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ABSTRACT. This paper investigates the overall solution attractivity of the frac-
tional differential equation introduced by the -Hilfer fractional derivative and
the Krasnoselskii’s fixed point theorem. We highlight some particular cases of
the result investigated here, especially involving the Riemann-Liouville and
Katugampola fractional derivative, elucidating the fundamental property of
the -Hilfer fractional derivative, that is, the broad class of particular cases
of fractional derivatives that consequently apply to the results investigated
herein.

1. INTRODUCTION

Why investigate the existence, uniqueness, stability and attractivity of solutions
of fractional differential equations? Over the decades, the theory of fractional differ-
ential equations has gained prominence and attention by numerous researchers, due
to its theoretical importance and applicability [0} 16} [17) 2], 25] 27, 29 34, [35] [36].
However, it is not an easy and simple task to know which fractional best opera-
tor to use to propose a fractional differential equation and to attack for example
the existence and uniqueness of solutions. One way to overcome such a problem
is to work with more general fractional operators, especially such as the -Hilfer
fractional operator (differentiation) and the Riemann-Liouville fractional operator
with respect to another function (integration) [19, 23], 24, 28]. What has been
noted is the increasing number of works published in the area of fractional differ-
ential equations in recent years, due to the fact that the fractional calculation is
well consoled, which consequently allows them to be used in other areas, namely:
differential equations [, 2} [5, [7, 8], @] 10} 0T} 12} 14} 15} B2].

Recently, Sousa e Oliveira, through the -Hilfer fractional operator, has ob-
tained interesting and important results of the existence, uniqueness, stability and
attractivity of solutions of fractional differential and integrodifferential equations,
by means of the fixed point technique and Gronwall inequality [22] 26] 29} 30, 31]. In
2012, Chen et al. [I4], investigated the attractivity of solutions of fractional differ-
ential equations towards the fractional derivative of Caputo and Riemann-Liouville.
In 2018, Zhou et al. [35], performed excellent work on the existence and attractiv-
ity of fractional evolution equations with Riemann-Liouville fractional derivative
solutions. They establish sufficient conditions for the global attractivity of mild
solutions for the Cauchy problems in the case that semigroup is compact. In the
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same year Zhou [36], did another work on attractivity of solutions for fractional evo-
lution equations with almost sectorial operators, establishing sufficient conditions
to obtain the results in cases that semigroup is compact as well as non-compact.
We suggest further work for further reading [3, [4, [20].

However, it is also clear that although there is a growing number of scientific
papers publications, there are few works in the area involving the attractivity of
differential equation solutions, particularly involving the v-Hilfer fractional deriva-
tive, since an important property worth mentioning is the broad class of particular
cases they hold.

So, in order to contribute to the theory of fractional differential equations, in
this paper we will consider the nonlinear fractional differential equation.

1) RaRIa () = G(t& (1), t>to

L6 () = &

where H@g]’j;w () is the v-Hilfer fractional derivative of order 0 < p < 1, type

0<g¢g<1, and Itlgjr"w (+) is the ¥—Riemann-Liouville fractional integral of order
0<1l—r<1,wherer=p+q(l—p)and G: [ty,0) x R = R.

The main motivation for the elaboration of this paper comes from the above
highlighted articles on the attractivity of solutions of fractional differential equa-
tions and to provide more general and global results. So, in this sense, we aim to
investigate the attractivity of the global solution to the nonlinear fractional differ-
ential equation in a Banach space.

This article is written as follows: In Section 2, we present fundamental concepts
of weighted continuous function spaces, and their respective norm. In this sense,
we present the definitions of integral in the Riemann-Liouville sense with respect
to another function and vy-Hilfer fractional derivative. To close the section, some
important results that will help throughout the article are presented. In Section
3, we will investigate the main result of the paper, that is, the attractiveness of
solutions to the problem of the nonlinear fractional differential equation. On the
other hand, we present some particular cases during the section, in order to highlight
the fundamental property that the i-Hilfer fractional derivative holds, the broad
class of particular cases of fractional derivatives, which in this context investigated
the results on attractiveness, will also be valid.

