A fully Bayesian solution to k-sample tests for comparison and the Behrens-Fisher
problem based on the Henstock-Kurzweil integral

Fabrice Pautot, general engineer ECL96, independent researcher, Paris, France
Draft version 1.0 to be LaTeXified, the 17" of September 2019

Email to: fabrice.pautot@laposte.net

Abstract: We present a simple, fully probabilistic, Bayesian solution to K -sample omnibus tests for comparison, with the
Behrens-Fisher problem as a special case, which is free from the many defects found in the standard, classical frequentist,
likelihoodist and Bayesian approaches to those problems. We solve the main measure-theoretic difficulty for degenerate
problems with continuous parameters of interest and Lebesgue-negligible point null hypothesis by approximating the
corresponding continuous random variables by sequences of discrete ones defined on partitions of the parameter spaces
and by taking the limit of the prior-to-posterior ratios of the probability of the null hypothesis for the corresponding
discrete problems. Those limits are well defined under proper technicalities thanks to the Henstock-Kurzweil integral that
is as powerful as the Lebesgue integral but still relies on Riemann sums, which are essential in the present approach. The
solutions to the relative continuous problems take the form of Bayes-Poincaré factors that are new objects in Bayesian
probability theory and should play a key role in the general theory of point null hypothesis testing, including other
important problems such as the Jeffreys-Lindley paradox.

Keywords: Behrens-Fisher problem, K -sample tests for comparison, point null hypothesis testing, well-posed problem,
Bayes factors, discrete and continuous random variables and problems, absolute and relative solutions, Riemann sumes,
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Introduction
The Behrens-Fisher problem(s) [1][2][3][4]1[5][6][8][9][10][11][12][13][14] and, more generally, K -sample hypothesis
tests for comparison, is one of the most famous open problem in statistics and applied probability theory since 1929.

Let us first recall that the Behrens-Fisher problems, according to the numerous authors over the last ninety years, come
in two main variants: the hypothesis testing problems (i.e. test the equality of the numerical values of the parameters of
interest) and the estimation problems (estimate the difference between the numerical values of those parameters).
Hereafter, we deal only with the hypothesis testing problems, which are supposed to be the most important and most
difficult ones [14][17], even if they are often formulated as interval estimation and confidence tests on the difference of
both parameters of interest.

To the best of our knowledge, there is no universally accepted solution to this problem in any statistical framework,
frequentist, likelihoodist, fiducial or Bayesian. This is due to the interplay of several issues and difficulties including the
proper treatment of the nuisance parameters and the non-existence of an uniformly most powerful (UMP) test proved by
Linnik [5] (in the frequentist and likelihoodist frameworks), the proper assignment of prior probabilities and probability
distributions for the hypotheses and the parameters, in particular, the fact that the null hypothesis has null prior and
posterior probabilities if the parameter of interest is continuous (in the Bayesian framework), the logical (in)dependence
of both experiments, etc.

The original, historical Behrens-Fisher problem runs as follows. Given two mutually independent and conditionally

independently and identically distributed samples X, :(Xll,..., Xlnl) and X, = (Xé,..., XSZ) of sizes N, and N, from two
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Gaussian random variables N(,LLl,af) and N(,uz,azz) with probability density functions f(X|,ul,Jl) and

f (X| yz,az) respectively, test the null hypothesis H,

Ho o =1
against the omnibus alternative hypothesis H;

H, f # 1,

when o, and o, are unknown and not necessarily equal to each other. Some authors (but not Fisher) further assume

that o, # 0,. We do not, but the solution to come can be generalized to this case...

