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Abstract. Generalized Maxwell distribution is an extension of the classic Maxwell
distribution. In this paper, we concentrate on the joint distributional asymptotics of
normalized maxima and minima. Under optimal normalizing constants, asymptotic
expansions of joint distribution and density for normalized partial maxima and minima
are established. These expansions are used to educe speeds of convergence of joint
distribution and density of normalized maxima and minima tending to its corresponding
ultimate limits. Numerical analysis are provided to support our results.
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1 Introduction

Let independent and identically distributed (i.i.d.) random variables {X;, ¢ > 1} with marginal
generalized Maxwell distribution Fj (abbreviated as Fy, ~ GMD(k)), where k£ > 0 is the shape
parameter. The probability density function (pdf) of GMD(k) is given by [1]

_ k ok 1.2]@
fk(x) - Qk/202+1/kf(1 + k/Z):E €xXp <_M , L Z Oa (11)

where o is a positive parameter and I'(-) denotes the Gamma function. For k£ = 1, GMD(k)
degenerates to the classical Maxwell distribution.

In the last few years, asymptotic behaviors regarding the normalized maxima of GMD(k) have
been discussed in the literature. Huang and Chen [2] established the Mills’ type inequality and
Mills’ type ratio of GMD(k), and demonstrated that

le P(M,, < u(z,by,)) = A(z) (1.2)
with
u(z,by) = ko0 %ke 4+ b, (1.3)
and the normalizing constants b,, is determined by
1
1— Fi(by) = —, 1.4
(on) =~ (1)
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where M,, = max{X;, 1 < i < n} represents the partial maximum of {X;, ¢ > 1} and A(z) =
exp(—e~7") stands for the Gumbel distribution. Additionally, Huang and Wang [11] gained the
asymptotic expansions for distribution as follows:

b%k b%k(P(Mn < wu(z,by)) — Az)) — lk(x)A(z‘)} — {wk(a:) + ;li(x)] A(x) (1.5)

as n — 0o, where [ (x) and wy(z) are respectively given by
In(z) =27k 1o?[(2k — 1)a? — 22)e™® (1.6)
and

wi(z) = =247 %201 [3(2k — 1)%2? — 4(2k + 1)(2k — 1)2® + 242? — 48kx]e ™. (1.7)

Related work concerning properties of GMD(k) can be found in [3] [4] [5] and [6]. GMD(k)
has received applications in a variety of areas, see, e.g., establishing the discretized equilibrium
distributions of the lattice Boltzmann method [7], describing the stress relaxation behavior of food
matrices [8], being used to derive a different class of multiple relaxation-time lattice Boltzmann
models [9], and modeling the linear viscoelastic fluids [10].

For the basic properties, which determine the max-domain of attractions the distribution at-
tributes, see [12] [13] [14] and [15]. In extreme value theory, asymptotics for the joint distribution of
maxima and minima is an interesting topic in recent literature. For sequence of univariate random
variables under conventional assumptions, see [16], [17] and [18]. For bivariate Gaussian arrays
under relaxation assumptions, see [19]. For dissimilar improved assumptions, see [20] and [21]. Let
m, = min{X;, 1 <i < n} denote the partial minimum of {X;, ¢ > 1}. The target of this paper
is to establish asymptotic expansions for distribution and density of (M, m,,) for GMD(k), from
which we can respectively educe the speeds of convergence of the distribution and density from
normalized (M,,, m,) to the distribution and density of the associating extreme value distribution.

The contents of this paper are constructed as follows. Section 2 provides the main results, and
numerical analysis is given in Section 3. A few necessary auxiliary lemmas and the proofs of the
main results are presented in Section 4.

2 Main results

In this section, we present the main results. Proposition 2.1 provides the asymptotic expansions
of a distribution for the minimum of the GMD(k). Theorem 2.1 displays the asymptotic distribution
of the joint distribution of normalized (M,,, m,). The asymptotic expansion for its distribution is
showed in Theorem 2.2, and the associating asymptotic density expansion is revealed in Theorem
2.3.