2. PRELIMINARIES

In this section, we will present the space of continuous weight functions, as well
as their respective norm. In this sense, we present the fundamental concepts of the
Riemann-Liouville of fractional integral with respect to another function and the
1-Hilfer fractional derivative. On the other hand, some fundamental results and
the idea of an attractive global solution, concludes the section.

Denoted by C™(J,2) the space of functions n-times continuously differentiable
on the interval J := [a, b], with values in Q a Banach space. The space of weighted
functions Cy_, 4 (J, ) of & over J' = (a,b], are defined by [27, [29]

Crora(h ) = {€: 7 5% @O -4 (O)' T eWeCULY}, 0<r <1,



ATTRACTIVITY FOR DIFFERENTIAL EQUATIONS SYSTEMS OF FRACTIONAL ORDER 3

denoted by the norm
(¥ () =¥ () EW)| | = max (1) =) TEW)].

C  t€la,b]

IElle, .., =

Obviously the C1_,.,;(J, Q) space is a Banach space.

Let (a,b) (—oo < a < b < 00) be a finite or infinite interval of the real line R
and p > 0. Also let ¢(x) be an increasing and positive monotone function on (a, b,
having a continuous derivative 1'(x) on (a,b). The left-sided fractional integral of
a function f with respect to another function ¢ on [a,b] is defined by [23], 24} 28]

(2.1) TP () = ﬁ / () (1 (8) — o ()" € (3) ds.

Similarly defined, Riemann-Liouville fractional integral right-sided with respect an-
other function.

On the other hand, let n — 1 < p < n with n € N, T = [a,b] is the interval
such that —oo < a < b < o0 and &,¢ € C™([a,b],R) two functions such that ¢ is
increasing and ¢’ (t) # 0, for all ¢t € I. The ¢-Hilfer fractional derivative left-sided
H@sf;w (+) of function of order p and type 0 < ¢ < 1, is defined by [23] 24] 28]

. —_p): T d\" (1—q)(n—p):
29 H gp.a;¥ _ Iq(n P)syp a 1—(1 q)(n—p);y £
( ) a+ 5 (QIJ) a+ w, (t) dt a+ g( )
Similarly defined, the -Hilfer fractional derivative right-sided.

Theorem 2.1. [23] If ¢ € Cﬁw[a,b], n—1<p<nand0<q<1, then

n _ r—k )
0 BgRIve (1) = € () — Zwr(t(),, ﬁ@i) SoTHTET T ).

k=1

Definition 2.2. The zero solution &; (¢) of system (L.1)) is globally attractive if
every solution of (|1.1) tends to zero as t — cc.

The following fixed point theorems, including the improvement of a fixed point
theorem of Krasnoselskii (due to Burton) and Schauder’s fixed point theorem,
will be needed in the text.

Theorem 2.3. [I3] Let S be a nonempty, closed, convex and bounded subset of the
Banach space Q and A:Q — Q and B :S — § be two operators such that

(1) A is a contraction with constant L < 1;

(2) B is continuous, BS resides in a compact subset of §;

(3) [§s = A& +B&, &, €8] =& €S;
Then the operator equation & = A& + By, has a solution in S.

Theorem 2.4. [18] (Schauder Fixed Point Theorem) If U is a nonempty closed,
bounded convex subset of a Banach space 2 and T : U — U is completely continu-
ous, then T has a fixed point.