To be short, let us just recall that within the frequentist, likelihoodist and fiducial statistical frameworks, the well-known,
classical solutions typically rely on adaptations of the independent/unpaired Student t statistic for the 2 -sample Gaussian

test for comparison with equal/homoscedastic variances o, = o, and unequal sample size

t:—il_x

n+n,—2 n -1 n,-143

n,—1)s’> +(n,—1)s 1 — 1 N | | i
wherespz\/(l )l (2 )2,312= Z(Xi_xl)'322= Z(Xz_xz)')%=n__ Xl,X2=n—ZX2
1:

Such modifications and adaptations include the Behrens-Fisher statistic itself [10][14][15][16], the Welch-Alpin-
Satterthwaite t statistics [11][15], the Wald-Romanovskaja satistic [15] and many other variations [15].

On the Bayesian side, Jeffreys (1940) [17] derived the same statistic as Fisher’s [16] with a different interpretation, of
course. Jeffreys’ original derivation was quite ad hoc and complex [9] but it can be recast in his own, modern and general,
Bayes factor framework for testing binary hypotheses. Let us briefly recall this Bayes factor framework in the case of the
historical 2-sample Behrens-Fisher problem.

Under H,, the likelihood or model M, is

N ) My :
p(X11X2|ﬂ1uU2’011O-21M1): p(X1|/11’011M1)p(xz|ﬂ2’02’M1): | I f(Xll‘lul’o-l)I | f(xé‘ﬂziaz)
i=1 i-1

by conditional independence, so that the probability for the data (xl, X2) given a joint prior probability distribution for

the parameters p(,ul,al,luz,az) is

Xl X2| M J‘J-.”-H f (Xl"ul Gl)H f (Xé ‘/,12,0'2) p(,ul,dl,,uz,dz)dﬂldaldyzddz
Under H,, by definition there is a common parameter of interest

Ho =t = Hy

so that the likelihood or model M, is



n ) My )
p(X11X2|/uovO-1’O-2’ Mo) = p(x1|/vlovo-1’ Mo) p(X2|y0,02, Mo) :H f (Xi‘;uo’o-l)H f (X;‘ﬂmo-z)
i=1 i=1
and the probability of the data given a joint prior probability distribution for the parameters p(,uo, oy, 0'2) is
X1 X2| M I_[J‘H f (X1‘;Uo’o-1)H f (ij‘;Umo-z)p(ﬂo’o-vo-z)dﬂodo-ldaz
Therefore, the classical Bayesian solution relies on the “Bayes factor”
p(xl, X2|Mo) B ”_[l:ll[ f (X:Ii.‘QO’Gl)l:I f (Xiz‘ﬂo’gz)p(ﬂoyo'l’az)dﬂodgldo'z
- M . ny .
p(Xl1X2| Ml) _”.J.J-H f (Xll‘/uﬂo-l)l—[ f (Xlz ‘;uzvo'z) p(/ll’o'llﬂzvo'z)d/ﬁdo'ldﬂzdo-z
i-1 i=1

that is equal to the genuine Bayes factor of interest, the prior-to-posterior odds ratio

p(Mo|%,%,) ,{p(Mo)}

B —
o p(M1|X1:Xz) p(M,)

ifand onlyif p(M,)=0 and p(M,)=1.

For instance, for the homoscedastic 2-sample problem with o, =0, =0, Gonen et al. [9] show, for certain priors and

under certain conditions, that Jeffreys’ Bayes factor reduces to

—(v+1)/2
1+t% /v 2\V2
By =| — - (1+n,0%)
1+t /(v(l+ néag))
-1
. e 1 2. N =ty
where 1 is the statistic defined above, v =n,+n, -2, Ny =| —+— | and o is the prior variance on .
n n, o

See also [8]. As already found by Jeffreys [17], this kind of results shows that the classical approaches within the
frequentist, likelihoodist and fiducial statistical frameworks can be derived and interpreted in Jeffreys’ Bayesian Bayes
factor framework for binary hypothesis testing.

Unfortunately, we hold that this classical Bayes factor approach is not correct for at least one sufficient and simple reason.
Indeed, under the null model |\/|O , we cannot say that there is a common, a single parameter 6’0 : this is not because two
parameters @, and @, have the same numerical values that there is only one parameter!