Proposition 2.1. Let {X;, i > 1} be an i.i.d. random sequence with common distribution function
Fy obeying the GMD(k). Set my, = min{X;, 1 <i<n}. Then,

b2 {B2F [P < (y, b)) = (1= A(=))] + Le(~y)A (=) }

= =[xt + 50| A0, (2.)



as n — 0o, where
v(y, by) = k_102b711_2ky — bn, (2.2)
lk(+), wi(-) and by, are respectively given by (1.6), (1.7) and (1.4).

Remark 2.1. Noting that b;** = O((logn)™") in view of (1.4), it follows from Proposition 2.1
that the convergence rate of the distribution of normalized minima under the normalized constant
b, converging to its extreme value distribution is the same order as O((logn)™1!).

In the following result, we establish the limiting distribution of the joint distribution of normal-
ized (M, my) from i.i.d. random variables.

Theorem 2.1. Let {X;, i > 1} denote i.i.d. random variables with common distribution function
GMD(k) Fy. Set M, = \/;_, X; and m, = A\ X; respectively indicate the mazima and the
minima. We have

P(M,, <u(z,by), my, <v(y,by)) = A(z)(1 — A(—y)), (2.3)

as n — oo, where u(xz,b,) and v(y,by,) are respectively determined by (1.3) and (2.2) with the
normalizing constant by, defined by (1.4).

Remark 2.2. A combination of (1.2) and (2.1), Theorem 2.1 demonstrates that M, and my, are
asymptotically independent.

In the following result, we present asymptotic expansion of a distribution for (M,, m,), by
which one derives the corresponding speed of convergence of the joint distribution to its limit.
Denote ly(z,y) = lk(z) + le(—y) and wi(z, y) = wi(z) + wi(-y).

Theorem 2.2. With u(x,by,) and v(y, by,) defined by (1.3) and (2.2), we get
b?f{b?ﬁ [P(My, < u(,bp), mn < 0(y,bn)) — Az)(1 = A(=y))]
~ (@A) + () ADACD) |
1 2 1 2
— [unte) + 3@ A0) — fanto) + iRt A (2.4

as n — oo, where l(-) and wi(-) are respectively provided by (1.6) and (1.7).

Remark 2.3. By (1.4), one can easily check that b2k = O(logn). Accordingly, Theorem 2.2 clears
that the speed of convergence of P(M,, < u(xz,by), my, < v(y,by)) tending to its ultimate limit is
proportional to (logn)~!.

Theorem 2.2 could be used to deduce asymptotic expansions for the density function of (M, m,,).
Let

gn(z,y) = k= 20"0y*n(n — 1) [Fi(u(z, b)) = Fi(o(y, ba)]" 2 fr(ul@, ba)) fu(v(y, ba))  (2:5)

stand for the pdf of the normalized (M,,, my), and let

An(ﬂm!];xay) = gn(ZE, y) - g(ﬂs,y),



where g(z,y) = A(x)A(—y)e "e? is the joint density function of A(z)A(—y). By means of Propo-
sition 2.5 in [22], it results in lim, o0 Ay (gn, g;x,y) = 0.

In the following result, we establish the higher order expansion of the probability density for
normalized (M, my), from which we obtain the relevant convergence speed of the joint density
function to its limiting density.

Theorem 2.3. For u(x,b,) and v(y,b,) determined by (1.3) and (2.2), we get
b2 {B2 A(gn, 932,y) = C1(, ) A@)A(—y)e e | — Calw, y) A(z)A(—p)e "¢,

as n — 0o, where

and

(= —y°) + (=* +y°)

—_1)2 . _
Co(z.y) =a4{11€ [@’“Sk”w byt - GREUEEZ] 2k +1)(2k 1)
k

% —1 1\ /2k—1, 1
2(x y)+4}+< TR 2x+k>< T +2y+k>}

2% — 1
— 2 [
7 [ ok

(2 + %) —2(x —y) + 2} le(z,y) + wi(x,y) + %li(m,y).

Remark 2.4. Observing that b2* = O(logn), Theorem 2.3 evidences that the speed of convergence
of the joint pdf of the normalized (M,, my,) tending to its ultimate limit is the same order as
O((logn) ™).