3. GLOBAL ATTRACTIVITY WITH 9-HILFER FRACTIONAL DERIVATIVE

In this section, we will address the main result of the article, namely, to discuss
the attractivity of solutions for the system introduced through the -Hilfer
fractional derivative. In addition, we will clarify the importance of investigating
properties of fractional differential equation solutions with the -Hilfer fractional
operator, since they hold a wide class of particular cases preserving their properties.
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Before we start investigating the main results of the article, let us assume that
f (t,&1) satisfies the following condition:
(Ho) f(t,& (1)) is Lebesgue measurable with respect to ¢ on [tg,c0), and Ip; €

p) (p1 constant) such that t,&1 t < oo for all tg < h < 0
0, h th f(te Ur g for all h

and f (¢, & (t)) is continuous with respect to &1 on [tg, 00).
Note that, by means of condition (Hy), the equivalent fractional integral equation

of is
t
BY a0 =N+ s [ WPV (5.6 () s, 1> o
where
PV (t,5) =1 (s) (1 () — ¢ ()"

and )

b W)= ()

NVt tg) == o) :
For article development, we will define the following operators
(3.2) A&y (t) = A&y () + A&y (t),
where
(3:3) Asér (8) = N2 (t, t0)&o
and
1 t

(3.4 Aot () = 0 | W8S 5,60 () ds

It is clear that & () is a solution of system if it is a fixed point of the
operator A, and the operator A; is a contraction with constant 0.

Before investigating the first result about global attractivity, let’s investigate
the Lemma Lemma and Lemma and present other Lemmas as direct
consequences.

Lemma 3.1. Assume that the function f(t,& (t)) satisfies condition (Hy) and
(' (t))ljpl < ' (t), with t € (tg,00) and p1 € (0,p). Consider the following
condition:

(H1) |f (t,& (0))] < p (¥ (8) =¥ (to))™" fort € (to, 00) and & (t) € Crryy ((to,
uw>0andp<q <1.

Then the operator Ag is continuous and AsS; 4 resides in a compact subset of R
fort >ty + T,where
(3.5)

), R),

S = {60 /6(1) € Croryy ((t0,00) ) [ (] < (4 () =4 (t0)) ™™ fort > to + T}

r1 =3 (¢ —p), and ¢ (T) satisfies that
G r - g)
I'(r) F(l+p—aq)

Proof. A :S1y — Sy, for t > tog + T1. From the above assumption of Sy, it is
easy to know that S; 4 is a closed, bounded and convex subset of R.

(3.6) o ¥ Y (Ty) 20 <1,

_|_
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Applying condition (Hy), for ¢ > tg, we have

(3.7)

and the only restriction for the above inequality is the integrability of (¢ (¢)

IN

IN

IA

IN

<

|A282 (1)

L ' UPY (t. g s s S
o L ) s (o))

i [ 50 (16 (0 () — 0 (£0)) ds

p Ol -
s [T o v (- 5
P (1) = (o))"

I (p)

P (1 —qu) (¥ (t) — ¥ ()"

F'p—q+1)

pl (1 —q) (% () = ¢ (t))"™

F'p—q+1)

namely ¢; < 1.
The procedure to obtain the inequality (3.7)), that is, the changes of variables,
will be used several times during this paper.

Note that for ¢t > to + T3, inequality (3.6) and g1 > p yield that

-

pl (1 —q1) N ~t@-p o P —q)
Then, for t > tq + T}, we obtain

[A2&s (B)]
pl (1 —qu) (9 (t) — o (to))" "

- F'p—q+1)

_ [ @) - v ) 2

I'p—q¢+1)
< @)~ (o) T
(3.8) (¥ (t) = (to)) ™"

which implies that AsSy y C Sy y, for ¢ > to + 17.

A is continuous. For any & ., (), &2 (t) € S1.4,

T (&, () = & ()] =0,

we get lim &g, (t) = &2 () and
m—r o0

'rr}gnoof (t7£2,m (t)) = f (t7£2 (t)) for ¢ > tO + Tl-

Now, let € > 0 be given, fixed T' > tg + 17 such that

(3.9)

Ul (1= q1) () (T) = (tg)) P
'p—q1+1)

u

<

m=1,2,... with

N ™

(q1—p) <1.

p—1
v (t0)> wtdu

/0 (1= w)"™ 50 (4 () — 1) (to) di

= (to) ",
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On the other hand, let v = P

, then 1+ v > 0 since p; € (0,p). So, for

— D1

to+ T <t <T, we get

|A22,m (t) — A2&a (1)

/wu ) |F (5,60 () — f (5,6 (5))|ds

L ( / U () (0 (1) — ()T d) x

(5,6 (s)) |+ d)

) I () = POl

< L
- T
1

< -
=T

X §2m ))_f
_ ((W) ¥ (o)
- Fp) 1+v

x(/to rds)
<

T (p) 1+v

1 (w (T) ~ ¥ (1)) 1*“) @ g™

P (T) (L +r)

(3.10)  x[If(~&m () = FC e, ., =0

as m — Q.

