FUNCTIONS WITH STRONGLY
SEMI-0-CLOSED GRAPHS *

M. Caldas, S. Jafari, T. Noiri and R.K. Saraf

Abstract

In this note, we study some other properties of functions with
strongly semi-f-closed graphs by utilizing semi-0-open sets and the
semi-6-closure operator.

1 Introduction

The notion of minimal structures was introduced by Popa and Noiri in [19]
and [20]. A subfamily m, of the power set P(X) of a nonempty set X is
called a minimal structure on X if X and @ set are in m,. Each member
of m, is said to be mg -open and the complement of an mg -open set is said
to be m,-closed. Now it is the common viewpoint of many topologists that
generalized open sets are important ingredients in General Topology and
they are now the research topics of many topologists worldwide of which lots
of important and interesting results emerged. Indeed a significant theme in
General Topology and Real Analysis concerns the variously modified forms
of continuity, separation axioms etc by utilizing generalized open sets. One
of the most well-known notions and also an inspiration source is the notion
of semi-open sets introduced by N. Levine [13] in 1963. In 1987, Di Maio and
Noiri[8] used this notion and the semi-closure [6] of a set to introduce the
concepts of semi-f#-open and semi-f-closed sets which provide a formulation
of the semi-f-closure of a set in a topological space. Mukherjee and Basu [15]
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continued the work of Di Maio and Noiri and defined the concepts of semi-6-
connectedness, semi-f-components and semi-f-quasi-components. Also Park
and Park [18] have used these sets to define the notion of weaker forms of
irresolute functions. Dontchev and Noiri [11] obtained, among others, that
a topological space is semi-Hausdorff if and only if each singleton is semi-6-
closed. Recently the authors [1, 2, 3, 5, 4] have also obtained several new and
important results and notions related to these sets. In this direction we shall
study some other properties of functions with strongly semi-6-closed graphs
by utilizing semi-f-open sets and the semi-f-closure operator. The notion of
functions with strongly semi-f#-closed graphs is a particular case of functions
with strongly m-closed graphs introduced by Popa and Noiri in [19, 21].

2 Preliminaries

Since we shall require the following known definitions, notations and some
properties, we recall them in this section.

Let (X, 7) be a topological space and S a subset of X. We denote the
closure and the interior of S by CI(S) and Int(S), respectively. A sub-
set S is said to be semi-open [13] if there exists an open set U such that
U c S c ClU), or equivalently if S € Cl(Int(S)). The complement of
a semi-open set is said to be semi-closed [6]. The intersection of all semi-
closed sets containing S is called the semi-closure [6] of S and is denoted
by sCI(S). A subset S is said to be semi-regular [8] if it is both semi-open
and semi-closed. The family of all semi-open sets (resp. semi-regular sets,
open sets) of (X, 7) is denoted by SO(X, 1) (resp. SR(X,7), O(X,7)). The
semi-f-closure of S [8], denoted by sCly(S), is defined to be the set of all
z € X such that sCl{(O) NS # @ for every O € SO(X,7) with z € O.
A subset S is said to be semi-f-closed [9] if S = sCly(S). The comple-
ment of a semi-f-closed set is said to be semi-f-open. The family of all
semi-f-open (resp. semi-f-closed) subsets of X is denoted by SOO(X, )
(resp. SOC(X,7)). We set SO0(X,z) = {U : x € U € SOO(X,7)} and
S0C(X,z) ={U : 2 € U € SO0C(X,7)}. The family SO0(X, ) of semi-0-

open sets is a minimal structure on X.

We recall the following results which are obtained by Di Maio and Noiri
[8, 10], Mukherjee and Basu [15] and Caldas et al. [5].

Lemma 2.1 Let A be a subset of a topological space (X, T).
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(i) If A € SO(X, 1), then sCI(A) € SR(X).
(ii)) A € SR(X) if and only if A € SOO(X)N SOC(X).
(111) If A € 7, then sCl(A) = Int(CI(A)).

Lemma 2.2 For the semi-0-closure of a subset A of a topological space
(X, 7), the following properties hold:

(i) A C sCIl(A) C sCly(A) and sCI(A) = sCly(A) if A € SO(X).

(i1) If A C B, then sCly(A) C sCly(B).

(ii1) If Ay € SOC(X) for each a € A, then N{A. | @ € A} € SOC(X).

(iv) sClg(sClg(A)) = sClp(A) and sCly(A) € SOC(X).

Lemma 2.3 For subsets of a topological space (X, ), the following proper-
ties hold:

(i) A is a semi-0-open set if and only if A is the union of semi-regular sets.
(i1) If Ay € SOO(X) for each o € A, then U{A, | o € A} € SOO(X).

