We will show that every system S(e,s,k,n) for which Iy is an open interval is
complete and I, is precisely the set of all possible values of component x, (x € Ag).
This extends the known inequalities of Boyd-Hawkins (see [4], pg. 155).

It is particularly important to consider the ”poles” of the (S). It is shown that there
is a single n-tuple @ (the lower pole) for which the minimum of x; is achieved, respec-
tively a single n-tuple Q (the upper pole) for which the maximum of x, is achieved.
Specifically, Q = (a;|b;)s (if S has 1-invariants) respectively @ = (a,—1|b,—1)s if S
has (n— 1)—invariants but, in general, @ and Q have the form:

r>0
—
Q=M,..M.apb...b)
o= (a,...a,b,m...m)
| IS |

r>0

where m = inf(Is), M = sup(Is) with the observation that if m ¢ I (or M ¢ I) then
r=0.

For x € R" and 1 <k <n we consider the “top” sums T;(x) = x; +...+x; and
also the “bottom” sums By (x) =x; + ...+ x, (by convention Tp(x) =0, B,41(x) =0).

Given x,y € R” suchthat x; >x, > ... >x, and y; >y2 > ... >y, then x Xy
(in the classical sense of the majorization theory) if:

X1 <y
xX1t+x2<yi1+y

Xp 4o F X1 <Y1+ Y-l
X1txo+...+x,=y1+y2+...+yn

that is, more concisely, if 7,(x) = T,,(y) and Ti(x) < T;(y) VI <k <n-—1.
We state here the classical result of Hardy-Littlewood-Polya (also known as Kara-
mata’s theorem):

THEOREM 1. Let I CR, f:1— R strictly convex and x,y € I". If x X y then

o)+ 7 Ga)+ 4 ) < fO1)+f02) 4+ ()

Moreover, equality occurs if and only if x =y.



REMARK 2. The above condition T;(x) < T;(y) V1 <k <n—1 can be replaced

with:
T (x) (y) VIi<k<p-1
Bi(x) > Bi(y) Vp+1<k<nm
because Bi(x) > Bk(y) & Ty(x) — Ti—1(x) = T(y) — Tre1(y) & Tim1(x) < Tie1 ()

Vp+1<k<nso Ti(x) <Ti(y) Vp < k <n—1 and these inequalities, together with
Ti(x) < Ti(y) V1 < k< p—1 giveus Te(x) < Te(y) V1 <k <n—1.

<
Ellgpgnsuchthat{ ;

T;
B
T,

Starting from this reformulation we will define in a very similar manner a ma-
jorization relation on Ag:

DEFINITION 3. Letx,y €As and 1 < p <n-—1 afixed index. We say that x <, y
if
Ti(x) <Ti(y) Vi<k<p-1
Br(x) <Bi(y) VYp+2<k<n

In order to state the main result of the article we need the following definition:

DEFINITION 4. Let f,e:I C R — R continuous on /, differentiable on I. We
say that f is (strictly) 3-convex with respect to e if g :J — R (strictly) convex with
¢'(I) C J and such that /" =goe'.

REMARK 3. In the particular case e(x) = x? this is equivalent with the standard
definition of 3-convex functions (see for example [3]).

Now the main result:

THEOREM 2. (Karamata for 2-convex systems) Ler S(e,s,k,n) a 2-convex (or 2-
concave) system with e differentiable on I, f:Is — R strictly 3-convex with respect
to e. Then Vx,y € As with x <,y we have:

o)+ 0a)+ o4 ) < fO1) +f02) +-- -+ ()

Moreover, equality occurs if and only if x =y.

We will show that for any x € Ay dp,q so that ® <, x <, € and this allows us to
obtain the following corollary (a generalization for the equal variable theorem of Vasile
Cirtoaje, see [!] and [2].

COROLLARY 1. (extension of the equal variable theorem) Let S(e,s,k,n) a 2-
convex (or 2-concave) system with e differentiable on Ig, f:Is — R strictly 3-convex
with respect to e. Then Yx € Ag we have

Ef(w) <Ef(x) <Ef(Q)

where Er(x) = f(x1)+ f(x2) +...+ f(x,) and @, Q are the poles of the (S). More-
over, equality occurs if and only if x = @ or x = Q.



2. The study of the invariants of an S(e,s,k,n) system

We start here the study of the invariants of an S(e, s, k,n) system (Definition 2).

LEMMA 1. If S(e,s,k,n) admits a pair (ap,bp) of invariants of order p for a
certain 1 < p <n—1 then this pair is unique.

Proof. Suppose that (S) has a second pair of p—invariants (a),,b),) # (a,,b,). We
have, for example, a, < a;, and then, using the relation pa,+ (n— p)b, = pa;7 +(n—
p)b), = ns we infer b, > b),.

Thus (a),...d),,b),,...b},) = (ap,...ap,bp,...by) (strictly) and applying Kara-
mata to the strictly convex function e we obtain kn > kn, a contradiction. O

LEMMA 2. If S(e,s,k,n) has e(s) < k and 3(ap,|bp)s then a, > s> b),.

Proof. From the definition of invariants, pa,+ (n— p)b, =ns and a, > b,.
Thus p(ap, —s)+ (n—p)(b, —s) =0 () and we have the following cases :
Case 1. a, > s Then from (x) it follows that b, < s and we get a, > s > b,
Case 2. a, = s Then from (x) it follows that b, = s. On the other hand pe(a,)+
(n—p)e(b,) =nk = e(s) =k, contradiction.
Case 3. a, < s Then from (x) it follows that b, > s which contradicts the fact
that a, > b,. 0

2.1. The extremal properties of invariants

THEOREM 3. Let S(e,s,k,n) be a nonempty system and x € Ag.

(a) Let 1 < p<n—1. If 3(a,|b,)s then x, < ap, with equality if and only if x =
(aplbp)s-

(b) Let 2< p <n—1.If Iap_1|b,—1)s then x, > b, with equality if and only if
X = (apfllbpfl)s'

(c) If I(ai|by)s then x, < by with equality if and only if x = (a1|b1)s.
(d) If Ian—1|bu—1)s then x| > a,—1 with equality if and only if x = (ay—1|by—1)s.

Proof. (a) Suppose that x,, > a,,. We will show that (x1,...x,) > (ap,...ap,bp,...bp).
—_—— ——

P n—p
Because x; > ... > x, > a, we get

X1 >ap, X1+x2>2ap, ... ,X1+... +xp> pa, (%)

On the other hand, (x; +...+xp,)+ (Xp41 +...+x4) = pa, + (n— p)b, = ns, but

Xi+...4X, > pa, and thus X,y +...4+x, < (n—p)b,, so LT

n—p
e Xy Yot
BUL Xp1 > Xpi2 > ... 20y = 2y S TPl S TSRS <L < S < b
and so we get x, < b,, Xy +xp—1 <2bp, ..., (X +...+x,) < (n—p)b, (sx)



From (x) and (x) it follows that x > (a,|b,)s and applying Karamata to the
strictly convex function e we get the contradiction kn > kn.

Therefore x, < a,,. If equality x, = a, holds, then x, > a, and, following exactly
the above steps (from the x, > a, case), we get the (not necessarily strictly) majoriza-
tion x = (a,|b,)s. In fact, we must have x = (a,|b,)s otherwise x > (a,|b,)s and
applying Karamata to e we get again kn > kn, contradiction. Thus x, = a;, imply
x = (ap|bp)s.

(b) Suppose that x, < b,_;. We will show that x > (a,—1]b,—1)s.

Using bp—1 > Xp > Xpy1 > ... > X, We get

Xn <bp_1, (Xn+x0—1) <2bp_1,...,(xn+...+x,) < (n—p+1)bp_1 (¥)

On the other hand, (x1+...+xp—1)+(xp+...+x,) = (p— a1 +(n—p+1)b, =

ns,but (x,+...+x,) < (n—p+1)b,—; and thus x; +...+x,_1 > (p—1)a,_1, so
x1+.4.+xp_1

=1 >ap—1-
Butxlzxzz...zx,,,lﬁXIZ%EWE...Z%>%,1
and so we get x; > a,—1, X1 +x2 > 2a,_1, ..., (x1+...+xp—1) > (p— D)a,—1 (%)

From (x) and (xx) it follows that x > (a,|b,)s and applying Karamata to the
strictly convex function e we get kn > kn, contradiction.

Therefore x, > b,_1. If equality x, = b,_1 holds then x, < b,_ and, follow-
ing exactly the above steps (from the x, < b, case) we get the (not necessarily
strictly) majorization x = (ap—1|b,—1)s. We must have x = (a,—1|b,—1)s otherwise
x> (ap—1]bp—1)s and applying Karamata to e we get again kn > kn, contradiction.
Thus x, = b, imply x = (a,—1|bp—1)s.

For (c), (d) the proofs use similar arguments. ]

COROLLARY 2. If (S) has e(s) < k and admits (a,|b,)s, (aq|bg)s (p < gq) then
ap > aq and by, > by.

Proof. Let u = (ap|by,)s and v = (a4|by)s. Notice that v, = a, (because p < g)
and applying theorem 3a we infer that v, < a,, thatis, a, > a,. But the equality case
ap = ag is not possible because, by the same theorem 3a, this would imply that u = v
and, using lemma 2 we get s > b, = up11 =V, 11 = agy1 > 5, contradiction.