3 Numerical analysis

In this section, numerical research is presented to demonstrate the precision of higher order
expansions for the joint distribution and the joint density of normalized (M, my). It follows
from (4.10) and (2.5) that the real values of the joint distribution of (M, m,) are equal to
P(M,, < u(z,by), mn < v(y,by)) = F(u(x, by)) — [F(u(z,by)) — Fr(v(y, bn))]™ and the real values
of the joint density of (M,, m,) are provided by (2.5). Let S;(z,y) and T;(x,y), i = 1,2,3,
respectively represent the first-order, the second-order and the third-order asymptotics of the joint
distribution and the joint density of normalized (M, m,). Due to Theorems 2.2 and 2.3, we can
obtain

Si(z,y) = Az) — Alx)A(~y),
Sa(,y) = Si(x,y) + b, > [l(x)A(z) — l(z, y) Az)A(—y)],

Sala) = Sala) + 0, { [un(o) + 50| Ao) = [wn(o) + 513 0)] A@AC) |
and

Ti(z,y) = Ax)A(—y)e e,
Ty(z,y) = Ti(z,y) + Ci(z, y)A(z)A(—y)e “e¥b, ",



T3(x7 y) = T2($7 y) + 02(1.7 y)A(m)A(_y)eixeyb;Lllka
where b, is defined in (1.4).

In order to compare the precision of real values with that of its corresponding asymptotics,
let A; = |P(M,, < u(z,by), mp < v(y,by)) — Si(z,y)| and ©; = |gn(x,y) — Ti(z,y)|, : = 1,2,3,
respectively stand for the absolute errors. We use Matlable to compute the real values and the
asmyptotics of the joint distribution and the joint density of normalized (M,,, m,). To demonstrate
the precision of all asymptotics with varying n, we then plot the real values and its asymptotics of

the joint cdf of the joint pdf with fixed (z,y). Figures 1 and 2 indicate that the larger n the better
of all asymptotics.
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Figure 1: Real values and its approximations of the joint pdf of (M, m,) with fixed (z,y) and
k=1

To evidence the precision of all asymptotics with varying x and y, we respectively plot the
absolute errors of the joint cdf and the joint pdf with fixed k, o and n = 500 in Figure 3 and Figure
4.

According to Figures 3 and 4, we have the following findings: (i) When z increasingly enlarges,
all asymptotics of the joint cdf are always closer to its real values except some special cases. (ii)

All asymptotics of the joint pdf are more closer to its real values as = and y becomes large. (iii)
The first-order asymptotics may be better except some special cases.
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Figure 2: Real values and its approximations of the joint pdf of (M,,, m,,) with fixed (z,y) = (2,6)

and o = 1.
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4 The proofs

In this section, we present the proofs of main results. In order to prove the main results, we
need some necessary lemmas. Lemmas 1 and 2 are given by [11]. The results are expressed as
follows.

Lemma 4.1. Let Fi(z) and fi(x) respectively represent the cdf and the pdf of GMD(k), for large
x, then we get

2 2 12k
1— Fi(x) = fk(x)%xl_% [1 R T O(x_Gk)]

9
k k2
exp(—52z) o

2 _ T ~
= [1 + —z 2 4 ﬂ04$_4k + 0(33_6’“)} exp [ g(t) dt] (4.1)
2205 (1 + %) k

k2 N f®)
where f(t) = k=022 72F and §(t) = 1 — k~1o%z 2k,

Lemma 4.2. For u(z,by,) determined by (1.3) with normalizing constant b, given by (1.4), we
have

b2k {bik [nlog Fy(u(z,by)) + e %] — lk(:v)} — wi(z), (4.2)

where l(z) and w(x) are respectively provided by (1.6) and (1.7).

Lemma 4.3. Let hi(z,y) = nlog[Fy(u(z,b,)) — Fr(v(y,by))] + €% + €Y with u(z,b,) and v(y,by)
determined by (1.3) and (2.2). Then,

as n — oo, where lp(z,y) and wi(x,y) are provided by Theorem 2.2.