3 s-0-continuous functions

Definition 1 A function f: (X,7) — (Y, 0) is said to be

(i) irresolute [7] (resp. semi-continuous [13]) if f~1(V) € SO(X) for every
Ve SOY) (resp. Vo) ;

(11) quasi-irresolute [10](resp. semi weakly-continuous [17]) if for each x € X
and each V€ SO(Y) (resp. V € o) containing f(z), there exists U € SO(X)
containing x such that f(U) C sCl(V);

(ii1) s-0-continuous [15](resp. almost s-0-continuous, weakly s-0-continuous)
if for each x € X and each V' € o containing f(x), there ezists U €
SO0(X, z) such that f(U) CV (resp. f(U) C sClU(V), f(U) C Cl(V)).

First, we recall the following results concerning quasi-irresolute functions.

Lemma 3.1 (Di Maio and Noiri [10]). For a function f: (X,7) = (Y,0),
the following properties are equivalent:

(1) f is quasi-irresolute;

(2) For each x € X and each V € SO(Y, f(x)), there exists U € SO(X, x)
such that f(sCl(U)) C sCU(V);

(3) fHK) € SR(X) for each K € SR(Y);

(4) f1(V) € SOO(X) for each V € SOO(Y);

(5) f is s-O-irresolute ([15]).



Proof. This is shown in Propositions 3.3 and 3.4 of [10]. Mukherjee and
Basu [15] called a function f to be s-f-irresolute if it satisfies the statement

(4).

Proposition 3.2 For a function f : (X, 1) — (Y, 0), the following properties
are equivalent:

(1) f is quasi-irresolute;

(2) For each x € X and each V € SR(X, f(x)), there exists U € SR(X,x)
such that f(U) C V;

(8) For each x € X and each V € SOO(Y, f(x)), there exists U € SOO(X, x)
such that f(U) C V;

(4) For each x € X and each V € SOO(Y, f(x)), there exists U € SOO(X, x)
such that f(U) C sClp(V).

Proof. (1) = (2): For each V € SR(Y, f(x)), by Lemma 3.1 f~1(V) €
SR(X). Put U = f~(V), then U € SR(X,z) and f(U) C V.
(2) = (3): For each x € X and each V' € S0O(Y, f(z)), by Lemma 2.3 there
exists W € SR(Y) such that f(z) € W C V. By (2), there exists U €
SR(X,z) such that f(U) C V. However, by Lemma 2.1 U € SR(X,z) C
SOO(X,z) and (3) holds.
(3) = (4):This is obvious.
(4) = (1): For each x € X and each V € SO(Y, f(z)), by Lemma 2.1
sCU(V) € SR(Y, f(x)) C SOO(Y, f(z))NSOC(Y, f(x)) and by (4) there exists
U € S00(X, z) such that f(U) C sCly(sCl(V)); hence f(U) C sCI(V). This
shows that f is quasi-irresolute.

Proposition 3.3 If f : (X,7) — (Y, 0) is quasi-irresolute, then f is almost
s-0-continuous.

Proof. Let x € X and V be any open set of Y containing f(z). By
Lemma 2.1, sCI(V) € SR(Y) and by Lemma 3.1 f~!(sCIl(V)) € SR(X).
Since x € f~HV) C fY(sCl(V)) € SOO(X), put U = f~!(sCI(V)). Then
U e S0(X,z) and f(U) C sCI(V). Therefore, f is almost s-6-continuous.

Remark 3.4 It is obvious that (1) irresoluteness implies quasi-irresoluteness
and (2) s-0-continuity implies almost s-0-continuity which implies weak s-6-
continuity.



By Definition 1, Proposition 3.3 and Remark 3.4, we obtain the following
relations.

DIAGRAM
irresolutness s-0-continuity — semi-continuity
3 \J 3
quasi-irresolutness — almost s-0-continuity — semi weak continuity
$

weak s-0-continuity

Remark 3.5 Irresoluteness and s-0-continuity are independent (by Example
3.6). Moreover, s-0-continuity does not imply quasi-irresoluteness (by Exam-
ple 3.7) and quasi-irresoluteness does not imply semi-continuity (by Example
3.8). Also semi-continuity does not imply almost s-0-continuity (by Example
3.9). Observe that none of the implications in DIAGRAM is reversible.

Example 3.6 Let X = {a,b,c} and 7 = {0, X, {b},{b,c}}. Then the iden-
tity function f : (X,7) — (X, 7) is irresolute and not s-0-continuous by
Ezample 4.3 of [15].