Thus a, > a, and by theorem 3b we get similarly that b, > b,,. O

EXAMPLE 1. Let S(e,s,k,n) a 2-convex system where k,s € R, k> s and e:
R — R is given by e(x) = x>. A straightforward computation shows that V 1 < p <

n—1 the system 2 has the solution (a,,b,) = (s—i— VA s /ﬁA) where A =

k—s*>0. Thus S isa complete system and Vx = (x1,x;...x,) € As we have xp €1,
where



P+w/gg,s+ (n—UA} ifp=1,
=1 [s=\/ilsha, s+/52a] ifl<p<n,

[sf\/m, sf\/g} ifp=n

We obtain in this way the well-known Boyd-Hawkins’s inequalities (see [4], pg. 155).
and we can get many examples of this type by simply choosing another complete
(S)-system, for example S(e,s,k,n) with s,k >0, ks > 1 and e: (0,00) — R given
by e(x) =1 etc.

2.2. Existence conditions for invariants

Let S(e,s,k,n) be un (S)-system and 1 < p <n—1, I =I5, m = inf(I) € R,
M =sup(l) € R.

Let gp:Jp = R,  gp(x) = pe(x) + (n—p)e(=5%) —kn where J, C IN[s,e0) is
the largest interval with the property that % eIN(—oo,s].

REMARK 4. J, can be specified more precisely as follows: we consider the lin-
ear decreasing function u : [s,e0) — (—oo,s] given by u(x) = Z=L* and we see that
P
71 . .
, fmel , fmel
Jp=JNI where J =u"'(IN(—o0,s]) = [s, u 1(m)] 1 m _ [s, %) 1 m
[s, u='(m)) ifméel [5,7,) ifmé¢l

def nps—(n—p)m

and y, = — =€ [s, 00| and finally we get for J,, the expression
s,M| iftMel
IEM <y, then J, — 4 M) iTM €
[s,M) ifM¢&lI
if I
If M > v, then J, = [5,%] 1 me
[5,%) ifmé¢l
M| if TandM €1
If M =7, then J, = [s,M] ?me and M <
[s,M) ifm¢lorM¢lI
O
LEMMA 3. g, is strictly increasing on Jp
Proof. Let c¢,d € Jop with ¢ < d. Then
(€) —2(d) = ple(c) (@) + (n—p) [o L) o (2L
c)— = ple(c) —e n—p)|e —e
8p 8p P P n—p n—p
which can be written as
e (nsfpc> —e (nsfpd)
gp(c) —gp(d) _|elc)—e(d) B n—p n—p o
c—d =P c—d ns—pc _ ns—pd
n—p n—p



We observe that d > “—= p ¢ & d > s (true) and using the convexity of e we infer that

efc) —e(d) _ )= e("H)

> 2
c—d c— ";:I;d @
Similarly, ¢ > == p € & ¢ > s (true) and from here we also get
ns—pd ns—pd ns—pc
e(5) et () —e (%)

> 3

ns—pd ns—pd _ ns—pc

n—p ¢ n—p n—p

From (2) and (3) we deduce that the right side of the relation (1) is positive =
% >0 = gy(c) —gp(d) <0, ie g, is strictly increasing on J,, so also on

J), because g, is continuous. O

From this lemma we infer the existence of the limit

def ..
L im0 <R
THEOREM 4. Let S(e,s,k,n) be an (S)-system with f(s) <k, 1<p<n—1
and L, the limit defined above. Then (S) has invariants of order p if and only if

L, >0 ifJ,is compact
L, >0 ifJ,is not compact

Proof. We see that g,(s) = n(e(s) —k) < 0 and the theorem follows considering
that g, is strictly increasing (according to the previous lemma). O

COROLLARY 3. Let Si(e,s,ki,n) and Sy(e,s,ka,n) be two non-empty (S)—systems
with ki < ky. If So has p—invariants for a certain 1 < p < n—1 then S has also
p—invariants.

Proof. Let g},,glz, :J, = R, g,l,(t) = pe(t) + (n —p)e("}i%gl) —kyn and glz,(t) =
pe(t)+ (n— p)e("r‘:%zt) — kyn defined as above. Notice that g}u (1) +kin= gi (t) +kon
vt € J, and so

lim gl(r)= lim gf,(t) +(kp—k1)n>0

t—supJp p t—supJp

O

THEOREM 5. If S(e,s,k,n) has e(s) <k and Is is an open interval then (S) is
non-empty and complete.

Proof. If e(s) = k then As = {(s,s...s)} and the theorem is trivially true. We can
therefore assume from now on that e(s) < k.



Let 1 <p<n—1andg,:J, =R, gy(x) = pe(x)+ (n—p)e (n;:zx) .
M) ifM<

According to remark 4 we have J, = [s,M) 1 =% and noting A = supJ, we

[s,7) M >y,

have to show that L, =lim, ,3 g,(x) > 0.
Case 1. M =7, = +oo=J, =[s5,+)
Observe that for x € J,, x > s we can write

e(x)—e(s) €\ np ) —els)
8p(x) = plx—s) (iis()— (,,S_pr)s +n(e(s) —k) )
n—p

Let ry < r, arbitrarily fixed in (s,0). For any x > r, = "; P s<r<rm<x

and using the strict convexity of e we infer:

e(58) =) efn)—els) _elrs)—els) _ el)—els)
S—px < — < — < —
s ri—s =S xX—s

E E> E5 Ey

d
We see that E4 — E; > E; — E» ef Ao > 0 and thus for any x > r, we have

gp(x) = p(x—s)(Es — Ev) +-n(e(s) —k) > pAo(x —s) +n(e(s) — k)

therefore L, = limy—,o g, (x) = 40 (so > 0).
Case2. M <y,=J,=[s,M), A =M.
+o0 (because e is an acceptable function). On

Now M is finite = lim,_,pre(x) =
the other hand, M <y, = W = m< B p M s and so ™= p M ¢ Is. Therefore

limy g,(0) = fny | pels >+<n—p>e(”§j§x) —kn] ~ oo

Case3. M >y, = Jp=[5,1p), A=7p.
Now 7, is finite so m is also finite and lim,_,,, e(x) = +oo. Notice that ~ 1;7/) =m

and so limy_,y, e (%) = 40, Therefore

. ns — px
1 —1 +(n— —kn| = 4o
lim g,0) = Jim | )+ (1= ple (2= )~
Cased. M =7y, <4oo=J,=[s,M), A =M.
M and m are both finite so limy_,, e(x) = 4oo, lim,_, s e(x)
(M) = +oo. Therefore

n=p
liny g50) = fiy [ pete) (1 ple (2225 ) | = 4

= 40, Notice that

ns—pM __ ns—pYp __ .
Sp T Tamp. =M SO lim,_pse




THEOREM 6. Let S(e,s,k,n) with As # 0 and m = inf(Is), M = sup(Is). Then
(a) If M & Is then (S) has the invariants of order 1
(b) If m ¢ Is then (S) has the invariants of order (n—1)

Proof. Notice that e(s) > k (because Ag # 0) and let ¢ = (¢; ...cy) € As.
(a) If we also have m ¢ Ig then Ig is an open interval and the conclusion follows
from the theorem 5 and so we can further assume that Is = [m,M), M finite or not.
Let g1 :J1 = R, gi(t)=e(t)+ (n—1)e(*~) —kn

M) ifM<
According to remark 4, J; = [s,M) 1 =N where 1 =ns— (n— 1)m
[s,71 ifM>mn
Case 1. M >y then Ji = [s,71] and we have to show that g;(y;) > 0.
Notice that m = =1 50 g|(y1) > 0 e(n) + (n— 1)e(m) > kn <

e()+(n—1)e(m) >kn=e(c;)+...e(cn)

and this follows from Karamata because, obviously, (y1,m,...,m) = (c1,c2,...¢y).

Case 2. M < 7y, (this case is only possible if M is finite)

Now J; = [s,M) and we have to show that 11mHMg1( )>0.

But M < 71, thus s < 2= 1114 < m and so ”;71 € Is and using also the fact that
lim,_,ps e(r) = +oo (e being an acceptable function) we infer that

ns—t
1 =1 t —1 —kn| = 4o
fien0) =l e+ 0= e (7 ) | =+
Case 3. M = 7y, (this case is only possible if M is finite)
In this case we also have J; = [s,M) and we have to show that lim,_, g;(¢) > 0.
Notice that M =y = %= ’1"’ = m and we see that lim,_, s e(r) = lim,_,, e(r) = +oo
(because M, m are finite and e is an acceptable function). Therefore

lim ¢1(1) = lim [e(t)—l—(n—])e(ns_lt) —kn] ~ e

t—M t—M n—

(b) can be proved in a similar manner.
O

LEMMA 4. Let I = [m,M] a compact interval, s € I and C = {x € I"|x; +x; +
..xy=ns}. Then lu € C of the form u=(M,...M,0,m,...m) where 0 <y <n—1
—— ——
lo n—lo—l
and 8 € [m,M).
Proof. Let A = €(0,1) and Iy = [nA] € {0,...n— 1}
Next we define 9 =ns —loM — (n— Iy — 1)m and a straightforward calculation
giveus 0 =m+ {nA}(M —m) € [m,M) and u —f(M .M,0,m,...m)eC
\‘,_/ \\,_./

l() n—l()—l



For uniqueness, we notice that if u' = (M,...M,0",m,...m) € C with 0 <[ <
—— ——
I n—ly—1
n—1and 0’ € [m,M) then 6’ =ns—IyM — (n—I;— 1)m and from here we immediately
get that nA — [ = ]?,;%,'Z €1[0,1) so [y = [nA] = I etc.
O

THEOREM 7. Let S(e,s,k,n) with Ag # 0 and m = inflg, M = supls. Then:

(a) If M € Is and (S) has no invariants of order 1 then there are solutions x € Ag
of the form x = (M, x; ... x,)

(
(b) If m € Is and (S) has no invariants of order n— 1 then there are solutions x € Ag
of the form x = (x1...x,_1,m)

Proof. (a) Let w € Ag. We consider two cases.
Case 1 I is compact, so Is = [m,M].
According to lemma 4, ns has an unique representation of the form ns = loM +
0+ (n—Ilp—1)m with 6 € [m,M) and 0 <[y <n— 1. First we shall show that [y > 1.