For t > T, making changes of variables in the (3.7]), we have

[A2&2.m (1) — A28 (1)

< 1
N F(p) to
S F(p) to
2pI" (1 — 1)
G S T w

Then, for t > to + T, Aabom (t) —

AsSy y is equicontinuous.

Finally, we prove that AsS; 4 is continuous. Let € > 0 be given. Since tlim (¥ (t) —
— 00

0, there is a T > tq + T4, such t

i | V)1 (5.6 (5)) £ (512 (5) ds
o [0 (115) (0(5) 0 (1) ds

W (T) = (o)) """ <e.

A2és (t) — 0 as m — oo, which implies that

hat (¢ (t) — ¢ (o)) " < /2 for t > T'. Let,
T/

t1,tog > to + 11 and to > tq. If t1,t2 € [to +T17TI}, / ‘f(S,fl (8))‘1/:01 ds exists
0

W (to)) ™"
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by condition (Hy), then

IN

IN

<

(3.12)

|[Azés (t2) — Aoty (1))
i " Y S S S S
le;@ (t2.5) | f (5,61 ()] d

L " DY s S S S
+F(p) /to WP (ty,8) |f (5,61 (s))|d
L " Y s S S S
+F@l;@ (t2, ) |f (5,61 (s))]d
1 P,y S S S

Nm/‘@ (t2,5) |f (5,61 ()] d

a >1p1{ (1 (6) = (t0)) ™+ = (8 (t2) = ¥ (t0)) }1‘“

+ () () — o (1))
1—

(
zp) (1Jlr'/> h

T/ 1
/t |f (5,81 (s))]7r ds]

p1

1-p1 T )
<m<11) [l f@ﬁwmmd% (W (t2) = (1)) 0

—_— X
I <1—|—1/

p)

[ Pl ds
<[

1

Pp1

p1
1+u:| 1-p1

as tyg — tq.
If t1,t2 > T’, and making changes of variables in the (3.7]), we have

|[Ao&q (t2) — A& (t1)]

: >/ WP (2, 5) |f (5,1 (5))] ds
T :(lp) / 1 PP (ty,8) | f (5,1 (5))| ds
< % | 2\111’77"/’ (t278) (v (3) _w(to))—(h ds
+%%;[*W”mmw¢@—wu@rm@
< (W (k) = (to))—%(ql—p) + (¢ (t2) — 2 (to))—%(ql—p)
= ()~ (1) (W (k) — (1)
(3.13) < &
as tyg — t7.

If to + Ty <ty < T < to, note that if 5 — ¢y, then to, — T/ and TV — 11,
according to the above discussion in a compact subset of R for ¢t > ¢y + 1. (I
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Lemma 3.2. Assume that the function f(t,& (t)) satisfies condition ( Hy) and
= <t (g > 0), with t € (to,00) and p1 € (0,p). Consider the following
condition:

(F1) 1f (8.6 ()] < p (89— 1) ™" fort € (to,00) and & (t) € Ci—rypa ((to, 00) , R),
u>0andp<q <1.