Example 3.7 Let X = {a,b,c}, 7 ={0, X, {a}, {b},{a,b}} and f : (X, 7) —
(X, 7) be the function defined by setting f(a) = f(b) = a and f(¢) = c¢. Then,
by Example 7.2 of [10], f is not quasi-irresolute and hence not irresolute.
However, f is s-0-continuous.

Example 3.8 (Di Maio and Noiri [10]). Let X = {a,b,c}, 7 = {0,{a,b}, X}
and o = {0,{b,c},X}. Then the identity function f : (X,7) — (Y,0) is
quasi-irresolute. However, [ is not semi-continuous and hence not irreso-
lute.

Example 3.9 Let X = {a,b,c}, 7 = {0, X, {a},{b},{a,b},{a,c}} and o =
{0, X, {a},{b},{a,b}}. Then the identity function f : (X,7) — (Y,0) is
semi-continuous and weakly s-0-continuous. However, f is not almost s-0-
conlinuous.



4 Semi-6-T, spaces

Definition 2 A topological space (X, 1) is said to be semi-0-Ty [5] (resp.
semi-Ty [14]) if for every pair of distinct points x and vy, there exist two
semi-0-open (resp. semi-open) sets U and V' such that x € U, y € V and
unv=40.

Theorem 4.1 For a topological space (X, 1), the following properties are
equivalent:

(1) For every pair of distinct points x,y € X, there exist U € SO0(X, x) and
V € S0(X,y) such that sCly(U) N sCly(V) = 0;

(2) (X,7) is semi-0-Ty;

(3) (X, 7) is semi-Ty;

(4) For every pair of distinct points x,y € X, there exist U,V € SO(X) such
that x € U, y € V and sClL(U) N sCL(V) = ;

(5) For every pair of distinct points x,y € X, there exist U,V € SR(X) such
that v e U,y V andUNV = 0.

Proof. (1) = (2): This is obvious.
) = (3): Since SOO(X) C SO(X), the proof is obvious.
) = (4): This follows from Proposition 4.2 of [10].
) = (5): By Lemma 2.1, sCl(U) € SR(X) for every U € SO(X) and the
proof immediately follows.
(5) = (1): By Lemma 2.1, every semi-regular set is semi-f-open and semi-0-
closed. Hence the proof is obvious.

(2
(3
(4

Definition 3 A topological space X s called a s8-space if the union of any
two semi-0-closed sets is a semi-0-closed set.

Theorem 4.2 Let f,g : X — Y be functions, Y a semi-0-T5 and X a s6-
space. If f and g are s--irresolute, then A = {x € X | f(z) = g(x)} is
semi-0-closed in X.

Proof. If x € X \ A, then f(z)
V1 € SO0(Y, f(x)) and V5 € SHO(
that f and g are s-f-irresolute, f~'(V}) and g~ (V4) are semi-6- open Since X
is a sf-space, z € f~1(V1)Ng™ (Vg) € S60 ( 7). Put U = f~1(Vi)ng 1(Va),
then U € SOO(X,7) and U N A = (. This shows that A is semi-f-closed in
X.

Since Y is semi-6-T, , there exist

#9
Y such that V; NV5 = (). By the fact

N
(V1

().
z))



We say that a function f : X — Y is semi-f-open if f(A4) € SOO(Y) for
all A € SH0(X).

Lemma 4.3 Let a bijection [ : X — Y be semi-0-open. Then for any
B e S0C(X), f(B) € SOC(Y).

Semi-6-T5, spaces remain invariant under bijective semi-f-open functions
as shown in the next theorem.

Theorem 4.4 If a bijection f: X — Y is semi-0-open and X is semi-0-T,,
then'Y is semi-0-T5.

Proof. Let y;,y2 € Y and y; # y». Since f is bijective, [~ (y1), f~'(y2) €
X and f7'(y1) # f~'(y2). The semi-0-T;, property of X gives the existence
of sets U € SOO(X, fHy1)) and V € SO0(X, f(y2)) such that UNV = 0.
Thus semi-f-openness of f gives the existence of two sets f(U) € SOO(Y, 1)
and f(V) € SO0(Y,ys) such that f(U) N f(V) = () which assures that Y is
semi-0-T5.

5 Strongly semi-f-closed graphs

If f:(X,7) = (Y,0) is any function, then the subset G(f) = {(z, f(z)) :
x € X} of the product space (X x Y, 7 x o) is called the graph of f (see:

[12]).

Definition 4 A function f : X — Y is said to have a strongly semi-0-closed
graph if for each (xz,y) € (X x Y)\G(f), there exist U € SO0O(X,z) and
V € SO0(Y,y) such that f(U) N sCly(V) = 0.