If Ij = 0 then we consider i def (0,m...m), k def M and, after noticing

that (@1,@ .. 0y) < (0,m...m), we infer from Karamata that k < k. But, obviously,
S(e,s,k,n) has invariants of order 1 (because ii € As) and using the corollary 3 we
conclude that (S) also has invariants of order 1, contradiction. Therefore [y > 1.

d
Next, we prove that M < v f ns— (n—1)m. If not, M > 7y, and from 7 > m
we get Y € [m,M), so ns =Y + (n—1)m = [y = 0, contradiction. Therefore M < y;

: d
and from here we also infer that 8 i ¢ [m,M].

[S,M] if M < "N,

Let g1 :J1 =R, g1(t) =e(t)+(n—1)e (2=L) —kn where J; = .
G [s,;m] M=,

n—1

but, according to the above observation, M < y; so J; = [s,M].

But (S) has no invariants of order 1 and by theorem 4, we infer that g;(M) < 0
so e(M)+(n—1)e(8) < kn.

Next we define C = {(x2,...x,) EI" M >xy > ... > xy, M+x2+...+x, = ns}

. - d
and we see that C is a convex set (so it is also connected). Let u ef (M,...M,0,m,...m)
—— ——

1021 n710,1

respectively v = (M,6...0) and it’s clear that u,v € C.

Let E:C— R, E(x,...x,) = e(x2) +...e(x,). We see that E(v) < kn, because
g1(M) < 0. On the other hand, we notice that ® =< u and using Karamata we get
E(w) < E(u), therefore E(u) > kn. But E is a continuous function and C is a con-
nected set and therefore we deduce that Ix € C with E(x) = kn which means that (S)
has the solution (M,x7,...x,).

Case 2. [ is a non compact interval. This case can be reduced to the previous
(compact) case. Indeed, we will first choose an m < m; < M such that m; < @, and
let Iy = [m1,M], ey = e|l,. It’s clear that S (ey,s,k,n) is non-empty and has no invari-
ants of order 1 (because they would be valid for (S) as well) and so, according to the
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compact case, we will find a solution (M,x;...x,) € Ag, but, obviously, this is also a
solution for S.
O

2.3. Ay is a compact set
THEOREM 8. For any S(e,s,k,n) the set Ags is compact.

Proof. We can assume that Ag # 0. Let m =inf(I) € R, M = sup(I) € R. We will
first show that there is a compact interval J C Is with Ag C J".
Let x be an arbitrary point in Ag. According to theorem 6, if M ¢ Ig then
I(ay|b1)s and, using theorem 3, we infer that x; < a;. Similarly, if m ¢ Ig then
I(an—1|bn—1)s and x, > b, . Thus, if we define

m ifmelg {M it M € I
0:

mo = and J = [mg, Mp] it follows that

bn—l ifm%ls’ aj ifM¢IS
x € J" and therefore Ag C J".
Next, we see that we can write As =A|NA,NE;...NE,_| where

E,={xeR"|xpp1—x, <0} VI<p<n-—1I
Al ={xeR"x;+x2+...x, = ns}
Ay ={xeJe(x1)+e(x2) +...e(x,) =nk}

and, because these sets are all closed sets we conclude that Ag is a compact set. O

3. Functional dependence. The T transforms

3.1. The n =3 case

LEMMA 5. Let S(e,s,k,3) be an (S)—system and let x,y € Ag, x = (x1,X2,x3),
y=(y1,52,y3) with x; <y1. Then y; > x1 > x2 > y2 > y3 > x3

Proof. We have to show that x, > y, and also that y3 > x3, the other inequalities
being obvious. If x3 > y3 then, using the fact that x; <y, we deduce that x <y (strictly
majorization) and from Karamata we get e(x;) +e(x2) +e(x3) < e(y1) +e(y2) +e(y3)
s0 3k < 3k, a contradiction. Thus x3 < ys3. Next, if xo < y, then using x; < y; we infer
that x; +x2 < y; +y2 so x3 > y3 and further we get a contradiction exactly as above.
So we also have x; > y;.

O

LEMMA 6. Let S(e,s,k,3) be an (S)-system and let x,y € Ag, x = (x1,x2,%3),
y=(y1,52,¥3). If x1 = y1 (respectively xo =y, or x3 =y3) then x=y.

Proof. Let x| =y; . Suppose that x3 # y3. Then, for example, x3 > y3 and from this
we get immediately that x <y (strict) and applying Karamata to the function e we get
3k < 3k, a contradiction. So x3 = y3 and from here we also get x, = 35 — (x] +x3) =
3s— (y1 +y3) = y2, therefore x = y.

O

11



Because Ag is a compact set we infer that Py e/ Pry(As) (k=1,2,3) are also

compact sets and let my = min(F), My = max(F;) (k= 1,2,3). Thus P, C I, e/

[mg,My] (k=1,2,3). From now on, we denote by @ the point (unique, according
to the lemma 6) for which @; = my, respectively by Q the unique point for which
Q3 =M;.

LEMMA 7. Let Iy = [my,M] and ®,Q as above. Then:
(a) @=(my,Ma,m3) and Q= (My,mp,M3)
(b) My >my > My >my > M3 > mj3

Proof. 1) Let @ = (@, @, ®3) so @ =m; and let x = (x1,x2,x3) € Ag be an ar-
bitrary point. Then x3 > @3 because otherwise, using the fact that x; > m; = @;, we
infer that @ < x (strictly) and applying Karamata to the function e we arrive at the
contradiction 3k < 3k. Because x € Ag is arbitrary we deduce that w3 = m3. At the
same time xy = 35 — (x; +x3) < 35— (0] + @3) = ®, but x is an arbitrary point so
@) = M, . Therefore @ = (m;,M»,m3) and we get similarly that Q = (M}, my,M3).

2) According to (a), (m,Ma,m3) € As, (M1,my,M3) € Ag but, obviously, m; < M,
80, using lemma 5, we get My > my > My > my > M3 > m3. O

LEMMA 8. Let Is = [m,M] and ®,Q as above. Then:

(a1,b1,b1) = (ai1|by)s if S has I-invariants
(M,a,b) if S doesn’t have I-invariants

(a) Q is of the form {

(b) @ is of the form {(az,az,bz) = (aa|b2)s if S has 2—invariants

(a,b,m) if S doesn’t have 2—invariants

Proof. (a) If A(a1]by)s then, using the extremal properties of invariants, we deduce
that Vx € Ag x3 < b; and so we must have b} = M3 = Q3 = (a;|b1)s = Q.

If A(a1|by)s then, according to theorem 7 we deduce (S) has solutions of the form
(M,a,b). This means that M; = M but, according to the lemma 7, Q = (M, my,M3) =
(M,my,Mz) and we infer (using lemma 6) that Q = (M,a,b).

(b) can be proved in a similar manner. ]

LEMMA 9. A non-empty system S(e,s,k,3) is trivial if and only if @ = Q.

Proof. If (§) is trivial it’s clear that @ = Q.
fo=Q = (ml,Mz,m3) = (M],mz,M3) so my = My, (kz 1,2,3) and cleaﬂy
|As| =1 so (S) is trivial. O

REMARK 5. Thus, if S(e,s,k,3) is non-trivial, then @ # Q and it’s clear that
me # My, so I #0 (k=1,2,3). We also infer that Vx € Ag with x; € I; we have
Xy € I°2 and x3 € I°3 (because if, for example, x, = my then x = Q etc.) and also that
Vx € Ag with x; € [} = x1 > x2 > x3.

12



LEMMA 10. Let S(e,s,k,3) be a non-empty (S)-system and Iy = [my,My| as
above. Then:

(a) Forany x; € I 3(x2,x3) € L X Iz with (x1,x2,x3) € Ag
(b) Forany x3 € Iz 3\(x1,x) € I} X L, with (x1,x2,x3) € Ag

Proof. (a) Fix x(l) el. If x1 mjp or x1 M, then the conclus1on follows (because
®,Q € Ag) so we can assume x(l) € (my,My). Let fy —f| m,x1 .
Because @ = (my,Ma,m3) € As and x{ >m; > M, > m3 > m it follows that s € (m,x)
so we have a well-defined (S)-system S(fo,s,k,3) for which @ € Ag, and so Ag, # 0.