There is a confusion between two different concepts: the identity of two parameters (so that there is only one of them)

and the equality of their numerical values. But equality is not, does not imply identity. This point has been discussed
especially by Henri Poincaré. See for instance this paper (in French)[7], page 30 of the .pdf version:

The impossibility of understanding the application of the mathematical continuum to experimental data (...) as soon as
one interprets the equality of two rational or real numbers as the identity of two entities, allows us to conclude...

For instance, we find this mistake in equation 1 of [6]



Ho ut, =1 = u
around equation 4 of [1]

The hypothesis sv assumes the [two] means and the [two] standard deviations are the same, so two parameters (a
constant A and a standard deviation sigmal) [instead of 4] have been removed by marginalization.

Eqg. 4
where B— A and 0, - 0,.

See also [9] for another variation. This mistake, the principle of the identity of equality and identity rejected by Poincaré,
was our starting point for the new and completely different Bayesian solution that we describe below. But, a posteriori, it
shall appear that the standard Bayes factor approach above suffers other, even more cogent, defects and criticisms.

Formal statement of the well-posed problems and their absolute and relative solutions
Now, let us make a formal statement of the informal and the well-defined, well-posed and formal problems that we
address together with their absolute and relative solutions.

According the Lehmann [12], any of the following problems can be called a (generalized) Behrens-Fisher problem, but we
reserve this terminology for the historical 2 -sample Gaussian problem.

let Ke N,k >1. Let

£(6.7),0=(¢",...0)ec®cR* neHcR",d,eN",d, eN’
be a parametric family of probability distributions on some probability space (Q, F, IP’),QC R (i.e. the data can be
discrete or continuous) with bounded and positive probability mass function or probability density function p(X|0, 77) .
@ is the parameter of interest and 7} is the nuisance parameter.
Remark: we can consider more general problem with different parametric families of distributions £ (49I ), ), i=1k

Let

X, ~‘C(0i177i)10i €@, n eH; i=1k

be K mutually independent random variables.

Let
X; :(xil,...,xi”i), i=LkneN

be k conditionally independent and identically distributed samples of size N, drawn from random variables X;.

K
Let O, = n@i . Let also

i=1
p(&,7),1=1k

be the joint prior (proper) probability distributions for the parameters of each experiment.
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Let

p(eu):_[ p(8,7)dm;, i=1k

H

be the marginal prior probability distributions for the parameters of interest. Remark: the integrals must be understood
as generalized sums: they are sums if 7, is discrete.

Let

p(6l ) ('|9i’77i) iZlkS
p(6.7)p(x|6.m)dnde "

®I HI

p(6m]%)=

be the joint posterior probability distributions for the parameters.
Last, let
p(9i|xi): _[ p(gi’ni|xi)d77i’ =1k
H,
be the marginal posterior probability distributions for the parameters of interest.

We first define the informal, ill-defined K -sample testing problems for comparison that we address.

Definition: the informal K -sample (multivariate) hypothesis test for comparison problem is the problem 7,

Test the null hypothesis H,
H,:6,=6,=..=6,

against the omnibus alternative hypothesis H,
H,:=H,

Definition: if d, =1, then 7, is said to be univariate.
Definition: if for i =1k, 6, is discrete, then T, is said to be discrete.
Definition: if Ji =1,k, 3j =1,d, \_p(@) is continuousin &’ (i.e. no atoms), then 7, is said to be continuous.

Definition: the historical Behrens-Fisher problem is the informal 2 -sample, univariate and continuous problem R, with

E(Q,n)::N(,u,O'Z), N(ﬂ,c‘z) is the parametric family of Gaussian distributions, 6?:=,u, n=o.