Definition 5 A function f : X — Y s said to be strongly semi-0-closed
[10] (resp. s0-C-semiclosed [5] ) if for each (z,y) € (X x Y)\ G(f), there
erist U € SO(X,z) and V € SO(Y,y) (resp. V € SO0(Y,y) ) such that
(sCUU) x sCUV)NG(f) =0 (resp. f(sCLU))NV =1).

Theorem 5.1 For a graph G(f) of a function f : X — Y, the following
properties are equivalent:

(1) G(f) is strongly semi-0-closed;

(2) For each (z,y) € (X x Y)\G(f), there exist U € SO0(X,z) and V €
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S00(Y,y) such that f(U)NV = 0;

(3) G(f) is s8-C-semiclosed;

(4) For each (z,y) € (X x Y)\G(f), there exist U € SR(X,z) and V €
SR(Y,y) such that f(U)NV =(;

(5) G(f) is strongly semi-0-closed in the sense of Di Maio and Noiri [10].

Proof. (1) = (2): The proof is obvious.
(2) = (3): For U € SOO(X,x), there exists Uy € SO(X, x) such that z €
Uy C SOZ(U()) cU.
(3) = (4): For each (z,y) € (X x Y)\G(f), by (3) there exist U € SO(X, x)
and V € SOO(Y, y) such that f(sCl(U))NVy = (. By Lemma 2.1, sCI(U) €
SR(X) and there exist V € SR(Y') such that y € V' C Vp; hence f(sCI(U))N
V=10
(4) = (5): The proof is obvious.
(5) = (1): For each (z,y) ¢ G(f), there exist U € SO(X,z) and V €
SO(Y,y) such that f(sCl(U)) N sCl(V) = 0. Since x € U C sCl(U) €
SR(X,z) C SAO(X,z) and y € V C sCl(V) € SR(Y,y) C SOO(Y,y) N
SOC(Y.y), f(sClLU)) N sCla(sCUV)) = f(sCUU)) N sCUV) = 0.

It is shown in Proposition 4.4. of [10] that f : X — Y is quasi-irresolute
and Y is semi-T5, then G(f) is strongly semi-f-closed. Similarly, we have the
following property.

Theorem 5.2 If f : X — Y is weakly s-0-continuous and Y is Hausdorff,
then G(f) is strongly semi-0-closed.

Proof. Let (z,y) ¢ G(f). Since y # f(x) and Y is Hausdorff, there
exist open sets V,W in Y such that f(z) € W,y € V. and WNV = §;
hence CI(W) N Int(CIL(V)) = (. Since f is weakly s-f-continuous, there ex-
ists U € SOO(X, z) such that f(U) C Cl(W). Therefore, we have f(U) N
Int(ClL(V)) = 0. Since Int(Cl(V)) € SR(Y, f(x)) C SOO(Y, f(z)), by The-
orem 5.1 G(f) is strongly semi-6-closed.

Theorem 5.3 If f : X — Y is surjective and has a strongly semi-0-closed
graph G(f), then'Y is semi-0-Ts.

Proof. Let y1,y2 (y1 # y2) € Y. The surjectivity of f gives a 1 € X
such that f(z1) = y1. Now (z1,12) € (X x Y)\G(f). The strong semi-6-
closedness of G(f) provides U € SO0(X,z;) and V' € SOO(Y, y2) such that
f(U)N sCly(V) = ), whence one infers that y; ¢ sClp(V). This means that
there exists W € SO(Y, y;1) such that sCI(W)NV = . So, Y is semi-6-T5.
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Theorem 5.4 A space X is semi-0-T5 if and only if the identity function
id: X — X has a strongly semi-0-closed graph G(id).

Proof. Necessity. Let X be a semi-0-T, space. Since the identity function
1d : X — X is quasi irresolute by Lemma 3.1, it follows from Proposition 4.4
of [10] that G(id) is strongly semi-0-closed.
Sufficiency. Let G(id) be a strongly semi-f-closed graph. Then the surjectiv-
ity of id and strong semi-f-closedness of G(id) together imply, by Theorem
5.3, that X is semi-6-T.

Theorem 5.5 If f : X — Y is an injection and G(f) is strongly semi-6-
closed, then X is semi-0-15.

Proof. Since f is injective, for any pair of distinct points x1,zs € X,
f(z1) # f(x2). Then (21, f(x2)) € (X xXY)\G(f). Since G(f) is strongly semi-
f-closed, by Theorem 5.1 there exist U € SOO(X, 1) and V' € SOO(Y, f(x2))
such that f(U) NV = (. Therefore x5 ¢ U. By Lemma 2.3, there exists R €
SR(X,z) such that z; € R C U. Therefore, 2o € X \U C X \ R € SR(X)
and by Theorem 4.1, X is semi-0-T5.