Observe that Ag, C Ag and also that, if Sp has the 1-invariants (a?,b(l)) then they
are valid for S as well.

‘We now show that Sy doesn’t have 1—invariants.

Case 1. (S) doesn’t have 1—invariants. According to the previous observation, neither
(So) doesn’t have 1—invariants.

Case 2. (S) has 1—invariants (aj,b1) so M; =a; . Suppose (Sp) has also 1—invariants
(a9,b9) and then, according to the prev1ous observatlon (a?,b9) are valid 1—1nvar1ants
for (S) as well and so (aj,b;) = (al,b ) = a1 =a; =M;. But M; > x(f > a1 and so
we get a contradiction.

Therefore (Sp) is non-empty and without 1—invariants. According to Theorem 7a,
(So) has a solution of the form (x,x9,x9) € A, C As and this is unique (according to
Lemma 6).

(b) Fix x3 eh. If x3 =m3 or x3 M3 then the conclusion follows (because @, Q € Ag)
so we can assume x5 € (m3,M3). Let fo = f|[x3,M].

Because Q = (My,my,M3) € As and M > M} > mp > M3 > xg it follows that s €
(x9,M) so we have a well-defined (S)-system S(fo,s,k,3) for which Q € Ag, and so
Ag, 0.

Observe that Ag, C Ag and also that, if So has the 2—invariants (az,bo) then they
are valid for S as well.

We now show that Sy doesn’t have 2— invariants.

Case 1. (S) doesn’t have 2— invariants. According to the previous observation, neither

(So) doesn’t have 2— invariants.

Case 2. (S) has 2—invariants (az,b;) so m3 = b, . Suppose (Sp) has also 2— invariants
(a3,b9) and then, according to the previous observation, (a3,59) would be valid 2— invariants
for (S) as well and so (az,b2) = (a3,53) = b9 = by = m3. But m3 <x3 <5b) and so

we get a contradiction.

Therefore (Sp) is non-empty and without 2—invariants. According to Theorem 7b
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(So) has a solution of the form (x,x9,x3) € Ag, C As and this is unique (according to

Lemma 6). O]

THEOREM 9. (the functional dependence) Let S(e,s,k,3) be a non-empty system
and I = [mg,My] as above. Then lu: I} — L,v: I} — I3 bijective, continuous, mono-
tonic functions (u decreasing, v increasing) such that Ag = {(t,u(t),v(t))|t € I }.

Proof. According to Lemma 10a, Vx; € I} 3!(x2,x3) € [ x I3 with (x1,x,x3) € Ag
therefore 3! the functions u: I} — hL,v: I} — I with Ag = {(¢,u(t),v@))|r € L,}. It
remains to show that they are continuous, bijective and strictly monotone.

But Lemma 10b also give us the unique functions i : Iy — I,V : I} — Iz with the prop-

A =9(8) =v(v(x}))
X =v(xd) = v(H(xY))
and this means that v, 7 are inverse of each other, so they are bijective functions.

Now we show that v is an increasing function on /; . If not, it follows that Jx; < x’l el
with v(x) > v(x]). This imply that (x},u(x]),v(x})) > (x1,u(x1),v(x1)) (strictly) and,
applying Karamata to the function e we get the contradiction 3k < 3k. Therefore v

is increasing, in fact strictly increasing (because of bijectivity) and from here we also
infer the continuity, because, in general, a bijective and monotone function f :1 — J
(where 1,J are intervals) is continuous.

erty Ag={(#(t),ii(t),t)|t € 5} and so, for any fixed (x,x3,x3) = {

In the u: I} — I, case, we use the relation u(x;) = 3s —x; —v(x;) and we immedi-
ately infer the continuity of u and also that u is strictly decreasing, hence also injec-
tive. It remains to show that u is surjective. But Q = (My,my,M3) € As = mp =
u(My) = my € Im(u) and, similarly, M, € Im(u) and from continuity of u we deduce
that Im(u) = [m,M5] so u is also surjective. O

THEOREM 10. Let S(e,s,k,3) be a nontrivial systemand u:I) = L, v:I; = L
as above. If, in addition, e is differentiable on Is then e € C'(Is) and u,v € C'(I)).

Proof. Because e is strictly convex = ¢’ is strictly increasing on Is and, using also
the intermediate value property of ¢’, we infer that ¢’ is continuous, hence e € C! (fs) .
Because (S) is nontrivial it follows (according to Remark 5) that [ # 0 (k =
1,2,3). Nextlet F : 101 X iz X f3 — Rz, F(x1,x2,x3) = (F1(x1,X2,x3), Fa(x1,%2,%3))
where
Fi (xl,XQ,)Q) =x1+xp+x3—3s8
Fa(x1,x2,x3) = e(x1) +e(x2) + e(x3) — 3k

Fix ¢; € I, and let ¢, = u(cy) € b, c3= v(cr) € I5. Observe that ¢; > ¢ > ¢3 (see
Remark 5) and also that F(cy,cz,c¢3) = 0. The determinant of the Jacobian matrix

oF; oF
sz(c) 37)63(0)
oF, oF,

sz(c) Txg(c)
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is €' (c2) —€'(c3) # 0 (because ¢’ is strictly monotone and ¢, > ¢3). Therefore, by
implicit function theorem applied to the C' class function F = 3, C I, I, C
b, I, C I open intervals centered in c1,c, respectively c3 and the C! class func-
tion g I, = I, <1y, g(x1)=(g1(x1),82(x1)) such that V(x1,x2,x3) € Lo, X I, X I,
we have the equlvalence

F(x1,x2,%3) = 0 (x2,x3) = (g1(x1),82(x1))

But V(x1,x2,x3) €l X 1oy X 1oy = X1 > X3 > X3 SO F(x1,x,x3) =0 (x1,x2,%3) € Ag.
On the other hand, we know that As = {(¢,u(t),v(1))[t € I} so g = u|l.,, g2 = |I, .
We conclude that u,v € C'(I}).

O]
3.2. The T transforms. Preliminaries
X1+x+...+x,=ns (1)
Let S(e,s,k,n) be an (S)—system givenby < e(x;) +e(x) +... +e(x,) =nk (2)
X1 2X2 ... 2% 3

Fix c=(c1,...cn) €As, 1 <i< j<k<nandlet §(e,s k',3) be the (S)-system

given by

xXp+xy+xy =ci+cj+c =35

( 1) +elxy) +elxs) = e(ci) +e(cj) +e(c) = 3K

X] =X > x5

Obviously, Ag # 0. As in the previous section, we consider the intervals xj € I, =
[my,M;|(k = 1,2,3) and, according to Theorem 9, 3! the functions u : I} — I}, v
I} — I} continuous, bijective, strictly monotonic (u decreasing, v increasing) such that

Ay ={(tu(t),v(0)|t € 11}

For any 7 € I] = [m|,M}] we consider the n-tuple D() constructed from ¢ by replac-
ing (cj,cj,cx) with (t,u(r),v(t)), thus defining a continuous function D = D[c;,cj,ci] :
I{ — R". Notice that for any ¢ € I{, the n-tuple D(t) satisfies the equalities (1) and
(2) of the initial (S)—system, but not necessarily the ordering condition (3).

DEFINITION 5. Let 1 <i< j<k<n.

(a) We say that x € I§ satisfies the "ascending” condition (A;’jyk) if

M ifi=1
X < e
xiq ifi>1
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(b) We say that x € Iy satisfies the “descending” condition (A; ;) if

Xi > Xit1
Xj<Xj-1

m ifk=n
X > .
Xi+1 ifk<n

LEMMA 11. Let S(e,r,k,n) be a non-empty (S)-system, ¢ € Ag, 1 <i< j<
k <nand D = D|c;,cj,ci] : I} = [m},M]] — R" as above.

(a) If c satisfies the (Afj.k) condition, then c¢; < M| and there is a largest interval
Jt =lci,ci+e] C 1] (& > 0) with the property that D(J*) C Ag and D(r)
satisfies (A;Lj_k) Vit € [ci,ci+€F).

(b) If c satisfies the (A;Lk) condition, then c¢; > m\ and there is a largest interval
J™ =[ci—¢g5,¢] C 1} (& > 0) with the property that D(J~) C Ag and D(r)
satisfies (A; ;) Vt € (ci— €g,cil.
(d},b},b}) if §' has l-invariants
(M,d',b') if §' doesn’t have l1-invariants
and from this it follows that (¢;,c j,ck) # Q/ (otherwise we have either c¢ j = Ck, €i-
ther ¢; = M, impossible). On the other hand, according to Lemma 7, we know that
Q' = (M}, m),M}) and because (c;,cj,cx) # Q' it follows that ¢; < M].

The point D(c;) = ¢ satisfies the strict inequalities in (A;:Lk) and using the con-
tinuity of D we deduce that 3¢ > 0 such that Vr € [¢;,¢; — €), the point D(t) also
satisfies the strict inequalities in (Aii,k) .