Then the operator Ao is continuous and A2S; 4a resides in a compact subset of
R fort >ty + 1T, where

S1an = {€(8) /£ (1) € Crrn ((t0,50) R[S (O] < (9= )™ fort = to+ T3 }

r1 =% (q —p), and T{ satisfies that

I(r—1)
Iy (1 —q1) - ~4@-»)
+ T, 2 <1
ol T (r) FTl+p—q) * -
Proof. Tt follows straight from Lemma [3.1 O

Lemma 3.3. Assume that the function f(t,& (t)) satisfies condition (Hy) and
1
tT=r1 <t, with t € (tp,00) and p1 € (0,p). Consider the following condition:

(F2) |f (t.6 (1) < p(t —to)™™ fort € (to,00) and & (t) € Cr—ryt ((to, ), R),
pw>0andp<q <1

Then the operator Ay is continuous and NSy ¢ resides in a compact subset of R
fort > tg + T, where

S1e = {0 /6 (1) € Cror ((t0,00) R)E (M) < (t—t0) ™ Jort 2 to+T1}

r = % (q1 — p), and Ty satisfies that

r—1)

1
3 (
Iy pC(—q) o —1-»)
+ T, 2 <1
RS ATy :
Proof. Tt follows straight from Lemma [3.1 (]

Note that by choosing the ¥(-) function in the condition of Lemma 3.1, we get
some particular cases.

Lemma 3.4. Assume that conditions (Hy) and (Hy) hold, then a solution of system
(1.1)) is in Sy, fort >to+ Th.

Proof. Note that if & (t) is a fixed point of A if is a solution of system (1.1)). To prove
this, it remains to show that, for fixed &» € Sq 4 and for all & € C1_p.y ((t0, 0) , R),
51 = Alfl + A2£2 — 51 € Sl,w holds. If 51 = A1§1 + Aggg, apply condition (Hl)
and using the same procedure gives (3.7), we have

161 (D) = [A1& + A2y
< N to) [6ol +% / TP (1, 3) (1 (5) — b (1))~ ds
< Nt ol + oS (1)~ 1)

(3.14)
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Now, for ¢t > tg + T} from inequality (3.6)) and 0 < p < g1 < 1, we get
) pl (1 —q1) —3(q1—p)
tyto) [0l + m————=5 (¥ (1) — ¥ (to)) 2
(et 6]+ Fo S (00— ()

Y (Tl)%(ril) MT (1 —q1)
I'(r) Fp—q+1)

(3.15) < w(Tl)*%(qrp) <1,

101
b (@) = ())?
where N1/2 (t,to) := ) .
Then, for t > tg + T}, we obtain

GO < [0 ol + Pt
(3.16) X (1 (t) =1 (o))"
(¥ (1) = (to) ™"

logo & (t) € Sy, for t > tg + T1. By means of ¢y Theorem and Lemma
there exists a & € Sy 4 such that & = A1 + As&y, i.e., H has a fixed point in Sy 4
which is a solution of system (1.1 for ¢ > tg + T1. [l

(1 () — b (o)) 2@ P)

IN

As a direct consequence of Lemma we have the following Lemmas.

Lemma 3.5. Assume that conditions (Hy) and (Fy) hold, then a solution of system

(1.1) is in Sy fort >to+Ti.
Proof. Is follows straight from Lemma O

Lemma 3.6. Assume that conditions (Ho) and (Fy) hold, then a solution of system

(1.1) is in Sy, fort >t +T7.
Proof. Is follows straight from Lemma (3.4 (]

Theorem 3.7. Assume that conditions (Hy) and (Hy) hold, then the zero solution
of system (1.1)) is globally attractive.

Proof. Assume that Lemma 3.4, for t > ¢y + Tz, the solution of (1.1]) exists and is
in ;. All functions in S; 4 tend 0 as ¢ — oo, then the solution of (1.1)) tends to
zero as t — 00. O

Theorem 3.8. Assume that conditions (Hy) and (Fy) hold, then the zero solution
of system (1.1)) with ¢ — 0 is globally attractive in the Katugampola fractional
derivative sense.

Proof. Ts follows straight from Theorem O

Theorem 3.9. Assume that conditions (Hy) and (Fy) hold, then the zero solution
of system (1.1)) with ¢ — 0 is globally attractive in the Riemann-Liouville fractional
derivative sense.