Now, what remains to be well-defined is this: what does it mean to test H, against H,? How to take the final decision
that is case-by-case and may depend on subjective and non-quantitative, qualitative considerations? This is simply not
part of the well-defined, well-posed problem. We do not mean we cannot put some mathematics on the decision-theoretic
part of the whole problem. We mean that, in any case, this decision will rely, will be based on the prior and the posterior
probabilities of the hypotheses H, and H,, that is on the prior and posterior probabilities of the null hypothesis H, for
an omnibus test. Moreover, there is nothing specific to the Behrens-Fisher problem and Kk -sample tests for comparison

in the decision-theoretic parts of the whole problems. It follows that the decision-theoretic part of the problem can and
has to be decoupled from the probabilistic part. Therefore,



Definition: the formal, absolute k -sample (multivariate) hypothesis test for comparison problem is the problem 73O

D Compute the prior and posterior probabilities p(HO) and p(H0|x1,..., xk)
| of the null hypothesis H,:0,=6,=..=6,

Kk
Lemma: if 7 is discrete, then p(H,) = Z H p(6=9).

60, i=1

K
Corollary: if P, is discrete, then p(HO|X1,...,Xk)= z H p(@I =49| Xi)
i=1

Proof: replace the marginal priors by the marginal posteriors in previous lemma.

Corollary: the solution to the formal discrete absolute problem 730 is given by

p(Hy) = S T1p(G=6)  and p(Hyl% )= > T Tp(6,~0l%)

00, i=1 00, i=1

Lemma: the solution to the formal continuous absolute problem 730 is given by

P(Ho)=P(Ho|X. %, ) =0

Proof: the set {(6’1, ,,...6,)\(6,,6,,....6,) € 0f,0,=0,=..= Hk} has Lebesgue probability measure O because, by

definition, V 6, p(@ij = 90) =0 since (9ij is a continuous random variable without atoms.

Hence, the formal continuous absolute problem 730' admits a trivial and totally useless absolute solution. Therefore we

need to introduce formal, weaker, relative problems with non-trivial and useful solutions.

For sake of simplicity, we present those relative problems and solutions in the univariate and compact case. But it should
be clear that those problems and solutions can be easily generalized to the non-compact and multivariate case, modulo
some integration-theoretic technicalities that are beyond the scope of the present paper. In the same way, those definitions
can be easily generalized to joint and marginal improper prior probability distributions, defined as limits of sequences of
proper ones, especially because we do not need to go through improper integrals with the Henstock-Kurzweil integral,
unlike the Riemann integral.



Suppose Vi=1Kk, O, :[Li,Ui] is compact. Let A" = and let

ﬂ(®0)
I

e, ={0; i=1..|e]]

be A -fine partitions of ©, . Generally speaking, ® is a finite set of intervals. Suppose that the partitions ©;,1 =1k

coincide on each interval and form a partition of it. Let @L be the set of those common partitions.

Vi=1Kk, let ((9;) " be sequences of discrete random variables on partitions @: with prior probability mass functions

le

P, (9)
V0O, p, (0)= )
6' 2. P, (0)
96@:
respectively.
Lemma: VI € N, the solution to the formal discrete absolute problem 730' for random variables 6?i', i =1,k isgiven by

p(Ho[l.©}) = Zlﬁlp@. (6) and p(H0|x1,...,xk,I,®'0):Zﬁpm ()

0eO)) i=1 6e0) i=1

k
Corollary: if the function 8 — H P, (6’) is Lebesgue-integrable, then
i=1

lim p(H0|I,®g):Ilirpw P(Ho| X0 %, 1,05 ) =0

Proof:

l) = : — ‘7P (0) _ 00y i-1 | _ k1 gc)) i-1
eSO S @ s a0 vz e

|—:+00(A0| )k_l G;Z = |joc0
HI P, (0)do
i=1 ©;

because i) all functions are Henstock-Kurzweil-integrable [13] if they are Lebesgue-integral and ii) all integrals are finite

and non-zero on compact ©,,i=1Kk and ©, if the functions are bounded and positive. Same for
lim P(Ho[ X, %, 1,05) =0.