It’s clear that D(¢) also satisfies the ordering condition (3) hence D(r) € Ag Vt €
[ci,ci+ €). Next we define

Proof. (a) According to Lemma 8, Q' = {

er = sup{€ > 0|D(z) satisfies (ij,k) Vt € [ci,ci+€)}

and let J* = [c;,c; + &]. It’s clear that D(t) € Ag Vi € [ci,c; + &) and, at the same
time D(c;+ &) € As because we can choose a sequence (t,)m>1 C [ci, ¢ + €F) with
tym — ¢+ & and from continuity of D we infer that D(t,,) — D(c; +€}), but D(t,,) €
As and Ag is a compact set, hence D(c; + €}) € As. O

REMARK 6. Let d* = D(c;+¢€7) € As. Because df =¢; VI #1i,j,k we have

Mz...ZCi,1Zdi*z...Zd;ZCH,]Z...ch_lz...Zd;:

On the other hand, it’s clear that d* cannot satisfies the strict conditions in Ai+j.k (oth-
erwise, following exactly the above steps, we could extend the interval J* but this

16



contradict the maximality of J*) and from this we infer that d* must satisfy at least
one of the following equalities

g M iti=1
P Yoy ifi>1

di=dy ifj+1=k
di=cjp ifj+1<k
d;g:Ck—l if j+1<k

LEMMA 12. Let c € Ag satisfying the A;rj  condition and let J* be the interval

given by Lemma 11. Then Nt € J* the points ¢ and D(t) belong to the same connected
component of As.

Proof. Let C; C As the connected component that contains ¢. Using the continuity

. d . .
of D it follows that C, éfD(J*) is a connected setand ¢ € C; C Ag. Thus C; UG, isa
connected subset of Ag and, from the maximality of C;, we infer that C, C C; etc. [J

3.3. The T, transforms

Let S(e,s,k,n) be an (S)-system, 1 <i< j<k<n, c€Ag and D =Dc;,cj,cx]:
I} — R" defined as in previous section.

We have seen that if ¢ satisfies the A;:j,k condition then exists a largest interval
Jt =[ci,ci+ €] (€ > 0) with the property that D(JT) C As.

Similarly, if ¢ satisfies the Ak condition then exists a largest interval J~ =
[ci — €5, ¢i] (&5 > 0) with the property that D(J ™) C As.

DEFINITION 6. Let c¢ satisfying the Afj_’k condition and € € [0, &}]. We say that
the n-tuple ¢’ € Ag is a T, (i, j, k)[c] transform of ¢ and we write ¢’ = T, (i, j,k)[c] if
' =D(ci+e€).

The T, (i, j, k)[c] transforms are similarly defined.

We notice that when we apply to ¢ a T; (i, j,k)[c] transform (for example) then
¢; and ¢ Vincrease” and c¢; “decreases” (the precise meaning is that ¢} > ¢;, c;{ > Ck
and c;» < ¢j). This follows, of course, from the monotony of the u# and v functions
(u is strictly decreasing and v strictly increasing). We can also observe that ¢} + c’j =
35— c;( < 3s—cr=ci+c; so, by applying a T; transform, the sum c¢; + cj (or cj+cy)
“decreases”.

A T;H|T; transform is called strict if € € (0,€}), respectively € € (0,€};). We
notice that if ¢’ = T;" (i, j, k)|c] is a strict transform then ¢’ still satisfies the A;rj?k con-

dition (respectively A;., inthe T, case).

i
LEMMA 13. (a) If x € Ag satisfies the Ai+j « condition then there is a chain of
strict transforms of type T, that map x to an'y € Ag with y, > x,.

(b) If x € Ag satisfies the A;j,k condition then there is a chain of strict transforms of
type T, that map x to an 'y € As with y; <xi.
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Proof. (a) Case 1 k =n. We can apply to x a strict transform y = T, (i, j,n) x|
and, obviously, y, > x,.

Case 2 k < n. We start by applying to x a strict transform x' = T;" (i, j,k)[x] for
which, obviously, x; > x; and so we are sure that we also have xj > x| = xpp. If
k+ 1 =n we continue exactly as in the case 1. If not, we apply to x" a strict transform
X" =Tg"(i,j,k+1)[x'] for which x/,; > x]/,, = x> and so on.

For (b) the proof is similar to the above. O]

3.4. The poles @w,Q

Let S(e,s,k,n) be an (S)-system. Because Ag is a compact set it follows that
P el Pr(Ag) (k=1,2...n) are also compact sets and let m; = min(Fy), My = max(P)

(k=1,2...n), hence P C I < [my,Mi] (k=1,2...n)
In particular, we deduce that there exists points @ € Ag for which w; = m; (or
points Q € Ag for which Q, = M,)).

LEMMA 14. Let Q € Ag for which Q, = M,,. Then Q is of the form
Q=(M,...M,a,b...b)
——

r>0
where r > 0 and a,b € Is with a > b =M,

Proof. We can start, obviously, by writing Q in the form Q= (M,... M, Q,.1,...Q,).
——
r>0
If r > n—2 our problem is solved, so we can assume r <n—3 with Q, 1 # M.
If there exists r+ 1 < i < n with Q; > Q;; then, considering that Q,;; < M, we
infer that Q satisfies the AT | condition hence, according to Lemma 13, there is a

r+1,i,i+
chain of strict transforms of type T, that map Q to an Q' € Ag with Q], > Q, = M,,
a contradiction. Therefore Q, 1, =... = Q, etc.
O
Q=(M,...M,a,b...b)

>0

LEMMA 15. IfQ,Q' € Ag are of the form "= where
f s are of the f Q' =M,..Md,b.. b
——
>0

a>b,d >b then Q=9 .

Proof. Without loss of generality we may assume that b > b’ and from this we infer

T(Q) < T(Q) Yk=1...r
Bk(.Q.) ZBk(Q/) Vk=r+2...n

and this means Q < Q' (according to Remark 2). Suppose Q # Q. Then Q' < Q

(strictly) and applying Karamata to the strictly convex function e we get kn < kn, a
contradiction. O
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THEOREM 11. Let S(e,s,k,n) an (S)-system and m = inf(Is), M = sup(Is).
Then:

(a) There exists a unique point Q € Ag for which Q, = M,,. Moreover, it is of the

form
Q=(M,...M,ab,...b)
——
r>0
Conversely, YQ' € Ag of the form Q' = (M,...M,d',b',...b) = Q' =Q.
~——

r’>0

(b) There exists a unique point @ € Ag for which @y = m|. Moreover, it is of the

form
o= (a,...a,b,m,...m)
——
r>0
Conversely, Yo' € As of the form @' = (d',...d ,b',m,...m) = @' = o.
'J
>0

Proof. (a) Let Q,Q' € Ag two points for which Q, = Q] = M,,. Then, according
Q=(M,..M,a,b...b)
N——
r>0
Q' =(M,..Mdb..»V)
N——
>0
Lemma 15 we infer Q = Q. The converse follows, obviously, from Lemma 15.

(b) The lemmas 14 and 15 has similar versions for the @ case and after that the
proof is similar to the above. O

to Lemma 14, Q and Q' are of the form and applying

REMARK 7. We call these two points Q, w the poles of the system (upper and
lower) and we can show that [m;,M,] = [w;, ] and [m,,M,] = [@,,Q,]. For the first
equality, for example, we observe that, by definition, @; = m;. On the other hand,
Q is of the form (M,...M,a,b,...b). If r >0 then, Q =M =M, and if r =0

——
r>0
then Q = (a;|by)s but, in this case, a; = M; (according to Theorem 3a) and so again
.Q] =M.

REMARK 8. If x # Q we can prove that there exist 1 <i < j < n such that
x satisfies the (Aﬁﬁ j +1) condition. According to Theorem 11, x is not of the form
(M,...M,a,b,...b) (*). It’s clear then that 3i < n—2 with x; < M and, supposing i
r>0
minimal with this property, we also find i < j < j+1 < n with x j > Xjy1, otherwise x
would be of the form (*).
Similarly, if x # @ we deduce that there exist 1 <i<i+1 < j <n such that x

satisfies the (4;;, ;) condition.
THEOREM 12. Let S(e,s,k,n) be a non-empty (S)—system. The following asser-
tions are equivalent:
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(a) |As| =1 (thatis, S is trivial)
(b)) w=Q
(¢c) 3x € As of the form x=(6,0,...,0) or x=(M,...M,0,m,...m)

Proof. (a) = (b) it’s obvious.

(b) = (a) If @ = Q then, according to remark 7, we infer that m; = M| and so,
for an arbitrary x € Ag we deduce that x; = m; . But this means, according to Theorem
11, that x = @. Hence Ag = {®} etc.

(¢) = (b) From Theorem 11 we know that for any point Q' € Ag of the form
Q' =M,..MdD,. b)= Q =Q.But x, in either of the two variants, is also of

——
>0
that form and so x = Q. In a similar manner we deduce that x = @ hence Q = ®@.
(b) = (c) Let Q= (M,...M,a,b,...b), o= (d,...d,b';m,...m).
—— ——
r>0 >0

Case 1 r>0. We know that @ =Q hence @ =M and @ = (M,...M,b',m,...m)

——
>0

Case2 ¥ >0. Using @ = Q it follows that b=m hence Q= (M,...M,a,m,...m)

>0

Case3. r=0,” =0.Then 0=Q < (a,b...b) = (d,...d V') hence a=d' =
b=b =6 and ®=(6,0,...,0).

O

3.5. Ag is a connected set

THEOREM 13. Let S(e,s,k,n) be an (S)-system. Then Ag is a connected set.