Proof. It is easy to verify that

Fi(v(y,ba) = 1 — Fe(u(=y, by)): (4.4)
Then,

n—oo

= nh_)rgo nb2* {log[1 — (1 — Fy(u(x,b)) + Fi(v(y,bn)))] +nt (e +e¥)}

@ tim nb,%k{ —[1 = (1 = Fi(u(z,bn)) + Fie(v(y, bn)))]

n—o0

- [1— (1= Fi(ul, ba)) + Fr(o(y, ) )I* (1 +0(1)) +n " (e + 6y)}

2
= lim nbff{ [~ Filufa, ba))] — 5 [1~ Felu(e, )2 (1 -+ o(1)) +n'e ™

~ Fio(y,bn) — 5 Fevly, ba))2(1 + o(1)) + ¥

~ Fu(o(y, b)) [1 — Fi(u(z, b)) (1 + o<1>>}

8



® i {bik[n log Fi.(u(z, by)) + e~%] + b2 [nlog Fi(u(—y, by)) + €] + O(nlb%k)}

n—00
(©)

= lk(z) + lk(~y)
e 45)

where (a) and (b) follow from log(1 — z) = —z — 2%/2 — 23/3 + o(z?), * — 0, and (c) is due to
Lemma 4.2 and (4.4).

Likewise, by Lemma 4.2, we can obtain
tim 62¢ (020 (2, ) — ()|
= ILm {bik {bi’“ [nlog Fi(u(z,by)) +e %] — lk(a:)}

2 {02 o Fu(u- ) + 2] = (o)} + O |

= wi(x) + wg(—y)

= wg(z,y). (4.6)
The proof is complete.
O
Proof of Proposition 2.1. It is not hard to check that m, = —maxj<j<,{—X;} with —X;
following GMD (k). Combining with (1.2) and (1.3), it implies that
lim P(m, <v(y,b,)) =1— A(—y), (4.7)

n—o0

where
u(y,bn) = k10?2 Yy — by,

By (4.4), Lemmas 4.1 and 4.2 and analogous discussion for the proof of Theorem 2.1 [11], the
desired result can be derived.

U
Proof of Theorem 2.1. By (1.2), (4.7) together with Theorem 1.8.2 [23], the claim is deduced.
U
Proof of Theorem 2.2. By (4.5), it follows that
SN MO
i) = 0 and |5 B0 < exphy(a, ) - 1. (45)
=3 '

as n — oo. By (4.5), (4.6) and (4.8), we get

lim 62 {025 [P(My < u(e,b), ma > 0(y,b)) = A2)A(=y)] — (e, y)A(2)A(-p) }

n—oo

= lim 07" {bff“ [exp(hi(z,y)) = 1] = Ii(z, y)} A(z)A(—y)

(a) .. 1 Sl Y T,y

2 i Q02 () — )]+ 0 | 3 ) 3 P B A

Jj=3



wp(,y) + 51 ) | A@A(-y), (19)

where (a) is because of €® = 1 + z + 2%(1 + O(z)), z — 0. By (1.5) and (4.9), we get
P(Mp < u(z,bn), mn < 0(y,bn))
=P(M, <u(z,b,)) — P(M, <u(z,by), m, > v(y,b,))
= Aa)(1 = A(=y)) + b, * [ (2)A(z) — (2, y) A(2)A(—y)]

w4 { fun(o) + 50| A0) — |unten) + )| A@AC9) | + 00,5, (410

as n is large. We complete the proof.

O
Proof of Theorem 2.3. It is known that n(1 — Fi(u(x,b,))) — e * for large n implies 1 —
Fy(u(z,by)) = O(n™1), and similarly, Fi(v(y,b,)) = O(n~!). Therefore,

[Fi(u(@, b)) = Fi(v(y, bn))]"

_ [Fr(u(z, bn)) — Fi(v ( b ))]"
{1 = {1 = [Fi(u(x,bn)) = Fi(v(y, bn))]}}

= (1+ 0™ ") [Fr(u(z, ba)) = Fio(v(y, ba))]"

= A@)A(=y) + b, b, y) M) A(=y) + 0, |wi(z,y) + %li(% y)| A@)A(=y) + O(b, )

(4.11)
for large n, where (a) is from 1/(1 —z) = 1 + 2 + 2% + 23(1 + 0o(1)),  — 0 and (b) is thanks to
(4.9).