Proof. Is follows straight from Theorem O

Theorem 3.10. Assume that the function f (t,&1) satisfies condition (Hy) and

(Hz) |f (£,& (0)] < A (t) — ¥ (to)) ™ |&1 (t)] fort € (to,0) and & € Cr—ry ((to,00) ,R)
andp < gz < % (1+p). Then the zero solution of system 1) 1s globally attractive.
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Proof. Let
(3.17)

S = {£(0) /€(1) € Ciopn ((t0,0) R, JE (] < (1(1) = (1)) for t > tg + T }

where 72 = % (1 — p), and T5 satisfies that
¥ (13) Y Lr(1—gs —12)
R Y ey
For fixed {& € Sy and for all £ € R, & = A&y + Aoy = £ € Sy 4, holds.
If & = A1&1 + A2&s, from condition (Hs) and making the same change of variable

from (3.7)), we have

(3.18) o (Ty)~ 7P <1,

&1 ()] = A& + Ay
< NV o) [6o] + ﬁ / TP (1, 5) (46 (5) — 0 (to)) ™™ |z (5)] ds
< Nt ty) |€0|+ﬁ / WP (t,5) (6 (5) — 1 ()" ds
< Nt ol + o ()~ (1)
(3.19)

Note that (¢ (t) — ¢ (s))" %" the inequality (3.19) is integrable by means of
¢ < $(1+p) and ro = (1 —p). For t > tog + T, from inequality (3.18) and
0<p<g<i(l+p) <1, wehave
Ar (1 —gqa —1r2)
(p+1—q2—r2)
Al (1 —qo — 7“2)

N1y (8 to) [éol + b (8) = (1))

¥ (1)

(320) < T (T) |§0| + T (p Iy —— r2)¢ (T2)*(Q2+T2*;D) <1
Thus, for
() < A'(1 — g2 —719) B (gatra—p) b (1) = (o))"
F(p+1—q2—12) (W (8) = ¥ (to))
(321) < (Y (t) = (t) "

logo &1 (t) € Say for t > to + Tp. Meanwhile, from inequalities and
also implies that [A2& (t)] < (¢ () — 4 (to))” " which leads to AsSs . C Say for
t>to + To.

Note that, similar to the Lemma proof, it is clear that the operator As
is continuous and A,S; ., resides in a compact subset of R for ¢ > t; + 1. By
Theorem the revision of Krasnoselskiis Theorem, there exists a y € Sy 4 such
that & = A& + Ag&s ie., A has a fixed point in Sy 4, which is a solution of system
. Moreover, all function in Sz — 0 as ¢ — oo, which shows that the zero
solutions of system of globally attractive. O

Theorem 3.11. Assume that the function f (t,&1) satisfies condition (Hy) and (F3)
[f (& ()] S A1 —5)" & (B)] (g > 0) fort € (to,00) and &; € Ci—ra ((to,00) , R)
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andp < g2 < % (1+p). Then the zero solution of system li with ¢ — 0 is globally
attractive in the Katugampola fractional derivative sense.

Proof. Is follows straight from Theorem [3.10) (]

Theorem 3.12. Assume that the function f(t,&1) satisfies condition (Hy) and

(Fa) |f (t:6 ()] < A(t—t0)"™ |&1 (¢)| for t € (to, 00) and & € C1—r¢ ((to, 0) , R)
and p < qo < %(1 +p). Then the zero solution of system (L.1) with ¢ — 0 is
globally attractive Riemann-Liouville fractional derivative sense.

Proof. Is follows straight from Theorem [3.10] O

Corollary 3.13. Admit that the functions f(t,&1) satisfies conditions (Hy) and

(Ha) If (.61 (8) = f (&, & O < A (¥ (8) =2 (t)) ™ [&1 (t) — &2 (¢)] fort € (to,00)

and &1 (t) &2 (t) € C1_pyp ((to,0) ,R), A>0 and p < g2 < % (I+p), f(t,0)=0.
Then the zero solution of system is globally attractive.