Proof. Suppose that Ag is not connected, hence there exist at least two connected
components that are also compact sets, because Ag is compact. Let C; be the con-
nected component that contains the point Q and let C, # C; be another one. Using the
compactness of C,, we can choose a point x = (x,x2,...x,) € C with maximal x,, .

According to Remark 8 = there exist indices i < j < k such that x satisfies the
”ascending” condition A;’j’k and applying Lemma 13a, we get a chain of strict T,
transforms that map x to an y with y, > x,,.

On the other hand, according to Lemma 12, for any w’ = T, (i, j, k)[w] transform,
the point w' belongs to the same connected component as w, hence x and y are both
contained in C,. But y, > x,, and this contradicts the maximality of x;,.

O

COROLLARY 4. Let S(e,k,s,n) be an (S)-system and I, = [m,,M,],1 <r <n.
If P, = Pr.(Ag) then P. =1, hence I, is exactly the set of all possible values of the x,
component (x € Ag ).
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4. Extension of the Karamata’s inequality and related results

4.1. The <, and < relations
Fix 1 <p<n-—1 andlet x,y € As.

T zone B zone

1 T 1
y:(yla Y2, «oo Yp—1, Yp5 Yp+1, Yp+2, --- ynflayn)
x:(X], X2, .- xp*]a xpa yp+17 yp+27 x’l*hx”)

e — | L 1

T zone B zone

By definition,
T.(x) < T, Vi<k<p-1
X<y k(x) < Ti(y) <k<p 5)
Bi(x) <Bi(y) Vp+2<k<n
where Tj.(x) = x; +...+x; (top sums) and By (x) = x¢ + ... +x, (bottom sums).

Note that for p = 1 the definition is equivalent to Bi(x) < Bi(y) V3 <k <n
(that is, the T zone is empty) and for p = n— 1 the definition is equivalent to T;(x) <
Ti(y) V1 <k<n—2 (so B zone is empty).

We also consider the strict version of this relation, that is, we say that x <, y if
x <%p y and at least one of the inequalities (5) is strict.

LEMMA 16. Let x,y € As. If x <%,y then x1 < y1 and x, < y,.

Proof. If p > 2 the definition (5) implies in particular that Tj (x) < T3 (y) so x; <y;.
If p=1 then (5) & Bi(x) < Bi(y) V3 <k <n and if x; > y; we infer x > y but,
applying Karamata to e, we arrive to the contradiction kn > kn. Hence x; <y; and we
can prove similarly that x,, <y,. O

DEFINITION 7. Let x€Ag and 1 <i; <ip <...<i, <n (fixed indices).

(a) We define x~ (x;,...x;) as being that (n— r) tuple constructed from x by re-
moving the components x;,,...X;, .

(b) We define a "reduced” system §'(e,k’,s’,n’) (where n’ =n—r) by:
N4+t =ns—(x; +...+x,)=ns
e(t))+...+e(t,) =nk—(e(x;)+...+e(x;,)) =n'k
n>tn>...>t,

denoted also by S [Xi,, Xiy -+ Xi, ]

Notice that x ~ (x;,,...x;,) € S[xi,, X, - - X, ]

LEMMA 17. Let x,y € Ag with x <, y and suppose 3r with x, = y,. If X' =
x\ (x,) and y' =y~ (y,) then 31 < p’ <n' —1 such that X' <,y y' (where ' =n—1).

Proof. 1It’ clear that x,y € S[x,] and we can choose p' = p—1 (if p >2)or p/ =1
(if p=1) so, in general, we can choose p' € {p—1,p}. O
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LEMMA 18. Letx,y€Asand 1<p,q<n—1.Ifx<pyandy=<4x then x=y.

Proof. The proof is by induction on n. Using Lemma 16, we first observe that
x<py=>x1 <y and y <54 x =y < x1, hence x; = y.

For n =3 the conclusion follows directly from Lemma 6.

If n > 3 we consider the points x’ = x\ (x;) and y' =y~ (y1) so, according to
Lemma 17, 31 < p/,¢' <n' —1 with ¥’ <,y y and y' < ¥’ (where n’ =n—1). But
¥,y € Ag where §'(e,s',k',n’) is the reduced system S[x;] and so, by the induction
hypothesis, it follows that x' = y’, hence x = y. O

THEOREM 14. <, is an order relation on Ag

Proof. The reflexivity and transitivity are evident and antisymmetry follows from
Lemma 18. O

COROLLARY 5. Let x,y € Ag withx<,y. Then x <,y & x#y

Proof. If x <, y then it’s clear that x # y.
If x # y then at least one of the inequalities (5) is strict. Otherwise, we would have
at the same time x <, y and y <, x, hence x =y. O

LEMMA 19. Let x,y € As with x <, y. Then 3 r < p < p+1 <t such that
Xr < Yry Xt < Yt

Proof. We will show that 3r < p such that x, < y,. Otherwise, x; >y; V1 <i<p
hence T;(x) > T;(y) V1 <i< p but this, together with the B;(x) < B;(y) (i=p+2...n)
inequalities, implies that x > y (strictly) and, applying Karamata to the strictly convex
function e, we get nk > nk, a contradiction. O

THEOREM 15. Let @,Q be the poles of the S(e,s,k,n) and let x € As be an
arbitrary point. Then there exists 1 < p,q <n—1 suchthat Q =) x =, .

Proof. We will show that 31 < p <n—1 such that Q >>, x. We know that Q is

1 .ooor—1 r r+1 r+2 ... n
of the form Q = M, ... M, a, b, b, ... b for some r > 1

and, by the definition of Q, we know that x, < b.

It’s clear that 7;(Q) > T (x) V1 <k <r—1 and, if it happens that B;(Q) > By (x)
Vr+2 < k < n, then it follows trivially that Q =, x. If not, there exists an index
r+2 <k <n such that B;(Q) < Bi(x) and we suppose k largest with this property.
Because Q,, = b > x,, we see that k < n.

So we have, for now, B;(Q) > B;j(x) Vk+1 <i<n and B;(Q) < Bi(x). We will
prove that Q =;_; x and for this we need that 7;(Q) > Tj(x) V1 < j<k—2. We
already know that T;(Q) > T;(x) V1 < j<r—1,sowecanassume r < j <k—2.1If,
by reductio ad absurdum, there exists r < j <k —2 such that 7;(Q) < Tj(x) then

M(r—1)4+a+(—rb<xi+...+x; (6)
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But B (Q) < Bi(x) =
(n—k+1)b<xip+...+x, @)
and from (6) and (7) we infer
Mir—1)+a+n—r—(k—j—1)b<(xi+...4+x;)+(xx+...+x,)

=>ns—(k—j—1)b<ns—(xjy1+...+x_1)
é(k*j*l)b>)€j+1+...+xk_1

Hence b > x;_; but from (7) it also follows that b < x; < x;_1, a contradiction.
The proof for x =, @ is similar to the above. O

DEFINITION 8. If x,y € Ag we say that xJy if 31 <p<n—1 withx<,y

REMARK 9. The < relation is, obviously, reflexive and antisymmetric (accord-
ing to Lemma 18) but, unfortunately, it’s not also transitive so, in general, < is not an
order relation.

The fact that it is not transitive follows from a counterexample. We consider the
system S(e, %, %,5) where ¢: R — R, e(x) = x? and we will arrive at a counterex-
ample by a convenient deformation of the following points in Ag:

V35 . V35 35
=0 dm 0 )
y= (3+2\/§a 372\/5) 0» 717 73)

S YV SOV S O 5
2 2 202
Xy <y1<z1, X5<ys<Zzs
First, observe that < xj +x; =y +y, =21 +22="6
X4+xs=ys+ys=z24+25=—4
Next, we see that x; > x; > x3 so there exist strict transforms x' = T, (1,2,3)[x].
We have x| < x; and x| +x} > x| +x, =6.
Similarly, we can apply to z a transform 2’ = 7,7 (3,4,5)[z], we have z§ > z5 and
also 2, +25 < 24425 = —4.
Finally, we see that X’ <5 y, y <3 7 but it’s not possible to choose an index 1 <
p <4 with ¥’ 5, 7 because x| +xp >6 =2 +2; and ¥, +x{, = -4 > 2, + 2.

4.2. The perturbation lemmas
DEFINITION 9. Fix 1 <p <n—1 and let x,y € Ag with x <, y. We say that:
(a) there exist equal sums in (T) if 31 <k < p—1 with Ty (x) = T (y).

(b) all (T)-sums are distinct if T;(x) # Ty (y) V1 <k<p-—1.
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(and similarly for B-zone)

T zone B zone
1 T 1
y:(yl’ Y2, --- Yp—15 Yps Yp+1, Yp+2, --- yn*l7yn)
X= (X1, X2, oo Xp—1s Xpy Yptly Ypt2s --- Xn—1,%n)
I —— | L 1

T zone B zone

If there exist equal sums in (T), we also consider the extreme indices a < b such

ot [T =T, () = T3 ()
Tu(x) < Ti(y), Vke{l...a—1}U{b+1...p—1}
Similarly, if there exist equal sums in (B), we consider the extreme indices ¢ < d

such that {B"(x) =Bc(y), Ba(x)=Ba(y)
Bu(x) <Bi(y), Vke{p+2...c—1}U{d+1...n}

LEMMA 20. Fix 1 <p<n—1 andlet x,y € As with x <p y.