Employing the following Taylor’s expansion

-1 -1 -2
(1+x)a:1+ax+a(a2 )x2+a(a é(a )x3+0(a:4), r—0, a € R,

and the fact in view of (1.4) that b2¥ ~ logn for large n, we get
2 2%k
<kb}1 2kp + bn>
9 2k
i (14 )

- —9
:b?zk |:1+2O'2b;2kl' 2kk 1 4b—4k 2+ (2]€ 13)]{522k )O_Gb—ﬁk 3+O(b_8k):| (412)

Applying (4.12), we get

1 o
exp (— <kb}L ke b > + ?bfﬁ + x)

2k —1 _ 2k—1)(k—1 _ _
= exp (_ o 02bn2k1'2 _ ( 32‘2 )0'4bn4k333 + O(bnﬁk)>

10



-1 S 8

@, 2k:2; 10265% 5  (2k—1)o? <2k— La K

where (a) follows from the fact that e =1+ x + 2%/2 +22/6 + O(2?), x — 0.

Utilizing the following Taylor’s expansion
Q-—z)t=14+z+22+2°+ 0@, -0,

we get

2 1—2k
14+ Zoby 2k 4 == =2 pdp—ak 4 (b o)

k n kQ n n
2 ) 4
=1- %b;ﬁk + %bg“’“ + O(b;,5%).

Hence, by (1.4), (4.12), (4.13), (4.14) and Lemma 4.1, we get

02 nfk(u(xv bn)) PR

—1
; 1'3) b;4k + O(b;(ik),

ke b%kfl
o k (000 + ba)™ exp(— g (b a + b))
= & 221 1 k/2) b1 (1 = Fi(bn)) ‘
(22bL~ 2z 4 b,)2 exp(—#(%b}f%m + b))%k + ) 0% o  1-2k
- b2k exp(— 515 b2F) Lt o™+
2k — 1 1 4 (2k —1)? 2k +1)(4k — 1
1 - x2_2x+k)02652k+0k[( 8k)m4_( +§](€ )x3
2k +1)(2k — 1 _ _
+ ( 2)]2 )$2—2$+2]bn4k+0(bn6k)
and
iznfk(v(ya bn)) -y
k 2h—1 €
_ 072 k (%2@1172’{(_?” + bn)Zk eXp(_#ijzb}limg(_y) + bn)Zk)
k 2K/252+1/kT(1 + k/2) 2h=1(1 — F(by))
2k — 1 1 ot (2k —1)? (2k +1)(4k — 1)
=1—( v+ 2y + 2)otb, 2 4+ — | y'+ y?
2k ko k' 8k 3k
2k 4+ 1)(2k — 1
(2% + 2)]2 )2 12y + 2 + O(b7%%)

for large n. Combining with (4.11), (4.15) and (4.16), we have

An(gn, g%, y)
= A (peerf (-t BRI R bl
[Fr(u(z,bn)) — Fi(v(y,bn))]" > 1}
Az)A(=y)
= A(w)A(—y)eIey{ [lk(x, y) = o [%2;1(332 +17%) =2 —y) + zH by %

11

(4.13)

(4.14)

U4b;4k + O(b;Gk)]_l

(4.15)

(4.16)



—1)2 _ —_
_%{04{i[@k8kn @#+¢ﬁ>__@k4—ggu; 1Nm3_@ﬁ)+(2k+qggm D2 4 4
_2(x—y)+4} + <2k2; 1$2—2$+;> <2k2; 1:32 —2.%‘1']1) }

2% — 1 2 1 B B

= M@)A(=y)e e |C1 (2, y)by? + Calw, )b * + O(;%)]

for large n. We complete the proof.
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