Now, our main theorem.

K K
Theorem: if the functions 8 — H Py (49) and 0 — H Pyx (6?) are Lebesgue-integrable, then
i1

i=1



i P(Ho| %01 X, 1,05
m
S p(H|10Y)

1>
®
S
I
N
~~
®
E
I
N

Proof:
K K
Ad 6 Ad 6
p(HO|X1’.“,Xk,I’®:))= A9| k-1 GEZG“IO]{—TlpgiXi( I) / Ael k-1 gezdll:]_[pg'( I)
| K -
p(Ho||,®o) HAHIZp@\xi (Qil) HAQIZPQ (Qi')
i=1 00! i=1 0eO)
k k
J.H pg-\xi (e)de pei (H)de
9, =t 0, i=l
A =
[1] pu (@)d0 | TT] vy ()00
1= 0; i= o,

because, as before, i) all functions are Henstock-Kurzweil-integrable if they are Lebesgue-integral and ii) the integrals are
finite and non-zero on compact ®,,i =1,k and @, if the functions are bounded and positive.

Remark: in the multivariate case d, >1, we need to check that the Henstock-Kurzweil integral still is equivalent to the
Lebesgue integral. If it is not, we can assume all functions to be Henstock-Kurzweil-integrable.

Remark: the conditions on the probability distributions and the different integrals are sufficient but not necessary. Our
purpose is just to avoid technicalities that are beyond the scope of the present paper.

Definition: the formal, relative, continuous K -sample (multivariate) hypothesis test for comparison problem is the
problem 7"

|
R :{Compute By = liM p(H;|();1-||| X(;. I)’ ®0)
o[>0

whenever the limit exists.

Lemma:

Proof:

l _p(H0|X1’---’Xk’I’®Io)_ _p(Ho“’@:)) 5 p(Ho|X1'--"Xk’I'®:)) p(H1|X1""'Xk'I’®:J) B
im = |/ = [= lim | / | =
el p(Hy X % 1, O)) _p(Hl|I,®O) I>+o0 p(H,|l,0}) p(H,[1,©5)

i _D(H0|X1,...,Xk,|,®'0)_ _1—p(H0|x1,...,xk,I,®'0) . p(H0|xl,...,xk,|,®'o)
Im / = lim
[—>+% p(Ho||,®L) 11 l—p(H0||,®lo) |-+ p(Ho||,®:))

01
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1= p(Ho| X %, 1,9}

because lim =

S 1= p(Ho|l,0})

It follows that By, is the limit of a sequence of Bayes factors. Therefore,

Definition: B, is called a limit, a relative, a generalized Bayes factor, or a Bayes-Poincaré factor.

Remark: it is worth observing, perhaps for the first time, that those Bayes factors for the discrete problems

p(Ho|x1,...,xk,I,®:)) p(H0|I,®:))
(A 1.0 || p(]1.60)

are not the ratios of any (marginal, supremum...) likelihoods. It follows that the Bayes-Poincaré factors are of a different
nature than the classical, well-known likelihood ratios Bayes factors. In particular, the Bayes-Poincaré factors are not
exponential.

Corollary: as an example, the solution to the formal, relative, univariate, continuous, 2 -sample historical Behrens-Fisher
problem with Jeffreys’ joint proper-improper prior

p(:uilo-i| L!U): p(ﬂi| L,U) p(O'i)oc(U —L)flo-i‘1

over [L,U]XR+*, L<U, i=12,isgiven by

Proof: see Appendix 1

Simulation results

Finally, we present some early simulation results, just to check that the Bayes-Poincaré factors work as expected. We
compare them to the p-values of the standard two-sample unpaired/independent Student t test for unequal variances
with Satterthwaite’s approximation. See Appendix 2 for the corresponding Matlab code and the parameters of the

simulations. Those results shall be completed with the standard Bayes factors for likelihoods M, and M, .