Proof. Using the condition (Hs/), we obtain

If GG @) =1f & @) = fE0] < L) —¢(t) " [&]

which implies that condition (Ha ) holds. The global attractive result can directly
be obtained by Theorem [3.10 (]

Corollary 3.14. Admit that the functions f (t,&1) satisfies conditions (Hy) and
(F5) [f(t,& () = f (& (1) < L7 —1t5)"" €1 (t) — &(t)] for t € (to,00) and
gl (t) 7’52 € Cl*?”,tq ((to,OO) 7R)? L>0 andp <g2 < %(]— +p)a f(t,O) =0.

Then the zero solution of system (1.1)) with ¢ — 0 is globally attractive Katugam-
pola fractional derivative sense.

Proof. Is follows straight from Corollary O

Corollary 3.15. Admit that the functions f(t,&1) satisfies conditions (Hy) and
(Fo) If (t:6 (1) = f (t,& ()] < A(t—to) ™ [&1(t) — &(t)] for t € (to,00) and
61 (t) 762@) € Cl*T,t ((to, OO) 7R)7 A>0 andp <@ < % (1 +p>7 f (t,O) =0.

Then the zero solution of system with ¢ — 0 is globally attractive in the
Riemann-Liouville fractional derivative sense.

Proof. Is follows straight from Corollary [3.13] O

Theorem 3.16. Assume that the function f(t,&1) satisfies conditions (Hp) and

(Hs) |f (t.& ()] < k(¢ () = ¥ (to))”™ [&2 (1)]" fort € (to,00) and & (t) € Cr—ry ((to, ), R),

k>0,1>0andp<qs < 32

Then the zero solution of system (1.1)) is globally attractive.

Proof. Let
5.0 = (€2 1) /62 (1) € O (10, 00) B) , 162 (] < ((6) — (10)) ™ for ¢ 2 10 + T3
where, r3 = 1 (g5 — p), and ¥(T3) > 1 and satisfies

ol 1—1y | KD (1—g3—rsn) ~3(as—p)
(3.22) r (r)w (T5) + Fl+p—gqs— Tsn)w S
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First, we prove that condition (c) of Theorem holds. If & = A& + Aqés,
from conditions (H3) and making the same change of variable from (3.7), we have

161 (t)] = A& + Ay
t
< N (tt) |l + = / WP (1, ) | f (5,2 ()] ds

r (p) to
< NT(t k) 160 + r]fm/ WY (t5) (1 (5) = 9 (t0)) ™ |62 (5)]" ds
< NT(Eto) |6l + r];p) / WPV (8, 5) (¢ (s) = (o))" ® " ds
< NTP(t o) (ol

kL' (1 — g3 —nr3) _ —(gs+r3n—p)
(323)  + PR Er—— (¢ () = ¢ (o)) :

Note that (¢ (t) — 9 (t0)) "% ~"*" in inequality (3.23) is integrable because g3 <
2+mnp
2+

2
For t > tg + T3, from inequality (3.22) and 0 < p < g3 < 2—:_771)
n

and r3 = 3 (g3 — p) lead to g3 + r3n < 1.

< 1, we get

ET (1 — g3 —nrs)

(p+1—gq3—nrs)
EL (1 — g3 —nrs)
(p+1—gq3—nrs)

NYj3 (. to) 6ol + 5 (1) = (1)) H D)

Y (13)2 7Y
=TT

Thus, for t > ty + T3,

¥ (T3)—%(qs—p) <1.

1ol + T

kL (1 —q3 —nr3)
(p+1—q3—nr3)
kL (1 —q3 —nrs3)
(p+1—q3—nr3)
kI (1 — g3 —nr3)
(p+1—q3—nr3)

@) < Nf}g(t,to) 10| + T b (t) — 1 (to)) (@ Hren—»)

Wb (t) =1 (t)) =@ ~P)

< N{fg(t;tO) 1ol + T

Wb (£) — 4 (to)) P

< Nt t) [l +

x (¢ () =1 (t0)) ™"
(3.24) < W) —v(t) "
which implies that & (t) € S, for t > to + T3. Meanwhile combining (i3.23)
and (3.24) also implies that [Ag& (¢)] < (¢ (t) — ¥ (to))” ™ which leads to that

A2S37¢ C Sgyd, for t > tg + T3.
Since the rest of the test is similar to Theorem [3.10, and we omit it. O

Theorem 3.17. Assume that the function f (t,&1) satisfies conditions (Hp) and
(Fr) 1 (660 ()] < b (19— £2) " &4 ()] fort € (t0,00) and €1 (£) € Ct_pae ((to, 50) , R),
k>0n>0andp<qs < 221’7757 .