A) 1) If x; <yp then 32 <i<n—1 with x; > xj41
2) If x, < yp then 1 <i<n—2 with y; >y

B) 1) If x; <y and there exist equal sums in (T) then 31 <i<a—1 with

Yi > Yi+l
2) If x, < yn and there exist equal sums in (B) then 3d <i<n—1 with
Xi > Xit1
Proof. (A) If (1) is not true, then x; = x4 V2<i<n—1 = xp=x3=...=x,

and so x = (ay|b;)s = x| = a;. But, from the extremal properties of invariants we
know that y; < a; hence y; < x1, a contradiction. For (2) the proof is similar.

Ta(y)

On the other hand, 7,(x) = T,(y) and, obviously, x; > @ = T“T(}) hence x; > y1, a
contradiction. The proof of (2) is similar.

B) If (1) is not true, then y; =y;1 V1<i<a—1 = y;=...=y, andso y; =

O
LEMMA 21. Fix 1< p<n—1andlet x,y € As with x <py and x1 <y

A) If all (T)-sums are distinct and, also, all (B)-sums are distinct then there exist
strict transforms z =T, (1,i,i+ 1)[x] with 2 <i<n—1 such that z <,y

B) If all (T)-sums are distinct but there exists equal sums in (B) then there exist
strict transforms z =T, (1,i,i+ 1)[x| with d <i<n—1 such that z <,y

C) Suppose there exists equal sums in (T)

(@) If Tyr1(x) < Tyy1(y) then there exist strict transforms z=T;" (1,a,a+1)[y]
such that 7 <,y
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(b) If Tyr1(x) > T,11(y) then p > 2 and there exist strict transforms z =
T.5(1,i,i+1)[y] such that z <, y.

L) <T(y) VI<k<p—I
Bi(x) <Br(y) Vp+2<k<n
ing to Lemma 20 (A1) we know that 32 <i <n— 1 with x; > x;1| . Because the above
inequalities are strict, there exists an € > 0 such that the transform z = T;"(1,i,i+ 1)[x]

Te(2) <Tily) VI<k<p-1
Bk(Z) <Bk(y) Vp+2<k<n

Proof. A) By hypothesis, we have { and, accord-

still verify the strict inequalities { hence z <, y.
B) According to Lemma 20 (B2) we know that 3d <i <n—1 such that x; > x;;1.
Because i+ 1 > d we have B;y1(x) < Bi+1(y) [*] and, by hypothesis, we also have
Ti(x) < Th(y) V1 <k<p—1 [*%]

Because the inequalities [+] and [+x] are strict there exists an € > 0 such that the
transform z = T, (1,i,i+ 1)[x] still verify the strict inequalities

Ti(z) < T(y) Vi<k<p-1
Bit1(z) < Biv1(y)

and so it only remains to show that By(z) < Bi(y) Vp+2<k<n, k#i+1

We notice that for k # i+ 1 a Bi(x) sum can contains either the both terms x;
and x;, either none of them. In the first case it’s clear that by the z = T, (1,i,i+1)[x]
transform the sum x; +x;+1 can only decrease to z;+z;1; and definitely By (z) < Bi(y).
In the second case, the sum By (x) obviously remains unaffected by the z = T;"(1,i,i+
1)[x] transform, hence By (z) = By (x) < Bi(y).

C1) We first show that x, > x,41. Because Tj(x) < T1(y) it’s clear that a > 2. We
have T,_;(x) < T,—1(y) and T,(x) = T,(y), therefore x, > y,. On the other hand,
Ty+1(x) < Ty (y) and using again T, (x) = T,(y) we have x4 < y,11. Hence x, >
Ya = Va1 > Xgi1 = Xg > X1 (s0 there exists transforms of type T;7(1,a,a+1)[z]).

Furthermore, we know that Ti(x) < Ti(y) V1 <k <a—1 and because all these
inequalities are strict it is clear that we can find an € > 0 small enough so that the z =
T,7(1,a,a+1)[y] transform still verify the inequalities T (z) < Tx(y) V1 <k <a—1.

The remaining 7j(x) sums can either contain the terms xj,x, (if k = a), either
all xy,x,4,x,41 terms. In the first case the sum x| 4 x, can only decrease to z; +z, so
definitely T;(z) < Tx(y) and in the latter the sum 7;(x) obviously remains unchanged,
so Ti(2) = Ti(x) < Ti(y).

Regarding the sums By with p+2 <k < n it is obvious that they are unaffected
by the z =T, (1,a,a+ 1)[x] transform, hence By(z) = Bx(x) < Bx(y) Vp+2 <k <n.

C2) Inthiscaseit’sclearthat a=p—1 (ifa<p—-1=a+1<p=T,11(x) <Tp1(y),

impossible) and so Tj,(x) > T, (y) (because p=a+1) = ns—Ty(x) <ns—T,(y) =
Bpi1(x) <Bpi1(y), hence
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Because all 7, sums (1 < k < p—2) are distinct we can apply Lemma 21 Al) or
B1) to find a strict transform z = Tt (1,i,i+ 1)[x] such that z <, y.
O

THEOREM 16. Let x,y € Ag with x ]y and x| < y|. Then there exists a strict
transform z = T; (1,i,i+ 1)[x] with z<y.

Proof. The conclusion follows from Lemma 21. O

4.3. The Karamata’s inequality for (S)-systems

THEOREM 17. Let S(e,s,k,3) be a non-empty 2-convex (or 2-concave) system
with e differentiable on Is and f : Is — R strictly 3-convex with respect to e. Then

Vx,y € As, x1 <y1 = f(x1) +f(x2) + f(x3) < f1) + f(2) + £(3)

Proof. Because f is strictly 3-convex with respect to e = dg:J — R strictly
convex with ¢/(Is) C J such that f/ = goe'.

Case 1. (§) is a 2-convex system. We will prove this case using a proof scheme
similar to the one in [1] or [2], adapted to our more general framework.

According to Theorem 9 and 10 we know that 3'u: I} — L, v: I} — I3 continuous
on Ig, differentiable in fg, bijective, strictly monotonic (u# decreasing, v increasing) and
such that Ag = {(z, u(t) v(t))|t € I } . We can, certainly, assume that (S) is nontrivial,
hence (see Remark 5) I, # 0 (k=1,2 ,3) and Vx EAS withx; €} = xo= u(x)) € b,
x3=v(xy) € 13 and x; > xp > x3. For sucha x| € 11 we can write:

{x1+u(x1)—|—v(x1):3s :>{u/(x1)+v/(x1):0
e(x1)+e(u(xr))+e(v(x)) =3k e (x1)+€ (u(xr))e (x1) +€ (v(x))V(x1) =0

and infer immediately that

ey =€) —ela) ) —e(n)
) e T T ) — ) ®
Let S: 1 = R= S(x1) =e(x;) +e(u(x)) +e(v(x)). By differentiating we get
Wy €1, S'(x1) = £ (xr) + f (ulxr))ud (x1) + f (v(x1))V (1)
o) — F(x ) =€), €)= ¢n)
) = )+ () SIS 4 ) SR

(noticing that x| > xp > x3 = €' (x1) > €/(x2) > €/(x3) because €’ is strictly increasing)
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We have f'(x;) = g(e'(xx)) (k=1,2,3) and, using the notation ¢’ (x;) = yi, we
can write (9) as

S'(x1) - g(1) g(y2) g(y3)

+ +
O1=y3)01=y2) 1 =y3)01—y2)  2—y1)2—y3)  (3—y1)(3—¥2)
By the strictly convexity of g we deduce that the right side of the above relation
is strictly positive and because (y; —y3)(y1 —y2) > 0 we infer that S'(x;) > 0 Vx; € [
so S is strictly increasing on Iy, in fact on Is (because S is continuous on Ig) and
we conclude that Vx,y € Ag, x1 <y; = S(x1) < S(x2) = f(x1) + f(x2) + f(x3) <

FO1)+f(y2) +f(y3).

Case 2. (S) is a 2-concave system, so now e is a strictly concave function on Is.
We consider the dual system S'(h,s,k’,3) where X' = —k and h: Iy - R, h= —e is
strictly convex and clearly Ag = Ag .

By hypothesis, we know that Jg : J — R strictly convex with ¢’ (15) C J such that
fl=goe. Let g1: —J = R, gi(y) = g(—y) and it’s clear that g is also strictly
convex and f'(x) = g(€'(x)) = g1(—¢'(x)) = g1 (#'(x)), hence f"=gioh'.

In this way, we can apply the Case 1 to the system (S’) and we conclude again
that Vx,y € As = Ag, x1 <y1 = f(x1) + f(r2) + f(x3) < F01) + F(2) + £(33). O

REMARK 10. If I5 is an open interval, we can give a more direct proof (not based
on the functional dependence), using an interesting technique from [5] and [6].

Let x,y € Ag with x; < y;. According to Lemma 5 we have y; > x; > x, >y, >
y3 > x3 and let A| = [xl,yl}, Ay = [yz,XQ], Az = [x3,y3] and B, = e’(Ak) (k= 1,2,3).
We observe that the intervals Ay have mutual disjoint interiors and so the intervals By
also have mutual disjoint interiors (because ¢’ is a strictly increasing function).