Bayes-Poincare factors (b) and Student t p-values (r) vs mu1-mu2
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It appears that the Bayes-Poincaré factors are actually meaningful: they decrease as |,ul —y2| increases. However, in this

particular example, they vyield completely different decisions from the decisions based on the 2-sample
unpaired/independent Student t test p -values. For instance, if the decision rule for the Bayes-Poincaré factor is simply

Do not reject H, if B, >1
RejectH, if B, <1

and the decision rule for the P -values of the Student t test is

Do not reject H, if p> «
RejectH, ifp<a

for significance level o € [0,1] , then both decision procedures are strongly inconsistent for standard values of a <« 0.1

over a large range of values of |,ul — ,L12| . Conversely, both procedures can match only for unusually large values of o = 0.2

Moreover, it is quite clear that, depending on U — L, the Bayes-Poincaré factors can be greater than one or smaller than

one for almost all values of ,ul—,u2|! This issue comes from the uniform Bayes-Laplace prior whose normalization

constant U —L is unbounded over R and it should disappear for location priors having bounded normalization
constants. This shows that priors that are standard in estimation theory are not suitable for testing point null, continuous
hypotheses. It will take some time to tame the Bayes-Poincaré factors and their suitable priors.

Conclusion
The likelihood or model M, under the null hypothesis H, for k -sample tests for comparison, within the classical,

standard likelihoodist and Bayes factor approaches, succumbs the principle of the identity of equality and identity. This
10



was our main motivation for developing a new and different Bayesian approach to the Behrens-Fisher problem that is
completely internal to probability theory. A posteriori, upon inspection, those classical likelihoodist and Bayesian solutions
suffer many defects and criticisms, including

e Two new and fictitious models/likelihoods M, and M, for the pooled data (Xl, X2) are introduced under both
hypotheses H, and H, on top of both original models, in violation of Ockam'’s razor;

e Model M0 requires a call to the principle of the identity of equality and identity, which is external to probability
theory and false according to Henri Poincaré. This is not because two parameters have the same numerical values
that they are identical;

e Conversely, under model M, this is not because there are two different parameters that their numerical values

are necessarily different. They are different almost surely with probability p =1 if the parameters are continuous

and different with probability p <1 if they are discrete;

e |t follows that M, is not the logical negation of M, even in the continuous case, in contradiction with the
definition of the original hypotheses H; and H,;

e The prior probabilities for models M, and M, are assigned, quite arbitrarily, and decorrelated from the prior
probabilities for the hypotheses H, and H; that must be computed from the prior probability distributions of

the parameters of the original models and are equal to O respectively 1 for continuous parameters;
e For a continuous parameter of interest with continuous marginal prior probability distributions under both
experiments, the prior and posterior probabilities for the null hypothesis H are equal to zero. It follows that the

Bayes factor is undefined. Therefore, the solution cannot rely on a Bayes factor;

e The classical solution remains the same, regardless of whether the parameter of interest is discrete or continuous,
while the situation is completely different since the Bayes factor is well-defined in the discrete case and undefined
in the continuous one.

The first step towards the new, more rigorous solution was to distinguish the discrete problems from the continuous ones.
The absolute solutions to the discrete problems are straightforward but become degenerate, trivial and totally useless for
continuous problems, for which the Bayes factors (defined as prior-to-posterior odds ratios, not likelihood ratios) are
undefined because the point null hypothesis is Lebesgue-negligible. This measure-theoretic issue was easily solved in a
second step, by approximating the continuous problems by sequences of discrete ones, yielding the introduction of
relative solutions and Bayes-Poincaré factors, which are well-defined thanks to the Henstock-Kurzweil integral that is as
powerful as the Lebesgue one but still relies on Riemann sums that are essential in the present solution. This technique is
of general interest in all point null hypothesis tests and might finally provide us with the solutions to other important
problems, such as the Jeffreys-Lindley paradox. It will take some time to tame the Bayes-Poincaré factors and their suitable
priors because they are very much different from the traditional Bayes factor.
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Appendix 1: Calculations for the formal, relative, univariate, continuous, 2-sample historical Behrens-