Theorem 5.6 If f : X — Y s a biyjective function with a strongly semi-0-
closed graph, then both X and Y are semi-0-T,.

Proof. The proof is an immediate consequence of Theorems 5.3 and 5.5.

Theorem 5.7 If a bijection f: X — Y is semi-0-open and X is semi-0-T,,
then G(f) is strongly semi-0-closed.

Proof. Let (z,y) € (X x Y)\G(f). Then y # f(z). Since f is bijective,
x # f!(y). Since X is semi-6-T5, there exist U,, U, € SOO(X) such that
z €Uy, f~Hy) € U, and U, N U, = 0. Moreover, since f is semi-f-open and
bijective, f(x) € f(Uy) € SOO(Y), y € f(U,) € SOO(Y) and f(U,)Nf(U,) =
(). This shows that G(f) is strongly semi-f-closed.

Theorem 5.8 If f : X — Y s a function with a strongly semi-0-closed
graph, then for each x € X, f(x) = N{sCly(f(U)): U € SO0(X,x)}.



Proof. Suppose that there exists a point y € Y such that y # f(z) and
y € {sCly(f(U)) : U € SO0(X,z)}. This implies that y € sCly(f(U)) for
every U € SOO(X,x). So sCl(V)N f(U) # O for every V € SO(Y,y). This
indicates that sClp(V) N f(U) D sCIL(V)N f(U) # O which contradicts the
hypothesis that f is a function with a strongly semi-f-closed graph. Hence
the theorem holds.

Definition 6 A subset A of a topological space X is said to be s-closed rel-
ative to X [8] if for every cover {V, | a € V'} of A by semi-open sets of X,
there exists a finite subset <7 of 7 such that A C U{sCl(V,) | @ € o} If
A =X, the space X is said to be s-closed [8].

Noiri [16] showed that if G(f) is strongly closed then f has the following

property:
(P) For every set B quasi H-closed relative to Y, f~1(B) is a closed set of X.

Analogously, we have the following result.

Theorem 5.9 Let (X, 7) be a sO-space. If f: X — Y has a strongly semi-
0-closed graph G(f), then it has the following property:

(P*) For every set F' which is s-closed relative to Y, f~Y(F) is semi-0-
closed in X.

Proof. Suppose that x € X \ f(F) and y € F. Then (z,y) €
(X x Y)\G(f). By Theorem 5.1, strong semi-#-closedness of G(f) gives the
existence of Uy,(z) € SR(X,z) and V,, € SR(Y,y) such that f(U,(z)) NV, =
Clearly {V, : y € F'} is a cover of F' by semi-regular sets in Y. Since F'is

s-closed relative to Y, by Proposition 4.1 of [8] there exist finite semi-regular
sets Vi, Vi, ooy Vg, in Y such that F' C U V.
=1

Yir " Y2 o

Let U = ﬁ Uy (z), where U, (x) are the semi-6-open sets in X satisfying
i=1
(*). Also U € S80(X,z). Now f(U)NF c [[AU, ()N (UV,) C
i=1 i=1

U (flU, ()] N'V,,) = 0. Therefore U Nf~*(F) = 0. This shows that f!(F)
i=1

is semi-f-closed in X.

Lemma 5.10 If K is a semi-0-closed set of a s-closed space (X, T), then K

18 s-closed relative to X.
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Proof. This follows from Proposition 4.2 of [8].

Theorem 5.11 Let (X, 1) be a sO-space. If Y is s-closed, then a function
f: X = Y with a strongly semi-0-closed graph is quasi-irresolute.

Proof. Let K be any semi-f-closed set of Y. Since Y is s-closed, by
Lemma 5.10 K is s-closed relative to Y and it follows from Theorem 5.9 that
fHK) is semi-O-closed in X. By Lemma 3.1, f is quasi-irresolute.

Corollary 5.12 Let (X, 1) be a s8-space and (Y, 0) a s-closed semi-Ty space.
Then for a function f : (X, 7) = (Y,0) the following properties are equiva-
lent:

(1) G(f) is strongly semi-0-closed;

(2) 1K) is semi-0-closed in X for every subset K which is s-closed rela-
tive to Y

(3) f is quasi-irresolute.

J

Proof. (1) = (2): This is an immediate consequence of Theorem 5.9.
(2) = (3): This follows from Lemmas 5.10 and 3.1.
(3) = (1): This follows from Proposition 4.4 of [10] and Theorem 5.1.
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