Then the zero solution of system with ¢ — 0 is globally attractive in the

Katugampola fractional derivative sense.

Proof. Is follows straight from Theorem [3.16 (]
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Theorem 3.18. Assume that the function f(t,&1) satisfies conditions (Hy) and
(F7) 1f (8,& ()] < k(¢ —t0) "™ [&1 (#)|" fort € (to, 00) and & (t) € Cr—r¢ ((to,0), R),
k>0,n>0 andp<q3<22":_—": .

Then the zero solution of system with ¢ — 0 s globally attractive in the
Riemann-Liouville fractional derivative sense.

Proof. Is follows straight from Theorem [3.16] (]

From the proof of Theorem we find that the term 737 is actually out of
work in the proof, the attractive result many be attained if we consider a weaker
condition than condition (Hs). Then it follows the next theorem.

Theorem 3.19. Assume that the function f (t,&1) satisfies conditions (Hy) and

(Ha) |f (.60 @0) < k(¥ (t) = (o))" 1€ ()" fort € (to,00) and & () € C1—ry ((to,0) ,R),
k>0,n>1andp—(n—1)(1—-p)<gs<p.
Then the zero solution of system is globally attractive.

Proof. Let
b= {6 /6(0) € O (to,0) B, €M) < (0 () = v ()" for t > 1o+ T3}

1
n—1

where (p—q3) <rh <1—p, P(T}) and satisfies that

EN T =147 kI'(1—g5 — 70/377) /\—q3+p—(n-1)r}

Y (T 3 P (T3) ™ s <1
A Fitp—a—rm
Since n > 1, for ¢t > to + T4, similar to (3.24) we have

€1 (1)]

|£O| _ r—14r} kT’ (]- — 43— 7”%77) _ —az+p—(n—1)ry
< [P @ = vy D ) = g 1))
X (4 (t) = (t0)) ™
< [ |§0| " (Té)T*Pﬂ”é + kL (1 — 43— 7"5,77) (Té)*Q3+P*(W*1)Té

T (r)
x (9 (1) — ¥ (t)) "™
< (@ (6) - (k)

which implies that & (t) € S , for t > to + T3. The remaining part of the proof is
similar to that of Theorem ﬂ and we omit it.

L(14p—qs—14n)

O

Theorem 3.20. Assume that the function f(t,&1) satisfies conditions (Hp) and
(Fs) |f (t,& ()] S k(7 —t5) " [& (1) fort € (to,00) and & (t) € Ci—ra ((t0,00) , R),
E>0n>1andp—(n—1)(1-p) <qgs <p.

Then the zero solution of system (1.1)) with ¢ — 0 is globally attractive in the
Katugampola fractional derivative sense.

Proof. TIs follows straight from Theorem [3.19] O

Theorem 3.21. Assume that the function f (t,&1) satisfies conditions (Hy) and

(F) |f (t,& (1) < k(t—t0) " [&1 ()" fort € (to,00) and & (t) € C1—rt ((to,00), R),
k>0,n>1andp—(n—1)(1—p) <gs<p.
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Then the zero solution of system (L.1) with ¢ — 0 is globally attractive in the
Riemann-Liouville fractional derivative sense.

Proof. Is follows straight from Theorem [3.19 (]

Note that when investigating the overall attractive of system solutions (1.1), we
always seek to highlight two particular cases of the a priory results investigated at
any given time, highlighting the importance of the -Hilfer fractional operator, as
well as the conservation of their properties. Moreover, it should be noted that by
choosing other functions #(-), it is possible to obtain all the results investigated
here.
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