Fisher problem with Jeffreys’ joint proper-improper prior for the Gaussian probability distribution
Let

p(:ui’o-i): p(ﬂi) p(o'i)oco'iil! i=12

be the classical Jeffreys’ improper prior over RxR*" for the Gaussian distribution.

In order to keep full control, we start with proper priors with compact support

-1
O.

P(44,5]N:ab)= p(uN) p(ofab)=(2N)" 3o

over [—N,N]x[a,b], O<N, O<a<b,i=12.

We introduce two identical sequences of discrete uniform random variables (yi' )| o i =1,2 defined on a partition of

[-N, N] such as
Q' :{—N,—N + A, —N +2A,u,...,N},Aﬂ=—

of cardinal ‘Q" =2l +1. The prior probability for the null hypothesis H, and the discrete parameters ,ul' and ,u; is

p(H,|l.N)= Zp( ) 22|+1) =(21+1)(21+1) " =(21+1)"

Q

But it is more convenient to write it like this

lel AuY 1x1 [ du

p(Ho|1.N) = P Y WP _N 2N 1
1 AL IALS Lo HH | )
T T )
-N N
Dropping index | for clarity, both joint posteriors write
p(,u',o-|x,|,N,a,b)= (/1||N) o-|ab) (X|,u',I,N,U,a,b) _ bp(o-|a,b)p(x|,u',|,N,0',<”:l,b)
Zp(y"||,N)Jp 0|a,b)p(x|y",|,N,0',a,b)d0' ij(a|a,b)p(x|u",|,N,a,a,b)da
a o a
with
%5 24

p(x|ﬂ|,|,N,a,a,b)z(@)—ma,me 7 2

We need to evaluate the integral
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Let

Then

It follows that

b

[ p(e]ab) p(x|4' LN, o.a,b)do ) A(u')_g{F@,A(u')b‘zj—r(g,A(ﬂ')a*ﬂ

p(y"x,l,N,a,b) a

b

5[ plofab)p(xlu’ 1.N.:ab)do ZA( )mHr;,A(ﬂ")b*)—r@,A(ﬂ")a—zﬂ

Now that the normalization constant l0g (b) —log (a) has cancelled out, we can take the limits 2 — 0" and b — +o to

get, if and only if A(‘uI ) >0

N\g

N\B
/—\

N3
(SN =1 N,
)>

;/
T:
I\)\B

( ‘xIN

N\B

/——\\

Therefore, the null hypothesis H, has posterior probability

Ssse(u') *sse2(u')
(ol )= 3 p{ad = ol p = )= T n
QI

ZSSEl( s )7ZSSE2( K

n

if SSEl( ) i( ) and SSEZ(,uI ) = Z(XzJ —u )2 . As expected, the ratio

i=1 j=1

p(H0|x1,x2,I,N)

p(H,|/lLN)
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now has a well-defined limit when | — -0, equivalently Az — 0"

) )2 AuS 1x1
p(H0|X1,x2,I,N):Aﬂ Au%}SSEl(u) 2 SSE2(u') 2 » ygll x
al o
N " )
SSE1(u) 2 SSE2(u) 2d
p(H0|X1!X21N)_ 7-[‘ ('u) 2 (#) 2du

=2N

- N m N . £ Bm| N
s p(HIN) [ SSEL(4) 7 du | SSE2(4) 2 du
N N

because all functions are Riemann-integrable.