Next, we consider the linear function L: R — R, L(r) = ot + Br that agree with g
g(r)<L(r)VreB,
g(r) > L(r)Vr € BiUB;

andso £y < [, g(¢/(0))di+ [y, g€ (1))de > [y, L(e'(1))dt+ [y, L(e (1) )dt = a(I(Ar) +
1(A3)) + B | [, € ()t + [, e’(t)dt} and we observe that I(A) +[(A3) = [(A;) be-

cause x| +x2 +x3 =y +y2+y3 and [, €'(t)dt + [, € (t)dt = [, €(t)dt because
e(x1) +e(x2) +e(x3) = e(y1) +e(y2) +e(y3). Hence

at the endpoints of B, and because g is convex we have

Ei > al(A>) +B /A ¢ = [ Lie0)ar > /A (@ ()dt Y E,

But g('(1)) = f'(t) Vt € Is s0 Ey = [, f'(t)dt+ [y, f'(t)dt = f(y1) — f(x1) + f(y3) —
f(x3) and Ep = [, f'(t)dt = f(x2) — f(y2) ete.

THEOREM 18. Let S(e,s,k,n) be a non-empty 2-convex (or 2-concave) system
with e differentiable on I and f : Is — R strictly 3-convex with respect to e. Then

Vx,y € Ag, x<y = Es(x) < Ey(y) (10)

where Ep(x) = f(x1)+ f(x2) +...4 f(xy). The equality holds if and only if x=y.
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Proof. First we will prove the inequality (10) by induction on n and next we will
discuss the equality case.

If n =3 then x <, y = x1 <y1 (according to Lemma 16) and the inequality (10)
follows directly from Theorem 17. Suppose now that n > 3.

Case 1) x; =y;. Let X' = (x2,...,%), ¥ = (y2,---,yn). It’s clear (accord-
ing to Lemma 17) that X’ <y’ and that x',y’ € Ay where §'(e,s’,k’,n—1) is the re-
duced system S[x;](see Definition 7). By induction hypothesis, E;(x') < Ef(y’') hence
Ep(x) = f(x1) +Er(x) < fy) +E7 (V) = Ef(y).

Case 2) x| # yj, that is, according to Lemma 16, x| < y;.

Let M, = {z € Ag|lz<yand Ef(z) > Ef(x)}, A = sup{zi|z € My} and (Z")p>1 C My
with z[' — A. Because Ag is a compact set it follows that (z"),,>1 has convergent
subsequences and so we can assume (z™),,>1 is convergent (if not, we replace it with
a convergent subsequence). Let 7" — Z € Ag. Notice that Z; = A < y; (because
Z" <y Vm and so, according to Lemma 16, z]' <yp).

We will prove that 7 € M,. Knowing that E;(z") > Ef(x) Vm > 1 and using
the continuity of f we infer that E¢(Z) > E¢(x). It remains to show that Z<ly. But
"<y =31 < p, <n—1 with 7" <, ¥ and clearly we can find an index p that
appears an infinite number of times, so we can consider a subsequence (m);>; such
that 7" <,y forany /> 1. But

Ti(x) <Ti(2™) V1<k<p—1

m,< RN
ooy {Bk(X)SBk(Z’”’) Vp+2<k<n

By passing to the limit as / — oo it follows that Z <, y, hence Z<Jy and so Z € M.
Next we will prove that Z; = y;. Suppose that Z; < y;. Then, using the fact that
#<ly we can apply Theorem 16 to get a strict transform w = T;"(1,i,i+1)[Z] with w<y.
Observe that Ef(w) > Ef(Z) < f(wi)+ f(wi)+ f(wit1) > f(Z1) + f(Zi) + f(Zis1) and
this is true according to Theorem 17 because wi > Z;. Thus Ef(w) > Ef(Z) > Ef(x)
and it follows that w € M,.. But w; > 7Z; = A and this contradicts the maximality of A .
Hence Z; =y;. But Z<y and applying the induction hypothesis exactly as in Case
1 we deduce that E¢(y) > E¢(Z). But E¢(Z) > E¢(x) and our inequality (10) is proved.

We discuss now the equality case. We will show that if x <, y (strictly) then
E¢(x) < Ef(y). Let r be the first index 1 < r < p with the property that x, < y,
(see Lemma 19), hence x; =y; V1 <i<r—1. Let X = (xp,--- %), Y = Vry---n)
and clearly x',y’ € Ay where §'(e,s',k’,n’) is the reduced system S[xi,...x,_](see
Definition 7), ' =n—r+1.

Using Lemma 17 it follows that x’ <Jy’. We observe that E¢(y) —Ef(x) = Ef(y') —
Ef(x'), soit’s enough to prove that E¢(y') — Ef(x') > 0. Because x| =x, <y, =y} we
find, according to Theorem 16 applied to (S'), a strict transform 7/ = T;"(1,i,i+1)[x/]
with 7/ <y’ But, according to Theorem 17,

Ef(2) = Ef(x') = f(2) + f(@) + f(zipr) = (F0) + £ () + f(xi1)) > 0

because zj > x| and so Ef(z') > E¢(x"). But, according to inequality (10) previously
proved, we also have E¢(y') > Ef(Z), therefore Ef(y") — Ef(x') > 0. O
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REMARK 11. Our Karamata type theorem doesn’t have a converse (in contrast
to the classical Karamata’s theorem) because < is not an order relation. To remedy
this situation, we can try to define a relation x <<y & Jzp,...2- € Ag with x =70 J
z1...9z,1 9z, =y and it’s easy to prove that this is actually an order relation and,
obviously, Theorem 18 remains true if we use << instead <. Moreover, it’s plausible
to think that this version of Theorem 18 has a corresponding converse, but this is only
our conjecture.

THEOREM 19. (extended version of the V. Cirtoaje equal variable theorem) Let
S(e,s,k,n) be a non-empty 2-convex (or 2-concave) system with e differentiable on
Is and f :Is — R strictly 3-convex with respect to e. Then Vx € Ag the following
inequality holds

Ef(w) <Ep(x) <Ef(Q)

where Ef(x) = f(x1) + f(x2) +...+ f(xn) and ®, Q are the poles of the (S). The
equality occurs if and only if x = @ or x = Q.

Proof. Follows immediately by Theorem 15 and 18. O

REMARK 12. V. Cirtoaje’s original theorems correspond to the particular case of
an S(e,s,k,n) system where e is of the form e(x) = x" (see [1] and [2]).

REMARK 13. Let S(e,s,k,n) be a 2-convex (or 2-concave) system with e differ-
entiable on /5. We can further extend the previous theorems by replacing Ey by more
general classes of functions. More precisely, we will say that E : Ig — R satisfies the
Schur-Ostrowski (SO) condition with respect to S(e,s,k,n) if E is continuous on I,
differentiable on IZ’ and verifies the condition:

GE(x) —diE(x)  E(x) —d;E(x)
e'(x;) —e'(x;) e'(xx) —e'(x;)

If S(e,s,k,n) is a 2-convex (or 2-concave) system with e differentiable on Is and
f:Is — R is strictly 3-convex with respect to e, we can show that £ actually satisfies
(SO) with respect to (S). We know that ' = goe’ (g strictly convex) and we see that
AEf(x) = f'(x;) = g(¢/(x1)), I = 1,2,3 hence, using the notation y; = €'(x;) we can
write the condition (11) as

g(yi) —8(y;)  glv) —g(v)) (
Yi—Yj Yek—Yj
and this is true because g is a strictly convex function and so the first factor of the above
expression has the sign of (y; —yx).
If S(e,s,k,n) is a 2-convex (or 2-concave) system with e differentiable on IOS and
E : Ig — R satisfies (SO) with respect to (S) we can also get a more general version
of Theorem 17. The proof is largely the same. We similarly define S : L - R given
by S(x1) = E(x1,u(x1),v(x1)) = §'(x1) = E(x)+ hE(x)u'(x1) + d3E(x)V (x1) and
using the equivalent expressions (8) for u’,v' we can further write:
S(xl) 6/(x|) — e’(x3) _ 81E(x) - 82E(x) _ 83E(x) — 82E(x) (e,(xl) _ e/(x3))

e'(x1) —e'(x2) dx1)—e(x)  €x3)—e(x)

(€' (xi)—€'(x)) >0 Vx € [, xi #x; #x¢ (11)

yi—yk) >0
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and so, using the condition (11), we infer that §’(x;) > 0 etc.
The proof of the theorem 18 can also be adapted, leading to the following more
general version:

THEOREM A. Ler S(e,s,k,n) be a 2-convex (or 2-concave) system with e differ-
entiable on Is and E : I§ — R that satisfies (SO) with respect to (S). Then:

Vx,y €As, xdy=E(x) <E(y)

Equality holds if and only if x =y
We have also the following version of Theorem 19:

THEOREM B. Let S(e,s,k,n) be a 2-convex (or 2-concave) system with e differ-
entiable on Is and E : Iy — R that satisfies (SO) with respect to (S). Then Vx € Ag

E(w) <E(x) <E(Q)

where ®, Q are the poles of the (S). Equality holds if and only if x = ® or x = Q.

REMARK 14. The idea of a Schur criterion of type (11) can already be found in
[7] where systems of type (S) are discussed under the particular hypothesis e : R —
R, e(x) = x?, but with a different definition of the majorization on (S), more precisely
ar3b SV R=R, fO>0= Y0, fla) > Y0, f(bi).
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