For m> 2, n> 2 and non pathological data, the improper integrals converge

N —-+o0

N m +00 m
lim [ SSE1(x) 2 du= [ SSEL() 2 dut <+

N —+0

N n +o0 n
lim [ SSE2(u) 2 du= [ SSE2(1) 2 du <+

N —+c0

N m n o m n
lim [ SSE1(u) 2 SSE2(u) 2du = [ SSEL(u) 2 SSE2(u) 2 duu <+o0
It follows that we have the undesirable but perfectly normal result

[ ssE1( 1) 2 SSE2(41) 2 du
Bu|N ~ 2N_—= — —— — By =+
[ SSE1() 2 du [ SSE2(u) 2 du

This is not a defect of the present method but of the uniform prior, due to the fact that

N—+0o N —-+o0

N N n
lim dez+oo while lim | SSE(x) 2du <+ for n>2
N

This is a very intuitive result, the larger N , the smaller p(Ho| N) but almost not p(HO|X1,X2, N) because the posterior

distributions concentrate their mass around the sample means.

Hence, this issue should disappear for any location prior whose normalization constant remains bounded over R such as
a Gaussian prior N(O,z’z).
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Appendix 2: Matlab simulation code

clear all
close all
clc

format long

o)

% Standard deviations of both Gaussian distributions
sigmal = 1;
sigma2 = 1;

% Sample sizes
N1 = 100;

N2 = 100;

N12 = N1/2;
N22 = N1/2;

L =0;
u=1;

delta delta mu = 0.01;
% Values of mul - mu2
delta mu = O:delta delta mu:0.5; delta mu2 = 2 * delta mu;

nb delta mu = length(delta mu);

mul zeros (1,nb _delta mu);
mu2 = zeros(l,nb delta mu);

% Bayes-Poincaré factors

BPF = zeros(l,nb delta mu);

% p-values for the 2-sample independent/unpaired Student t test with unequal variances
ans Satterthwaite’s approximation

pvalues = zeros(l,nb delta mu);

delta mus = 0.001;

% Delta-fine partition for the Riemann sums/rectangle method for numerical
% evaluation of the integrals

mus = L:delta mus:U;

mus2 = mus.”"2;

nb mus = length (mus);

% Number of simulations

nb simu = 1000;

for k = 1 : nb delta mu
k

Q

% Mathematical expectations for both Gaussian distributions

mul (k) = 0.5 + delta mu(k);

mu2 (k) = 0.5 - delta mu(k);

for simu =1 nb simu
% Samples
x1 = normrnd (mul (k),sigmal,1l,N1);
x2 = normrnd (mu?2 (k),sigma2,1,N2);
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Q

% 2-sample independent/unpaires Student t test with unequal variances ans
Satterthwaite’s approximation

$[h,p,ci,stats] = ttest2(x1l,x2, 'Vartype', '"unequal');
[h,p] = ttest2(xl,x2,'Vartype', "unequal');

x1lm = sum(x1);

xX2m = sum(x2);

x1lm2 = sum(x1.”2);

x2m2 = sum(x2.72);

SSE1l = x1Im2 - 2*x1lm * mus + N1 * mus2;
SSE2 = x2m2 - 2*x2m * mus + N2 * mus2;

% Mean of the Bayes-Poincaré factors over the simulations
BPF (k) = BPF (k) + sum((SSEl).”(-N12).*(SSE2)."(-N22)) / (sum((SSEl)."(-N12)) *
sum ( (SSE2) .~ (-N22))) ;

o)

% Mean of the p-values over the simulations

pvalues (k) = pvalues(k) + p;
end
BPF (k) = BPF(k) * (U - L) / delta mus / nb simu;
pvalues (k) = pvalues (k) / nb simu;
end
figure (1)
plot (delta mu2, BPF)
hold

plot (delta mu2,pvalues, 'r')

xlabel ("mul-mu2"')

ylabel ('Bayes-Poincaré factors and p-values')

title('Bayes-Poincaré factors (b) and Student t p-values (r) vs mul-mu2')

End of the document
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